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Abstract

Investigation of the Digital FEM Height Reference Surface
(DFHRS)
as Vertical Reference System

In recent years, the number of precise online DGNSS (Differential Global Navigation
Satellite System) applications has significantly increased. Precise DGNSS correction services
have been created that enable an online positioning with accuracy in the centimetre region.

In contrast to the co-ordinates found by DGNSS, the measured height needs to be
transformed. This is because national height systems refer to a physically defined Height
Reference Surface, HRS, that approximates the mean sea level, while the height derived from
DGNSS positioning is the height above the WGS84 (World Geodetic System 1984), a
mathematical model of the earth and is therefore called “ellipsoidal height”. So for the
application of precise DGNSS services and for the generation of transformation messages,
such as RTCM 3.0, there is an urgent need for a HRS, in a unified datum with appropriate
accuracy.

This thesis deals with the concept of the Digital FEM (Finite Element Method) Height
Reference Surface, DFHRS. This concept enables the rigorous least squares adjustment of any
HRS related observation. The HRS is modelled as continuous surface by a local Taylor-series
expansion in a grid of FEM-meshes. With this, areas of any size may be computed. The
theory of the DFHRS and further development of the mathematical model, especially the
incorporation of observed gravity accelerations, are the main parts ofthis thesis.

As the applied Taylor-series expansion of the DFHRS concept only holds for a two-
dimensional approximation, Spherical Cap Harmonics, SCH, had to be introduced as auxiliary
parameter, to give a complete representation of the local gravity field. Spherical Cap
Harmonics, SCH, may be interpreted as the general case of Spherical Harmonics, SH, that
have been applied in geodetic applications for decades. The goal of the SCH coefficients, in
contrast to the SH coefficients is that they may be applied over areas with limited extent. Due
to numerical reasons, the combined least squares estimation of the DFHRS and the SCH
coefficients in practical computations had to be done applying a sequential procedure.

In practical examples, different HRS representations with centimetre accuracy were computed
by combining GNSS/Levelling points and precise gravimetric geoid models according to the
DFHRS concept.

In a further example, gravity acceleration observations and a global geopotential model have
been introduced into a combined least squares estimation of SCH coefficients. It could be
shown that the introduction of the gravity accelerations leads to a significant improvement of
the representation of the local gravity field. To perform a two step adjustment, height
anomalies were derived from the determined SCH coefficients and introduced together with
GNSS/Levelling points into a second adjustment according to the DFHRS concept. By
comparison with a reference model, the resulting accuracy of the HRS representation was
estimated to be 0.025m.

Keywords: GNSS based levelling. Geoid. Height Reference Surface. Spherical Cap
Harmonics.
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Chapter 1

Introduction

In recent years, the number of precise online DGNSS (Differential Global Navigation
Satellite System) applications has significantly increased. Precise online DGNSS correction
services, such as SAPOS (AdV, 2007), ASCOS (Eon-Ruhrgas, 2007) or EUPOS (EUPOS,
2007) have been created. Within these services, networks of active DGNSS reference stations
determine correction parameters that are transmitted to the DGNSS user for precise online
positioning. The latest version of the transmission message, RTCM 3.0 (RTCM, 2007), also
contains transformation parameters for vertical, as well as for horizontal positioning. The
DGNSS is now able to determine the position not only in global co-ordinate systems, but also
in national, regional and local co-ordinate systems, depending on the relation of the
transformation parameters in the RTCM 3.0 message. The accuracy of the position
determined by means of such applications may reach centimetre level, depending on the time
of'the observations.

In contrast to the transformation of the plan co-ordinates the transformation of the height
component is more difficult, because national height systems are physically defined while the
height derived from DGNSS positioning is the height above the WGS84 (World Geodetic
System 1984), a mathematical model of the earth and is therefore called “ellipsoidal height”.
So for the application of precise DGNSS services and for the generation of transformation
messages, such as RTCM 3.0, there is an urgent need for a Height Reference Surface, HRS, in
aunified datum with appropriate accuracy.

In Europe, the first steps have been taken by installing the European Vertical Reference
System, EVRS (BKG 2003). The EVRS is represented by the unification of the European
vertical datum, the Unified European Levelling Network, UELN95/98, and the European
Terrestrial Reference System, ETRS89. This point-wise realisation of a European HRS is now
to be taken as a reference for any surface covering model that is derived from related
terrestrial observations. These are of gravity magnitude, g, and deflections from the vertical
from the normal to the ellipsoid in the north-south and the east-west directions , £ and 1j.

The determination of the HRS, by a combination of gravity, vertical deflections and
GNSS/levelling points, provided by the respective terrestrial reference networks, is a current

and important task of geodetic research.



Chapter 1. Introduction

The approach that has been applied for HRS determination over decades is the so-called
“Remove-Restore-Technique” (RRT) (Hofmann-Wellenhof and Moritz, 2005). The HRS
models, computed by means of this technique are reaching centimetre level in the short-wave
parts. The long-wave parts show systematic errors up to the decimetre level, resulting mainly
from the applied geopotential models. Other sources are for example, approximations in the
applied mathematical models. In addition, the information from some observation types, such
as deflections from the vertical or points with known ellipsoidal and standard heights, remains
unused.

To eliminate the long-wave errors, additional measurements on control points with known
heights and also, more or less complicated mathematical operations are necessary to
determine the standard height to an adequate accuracy. In consequence, the precise standard
height determination by means of DGNSS techniques is still very uneconomical. To make
complete use of the benefits of modern online DGNSS correction services, such as SAPOS,
ASCOS and EUPOS, and to generate an applicable transformation message like RTCM 3.0,
the application ofa mathematical concept has to be derived that enables the determination ofa
HRS in a closed model, which fits the national height systems. Further, the mathematical
model should enable the combined evaluation of HRS related observations.

A concept that enables the rigorous least squares adjustment of any HRS related observation
is the concept of the Digital FEM (Finite Element Method) Height Reference Surface,
DFHRS. In this concept the “actual” HRS, with all its uncertainties resulting from systematic
errors in levelling and in the gravimetric observation is modelled as continuous surface by
local Taylor-series expansion in a grid of FEM-meshes. With this, areas of any size may be
computed. Applying the DFHRS approach, HRS models have been computed for many
countries in Europe, Africa and the US (Jager and Schneid, 2000-2007), and the concept has
become standard for online DGNSS based height determination. The theory of the Digital
FEM Height Reference Surface, DFHRS, and further development of the mathematical model
are the main parts ofthis thesis.

The thesis starts with the basics ofthe Earth’s Gravity field in chapter 2. The properties of the
gravity potential and the geodetic boundary value problem are explained and the different co-
ordinate systems used in geodetic applications are explained. Finally two parameterisations of
the gravity field are introduced.

In chapter 3, the different types of heights and the relation to the gravity field of the Earth are
explained. Chapter 4 is concerned with the determination and the application of HRS models.

The different methods of HRS determination are explained and the advantages and
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disadvantages are discussed briefly. The concept ofthe DFHRS is the topic of chapter 6. The
mathematical model is completely derived and example computations are presented. The
focus is set on the combination of GNSS/levelling points and existing gravimetric HRS
models, by a rigorous two-step adjustment. A strategy to eliminate the long-wave errors in
such models is derived and discussed. It is further shown, that the application of covariance
matrices, generated by appropriate correlation functions, leads to a further increase of the
resulting accuracy.

As the Taylor series, that are used to represent the HRS within the DFHRS concept, are not
able to hold the gravity information, the adjustment of the gravity observation has to be
situated in the first step of the two-step adjustment in the DFHRS concept. A parametric
model that enables the complete representation of the gravity field over areas of limited extent
is presented in chapter 6. Spherical Cap Harmonics, SCH, may be interpreted as the general
case of Spherical Harmonics, SH. These have been applied in geodetic applications for
decades. The mathematical model of the SCH is completely derived and the mathematical
strictness is proved. The determination of SCH coefficients is to be seen as the first step in the
sequential adjustment. In this step the gravity observations are combined with geopotential
models. In the second step, the SCH coefficients, or derived height anomalies, respectively,
are introduced into a least squares adjustment following the DFHRS concept.

In chapter 7, several examples for the determination of SCH parameters are presented and

discussed.

11 Objectives

The aim and objectives ofthis project are

* To develop a method to determine standard heights from Global Navigation Satellite
System (GNSS) positioning in an online mode

* to develop the application of mathematical techniques for the derivation of covariance
matrices of HRS models and

* to investigate their properties to increase the rigorousness and accuracy of adjustments of
DFHRS databases

* to develop further a mathematical model to accommodate deflections from the vertical

* to develop further a mathematical model to introduce gravity observations into the

sequential least squares estimation ofthe DFHRS parameters.



Chapter 2

Earth’s Gravity Field

“The problem of geodesy is to determine the figure and external gravity
field of the earth and of other celestial bodies as a function of time, from
observations on and exterior to the surfaces ofthese bodies”

[Torge, 2001]

2.1 Introduction

This chapter starts with a brief introduction to the fundamentals of the gravity field of the
earth and it’s approximation by a mathematical earth model. The relation between the actual
potential and the model potential is explained. This will be necessary to understand the
relation between the gravity potential and the standard height systems in chapter 3.
Afterwards, the geodetic boundary value problem and the solutions according to Stokes and
Molodensky are introduced. Finally, the spherical harmonic expansion of the earth’s gravity

field is explained.

2.2 Fundamentals

The gravity potential, W, of the earth may be split into two parts: The gravitational potential,

V, and the centrifugal potential, Z.

W=W(x,y,z) =V(x,y,z)-hZ(x,y,z) 2-1

The quantities X, y, z denote the geocentric earth-fixed co-ordinates (Fig. 2.1).

The gravitational potential, V, is completely generated by the attracting masses of the earth

and may be written as:

. (2-2)
V= Wy z)= GiliraK== 0.

Earth
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In (2-2), the quantity, G, denotes Newton’s gravitational constant, M is the mass of the earth
and Imeans the distance between the mass element dM and the actual computational point (x,

y, z). The mass element, dM maybe expressed by the volume density, p, and the volume

element du :
dM =p'dv (2-2a)

The centrifugal potential, Z, is completely determined with the co-ordinate components (X, y)

ofthe computational point and the angular velocity ofthe earth, w. This reads:

(2-3)
Z=7(x,y,z)= -(x2+y2).

Earth's rotation axis

Meridian of Greenwich

Fig. 2.1: Geocentric earth-fixed Cartesian co-ordinates, X, y, z.
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Accordingly, we find with (2-1), (2-2) and (2-3), the expression for the gravity potential, W:

rdM 1 ,, , (2-4)

Earth 1

Differentiating (2-4), we find

A
V;ﬁs dW2+dW2+=ZW2 (2-5a)
dx2 dy2 dz2

Vv + vz (2-5b)
(2-5¢)

dV“l“c?’.I./Z : 8Vli) +fd22H_f{_Z__2+ dZ2=

vy dx2 d dz2 ydx2 dy2 dz2J
(2-54d)

(-477°G-p)  + Qaw).

Equation (2-5d) is called the “generalised Poisson equation” for the gravity potential. The
quantity, p, denotes the mass density. As can be seen from (2-5d), the discontinuities of the
gravity potential, W, are the discontinuities of the gravitational potential, V. They only
depend 011 the mass density, p. Outside the attracting masses, where p =0, the first term of (2-

5d) becomes zero. This special case is called “Laplace’s equation” (Blakely, 1995)

2 V2 2 2-6
vy _(dV2 d avz _ 0. (2-6)
dx2 dy2 dz2

From (2-6) follows that the gravitational potential, V, is a continuous function exterior the

earth surface, where space is not occupied by mass.
A surface with the constant gravity potential

W(x,y, z) - constant (2-7)
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is called an equipotential surface. The special equipotential surface that approximates to mean

sea level (MSL) is called the geoid and is defined with the equation

W = W0 = WmL =constant. (2-8)
The geoid plays an important role in the definition of standard height systems and geodetic
height determination. The determination of the gravity field of the earth automatically
contains the determination ofthe geoid, as a representable equipotential surface (Torge, 2003;

Hofmann-Wellenhofand Moritz, 2005).

The gravity vector, g, is related to the gravity potential, W, by

dw dw dw (2-9)
g=grad W =
dx ' dy ’dz
cos ® cos A
~ g cos Esin A
sinO

The magnitude, g, of the gravity vector, g, is called gravity or gravity acceleration. The
direction of g is the direction of the plumb line, given with the components $ and A. These
components may be observed with astronomic methods and are therefore called the
astronomic Latitude, <€; and Longitude, A. <€, A and W are called natural co-ordinates (fig.
2.2).

The gravity vector, g, is the sum ofthe gravitational acceleration vector, b, and the centrifugal

acceleration vector, z:

g=b+z (2-10)

The vectors, b and z, are defined as the gradient of the gravitational potential, V, and the

centrifugal potential, Z, respectively:
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b=grad(v) 2-11)

z=grad(Z) (2-12)

The gravity potential, V, at a point, P, indicates the work, that must be done by gravitation in

order to move a unit mass from infinity, where V' =0, to P. The units of potential are m 2s~2.

The gravity, g, has the dimensions of an acceleration and is measured in Gal
(1 Gal = 0.01m/s2). The numerical value of g is about 978 Gal at the equator, and 983 Gal at

the poles (Torge, 2003; Hofinann-Wellenhof and Moritz, 2005).

To summarise the above, the following theorems may be stated (Blakely, 1995):

1. The gravitational potential, V, and the acceleration of gravity exist and are continuous

throughout space if caused by a bounded distribution ofpiecewise-continuous density.

2. The potential, V, is everywhere differentiable, so equation b = grad(V) is true

throughout space.

3. Poisson’s equation VF =~4n mG *p describes the relationship between mass and

potential throughout space. Laplace’s equation VF =0 is a special case of Poisson’s

equation, valid in regions of space not occupied by mass.

2.3 The geodetic boundary value problem

If the density, p=p(X, y, z), was known all over the earth, the gravitational potential, V, could
be calculated as function of the position, (X, y, z), easily by means of (2-2). Unfortunately,
detailed density information of'the earth is only available for the upper layers.

The gravity potential, W, and the gravitational potential, V, cannot be measured directly.
Only potential differences AW and derivatives of the potential can be found by geodetic
levelling or respective geodetic applications (chapter 3).

Therefore, these gravity-field observations, taken on the earth’s surface, have to be used in

order to detennine the exterior gravity-field.
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Earth's rotation axis

plumtjline

equipotential surface
W=WP

Fig 2.2: Natural co-ordinates: astronomic latitude, <K and longitude, A,

and the potential, W

The determination of the gravitational potential, V, from such measurements is called the

“geodetic boundary-value problem” (GBVP).

In principle, three different boundary-value problems exist in potential theory:

1. Dirichlet’s boundary-value problem: The potential, V, on a surface has

specified values,

2. Neumann’s boundary-value problem: The derivative of the potential, V, with

respect to the normal ofa surface has specified values,

3. Mixed boundary-value problem: The linear combination of the potential, V,

and the derivative with respect to the normal of a surface has specified values.

The above boundary-value problems (BVP) of potential theory usually require a knowledge

of the boundary surface S. For the GBVP, this surface is usually unknown. In case of geoid



Chapter 2. Earth’s Gravity Field

determination, the boundary surface S is actually the object to be determined. This problem is

then called “free GBVP”.

To solve the free GBVP an approximate gravity field or normal gravity field, U, respectively
an approximate boundary surface So is introduced. The earth is for example well
approximated by a flattened ellipsoid of revolution of the same mass, where the minor axis
coincidences the average rotation axis of the earth. If this reference ellipsoid rotates with the
same angular velocity oo of the earth, it creates a normal gravity potential, U, that may be

written in analogy to (2-1) as:
u =vNtz (2-13)

The normal potential, U, is resulting from the summation of the normal gravitational
potential, VN, and the centrifugal potential, Z (2-3). In analogy to (2-6) the VN follows

Laplace’s equation
VVN=0. (2-14)

Generally the normal gravity potential, U, is chosen in a way, that the reference ellipsoid is an

equipotential surface for U:
U(x,y,z) = U0 = constant (2-15)

Such an ellipsoid that is usually applied in geodetic applications is the GRS80 (Geodetic
Reference System 1980). The normal potential, U, of a point P(x, y, z) may be computed
easily with the fundamental parameters of the respective reference ellipsoid (Moritz, 1990).

For the constant potential Uo, for example, we have:

Jjj = oM arctan”;—%); az, (2"16)
N

with the product of Newton’s gravitational constant and Earth’s mass, GM, the semi-major
and the semi-minor axes of the reference ellipsoid, a and b, the linear eccentricity, ¢, and the

rate of Earth’s rotation, 0).

10
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According to the actual gravity vector, g (2-9), the normal gravity vector, y, is defined as

gradient of'the normal gravity potential:

7= grad U = dU dU dU (2-17)
dx > dy ' dz
cos (pcos X
_.,. cos(sinX
sin<®

The co-ordinate components ¢ and X give the direction of the normal. They may be
determined by geodetic positioning methods, such as GPS, and are called geodetic latitude, @

and longitude, X(fig. 2.3).

In analogy to the normal gravity potential, U, the normal gravity, y, may be computed easily
from the fundamental parameters of the normal gravity field. The normal gravity on the

surface ofthe reference ellipsoid, yo, is found by means of

+ fegind © byh 2-18
ro=Ta | ﬁz——<w1thk=_x -, @19
Nl-e sin (p aYa

where yaand yemean the nonnal gravity at equator and pole respectively (Moritz, 1990).

The normal gravity, y, at a point that is not situated on the reference ellipsoid, is usually

expanded as Taylor series with respect to the ellipsoidal height, h (Wenzel, 1989):

L) pleocdr 2 Q"9>
dh 0 21dhy0

In most applications the approximate
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is used. In accordance, the normal gravity potential, U, at a point not situated on the reference
ellipsoid could be computed by Taylor series expansion on the ellipsoid.

With

@2-21)

the respective series reads to a first order approximation

(2-22a)

(2-22b)

For practical computations, either closed formulas in ellipsoidal co-ordinates, or a spherical

harmonic expansion (2-46a) may be used.

The difference between the actual gravity potential, W, and the normal gravity potential, U, is
called anomalous gravity potential or disturbing gravity potential, T. The equation for T

reads:

T(x,y,z) =T =W -U (2-23)

The main objective ofthe GBVP is to derive the anomalous gravity potential, T, at a position
o, \h .

In the classical theory of Stokes (fig. 2.4), the geoid, Wo, serves as boundary surface. The
unknown to determine, the height anomaly vector, t,, is in this case called the geoid height, N.
The normal potential on the ellipsoid, U=Uo, should be the same than the actual potential,

Wo=constant, on the geoid (chapter 3).

12
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Z
Earth's Rotation axis
PhoA.m
Y
Geodetic meridian
of Greenwich
Reference
Ellipsoid

Fig. 2.3: Geodetic co-ordinate system: Geodetic latitude, ¥ and longitude,A, and ellipsoidal
height, h.

The anomalous potential, T, is finally derived by a Taylor series expansion, similar to (2-22)

and the geoid height or geoid undulation, N, is then found by the famous Bruns formula

(2-24)

where yo denotes the normal gravity acceleration on the reference ellipsoid (e.g. Torge, 2001)

The theory of Stokes contains however some assumptions, that do not hold in reality. As the
geoid serves as the boundary surface in the GBVP, it is assumed, that this surface includes all
masses. As the geoid is approximated to a first order by the mean sea level, it is obvious, that
this assumption fails. Hence, it is necessary, to reduce these masses mathematically, hi
addition, the geodetic observations refer to the earth surface rather than to the boundary
surface, the geoid. Consequently, they have to be reduced to the geoid, which is the actual
object to be determined.

The calculation of quantities based on these assumptions is not sufficient from a theoretical

point of view. In addition, the computation is very time expensive and uneconomical.

13
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Reference ellipsoid U=UO

Fig. 2.4: The GBVP according to Stokes

An alternative to the classical theory of Stokes, a method that avoids the above mentioned
assumptions was presented by Molodensky (fig. 2.5). hi contrast to the Stokes problem this
modem theory uses the earth surface as boundary surface S. Any point, P(x, y, z), at the

earth’s surface, S, is linked to the normal gravity field of the reference ellipsoid by the

condition.

WP =UQ. (2-25)

The surface, So, that results from the points Qe S0 in (2-19), serves as an approximate

boundary surface and is called the telluroid. In contrast to the geoid, the telluroid is not an

equipotential surface and has no other physical meaning.
The main objective of Molodensky’s theory is, in analogy to Stokes’ theory, the

determination of the metric distance of the anomaly, <§ between the points, P and Q, on the

earth’s surface and the telluroid respectively.

14
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Reference ellipsoid U=UO

Fig. 2.5: The GBVP according to Molodensky

The anomaly, again is found by means of Bruns’ equation, but, in contrast to (2-24), the

anomalous gravity potential, T, is determined at the point, P, on the earth’s surface:

(2-26)
Yo

The anomaly, t,, from (2-26) is now determined without any assumptions. The geodetic
observations, measured at the earth’s surface, do not need to be reduced, and no masses need

to be eliminated mathematically.

The difference between the actual gravity vector, g, and the normal gravity vector, y, at a

point, P, on the earth’s surface, is called gravity disturbance vector, 8g.

Sg=gP-Yp. (2-27)

The magnitude of the vector, 8g, is the difference between the actual and normal gravity

acceleration, g and y, and is called the gravity disturbance, 8g. The difference in direction is
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called the deflection of the vertical. It has a north-south component, £, and an east-west
component, 1j. Both components might be found from the following relationship between the

astronomical co-ordinates, O and A, and the geodetic co-ordinates, 9 and X

<= 0>-¢cp (2-28a)
and
5= (A- X) ecos (p. (2-28b)

In recent decades, the gravity anomaly, Ag, defined as the difference between the vectors, g

and y, calculated at the point, Q, on the approximate boundary surface So, was used to solve

the GBVP. The equation for Ag reads:

Ag=gP-y Q. (2-29)
Using traditional geodetic observation techniques, such as levelling, it was not possible to
determine the ellipsoidal height, h. Modem positioning techniques, such as GPS, enable the

precise observation ofthe ellipsoidal height, h, in a very economic way. So the calculation of

the gravity anomalies, Ag, will become less and less important.

From (2-9) and (2-17) it follows that

8g =grad(T), (2-30)

and if the deflections ofthe vertical (2-28a, b) are neglected:

(2-31a)

In analogy the gravity anomaly is written
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Because of the historical importance of the gravity anomaly, Ag, (2-31b) is called “the
fundamental equation of physical geodesy” (Torge, 2003). In future it will be replaced by (2-
31a) as the positioning of the gravity measurements will take place by GNSS providing the

ellipsoidal height, h . Hence, in the following ofthis thesis, the focus will on the disturbances,

Sg-

The anomalous Potential, T, in the sense of Stokes’ theory, is finally found from the gravity

disturbances, 5g, by means of

(2-32)

Equation (2-32) results from a spherical approximation. The mean radius R is defined as the
radius of a sphere with the same volume as the reference ellipsoid, a denotes a unit sphere.

K(\j/) denotes the Hotine-Koch function (Hoffman-Wellenhofand Moritz, 2005)

(2-33)

The quantity, \i, is called the spherical distance, between the actual point of computation, P,
and the surface element da. The spherical distance, \//, is one component ofthe spherical polar
co-ordinates. As required by the theory of Stokes, 5g or Ag, respectively, have to be reduced
to the geoid.

The geoid height, N, is found by inserting Koch’s formula (2-32) into Bruns’ equation (2-24).

This leads to Koch’s formula

(2-34)

For the theory of Molodensky, the respective equations are more complicated. As the
disturbances, 5g, are not reduced, the approximation r = R, as used in the Stokes approach
above, is not allowed. To solve this problem, so-called Molodensky corrections are derived in
the sense of a Taylor series expansion up to a specified degree n (e.g. Hofinann-Wellenhof
and Moritz, 2005).

17
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C- G+Q + et £« (2-35)
A first order approximation, for example, reads as:

R «f,, /_  dSg N (2-36)
S -7~ 1

The computation of the geoid undulation, N, or the height anomaly, by means integral
formulas such as (2-34) and (2-36), from gravity observations is one application of this

formula and may be the most important from a geodetic point of view.

There are other applications, for example the computation of'the deflections from the vertical,
and r|, from gravity disturbances, 8g.
The deflections may be interpreted as slope of the geoid, Wo, in the directions of the latitude,

(p, and the longitude, X Using a spherical approximation, with r = R, this reads as (Torge,
2005):

dN dN  ~ Im (2-37)
North M o(<P)'d<p r dtp
g =N _ dN « L aN (2-38)
dSEast *0 (<p) @Sy A F COS((")8A

If equation (2-28) is inserted into (2-31) and (2-32), the formulas of Vening-Meinesz are

achieved:
£ =_ﬂ_ %Ag—— —eos(cr) *da (2-39)
470 11 dip
(2-40)
ij0=— JjAg”® ~ sin(a)eda ,

where a is the azimuth, one component ofthe spherical polar co-ordinates (Torge, 2003).

18
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The respective expressions for Molodensky’s theory again contain correction terms similar to

(2-36). This reads with a first order approximation for the case of disturbances

£=—+ \\(Sg-— h) cos(a) *da 2-41
4nyQy dh dv.z ( )
(2-42)
- U e, B8 4507 ‘da,
Any0

North Pole

Geodetic meridian
of Greenwich

South Pole

Fig. 2.6: left: Spherical geocentric co-ordinates, right: Spherical polar triangle

In practical applications, the computation of integral Formulae have to be approximated by
summation. This summation has to be done all over the earth, in theory. Unfortunately,
precise terrestrial observations are only available for limited areas. In practice, gravity data for

remote areas are therefore taken from a global spherical harmonic model [chapter. 2.3.1].

In recent decades, the so-called “Remove-Restore-Technique”, RRT, has been derived and
applied in many projects of precise local and regional geoid determination. The principle of

this application is briefly explained and discussed in chapter 4.

Within the application of integral equations it is not possible to combine different geodetic
observation types. In contrast, a parametric model would allow a least squares adjustment of
all relevant terrestrial observations, such as gravity disturbances, Sg, deflections from the

vertical, £ and 7|, and of course directly “observed” geoid heights, N, in points with known

19
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ellipsoidal heights, h, and standard heights, H. The different types of standard height systems
and their relation to the geoid are explained in chapter 3. In the following section, different
parametric models, which may be applied for the approximation of the gravity potential, are

introduced.

2.4 Parameterisation of the Gravity field

In most geodetic applications, a parametric model is preferred, rather than integral formulas,
such as (2-34) or (2-36), to model the potential or the anomalous potential, W or T,
respectively. The coefficients of such a model may then be determined by means of a least-
squares adjustment of the geodetic observations, on or exterior to the earth’s surface.
Different harmonic base functions have been applied for the parameterisation of the gravity
field, for example spherical harmonics (e.g. Lemoine et. al 1996; Wenzel, 1998); point mass

models (e.g. Barthelmes, 1986; Lehmann, 1994) or multipoles (e.g. Marchenko, 1998).

The most important of these for further investigation in this thesis are the spherical harmonic

models and the point mass models. They are therefore introduced in the following sections.

2.41 Spherical harmonics

Since the gravitational potential, V, follows Laplace’s equation (2-6), it may be written in

terms of spherical harmonics (Hobson, 1960):

(2-43)

(Cnm COS(m 'X )+ SnmsinO *X))Pnm(CO0S 0))
a «=0«=0V Yy
In (2-43), the quantity, a, denotes is the major axis ofthe reference ellipsoid. Cnmand Snm are

the fully normalised spherical harmonic coefficients. The quantity r denotes the length of the
space vector, r, from the origin of the co-ordinate system to the actual computational point.
The direction of r is given by spherical geocentric co-ordinates, 9 and X The function

Pnm(cos{6)) is the fully normalised Legendre function of degree, n, and order, m, at the polar

distance, 0.

20
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In practice, it is assumed that the infinite series (2-43) convergences, and therefore the series
truncated at a specified degree nnex so that the omission error smmex is negligible. The

description of'the gravitational potential, V, reads:

GM  (aYHJL — | x — —
A Eogv, Aglewcosmex)t s in (mexppom(c®s0))te,,, (2-44)

y

(2-44a)
=Z 7EW V H *,
n=0\ "/ m=0
hax « (2-44b)

H=0 7770
In the following sections of this thesis, the omission error, ennax, will be neglected.

The normal gravitational potential, VN, may also be expanded with a spherical harmonic

series. This reads:

y N m \'% Nnmcos(m */1)+ SNnymsm(m *X))Pnm(cos#)) (2-45)

« 1
«=0V' / m=0

Since the normal gravitational potential, VN, results from an ellipsoid of revolution, only the

zonal components, C N», with an even degree, n, are needed, and expression (2-45) may be

reduced to:

mx fri|>P (2°46)
-N G M i ( o ) CN,‘P,,(COS 9)

a n=02)v 71/

The nonnal potential, U, may now be written as:

GM  (aY+—N - 02 2.2 (2-462)
U =-mmm 2n C heP,(cos0)+— r sm 0.
a =0\ 7Yy
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Finally the anomalous potential, T, in tenns of spherical harmonics, is found by introducing

(2-44) and (2-46) into (2-23):

oM o ) _ (2-47)
T=——4£ [-J £ (AC, , cos(m*A)+ AS, ,sin (cos

n=0V' J m=0

The geoid height, N, and the height anomaly, are:

GM ~VH+ " :
N=— £ - £ (AC,,, cos(m *A)+ A5n,,sin(m *A)).P, ,,(cos , (2-48)
®@'vo«o V' / b
or
f=— Sf-1 £ (AC, ,,cos(m*A)+AS sin(m mA))i* (cos0)) (2°49)
«-1«=0Vy WO
respectively.

The derivatives of the anomalous gravity potential, T, may now be found by inserting the

respective operator (2-31a, 2-31b, 2-37, 2-38) into (2-47).

For the gravity disturbance, 5g, we have:

dT ~ dT (2-50)
~dh~ dr
GM A ( a
& fov « (2-51)

sin(m *X))Pnm(cos 6))

and for the deflections from the vertical, and r\:
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f=-— £ (-T E(AC,,,, 1
( »,=E) cos(m.l)+ (2-52)
AS[Wsin(m*A)) fﬂ,,mﬂ(lgos@))
A = oo — W «r' f _ A sin‘m (2_53)
a-r-sin(0)-/£sUJ S
*» ¢ COS(™ « @xG)

The equations (2-51, 2-52 and 2-53) are spherical approximations. For precise computations
several ellipsoidal corrections are necessary, due to the flattening of the reference ellipsoid

and the normal gravity field (e.g. Gruber, 2000; Wenzel, 1985).

In principle, the spherical harmonic coefficients 4Cnm and ASwmm could now be determined

by means of a least squares adjustment ofthe respective terrestrial observations, N or £ and
r|, 5g, with the observation equations (2-48 or 2-49, 2-51, 2-52 and 2-53). In practice,

however, the coefficients are usually determined by means of integral equations (e.g. Gruber,

2000; Wenzel, 1985; Wenzel, 1998):

fcos(mA)]
AS"« N - P wricos(G)\ \d<7
AS,,J- 4
(AC.] Vi — fcos(m/1)1
4nGM IsI+10J AmATCOS0){ sin (M) (2-55)

The integration is done over the unit sphere, a. The quantities, N and Sg, denote the mean

geoid height or gravity disturbance, ofthe surface increment, da.

As most of the earth’s surface is occupied by water, it is not possible to collect precise
terrestrial observations all over the earth. Hence, most of the observations are incorporated
from space methods, for example satellite gravity missions. The measurement methods are
mainly satellite altimetry, satellite-to-satellite tracking and satellite gravity gradiometry

(Hofmann-Wellenhof and Moritz, 2005; Hofmaim-Wellenhofet. al. 2001; Seeber, 2003)
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Since the beginning of geopotential modelling applying spherical harmonics in the sixties,
several geopotential models have been derived using satellite observations or combinations
with terrestrial gravity observations. Gruber (2000) lists all models starting from 1966 to
1999, separating long-wave gravity field models and high resolution gravity field models.
Later models, especially those resulting from the latest satellite missions may be foimd for

example at (GFZ, 2006).

Recent investigations show that the accuracy of such model reaches the level 0f 0.2 - 0.4 m
(e.g. Amos and Featherstone). Long-wave errors result mainly from approximations made in
the computation and missing gravity observations at the Earth surface. The integrations, (2-
54) and (2-55), of course have to be approximated by summation. Depending on the density
of the available observations, the surface elements cannot be kept small to ensure good

accuracy.

To improve especially the long-wave accuracy of global gravitational models, several satellite
missions have been started, namely CHAMP (Challenging Mini-Satellite Payload for
Geophysical Research and Application), GRACE (Gravity Recovery and Climate
Experiment) and GOCE (Gravity Field and Steady-State Ocean Circulation Explorer). These
missions are still running, but some spherical harmonic models have already been derived
from CHAMP and GRACE data (GFZ, 2006). The EIGEN04 model will be subject of some
computations later in this thesis.

The short-wave accuracy comes from the resolution of the spherical harmonic coefficients.
The resolution may be expressed by the minimum wave-length of the SH (Spherical
Harmonics) coefficients. Table 2.1 shows the approximation error of SH-Coefficients, derived
from the formula of Tscheming and Rapp (1974); c.f. Wenzel (1999).

Applying integral equations, (Wenzel, 1998) computed spherical harmonic coefficients up to
degree and order 1800, to reach an approximate error of 3 cm for the height anomaly. This
approximate error would be acceptable for many GNSS applications. In contrast, the
approximate error of 12.68 mGal for the gravity anomalies and 1.89” for the deflections from
the vertical is still not enough for many geodetic applications. In addition, Wenzel reports
anticipated numerical problems, when computing the associated Legendre functions for

degree’s >2200. This problem is also discussed in Holmes and Featherstone (2002) where
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modified algorithms were used to compute the Legendre functions up to degree and order
2700 with an appropriate precision.

In contrast, spherical harmonic models give a good representation of the long-wave gravity
field components. They are therefore used as global model within geoid determination by

means ofthe remove restore technique [chapter 4].

Table 2.1: Approximation error of a geopotential model according to the degree variance

model of Tscheming and Rapp (Wenzel, 1999):

Max. ResoluEion Height anomaly Gravity anomaly Deflection from the
degree i [km] ) [mj [mGal] vertical (arc sec)
360 55.0 0.228 25.27 3.76
720 27.5 0.103 20.12 3.00
1440 13.8 0.042 14.54 2.16
1800 11.0 0.030 12.68 1.89
3600 5.5 0.010 7.12 1.06
5400 3.7 0.004 4.34 0.65
7200 2.8 0.002 2.74 0.41

2.4.2 Point mass models

The concept of the point mass models is based on the application of Newton’s law of
gravitation. The anomalous potential, T, may be approximated by superposition of several
parts ofthe anomalous potential, Tj, which are created by a collection of disturbing masses m;.

The equation for the potential part, Tj, reads:

» (2-56)

where f is the distance between the actual computational point, P, and the disturbing mass
element mj. The total anomalous gravitational potential may now be written as:
w (2-57)

T=GH. t
=
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In a local geodetic vertical co-ordinate system (fig 2.7), with the northern direction, x, the
eastern direction, y, and the upper direction, h, the distance, 1, between the computational

point, P, and the point mass, i, is given by

/ = _*<>2+Ov_y,f+(K~ K)I(z*sm

According to the definition of such a planar ellipsoidal co-ordinate system, the direction of
the upward co-ordinate, h, is given along the normal to the respective reference ellipsoid.
Therefore, the gravity disturbance, 6g, in the point mass concept, is now found by inserting

(2-31a) into (2-57):

a (2-59)
hw h
_ovwmihy-k,) (2_60)
R I

The unknown disturbing masses, mj, may now be estimated by means of a least-squares
adjustment of respective observations, 8g (2-60), or the “observed” anomalous potential in
identical points (2-57).

Point mass models for the approximation of the gravitational potential of the earth have been
investigated in the 1980°’s by Barthelmes (Barthelmes, 1986). Since then, two different

applications ofthis method have been derived (Lehmann, 1994, Liebsch et. al. 2006):

1. Fixed-position point-mass modelling.

Here, a regular grid of masses is used to generate the gravity field.

The advantage is the very simple mathematical model and the numerical
behaviour, because only the magnitudes of the masses have to be
determined. The disadvantage is the unrealistic behaviour (oscillation
effects) of the determined gravity field, if the point masses are placed in a

wrong manner.
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2. Free-position point mass modelling.

Here both, the magnitude and the position of the point masses are
unknowns and simultaneously determined by a least squares adjustment.
The advantage is that the oscillation effects are eliminated, because the
positions of the point masses are estimated as well. The disadvantage is,

that this presents a non-linear problem, which must be solved iteratively.

The point-mass method has also been used in discrete gravity field approximation, such as
integrated network adjustments (Muller, 1990; Klein 1995);

Within the application of precise geoid determination, the point mass concept is usually
applied together with the Remove-Restore-Technique, see chapter 4. This has the big

advantage that only residual quantities have to be determined.

The point mass method is subject of further discussions, in chapter 4, where the Remove-
Restore-Technique is briefly explained and discussed. In the following chapter, the different
standard height definitions and their relationship to the gravity potential of the earth are

introduced.

Earth's rotation
avic

geodetic north geodetic east

Meridian of

Greenwich

Fig. 2.7.: Local geodetic vertical co-ordinate system.



Chapter 3

Heights and Height Systems

3.1 Introduction

In chapter 2 the gravity potential, W, of the earth and its gradient, the gravity vector, g, have
been introduced. It has been shown, that the normal potential, U, of a reference ellipsoid of
revolution is used create an approximate boundary surface to solve the geodetic boundary
value problem, GBVP.

The next step is to introduce different standard height types and examine their relation to the

potential, W, and their determination by means of geodetic observations.

3.2 Ellipsoidal heights

A point, P, on the Earth’s surface is usually described with three coordinates, latitude, a longi-
tude and a height. The latitude and longitude refer to an ellipsoid of revolution, and are more
precisely called geodetic latitude and longitude, ¥>and X In the case of a GNSS (Global
Navigation Satellite System), for example GPS based coordinates, ¥>and | this ellipsoid is
the WGS84 (World Geodetic System 1984), a mathematically defined figure that was chosen
to approximate the mean sea level globally. Its centre is assumed to be the Earth’s centre of

mass and the minor axis is aligned with the Earth’s reference pole.

The height h of a GNSS based position at a point, P, would refer to the surface of this
ellipsoid. It gives a measure ofthe distance from the ellipsoid to the point, P, along the normal

to the ellipsoid. It is called the ellipsoidal height, hp.

In most surveying applications, the height above the ellipsoid, h, is not of any direct interest.
Usually the national standard height system is referred to a so called “vertical datum”, a well
defined Height Reference Surface (HRS), close to mean sea level that is accessible at, at least

one point, called the point of origin, PQ
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Earth's
surface

Height Reference Surface

vertical datum
origin point
Ellipsoid

Fig 3.1: Ellipsoidal height, h, versus standard height, H, with respect
to a Height Reference Surface (HRS)

The ellipsoid may be defined as the Height Reference Surface for ellipsoidal heights. In this
case the accessibility is achieved indirectly, because the ellipsoid is realised in a coordinate
frame, determined by GNSS positioning, that provides the three dimensional coordinates of a

point, for example the ETRS89 (European Terrestrial Reference System 1989) (BKG 2003).

For physical reasons, an ellipsoid height system cannot be used as the standard height system.

The definition ofphysical heights and related height systems is the topic of the next sections.

3.3 Physically defined heights

The fundamental idea of a physical height definition is, that a surface, that is assumed to be
level, should have a constant potential at each point. At the same time, water should not flow
between two points ofthe same potential. According to this principle, the direction that water
flow, determines, what is up and what is down. With this, points of the same potential are

situated on an equipotential surface ofthe Earth’s gravity field.

The difference between the actual geopotential, Wp, at a point, P, and at an equipotential
reference surface, or in a geodetic sense, a vertical datum, Wo, is called the geopotential

number Cp:
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CP=W0- WP. (3-1)

Theoretically, geopotential numbers, C, could be used to give numerical values for height, as
they are in case of the UELN (Unified European Levelling Network). Starting at a point, PO,

with a known geopotential, Wo, the geopotential number, Cp, of a point, P, is found from:

, (3-2)

where dn is the levelled height increment and g the average magnitude of the gravity vector

along the levelling line from Po to P.

Geopotential numbers are used as the basic quantity for the definition and adjustment of 1st
and 2nd order height networks. Apart from this, they are used mostly for scientific purposes;
this is because the unit is not metric. The unit 1 GPU (geopotential unit) = 10m2s'2 is used
instead.

To find a metric unit for the standard height, H, the geopotential number, C, is divided by a

gravity value, g, which may be found in different ways, reading as:

(3-3)

A well-defined Height Reference Surface (HRS) can define a vertical datum geometrically, in
a way that HP is the metric length ofthe plumb line from a point, P, on the Earth’s surface, to
the HRS. It may be found by extending downwards Hi from any point, Pi, on the Earth’s
surface.

Depending on the definition of the gravity value, g, there are three different types of

physically defined heights. The dynamic height, the orthometric height and the normal height.

3.3.1 Dynamic heights

Geopotential numbers, C, may be divided by an arbitrarily chosen gravity value y0. With this,

the dynamic height H® is found:
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(3-4)

The dynamic height, H°, has the same advantages as the geopotential number, C. For example
the direction of flowing water depends on the dynamic height. The reason is that points,
situated on an equipotential surface of the gravity potential with a constant W, get the same
dynamic height. On the other hand the same reason leads to the main disadvantage of a
dynamic height system. The constant potential difference, AW, of two equipotential surfaces
would lead to a constant dynamic height difference, AH°. This conflicts with reality.
Equipotential surfaces do not run parallel to each other because of the uneven distribution of
masses in the Earth. This means, that a unified geometric reference surface for dynamic

heights is not possible and dynamic heights do not have any geometrical meaning.

3.3.2 Orthometric heights

The orthometric height, H®, of a point, P, is defined as the metric length of the plumb line to

an equipotential reference surface with W=Wo, the geoid (see section 2.2).

H° may be found by dividing the geopotential number, C, by a mean gravity along the plumb

line, g .

no C WoO-W (3-5)
g g

The orthometric height has a geometrical meaning, in contrast to the dynamic height, which
does not. But because of the non parallelism of the equipotential surfaces of the gravity
potential, points situated on an equipotential surface do not necessary have the same
orthometric height. With this, the requirement to have static water between points ofthe same

height is not theoretically fulfilled.
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Geoid, W = W0

vertical datum
Point of origin

Fig.3.2: Definition ofthe orthometric height H

To find the orthometric height with (3-5) the mean gravity, g , along the plumb line is needed.
Usually, this value cannot be measured or computed directly, because this would require
complete knowledge of the mass density of the Earth’s crust. Therefore, the orthometric

height cannot be determined exactly, and practical computations depend on some density

hypothesis (Jekeli 2000).

The separation between the reference ellipsoid with U = Uo and the HRS of the orthometric

heights, the geoid, is called geoid undulation, or geoid height, N.

N-h-H° (3-6)

Orthometric height systems are realised in many European countries, for example Spain,

Switzerland, Austria, France, Portugal, Denmark and the United Kingdom.

3.3.3 Normal heights

The normal height is a physically defined, geometrically interpretable height that avoids the
need for a density hypothesis for the Earth’s crust. Therefore, the Earth’s gravity field is
approximated by a normal gravity field, U, generated by an Earth-fitting reference ellipsoid of

revolution, for example the GRS80 (Geodetic Reference System 1980). The reference
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ellipsoid contains the Earth’s mass and its surface is an equipotential surface, Uo, of the

normal gravity potential, U, that it creates.

To find the normal height, HN of a point, P, a second point, Q, is created artificially. Q is
situated on the normal plumb line extended downwards from P. In addition, Q fulfils the
condition (2-25). The geopotential number, C, may now be expressed, using terms of the

normal gravity field. With a mean normal gravity value f , we obtain:

wn =WO0-w _U0O-U _C " 3-7)
r r f'

The mean normal gravity, y , depends on the height, h (2-20), (Torge, 2001). If the ellipsoidal

height, h, is known, for example Jfom GPS measurements, it may be used. Otherwise, some

iteration is necessary:

. c (3-8)
HN = 1+ N+ f +in—'Zfsin2 (p)----------- h
To(<P) <o) 1 aro(<p)

The nonnal height, HN, now is the metric distance between Q and the reference ellipsoid Uo.
(see fig.3.3). The surface that is defined by all points Q with (2-25) is called the telluroid. The
metric distance between Q and P is called height anomaly, G The equation for the anomaly,

is from (3-6):
<Z=h-H * (3-9)

If the normal heights are extended downwards from all points, P, the quasigeoid is created. It
may be interpreted as the geometrical height reference surface for the nonnal heights. The
physical height reference surface is still the geoid, with the vertical datum, where W=Wo (fig.
3.3).

Normal heights have a geometrical meaning, but the requirement for static water between
points ofthe same metric height value, HN, is not fulfilled theoretically. However, in contrast
to the orthometric heights, no hypothesis concerning the mass density of the Earth’s crust is

necessary.
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A system of normal heights is used in Germany and France (see fig. 3.4). The IAG sub-
commission for Europe, EUREF, decided to introduce the new European Vertical Reference

System (EVRS) as a system ofnonnal heights (BKG, 2003-2007).

w=wD

Reference U=Un=WD

Fig. 3.3: Definition ofthe normal height HN

3.4 Height systems

To describe a physical height system, two properties have to be defined:

* The kind ofphysically defined height

* The origin point ofthe vertical datum, w o, with co=o0.

The form of physically defined height was discussed in the previous sections. The point of
origin, PO, of the vertical datum, where W=WJ0, is usually situated close to mean sea level
(MSL), and is determined at a tide gauge. Considering, that the geopotential numbers, C, refer
to the vertical datum, W=WO0and CO= 0, a levelling network, for example the UELN, may be

interpreted as a realisation ofthe vertical datum.
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Some countries in Europe are using nonnal orthometric heights HNO, as standard heights. This
may be interpreted as a preliminary stage of computing the nonnal height. To find the normal
orthometric height, the geopotential numbers, C, are approximated by the so called “normal
geopotential numbers”, C, using the nonnal gravity. Normal orthometric heights were
introduced, to avoid uneconomical gravity measurements, but because of several
disadvantages, they will be replaced by physically defined height systems soon (Marti and
Schlatter, 2002, Schneid and Meichle, 2005).

The new European Vertical Reference System, EVRS, is defined as a physical height system,
using normal heights as metric height values. The vertical datum, ofthe EVRS, is taken from
the MSL ofthe North Sea at Amsterdam (Normal Amsterdam’s Peil, NAP) and was realised
in the UELN95/98.

The EVRS is geo-referenced to the ETRS89, by the co-ordinates determined in the EUVNO97
(European Vertical Reference Network 1997). It is described by the UELN95/98 and the
EUVNO97, and is called the EVRF2000 (European Vertical Reference Frame 2000). With this,
the EVRS is accessible for use with modem and economical GNSS techniques. To use GNSS
for precise standard height determination - GNSS-levelling - the respective vertical datum
has to be known at any point of interest. So the determination of a precise model of the
vertical datum, or the HRS, is a current problem of geodesy. A precise model of the HRS
would make the determination and continuation of national height networks very economical,
because the traditional and currently applied methods, levelling combined with gravity

measurements (3-2) is very expensive.

The following chapters of this thesis introduce the different methods of HRS determination,
which have been developed and applied in recent decades. The advantages and disadvantages
are discussed and an alternative concept, the Digital FEM Height Reference (DFHRS) is

introduced.
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Determination and application of HRS-models

In the previous chapter, the different physically defined height types and the associated
gravity field of the earth have been introduced. All these different heights refer to a well
defined vertical datum, or Height Reference Surface, HRS, which at least approximately
coincides with the Mean Sea Level, MSL. To find a mathematical model of the HRS would
make 3-dimensional GNSS-positioning methods, such as GPS or Galileo, a very economic

tool for standard height determination and the continuation of height networks.

In this chapter, different methods for computing HRS models are derived and discussed. The
advantages and disadvantages of each method are described and methods to combine and to

refine such models are introduced.

4.1 Methods of HRS determination

The following discussion gives an overview of the most important concepts that have been
applied for precise HRS determination in recent decades. The focus is on methods that use
terrestrial observation data, such as gravity disturbances, 8g, deflections from the vertical, £
and rj, and GNS S/Levelling points with known standard heights, H, and ellipsoidal heights, h.
There are of course many other methods to determine the gravity field, for example based on
space methods (e.g. Seeber, 2003), which are not subject ofthis thesis.

The discussion starts with methods that only use one observation type. The basics of these
methods are given in short. After the introduction of these methods, two different methods of
combined HRS detennination are described and discussed. Finally, a new combination

concept, the “Digital FEM Height Reference Surface” (DFHRS) is developed.

In the following, the separation between the HRS and the reference ellipsoid is referred to as
the general anomaly, C In the case of geoid detennination, Wo, the height anomaly, £ is ’

identical to the geoid height, N. The standard height, is the quantity, H,
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411 GNSS/Levelling points

Local modelling of the HRS by means of GNSS/Levelling points is often used in practice, for
example in engineering projects. This approach has the advantage, that local disturbances in
the height system such as those resulting from systematic errors in the measurements, are
modelled as well.

The height anomaly, may be approximated by a local surface, for example with a second

order polynomial. This reads:

N aQtfljex+a2-y ta3-x2+ad-x-y tas5-y?2 (4-1)

The unknown parameters may now be estimated by means of a least-squares adjustment of
“observed” anomalies, In some applications of this concept, an additional scale difference,

Am, is introduced as an additional approximation parameter.

£-(h-H) —(a0+al-x +a2-y +a3-x2+a4-x-y +as-y2) +Am- h. (4-2)

The quantities, x, y and h, in (4-1 and 4-2) are the co-ordinates of a planar ellipsoidal geodetic

system (fig. 2.7).

Depending on the density and quality of the identical points, and the extension ofthe area of
interest, for example to less than 20km x 20km the resulting accuracy ofthe HRS may reach

centimetre level (Dinter et al. 1996).

421 Astrogeodetic geoid determination

Astrogeodetic geoid determination is based on astrogeodetic levelling (e.g. Heck, 2003). It
uses deflections from the vertical £ and 7| as terrestrial observations. The deflections are found
with the difference between an astronomical position, (®, A) and a GNSS-based position

<, A), (2-28a and b).

The observed | and 7| may be interpreted as the difference between the actual plumb line,

related to the respective equipotential surface Wp, and the normal to the level ellipsoid Uo. To
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use the observed deflections of the vertical for geoid determination, they have to be reduced
to the geoid level, as defined by Pizetti (Torge, 2003).
The astrogeodetic approach provides relative HRS information, or differences, A The geoid

height difference between two points, Pi and P2, may be found from

P2 p2 P2 (4-3)
prpl — . f =- J(£ scosa +r]esina) *dS =- jz dS
Pl r1 Pl

where a is the azimuth of P2 from Pi (fig. 2.6).

The application of astrogeodetic levelling to profiles in different directions enables the
determination oflocal sections ofthe geoid, by modelling from (4-3) with a 2-dimensional

function Ag = A£(<p,A). To get the final geoid height, the resulting surface, Af(cp, X), has to

be referenced, for example to a known reference point, Po, with We finally reach:
f(M ) =A£XM) + fo. (4-4)

In practical applications in areas of small extensions, (4-4) is often expanded within a planar
geodetic co-ordinate system, according to (4-1). The principle relation between the deflections

from the vertical and the height anomaly, (2-41 and 2-42) is then approximated by:

dN dN dN (4-5)

dSNrh M 0(<p)'dp fa

dN dN « dN (4 6)

ij = =
dSES NO{(p)-cos(p-dX dy

Mo is the radius ofthe meridian curvature and No is the radius of the transverse curvature (e.g.
Heck, 2003). The resulting equations, for £ and r|, which may be applied in a least-squares

adjustment, are found by inserting (4-5 and 4-6) into (4-1)

g « -ax- 2a3 - a4y (4-7)
il « —a2- aA - 2aly (4-8)
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It is of course possible to use a more complex function, for example a spherical harmonic
expansion of the anomalous gravity potential, rather than a second order polynomial. The
principle however stays the same.

Astrogeodetic HRS determination is becoming more important in recent years. The advent of
modern automated observation techniques that make use of methods from digital image

processing, has made this method more economic (Hirt and Biirki, 2002).

4.2.2 Gravimetric geoid determination

The gravimetric method is the most important method for national, regional or continental
HRS computation. This is because the density of GNSS/Levelling points or astrogeodetic
points is very sparse. And the densification of the existing networks to reach the necessary
accuracy of HRS models derived from such points, would last decades and also is very
uneconomic.

On the other hand, gravity measurements are very simple to handle, and the geo-referencing
of such measurement may easily be done by GNSS-techniques in an appropriate accuracy.
The first order height network of Baden-Wurttemberg, a federal state in Southern Germany,
for example, contains 131 points precise GNSS/Levelling. In contrast, the gravity network
contains more than 10000 points. On the other hand, the information about the geoid,
contained in one single gravity observation, is nearly zero.

However, the methods of (quasi-)geoid detennination, which have been developed and
applied in recent decades, are obviously good enough, to derive HRS models with relative
accuracies reaching centimetre level.

The computational method that has been applied within any project of precise geoid
determination in the last years is the so-called “Remove-Restore-Technique”, RRT.
Fundamental literature concerning this topic is given for example with (Denker et. al.1986;
Denker, 1994; Torge, 2003; Hofhiann-W ellenhof and Moritz, 2005).

The computation ofthe height anomaly, from gravity disturbances, 8g, by means ofintegral
equations (2-38), theoretically requires observations all over the earth. In most applications,
gravity data are only available over limited areas. To keep the integration radius small, the
anomalies, £, are therefore computed with respect to a global potential model, GPM, usually
represented by spherical harmonic coefficients. Such models are for example the EGM96

(Lemoine et. al., 1996), the GPM98CR (Wenzel, 1999) or the EIGEN04 (GFZ, 2007).
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For the computation, the observed gravity disturbances 5g are reduced from the long-waved
parts by subtracting computed gravity anomaly from a GPM, SgcpM (2-50c). Short-waved
gravity anomaly reduction are made using data from a high resolution residual terrain model

SgRTM

<%, »=<%-Ssgont - SgRTM . (4°9)

In practical computations, planar approximations are accepted and the equation for SgRyM

reduces to

RTM ~ 2ftG p{h ~ hDIM ) —= 0 4-10)

The height hDIMmay be taken from a smooth global digital terrain model, and the quantity cQ

is the terrain correction (Moritz, 1980; Hofmann-Wellenliof and Moritz, 2005).

The method of point mass modelling also makes use of the heights of identical points, h and
H. The difference between ellipsoidal height, h and the orthometric height, H is then treated

as a direct observation,  for the height anomaly and is also reduced

Lres ~  ~ £ opm ~ £rom ! (4-11)

Cepm contains the long-wave information from the applied global gravity potential model. It is
found from (2-49). <YTin contains the short-wave infonnation derived from a high resolution

residual terrain model. The equation for <RTM for a planar approximation is:

ot Yid, ¥ @

/OO

Besides terrestrial observations of gravity, additional data sources related to the gravity field
are necessary for the determination of regional geoid models. These data sources may be
airborne gravimetry, marine gravimetry, satellite altimetry, satellite to satellite tracking (SST)

and satellite gravity gradiometry. (Seeber, 2003)
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In the next step, the resulting residual gravity disturbances, 5Sgres, are transformed into residual
geoid heights. In a first step, the residual anomalous gravity potential Tres, has to be
determined. The height anomaly, is then found by the application of Bruns’ formula (2-26).
The different methods for gravimetric (quasi)geoid determination applying the RRT mainly
differ in the way that the residual anomalous gravity potential, Tres, is modelled. Over the
years, several modifications of Stokes’, or Hotine-Koch’s formula, respectively, have been

derived and applied. Comparisons of some methods are given in (Omang and Forsberg, 2002;

Agren, 2004).

After the. computation of residual height anomalies, “res, from the residual gravity

disturbances, 6gres, and the complete height anomaly is found from the following summation.

(4-13)

For the concepts based on the solution of the boundary value problem the estimator for the

height anomaly becomes

(4-14)
om- SeGPM + O~ 2nGp(h - hDm j)dcr

GPM ORTM

(Sjoberg, 2005). There are several kinds to apply the RRT. The method described above is
called the “RTM-method”. It is definitely the most used concept in Europe, as it is compatible
with the system of normal heights. The other concept that may be applied, is “Helmert’s
second condensation approach” (Hofmann-Wellenhof and Moritz, 2005; Torge 2003;
Sjoberg, 2005)

As mentioned before, the method of point mass modelling enables the application of least
squares techniques (chapter 2.3.2). The reduced observations from (4-9) and (4-11) may be

set up into a common adjustment with the following observation equations:
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(4-15)

Js mk(hp-ht)
<%.,«+tv=G Z (4-16)

The final height anomaly, is in analogy to the BVP concept (4-13) found by summation.

Gravimetric (quasi)qeoid models, derived by the RTM method (4-14), such as the EGG97
(European Gravimetric Quasigeoid 1997) (Denker and Torge, 1997), are reaching centimetre-
accuracy in their short-waved parts. To give a representation of the respective HRS and to
reduce long-waved errors, the model is usually fitted to a number of points where h and H are
known. Such long-wave effects result from two sources. First the GPM that is used in the
RRT described above. Older models, like the EGM96 (Lemoine et. al. 1996) suffer from
long-wave errors, resulting from a sparse distribution of observations. It is expected, that the
results of current satellite missions, like CHAMP and GRACE, both SST missions, or
upcoming satellite gravity gradiometry missions, for example GOCE, will improve the global
models and with this their long-wave accuracy will increase (Torge, 2003). Additional effects
are caused by so-called weak-shapes (Jager, 1988), which are the sum of the principal long-
waved stochastical parts, which in return are related to the maximum eigenvectors of the co-
variance matrix as carrier functions, in extended networks where one or several dominant
eigenvalues X! occur. There are two types of effect, the natural weak shapes and the effect
arising because of neglected correlations in the stochastical model. These error sources will

remain, even after incorporating data from new satellite missions.

4.3 Height determination using GPS and HRS models

In the past, several HRS, mostly gravimetrical geoid models, with a relative accuracy better
than 1-5 cm, for example the EGG97 (Denker and Torge 1997) and OSGMO02 (Forsberg et. al.
2002) have been computed. These models give the height of the HRS, as a function of a
position Cr£ {ep, X), to get the standard height H.

In practice, however, the well known fonnula (Torge, 2003)
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H-h-£((p,.X) (4-17)

does not hold (Fig. 3.2). The main reason for this is that gravity field models suffer from long-

waved systematic errors, AT.

En'or sources in such geoid models maybe listed as (Torge and Denker 1999)

* Long-waved errors in the global model, such as EGM96, used in the RRT

* Errors in the terrestrial gravity observations, g, as sum of errors in the gravity measurement
and the gravity reduction

* Errors in the anomalies, found by transfonning observations from satellite altimetry,

* Errors in digital terrain models used in the RRT

* Errors in the reduction to unified reference systems

* Approximations in the algorithms used.

These errors appear as “local datum effects” in the derivatives, for example in the height
anomaly, as a systematic error AT,;.
These effects can only be modelled with identical points of known height, h and H, by

changing (3-26) into:

H=h-C((pA) +ATc(d) . (4-18)

There will be numerical problems when modelling in small areas because only heights can be

used for the estimation of AT;(d), for example, when modelling three translations (u, v, w) as:

ATC(d) = cos(™>) scos(/l) *w+ cos(<p)-sin(2) v +sin(">)* w, (4-19)
with
d=/u v w/

For areas with small extensions, a simple offset ¢ and two rotations ex and eyare modelled

A (d) =c+ [e2+N{cp) *sin(") mos("?) *sin(/1)] *5 x
+ [-e2+N(cp) *sin(*) scos(”) *cos(A)] *sy, (4-20)
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where

d=lc ex sj

The approach (4-18), with AT~(d) modelled by (4-20), holds, if height anomalies, from a
suitable geoid model, are available. The resulting accuracy may reach centimetre level in

areas less than 20 km across and with a suitable number ofidentical points.

In larger areas, and if a suitable number of identical points are available, this additional
information may be used to model geoid “refinements”. The area of interest may be
subdivided into a number of meshes in which, in addition to the transition parameters AT~(d),
a so-called “geoid-refmement” RFEM(P) may be modelled. The refinement may be modelled

as a difference surface, using coefficients, p, of a bivariate polynomial

r fem(p) = aow+v +aoy +v 2+an¥y+ Ny e 4-21)

The system of observation equations for the geoid-refmement approach is:

H+v=H (4-22a)
h+v=H +Am-h +£(<p,A) (4-22b)

f @X) +v=a<P,X) + REM(P) + AT, (d) (4-22c¢)
0+ v=C(p). (4-22d)

In (4-22¢) the height anomaly A) from a gravimetric geoid model is used as an

observation. With (4-22d) a set of continuous conditions C(p) at the common border of two
neighbouring meshes may be introduced. The “geoid-refmement” approach is often used in
practice, for example the software package HEIDI2©Dinter/Illner/Jager (Dinter et al. 1996).
The results show centimetre-accuracies or better, even in areas greater than 100 km across

(Dinter et al. 1996).

Besides the method described above, which is based on Finite Element Modelling (FEM),
least squares collocation has successfully been used to adapt a gravimetrical geoid model at
identical points (Grote 1996, Forsberg 1998, Smith and Roman, 2001). In this concept, the
eiTor /S.T{(p,X) at a position, (0, and A), is split into three components: a trend, t, a signal, s

and a remaining noise, n. This reads as:
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ATC(cp, X) = ATC (4-23)

=t+ts+n

Methods that are based on a stochastic process, such as collocation, may only be applied to
residual quantities. Therefore, in a first step, the trend component, t, is removed by a

parametric model, such as (4-19).

ATr=AT"-t (4-24a)

= ATC- (cos(cp) *cos(/l) *u + cos(#>) *sin(/1) *v +sin(") *z) (4 _24b)

The respective coefficients, (u, v, z), may be found by least-squares estimation.
In the second step a signal, s, at a position (<f X) may be estimated from the vector of

remaining residuals, ATr, at the identical points. This reads as:

(4-25)

The vector csr contains the correlation between the points used and the computational point

(< X). The matrices CAr and CAP» are the covariance matrices of AT” and ATr,

respectively. As the correlations csr are never known, they are estimated from an appropriate

covariance function, for example a second order Markov model.

(4-26)

where the quantity, d, denotes the distance and the quantity, a, is the correlation length. In
contrast to a parametric model, such as the aforementioned geoid-refinement approach, the
collocation method is not unbiased with respect to the stochastical model. The choice of the
covariance function (4-26) affects the result systematically. However, collocation has been
applied in many projects, and several investigations have shown, the these effects are rather

small (e.g. Marti, 1998)
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4.4 Discussion of methods

The gravimetric (quasi)geoid detennination based on the solution of the GBVP requires,

theoretically, the fulfilment ofthree conditions:

1. Origin, orientation of the axes, mass and potential of geoid and level ellipsoid
are all the same
2. The whole mass ofthe earth is situated within the geoid

3. The gravity potential is known all over the earth’s surface.

hi practice only the first condition is fulfilled. Several approximations in the algorithms are
accepted to make the classical approach (3-14) accessible to modem and fast techniques of
computation. Gravity information for remote areas is usually taken from global gravity
potential models, such as the EGM96 (Lemoine et.al., 1998) or the GPM98CR (Wenzel,
1999).

For practical applications, the terrestrial gravimetric observations are easy to manage. The
height information about a measured gravity point is not necessary for centimetre accuracy
solutions so may be taken from less accurate digital terrain models (DTM). On the other hand
the algorithms for reducing the gravity observations and processing the data for a gravimetric

geoid model are rather complex.

Gravimetric geoid determination is usually applied where a national a continental geoid
model is required and significant gravity data exists. Modem gravimetric geoid models such
as the EGG97 show relative short-wave accuracy down to centimetre-level. On the other
hand, systematic errors in the long-wave domain occur because of errors in the remote gravity
data and appear as errors due to the so-called “weak-forms” described above. Such systematic
errors may be eliminated either by means of parametric models (Fotopolous, 2003;
Fotopolous et. al. 2002; Dinter et. al. 1996) or by means of collocation (Smith and Roman,
2001; Denker et. al. 2000).
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Geoid models derived from point mass modelling (Claessens et. al. 2001; Antunes et. al. 2003
and Liebsch et. al. 2006) are reaching better accuracy in their long-waved parts. The use of
identical points makes this approach less dependent on gravity information from remote areas.
However, the short-waved quality ofthose geoid models depends on the number of modelled
point masses. If the masses are placed too close to the earth’s surface, the resulting geoid

model will suffer from unrealistic oscillation effects.

The latest geoid for Germany, the German Combined QuasiGeoid 2005, GCGOS5, is a
combination of both approaches (Liebsch et. al. 2006). Two independent solutions have been
determined, both based on RRT. One solution was computed at the Bimdesamt fur
Kartographie und Geodasie, BKG, in Franfurt. It is based on the point mass concept. The
second solution was computed at the Institute fur Erdmessung, IfE, at the University of
Hannover. It is based on integration and collocation. The solutions agreed with a standard
deviation of Smm. The maximum difference of 6 centimetres is situated in the Alps. The final

model was found by averaging both solutions.

In contrast to the gravimetric method described above, one advantage of astrogeodetic geoid
determination is that there is no need to have data from remote locations. Height information
related to observed points is only necessary for the reduction for the plumb line curvature, and
therefore may be taken from a DTM. On the other hand, the density of existing astrogeodetic
measurements is usually very sparse, because ofthe time it takes to make each observation.
Only for a small number of regions in Europe will there be an average distance between the
stations ofless than 10-20 km.

The resulting accuracy of the computed astrogeodetic geoid model depends on the density of
measurements of vertical deflections, on the quality of the interpolation of the vertical
deflections and the reductions used in the computations.

In closed areas, especially in mountainous regions, astrogeodetic deflections of the vertical
define the local geoid better than local gravity observations, because vertical deflections may
be observed directly.

Therefore, for local applications, astrogeodetic geoid determination will lead to precise
solutions in a more economical way than the gravimetric solution.

The GPS/levelling point method is by far the simplest method of deriving a local geoid
model, but it depends on the quality of the known heights and the density of the identical

points. If the resulting accuracy of a standard height, H, reaches the order of one centimetre,
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levelling becomes a very time-consuming process. The determination of GNSS-based
ellipsoidal height, h, with a compatible accuracy would require a measurement period of
greater than 12 hours and a rigorous computation, for example with the Bernese GPS-
Software. If this effort is acceptable, or if good height data are available, the GPS/levelling
point method is an economical way to compute a local model ofthe HRS such as GPS based
height detennination.

The actual methods of combining geoid models with GPS measurements are concerned with
fitting an existing geoid model, gravimetric or astrogeodetic, to identical points, where the
HRS is known, using the relationship between h and H (4-17). Long-waved systematic en*ors
are eliminated by means of modelling a trend function AT~(d) either by least-squares

collocation or by FEM techniques.

Each ofthe above approaches is sufficient for a specific application, and therefore each one is
justified. However, none of them are sufficient for application in GNSS-based online height
determination, which we wish to use to replace the uneconomical traditional methods of
standard height determination by levelling.

The reason for this is that the methods of combining GPS height with geoid models are
typically in post-processing applications. The estimated trend or datum parameters, AT"(d),
are only valid in the area close to the identical points. Datum or trend extrapolation would
lead to significant discrepancies in the resulting computed standard heights. Only the direct
conversion of ellipsoidal heights to standard heights, without loss of accuracy, would make

GNSS-techniques an economical way to determine heights other than by levelling.

In the following chapter, a new method for the combined adjustment of HRS related
observations, GNSS/Levelling points, h and H, deflections from the vertical, £ and r|, gravity
observations, g, and existing HRS-models, £ , is introduced. It is based on the mathematical

concept of finite element modelling, FEM, and therefore called the Digital FEM Height

Reference Surface.
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Chapter 5

The Concept of the
Digital FEM Height Reference Surface DFHRS

In chapter 4, different methods used to compute a HRS were presented. The mentioned
methods to combine a model with GNSS/Levelling points, as in section 3.5, are all based on
an existing, mostly gravimetric (quasi-) geoid model. By means of different algorithms, like
least squares collocation or FEM-techniques, a kind of “refinement” or “fitting” is
determined, which is added to the existing model. In (Fotopolous, G. et al. 2003; Fotopolous,
G. 2003) a corrector surface is estimated by means of least squares techniques in a similar
way. Several parametric models, based on the parameterisation of a similarity transformation
as well as polynomial surfaces are generated to correct a gravimetric geoid model to fit to a
number ofreference points with heights, h and H.

The aforementioned approaches are definitely suitable to eliminate long-waved errors in
regional or local (quasi-) geoid determination. But nevertheless, approaches which combine

all different infonnation ofthe HRS in one unique model ofthe HRS are to be preferred.

In the following chapter, the concept of the Digital FEM Height Reference Surface, DFHRS,
is presented. The DFHRS concept dates back to Jager (1998, 1999). The DFHRS-research
project at the University of Technology in Karlsruhe was funded from 2000-2002 by the
Bundesministerium fur Bildung und Forschung (BMBF).

The DFHRS concept enables the common adjustment of all HRS-related observations in a

continuous HRS.

According to the concept ofthe FEM, (Finite Element Method), the area over which a HRS is
to be computed is subdivided into a grid of meshes (fig.5.1). In this way, the HRS is modelled
meshwise as a continuous surface over the whole area by a FEM, a potential series for each
single mesh. The meshwise representation follows the idea ofrepresenting the height anomaly
or geoid-height at a position, H<EX), as a 2D-Taylor series with respect to the centre, P<>0,Xo),

of each mesh. This reads as:
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1Cx,Y) G-1)
*0.Y0

Where x - X - X0,y =Y-Y0

X and Y are the plan co-ordinates in an arbitrary cartesian projection, for example the

Lambert-projection. X = X((p, 4); Y =Y(<p,A4).

By transformation ofthe Taylor-series, we find:

£(X,Y) =a@+alx +ally +a2k2+auxy +aly 2+ ... (5-2)

N g

I Ja,jx'yJ-
7

1=0 7=0

A derivation up to degree n leads to the bivariate polynomial:

n ij (5-3)

With

fr=[1 y» x y2xy x2..] and
P "["00 N1 7O eeef*

Potential series converge absolutely in their area of application and are differentiable
arbitrarily often. So the HRS in a single FEM-mesh is described by a bivariate polynomial of
n-th degree, and with that, it is differentiable n-times in each mesh. For an HRS to be

continuous it has to be, that its representation as an FEM-surface is differentiable at all points.
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51 The system of observation equations

With equation (5-3) an expression for the HRS, which is accessible for the methods of a least

squares adjustment is found. Any HRS related information/observation might be introduced.

These are:

. Points with known heights in the standard system, H,

and ellipsoidal heights, h

. Gravimetric (Quasi-)geoid heights, “grav
. Deflections from the Vertical (£, iq)
. Gravity anomalies, Ag, and/or gravity disturbances, 5g, respectively.

In the following the derivation ofthe listed observation equations are derived.

Fig. 5.1: Sketch of a DFHRS FEM meshing. The whole area of interest, here

Germany with its federal states, is subdivided into FEM meshes.
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5.1.1 Identical points (h, H)

In chapter 4 the method of geoid determination using GNSS/levelling points is described. The
difference between a GNSS-based height, h, and a standard height, IT, is treated as a discrete

observation ofthe height anomaly, Cp = hP- Hp, at a point, P. The accuracy ofthe anomaly,

£p, depends on the quality of the GNSS height, hP, and of the standard height, HP. If
centimetre accuracy is strived for, especially the detennination of the standard height will

become a very time expensive procedure.

In practice the adjustment of a levelling network is the first step required to create a height
reference system. A recent example is the European Vertical Reference Frame 2000
(EVRF2000). At all EVRF2000 points P, 3-dimensional co-ordinates, related to the ETRS89,
were derived. In addition the geopotential numbers CP and the nonnal heights, HNP, are
provided. (BKG, 2003). The EVRF2000 was endorsed as realisation of the EVRS by the
IAG-Subcommision for Europe (EUREF). A new European quasigeoid model, or in general,
a Height Reference Surface, HRS, has to be consistent with the EVRS.

Hence, the points from the EVRF2000, as one group of observations, are the reference for any
additional observation group and for modelling the long-waved systematic errors and the

weak-fonn in gravimetric geoid models.

Hobs tv=H (5-4)
hj +v=H +Amj *h+ £ FEM{(p, X | p) (5-5)

The superscript j designates a certain observation group of ellipsoidal heights, h, used to
determine the respective scale correction, Am. This correction may be interpreted as a
topography-based correction ofthe HRS.

As Am can differ from area to area, a number of scale corrections Am may be estimated. Am

may also be modelled as a function

Am =Am((p,X) (5-5a)

= AmQ+Amxeqp+Am2 — —
cos(™)
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5.1.2 Existing (quasi-) geoid models alone and in combination
Using complete (quasi)geoid models instead ofthe original gravity observations has practical
benefits and leads to the same results. The use of gravimetric height anomalies “gav is to be

interpreted as the second step ofa 2-step adjustement (Jager, 2002; Jager and Schneid, 2002).

In step one, the processing of the gravity disturbances 5g is undertaken, e.g. by means of the

Hotine-Koch formula (2-36):

ds -
dh

This classical problem of the determination of gravimetric height anomalies, “gav, may be
written in for the cases ofthe minimum number of observations and more than the minimimi

number of observations as:

E{Cgayt =A gw'AS (5“7)
The least squares result reads

C«v = ocf *Asn,y'm C-Ag (5-8)
with the stochastic model

CW =(A"-Ci-A*-)“ (5-9>
with Agiav and CAgas the respective design and covariance matrices are introduced.
In step two, the resulting gravimetric height anomalies, "“gav, are introduced into the DFHRS

computation as discrete observation, £(<€, X), as follows:

Cyav(PW +v =Cfem (" IP)+"~ (d)J. (5-10)
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To reduce the effect of the long-wave and systematic errors of the gravimetric geoid models
as well as those of the standard height system (Dinter et. al., 1997), the mathematical model
ofthe DFHRS concept allows subdividing any geoid model that is used into a number of so-
called “geoid-patches”.

The good short-wave quality of applied gravimetric geoid models allows the introduction of
the models “by the piece”. To provide the optimum height anomaly, £($, A), the surface ofthe
computed model has to be identical to the reference surface of the respective standard height

system. A correction AT*(d) may be found using (4-19, 4-20).

5.1.3 Deflections from the vertical (¢, £)

The observation of astronomical deflections from the vertical was very time consuming and
therefore expensive in the past, but in recent years several approaches to get the deflections by
means of procedures from image processing have been developed (Breach 2002, Hirt and
Biirki, 2002). Astronomical deflections are an additional observation group, independent from
gravimetric geoid models and gravity observations. The observation equation in the DFHRS

adjustment reads (cf. 3-22)

:j _ d¥EM  ~1P) | NJ Ujy (5-11)
M{(p)-d(p
and (5-12)

vo=_g"wWCMjp) @y
N((p) mos p miA

M and N(0) denote the radius of meridian and normal curvature at the Ilatitude,
respectively. With AT~(d) and ATT(d) a set of datum parameters is introduced, to model either
a datum transition for deflections that refer to another geodetic datum, or local effects that
come from systematic error sources, for example if the deflections were derived from a
gravity potential model. A parametric model for the local datum-shift, that is compatible with
(4-19), for the deflections from the vertical, AT* and ATn, may be found by consideration of

the definition of and tj, (5-11 and 5-12) with
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1 dATc (dy (5-13a)
AT, (d)J =
M{(p) dcp
and
1 dAT d)J (5-13b)
ATl(dy =

N((p) cosq'dX

By introducing (5-13a and b) into (4-19), we obtain

AT, (d)J cosM) min(">) - sin(A) ssin(p) - q (5-14a)
M<p) M(<p) M{cp)

And

ATICdy = sin(2) - cos(/t) (5-14b)

N{<p) N((p)

The parameterisation of AT and ATt, for a 6-parameter datum transition is described in (5-2

and 5-3). With N{cp) and M{cp) the radius of normal curvature and the radius of meridian

curvature are introduced, W N(a ) and d =/u v w] . The index, j, points to different
p

observation groups.

5.1.4 Gravity disturbances 8g

The use of a correlated (quasi-)geoid model leads a strict two step adjustment (Jager 2002;
Jager and Schneid 2002). So the use of gravity disturbances, 8g, is only necessary, if those
observations were not used in the detennination ofthe applied (quasi)geoid model.

But as gravity observations, g, are can*ying most ofthe medium- and short-waved information
of the earths’ gravity field and the concept of the Finite Elements allows us to introduce any
HRS-related observation, it is one more possible observation group in the common least
squares adjustment.

The anomalous gravity potential, T, may be represented by the coefficients, A and B, of a

harmonic function, f. This reads as:

T=/(A.,B) (5-15)
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In analogy, the gravity disturbances, 5g, may be represented by the same set of coefficients, A

and B, applying the harmonic function, g. This reads as:
Sg =g(A.,B) (5-16a)

The equations (5-15 and 5-16a) only hold, ifthe function, g, is related to the function, f, by
g(A,B)=—A2(A,B), (5' 16b)
0

see (2-31a). The coefficients, A and B, are to be treated as auxiliary parameters in the least-
squares estimation ofthe actual DFHRS-parameters, p. Therefore, they could be eliminated in
a later step.

To link the harmonic coefficients A and B, to the DFHRS parameters, p, one set of condition
equations has to be introduced. For the gravity disturbances we have the final observation

equation
Sg+v=g(A,B). (5-17a)

The condition equation is found by applying Brans’ theorem (2-24)

0+v=4ra« ('"M IP)--/(A ,B) (5~17b)
7

The coefficients, A and B, may be the coefficients of any harmonic function, such as Fourier
series or spherical hannonic series [chapter 2]. In the frame of this research, coefficients have
been applied, that may represent a harmonic function over the area of a spherical cap. This
approach has been introduced by (Haines, 1985) and successfully been applied in several
geophysical projects (Korte, 1999; Amm and Viljanen, 1999; Amm, 1998; Kotze, 2001;
Hwang and Chen 1997) and already in a geodetic project (Jiancheng et al. 1995). The theory
of such “Spherical Cap Harmonics, SCH” is the topic of chapter 6,
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5.2 Derivation of continuity conditions

To make sure, that the resulting FEM-surface of n-th degree is differentiable n-times at any
point of the surface, additional continuity conditions need to be introduced at common

borders ofneighbouring meshes (Dinter et. a. 1996).

The approximate quality of the resulting FEM surface should be in the order of better than 1
cm. The continuity at a common border of neighbouring meshes should be of a compatible

quality.

The modelling of strict continuous conditions requires the dimensions of the matrix ofnormal
equations to be increased. Forcing complete continuity on a FEM grid of n-meshes carried by
polynomials would have the same effect as representing the whole area by only one
polynomial. Because of the reasons mentioned, the continuity is modelled by introducing

pseudo-observations into the common least squares adjustment in chapter 4.1.

Mesh 1 Mesh I

I 1 - )
A

Fig. 5.2: Scheme oftwo neighbouring meshes, I and 11, where a continuous transition

at the common border straight line AE has to be forced

The modelling of the continuity conditions for Co-continuity forces the same functional value
at the common border straight line and is described in the following.
With xland x lwe denote two independent point positions, situated on a HRS, on the common

border oftwo neighbouring meshes, mesh I and in mesh II. This reads:
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X X X X
X1 - ¥ and xn = y
£ (xp_ ciem. I
/=0 *=0 /=0 k=0

According to the DFHRS concept the "z-componenf' is replaced by the polynomial function
£(x,y) ofthe bivariate polynomial aikas a function ofthe plan position (x,y). Both independent
surface points are introduced by (5-18) are now restricted to run along the common border

straight line AE (fig. 5.2) ofboth meshes.

For this reason, the next step requires a description of the straight line, AE, in its parametric

expression for both meshes I and II and we get (Dinter et. a. 1996):

(5-19a)
xa tt(xe-x a)
x ya+i(ye-ya)
SIX * m*«+t(xe~xa)y(ya+t(ye~ya)y
i=0 k=0
and
(5-19b)
x" = ya+tt(ye-ya)
zZ Z X * < Xa + t(xe + t(ye~ ya)Yt
Li-B k-0
with

xe>ye =P"an coordinates of point E,
xa,ya = plan coordinates of point A

t e (0,1) = parameter of straight line position within AE.

It is obvious, that the vectors x land x llcan only differ with respect to the position and degrees
of freedom, determined by the number ofthe two sets of different polynomial coefficients a1
and ajkn respectively. So both surfaces are Co - continuous only ifthe functions ~ (x~a” ) and

£u(x,y,aikn) are restricted to the same values along the border AE , meaning that the function’s

difference is zero. With the abbreviations
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dait=4 - > dx =xe-xa,dy =ye-y,, (5-20a)

we obtain for the difference vector

(5-20b)

_Af0. 7 Z N a *(« +t(dx)y(ya+t(dy)Y 0
=0 k

0 k=0

By differentiating Ad'\t) in (5-20b) in x- and y- direction respectively, we reach Ci-continutity,
meaning the same tangential plan at the common border straight line (Table 5.1) is also the

same

Table 5.1: The Ci-continuity condition at a common border of neighbouring meshes is

reached by differentiating the parametric expression ofthe border straight line in the x- and y-

directions.
AaO:1i> .*.h_** +*M "O Co‘comntinuity
d Ci-continuity
~ AC(0 :|— ZZdai,k’(xa +Kdx)y(ya+t(dy))ks 0
dx vx J =0 k=0
rs'
aao = LA daik'(xa+i(dx)y(va+i(dy))k=0
\dy )i=0 k=0

While the difference in the plan position components (X,y) automatically becomes zero by the

restriction to the common straight line, AE, the difference

=£I1(x,y>aik,t)-£n(x,y, aikn,t) (5-21)

leads to an univariate polynomial in t, of nth degree. Requiring the difference, A”(t), to
become zero is equivalent of Forcing a so called Co-continuity. In FEM terminology, this

means there are the same DFHRS functional values along the common border.

With n=2, as an example, and setting the corresponding difference, A"(t) (5-21b), to zero, we

obtain a polynomial in t, of 2nd degree. After a separation with respect to the different powers
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of the free parameter, t, we get the following structure and coefficients A, B, C for the

polynomial in t:

A(citkyGjk%eixa, ye,ya) 't + B(cticdjk>xe,xa,ye ya)w + C(cijk dik,xe,xn, ye,ya)'t =0 5 22)

The constant coefficients A, B and C depend on the polynomial coefficients and the nodal

point position, A and E. As (5-22) has to be valid for all t ¢ (0,1) to force Co-continuity, we

require

A(ak,a%k>e xa,ye,ya)s 0 (5-23a)
B(ajk,afk,xe,xa,ye,ya) =0 . (5-23b)
C(ai ’al >Xe>Xa>ye>ya) =0 (5-23¢)

Upon evaluation for n=2 the following C0O-continuity restrictions are found

A - da02dy + dar2dxdy + da20dx2 =10 (5-24a)
B - da0Ojdy + 2da02y ady + dal0dx + dahlxady +dalldxya+ 2da2Oxadx - 0 A
C —da00+daOtya+da02ya +dctiOxa+dallxaya+da20xa =0, (5-24c¢)

which are used in the practical DFHRS adjustments with respect to each common border line,

AE, ofthe mesh grid (fig.4.3) as pseudo-observations C(p)

0+v=C(p). . (5-25)
Up to now continuity with neighbouring meshes at common border lines has been required. In
addition to this, the diagonal neighbouring meshes have to be treated at one common point

(Fig. 5.3). To force Co-continuity, the difference at a common point of two diagonal

neighbouring meshes is modelled as the pseudo-observation

0+v =(al+ally +allk +a2y 2+anxy +a02 2\ (5-26)

-{<*00 + aOiy + alix + a2y : +anxy +al022)n
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7 8 9
R ! -
lj |
+ Ym 5 us 8 E
5 4

m

1 2 3

b ake. — » 1 1

Fig. 5.3: To determine a complete continuous surface, conditions to

8 neighbouring meshes have to be modelled

To force Ci continuity, (5-26) has to be differentiated in x- and y- directions. The resulting

observation equations read:

)o( 2 2w d (5-27)
0+V:§x\;1~20 dx
—ajQ+any + 2 «&xgqX
-
j=0 ¢y, Foj0
oi  “nXF 2" aldy. (5-28)

Practical computations show, that an introduction of the Ci-continuity is necessary only with
a small weight. As the HRS has to be determined better than lcm, the weight ofthe condition

equations needs to be set accordingly.

5.3 Least squares estimation of the DFHRS parameters

The observation equations derived in sections 5.1 and 5.2 of this chapter, are set up in a
statistically controlled least squares adjustment. For reasons of clarity, the equations are listed

again
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Hds +v=H
h‘tv=H ~h*Am' + £ FEM(<p A |p)

CgmvOP"y +v = CFBM(P>A 1P) + ATt(dJ)
Priv= ke 0 HAAY
W v [-fA/~)/cos(™)] P [ArAAd*)]

Yot v=g(A,B)

0 +v ="esw (M IP)~“ /(A,B)
r
0+v= C(p).

w ... o d.,T
= (M) = f W M).r(<»>%)

dA ZIMERY) = 4%

(5-4)
(5-5)
(5-10)

G0

(5-29b)
(5-17a)

(5-17b)
(5-25)

M ((f) and N<>) mean the radius of meridian and normal curvature respectively. The indices i,

j and k designate the respective groups of observations forthe modelling of thecorrection

parameters d.

The unknown parameters H, Am, p, d, A and B are contained within X and estimated in the

Gauss-Markov model as follows

(A TC ~14) -1A TC -1
(A TCr'A) -1

O
o
]

where

AT= [AH Ah A%wv A"~ A% AQA AQ thedesign matrix of the observations

IT= [h h £grav (1)) S5g 0 o) the vector of observations,
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¢ 0 0 0O 0 0 O
0c O 0O 0 0 0
0 0 C carar Cfe D 0 0 0
o0 ., ¢, 0 0 0
0 0 0 0 0 0
0 0 O 0O 0¢, O
0 0 O O 0 0 c,

the symmetrical co - variance matrix of the observations 1

xT=[p d Am H (A,B)]the vector of unknowns and

Cp
cd
Goam C Am
Con Cin  Coamm c,

C P>(A,B) ¢ d,(A,B) c Ara,(A,B) c H,(A,B)

the symmetrical co - variance matrix of the unknowns x

The co-variances Q gav,£ii) are all zero if “gav is taken from a geoid model and the vertical
deflections (£,,p) are from astronomical observations. C*gaV(“n) will be non-zero, if £ and

(4, p) are derivatives from a common geopotential model or gravity observations, g.

5.4 Computation design and elimination of long-wave and systematic errors

The quality of the resulting HRS depends on different factors. The most important one is
obviously the size of the FEM-meshes. The polynomials that are used to give the
representation hold over limited areas. Therefore the choice of size ofthe meshes is the key to
obtaining a precise solution.

In chapter 4, different ways of refining a gravimetric geoid model, were discussed. These
refinements are necessary, because of the well known systematic effects in such models. For
adjustments, such as in the DFHRS concept, a parametric method is to be preferred when
trying to eliminate the errors that occur. This method is further developed into the method of

so called “geoid-patching”. If there are a corresponding number of points where h and H, are
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available, the area of interest again may be divided into a'number of patches. Within each
patch, a number of appropriate parameters are used to model a correction to the height
anomalies within the respective gravimetric model. The resulting quality depends mainly on
the size ofthese patches and also the density ofthe points.

In areas, where the identical points are sparse, correlation functions, such as (4-26), may be
used, to give a better approximation ofthe stochastical model and with this realise a strict two
steps adjustment (Jager, 2002; Jager and Schneid, 2002).

In the following section, the sizes of FEM meshes, patches and the effect of correlation

functions are investigated.

541 FEM-meshing and geoid patching for a precise representation of the
HRS

The first part of a DFHRS-computation is the generation of appropriate FEM-meshes. The
size ofthe FEM meshes and the degree ofthe polynomials representing it are essential design
parameters needed to control the resulting quality ofthe HRS representation.

To represent the HRS by a FEM, it is necessary to make sure that the HRS may be
approximated to each single mesh in an acceptable quality. In the DFHRS-concept, a geoid
model, which is available, may be interpreted as “direct observation” of the HRS. So in this
first step if useful results are to be obtained, the polynomial in each mesh must besuitable to
approximate the geoid model used to the desired accuracy.

The EGG97 (Denker and Torge, 1997) is a continental quasigeoid model with a local
accuracy in the centimetre range. So in the case of a DFHRS computation for Europe it can
give a potential group of “direct observations” of quasigeoid heights,

To estimate the approximate quality of bivariate polynomials of 3rd degree, a FEM
representation ofthe EGG97 was computed for a representative area. An area of about 140km
x 140km, situated in southern Germany and Switzerland, was subdivided into meshes with
30km, 10km and Skm border lengths. The area was selected, because the geoid is known to be
very rough in this area.

In addition to the height anomaly <gav, the EGG97 may also provide the vertical deflections
(£, 1j) at any point of the area covered. Both may be functions of the disturbing gravity
potential T.

To get a strict HRS representation, the geoid height information together with its real covari-

ance matrix would be sufficient to estimate the FEM parameters. But as long as no stochastic
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information is available both geoid heights as well as vertical deflections, set up as un-
correlated observation groups in a least squares adjustment, guarantee an unbiased estimation

ofthe HRS (5-18).

The 3 examples with differently sized FEM meshes (30km, 10km, 5km) were computed with

the same a-priori parameters, as there are:

. 25 height anomalies, distributed regular in each mesh, with a,;=0.03m

. 25 wvertical deflection points (£, q),distributed regularly in each mesh, with ~ ~=2”

The maximum and average residuals of the adjusted observations of the different adjustments

are listed in Table 5.2.

Table 5.2: Different output qualities with different mesh sizes
30 km 10km Skm
maximum residual £ / RMS
0.203m / 0.040m 0.053m / 0.005m 0.017 m/0.001m
maximum residual £/ RMS
"% *n :
20.78” /2.60” 10.15” /0.73” 4.86” /0.29”

maximum residual q / RMS

14.817/ 2.23” 9.61”7/0.68” 4.03” /0.26”

The results of the three examples as well as investigations in other areas (Ludwig, 2002)
concerning the approximation quality with different mesh sizes, show that the border length
of'the FEM meshes is correlated with the resulting accuracy. A border length of 5 km will be
sufficient for a precise HRS representation with a quality of better than lem. With 10km x
10km mesh size the resulting quality will be compatible with the positioning qualities in
DGNSS-networks like the German SAPOS or ASCOS services. To get the 10 cm quality of
that is strived for by the EUREF-TWG for the new European Height Reference Surface, a
mesh size of not bigger than 30 km will be sufficient (Table 5.3).

Comparable investigations took place concerning the size of the geoid-patches. In contrast to
the size of the FEM meshes, the size of the geoid-patches may not be chosen arbitrarily. They

depend on the density of the points with known heights h and H. So the density of

65



Chapter 5. The concept ofthe Digital FEM Height Reference Surface DFHRS

GNSS/levelling points as well becomes an important design parameter needed to produce a

DFHRS ofhigh quality (Jager, 1988).

Table 5.3: The mesh size of the FEM meshes is the most important design parameter needed

to produce a Digital FEM Height Reference Surface of a required quality

Approximation Quality Mesh-size
I cm 5 km
1-3cm 10km
5-10cm <= 30 km

The number of estimated parameters in a single geoid patch, e.g. 3 if A7L(d) is modelled

according to (4-19) or (4-20), in combination with the density and quality of the identical

points is also decisive for the size of a patch.

Table 5.4 shows the HRS representation quality which depends on the patch size. The
quantities are estimated using experience that was gained in several DFHRS computation
projects (Ludwig, 2002; Streifeneder, 2003; Schneid, 2003; Jager and Schneid, 2005). They
give a “rule of thumb”, for a computational design with an average number of 5 points with

CTh=aH=1.0 cm in each patch and modelling ATNaccording to (4-20).

Table 5.4: Another important design parameter to achieve the desired quality is the size of the

geoid patches

Representation quality Patch size
1 cm (30 - 50) km

1-3 cm (50- 100) km

5-10 cm (100-300) km

5.4.2 Generation and application of synthetic covariance matrices

The weak-forms, mentioned in the context of significant long-wave errors in gravimetric HRS

models see chapter 4, as a stochastical source for AT®, AT" and ATn, would be significantly
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less, if the true co-variance matrix, C”*, for the geoid heights and C*/C P, for the deflections
of the vertical, as well as the co-variance matrices, and Q n, were available. Unfor-
tunately, the stochastical model resulting from the determination of a gravity field model is
never available. As a substitute, synthetic co-variance matrices may be generated for the geoid
heights “grav, by means of an appropriate co-variance function. A suitable co-variance function

is for example given with (4-26) or with (Dinter et. al. 1997):

(5-32)
=<T0-¢ "

In the expression above, Sy denotes the distance between two points, i and j. The quantity, p,
is the coixelation length. According to Moritz (1980), p. 108 the remaining co-variances may

be found with

dCN,N
C™ J~ M{cp)-d(p. (5-33a)
dCN »
4y T Ng)j ) cos i - (333
d2C
C LN
W M(p)M (p)dg>ldp] (5°33¢)
7, dzc"lﬁy
VIR = N((Pj)N(cpj) cos (p. cos (pj *dXfiXj (5-33d)
p ~ d C 2Ni,Nj
M{<pi)N(cpj) cos @. *dcpfiXj (5-33e¢)

As is known from the theory of least-squares adjustment, the estimation is unbiased with
respect to the stochastical model (Jager et. al. 2004). Therefore, the estimated FEM
parameters, p, and the HRS are unbiased, even if the stochastical model in (5-33a - 5-33e¢)

was approximated, for example as:

Cop =3¢ 1 (5-34a)
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(5-34b)

(5-34c)

and
(5-34d)

However the most accurate FEM-representation of the HRS comes from the use of a proper
stochastical model (Jager et. al., 2005). So the accuracy ofthe HRS increases with the quality

ofthe approximation ofthe co-variance matrices (5-32 and 5-33a-e).

In recent years, several DFHRS databases have been computed, to support GNSS-based
height determination. Due to the different possible applications of a HRS, there are different
types of DFHRS databases. “High-end products”, with a statistically controlled accuracy of
less that one centimetre were computed for six state land service departments in Germany
(Baden-Wurttemberg, Bayern, Hessen, Nordrhein-Westfalen, Rheinland-Pfalz and Saarland)
(Jager and Schneid, 2000-2007).

The DFHRS for Germany was designed to support an online GNSS-height determination in
combination with the DGNSS-correction services ASCOS and SAPOS, with a quality of less
than three centimetres. (Schneid, 2003; Seiler, 2004).

The investigations show, that a model for a HRS may be computed with an average accuracy
of one centimetre if the concept of the DFHRS is applied. The main design parameters to be
considered for the desired resulting quality ofthe FEM representation of a HRS are the size of
the FEM meshes and the size of the “geoid-patches”. If the distribution of the used
GNSS/Levelling points is sparse, the number of possible “geoid-patches” is limited. The
quality of the HRS representation then may be improved by using a co-variance function,

such as 5-30 and 5-31a-e to generate an a priori co-variance matrix, C\.

In a test project, a significant increase in the computed accuracy was demonstrated. The HRS
was approximated by FEM meshes of 10 km border length (fig. 5.4). 46 GNSS/levelling
points were introduced and a 3-parameter datum shift, containing one constant offset and two
rotations, was modelled to reduce long-wave errors in the applied gravimetric geoid model,

here the EGG97.
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In a first computation, the a-priori covariance matrix, C*v, of the geoid heights used, "grav,
was simply approximated using (5-32a). The resulting standard deviation, ctdfhrs, of the esti-
mated DFHRS, was +1.9 cm, and was found by the re-computation ofknown points.

In a second and third computation, two different covariance functions were used to generate a
better approximation for C*. A correlation length, p, of 100 km was used. A compilation of
the results is given in table 5.5.

The reliability of this result was demonstrated in a second investigation. 11 GNSS/levelling
points from the inner zone of the project area were removed and not used for the adjustment
of the DFHRS (Fig. 5.5). The re-computation using the 11 points removed had a standard
deviation, cTdfhrs, ° f £0,82cm. The complete results are compiled in table s.6.

The accuracy of other projects may be significantly increased using a similar FEM design.
The use of an appropriate covariance function for the stochastical model of gravimetric geoid
heights increases the accuracy ofthe HRS, even in areas where the density of GNSS/levelling

points is sparse.

Table 5.5: Comparison ofthe results, when applying different covariance functions.

Covariance function for RMS maximum AH [CH’I]"LI Minimum AH [cm]
Sgrav [cm]
Uncorrelated 1.92 4.4 -3.1
.., *mE. 0.86 2.1 2.1
=V p s 0.86 2.1 2.0

Table 5.6: Comparison of the results from re-computing the points that had been removed,

when applying different covariance functions

Covariance function for RMS maximum AH [cn'l] minimum AH [cm]
Cgrav [Cm]
Uncorrelated 1.53 0.6 -2.7
-In(0.5)-+
0-0-¢ 0.82 0.3 -1.4
p s 0.84 0.3 -1.4

69



Chapter 5. The concept ofthe Digital FEM Height Reference Surface DFHRS

. m GRS, NI
,, - IO,

8) L0 "‘

GITR)

S B "m0

THIR

. TR

%

Fig.5.4: Positions ofthe 46 GNSS/levelling points. In a second project, 11 points from the

inner zone (red) have been removed.

5.5 Block algorithms for the inversion of huge matrices

To provide a software tool that can be used to compute DFHRS databases of any size and any
quality, it is necessary to develop special algorithms for the solution of linear equation
systems. As the quality of DFHRS databases mainly depends on the size of the FEM meshes,
it is obvious that the number of unknown increases with a better FEM representation. For the
computation of the DFHRS for Germany, for example, a number of 51719 unknowns had to
be solved for. It is obvious that this cannot be done with standard algorithms. For
implementation in software, for example, algorithms based on block-matrices may be

programmed to solve the linear equation system of the least-squares estimation. Two possible
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solutions are given in the following. The linear equation system of a least squares estimation

reads:

p={(at ec,r* «a )l <At -C,, 1-1 (5-35a)

N' n (5-35b)

In the equations above, p means the vector ofthe unknown DFHRS parameters. A denotes the
design matrix of the DFHRS observations, 1, and Cn is the co-variance matrix of the
observations. Ifthe matrix ofnormal equations, N, may be subdivided into n x n sub-matrices,

(5-35b) may be written as:

Pi NL NT, " (5-36)
p2 N 2, N L2 N J2 o,
p3 — N, N 33 n3
N
o » N N7, N _ Un_

The symmetric and positive definite matrix, N, may be written as the product of a normalised

lower triangle matrix, v, and a diagonal matrix, o, such as:

N=L b r1 (5-37a)
D.,. ».,.L' W DML ;,
A2,171,1 AR22 324D L 31 + D 22L 32 (5-37b)
AU31® L1 A3,1®1,172,1 + L 312D 22 L 3>ID m L 3)l + L 3j2D 2j2L 3j2 h-D 3)3
(5-37¢)
=L «(D +LT) =1L U
u Ip u B3
(5-37d)
A2LIATI A2 U2 + U 252 L 21U B3 + U 23
A3 LI A3,i%0,2 L 32U 22 L 31U 1}3+L 3)20 2)3+ U 33

The sub-matrices, L y and Dy ofthe matrix ofnormal equations are computed, and stored in a

file in a compressed mode. This so-called “LDL-Decomposition” (Bjorck and Dahlquist,
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2002) may be interpreted as a special case of the LU-decomposition, (5-37c), (Press et. al.
2002), for symmetrical matrices.

The single blocks, or sub-matrices are solved using algorithm (A-5.1) below. The LDL-
decomposition has the benefit that only the disk space required for the lower triangle of the
matrix of normal equations is used for the storage. The LU-decomposition needs less
computations, as the matrix U =D ¢/ 7, does not have to be computed. On the other hand, it
needs almost double the hard disk space.

The linear equation system (5-36) may be solved as follows:

L (D LT p)=n (5-38a)
L y = it (5-38b)
y =L”L¢n (5-38c¢)
LT p =Dy (5-38d)

for k=1 to maxColumn-1
begin
1i\k=D-k 1. Inversion of'the first block

for i=k+1 to maxRow

begin

2. k-th column, Ljk, is computed
Rk

end

forj=k+1 to maxColumn

begin
for j=j to maxRow
begin
3. the remaining blocks are
ki,j =i, ~Mi,j 7k reduced from the products with
end the blocks ofthe k-th column
end
end
IDkk = D-1 4. Inversion ofthe final diagonal

block

Algorithm A-5.1: Solving the single sub-matrices ofthe matrix ofnormal equations
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Usually, the computation of a DFHRS - project takes three to five iterations, until the best
settings are found, for example the best fitting parametric model for the local datum
correction of the applied geoid model. So usually (5-38a-b) are used to solve the unknown
parameters (Algorithm A-5.2), as the inversion of the matrix of normal equations takes a lot

of computation time.

To accomplish complete statistical quality control, the inverse matrix Qpp = N _1, has to be

computed. Qppmay easily be found with:

p=n

for i=1 to maxRow

begin
forj=1 to i-1
begin
vi =P|-Lu nj
end
end

for i=maxRow down to 1
begin

sum = pj

forj=i+1 to maxRow

begin

sum =sum -L {, p.

end

p- =IDM sum
End

Algorithm A-5.2: Solving unknown parameters, p, after LDL-decomposition
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As L is a normalised lower triangle matrix it may easily be inverted. If the matrix N was

subdivided into n x n sub-matrices, then we obtain for L:

L=Lw .Lw Lw (5-40)
and for L ':
r .. Lm (541)

I
2,1 I
Lyt L3 I

and
I i I
L L 2, T 01 % Q 0 I
D~ 0 > T ., 1 90 01
La 0 0 I 0o ,,, 0 I 0 0 ¥ E_
and in (5-41) we have for n=4:
I I I
T,,wz,l I PO -14—0 I
" Ly 0T 2@ 0 L T TP 00 1
~4,1 0 01 0 L 42 0 1 0 0 -L43 1

So the computation of L'1is done by matrix multiplication of the column matrices L-1(n)with

the opposite direction ofthat of (5-40).

The above algorithms have been implemented in software. The application is then able to

solve linear equation systems and with this, to compute DFHRS databases of any size. The

only restriction is the hard disk space ofthe computer used.
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5.6 Computation examples

5.6.1 The DFHRS of Germany

The DFHRS for Germany was designed to have an accuracy of less than three centimetres.
(Schneid, 2003). This accuracy is appropriate for online positioning in Online GNSS-
Networks.

In the first step, the whole area was subdivided into a grid ofregular FEM-meshes with 10km
x 10km mesh-size. To reduce the long- and medium-wave systematic errors 102 geoid

patches were introduced each with its ownset oflocal datum parameters (Fig.5.5).

For the DFHRS of Germany 51933unknowns in total had to be solvedin aleast-squares

adjustment. These were:

m 822 standard heights H (from identical points) with 1cm uncertainty
m [ scale correction Am between the heights h and H
m 520 datum parameters (3 Translations, 2 Rotations) in 102 patches

m 50590 FEM - parameters (10 for each mesh)

The DFHRS computation included statistical quality controls. Besides the standard methods
of data-snooping to detect gross errors and variance component estimation, another very
simple, but effective control is the computation of the so-called reproduction-value or “repro-

value” of each identical point i

V#/ = Hi,known ~ Hi,DFHRS (5-42)
—A
i (5-43)

where Vj and q are the residual and the part ofredundancy respectively.

This value vuj gives a measure of the change in the resulting p ru rs if the point u jknown
would not have been used in the adjustment. In the case of a non-significant test statistic, a
big repro-value vu; with a big part of redundancy (r, > 30 %) indicates either inaccurate

identical points or wrong modelling of the p rurs (i.e. mesh-size to big). In the case of a
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non-significant test statistic, a big repro-value vHj, together with a small part of redundancy
(r, < 30 %) suggests too few GNSS/Levelling points in this area. The target in the

computation ofthe DFHRS Germany was to keep the “repro-value” less than about Scm.

In addition to the height anomaly £ prHRS, its standard-deviation a DFHRS((p, x;/2\ CAm,P) is provided

by the co-variance matrix ofthe parameters for further analysis.

Fig.5.5: FEM meshing ofthe DFHRS-Germany with 102 geoid-patches.

The best and most independent quality control of a database comes from measurements at
points within the area of investigation. To simulate this, some places or regions in south-
western Germany were used. Points in the database of the University of Applied Sciences
Karlsruhe were used to test the external quality ofthe computed databases. These points were
not used in the computation ofthe database. They had a quality of 3 cm. Only at 16 points of
3243 (maximum standard deviation an = 3cm), or about 0.5 %, showed a difference of more

than 5 cm.
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Fig.5.6: Visualisation ofthe Digital FEM Height Reference Surface for Germany

The differences (5-42) between the known height u and the heights u prurs transformed by

means of the DFHRS are given by

i — H iknown (hj C,DFHRS) (5_44)

From (5-42) a standard deviation of cth,dfhrs = 1.8 cm can be evaluated using the 3243
control points. This value represents the accuracy ofthe computed heights Hdfnrs- Hence the

standard deviation ofthe height anomaly derived from the DFHRS ctdfhrs < 1.8cm and can be

approximated with

(5-45)

DFHRS = H,DFHRS ®HMown T P -
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The estimated co-variance matrix Cdfhrs of Germany shows an accuracy of < 2.0 cm in the
heights of most parts of the surface. This is in accordance with the estimation (5-43) applied

to the control points.

The quality control of the DFHRS Germany showed that the principle aim of the project, to
compute a database with an uncertainty of less than three centimetres has been achieved and
has been surpassed. With this accuracy the database is a well balanced tool for online height
determination in GNSS networks. It can be improved by updating the computation when new

observations, i.e. GNSS/Levelling points, h and H, are available.

5.6.2 The DFHRS of Europe

Using the DFHRS concept, the area of Europe was subdivided into of 7035 FEM meshes
(Jager and Schneid, 2004). As can be seen from figure 5.7, some of the European states are
not involved in this computation. This is because these states are not connected to the
European Vertical Reference Frame (EVRF), the European height datum.

The size of the meshes was chosen to be with 30km border length to compute the EVRF with
an accuracy of less than one decimetre. To reduce the long-wave biases in the gravimetric
model used, in this case the EGG97 (Denker and Torge, 1997), 34 patches were created, to
eliminate the long-wave errors. Due to the sparse distribution of the GNSS/Levelling points,
the patch size varies from 100km to 800km in border length.

The height anomalies, £, as well as the deflections from the vertical, %and 7|, derived from the
EGGY97 were introduced as observations in the combined adjustment (5-4, 5-5, 5-10, 5-17, 5-
29a - c¢). The GNSS/Levelling points from the EVRF2000 (BKG, 2003) were used as an
observation group (h and H). Additional points from national densification were available in
Estonia, Germany, Latvia, Lithuania and Switzerland. In total, 355 points with ellipsoidal and
sea level heights were used.

Besides the standard procedures like data-snooping for blunders, the computation of ~200
independent control points with known heights, h and H, was used part ofthe quality control.
These points are situated in Austria, Gennany, Estonia, Latvia, Lithuania and Switzerland.
The results show, that the resulting quality of the DFHRS for Europe is better than 10

centimetres (table 5.7).
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Legend

Fig. 5.7: The Digital FEM Height Reference Surface for Europe, computed from the
EVRF200 (triangles) and the EGG97.

Table 5.7: Compilation of the results for different countries where independent

GNSS/Levelling points were computed

Austria  Germany  Estonia Latvia  Lithuania Switzerland
No. of control
9 95 21 25 46 13
points
Std.Dev. [cm] 7.5 42 8.8 9.2 6.8 7.0
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The re-computation of known points indicates that the external accuracy of less than 10
centimetres for the DFHRS Europe has been achieved in each country where control points
were available. This quality may be improved by introducing more GNSS/Levelling points,
for example, from national densification. A higher number of such fitting points would enable
the creation of more geoid patches and hence lead to a better representation of the EVRS
Jager, R. and S. Schneid (2004).

The quality of a DFHRS depends only on the design parameters. These are the size of the
FEM meshes (Table 5.3) and the size of the patches (Table 5.4). The size and the number of
the patches mainly depend on the number of the GNSS/Levelling points that are available
over the area of interest. It may be expected that with the points from the national
densifications ofthe EVRS, a DFHRS with a quality of approximately three centimetres could
be computed, in analogy with the DFHRS from Gennany, [chapter 5.7.1], where 10 km

meshes where used.

With the concept of the DFHRS, a mathematical model has been found that enables the
optimal adjustment of HRS related geodetic observations. The FEM concept further enables
the production of HRS databases in a designed quality. By varying the mesh sizes as well as
the number and size of geoid patches, any accuracy may be reached in theory. In practical
applications, the number, the density and the quality ofthe available geodetic observations is
the third design parameter.

A rigorous two-step adjustment is reached, if proper correlation functions are applied for
approximating the stochastical model of gravimetric geoid databases. The investigations that
are discussed in section 5.4.2 show the effect of a significantly increased accuracy when
applying such functions. In addition, so-called geoid patches may be introduced to eliminate
long-wave systematic effects in gravimetric (quasi)geoid models. The parameters, d, that are
modelled for carrying this refinement, may be applied for height anomalies, Q or geoid
heights, N, respectively, together with the gravimetric deflections from the vertical, £ and 7|, if
this information was derived from the same potential model. In any other case, they may still

be applied for observation groups ofthe same kind.
In (Jager 2002; Jager and Schneid 2002) the mathematical equivalence of the two-step

adjustment and the direct use of gravity observation was presented. However, there could be

cases, where the use of gravity information was required.
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The traditional way of gravimetric HRS detennination is based on integral equations, see
chapter 4. In recent years, point mass models have been applied in some projects. So the first
steps towards least squares approaches were made. On the other hand, the point mass models
have been applied using the RRT concept, so the quality of the computed models also
depends on the geopotential model used and the mathematical techniques that were applied
within the RRT, for example, for deriving a grid of the gravity anomalies. In theory, the
gravity may be applied directly, without any reduction or grid interpolation. So a concept that
incorporates gravity information into the adjustment using the DFHRS concept would be a

goal, because for the first time a statistically controlled processing of such data would be

enabled.

A concept that is an upcoming tool in geophysical applications is called the “Spherical Cap
Harmonic analysis”, SCH. It may be seen as a generalised spherical harmonic analysis,
because it may be applied in areas of limited extension.

The theory and the application of SCH is the topic ofthe following chapter in this thesis. The
respective observation equations for a least squares adjustment are derived, and numerical

examples are presented.



Chapter 6

Spherical Cap Harmonics - SCH

6.1 Introduction

In the previous chapter, concepts for the determination of the HRS have been described and
the advantages and disadvantages have been stated. In recent years, two different methods
used to combine different observations types in one model have been derived. One approach,
which has been applied in several projects for precise HRS determination, is based on a
combined least squares adjustment of gravity observations and height anomalies, the point
mass method e.g. Liebsch et. al. (2005). Although the concept ofpoint mass modelling should
be appropriate for direct application, it is usually applied together with the Remove-Restore-

Technique. This approach gives a mathematically correct solution.

In 1985, Haines introduced a new method, the so-called “Spherical Cap Harmonic Analysis”,
SCH for approximating potential fields (Haines, 1985). Since then, this method has
successfully been applied in geophysics (Kotze, 2001; Amm, 1998; Amm and Viljanen, 1999;
Korte, 1999) and in geodesy (Jiangchen et al., 1995; De Santis and Falcone, 1995; Jager and
Schneid, 2006a; Jager and Schneid, 2006b). From Haines’ papers as well as from De Santis
and Torta (1997) it is possible to see that the origins from SCH-analysis are older (e.g.
Smythe 1939; Kelvin and Tait, 1896).

The goal of the SCH-concept, in contrast to that of “ordinary” Spherical Harmonics, SH, is

that it is to represent completely the potential in limited areas.

In the following subsections, the adaptation ofthe SCH-concept for the combined adjustment
of height anomalies, <€ gravity disturbances, 5g, and deflections from the vertical, £ and q, is
derived. The definition of'the spherical cap and the boundary conditions are explained and the
observation equations for the estimation of the SCH-coefficients are described. In addition,

practical examples are computed and the results ofthese applications are discussed.
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6.2 Definition and geo-referencing of the spherical cap

The spherical cap is determined by an earth-fixed, geocentric, spherical cone (fig. 6.1). The

size of the cap is given with the half angle 3 @, and the cap-pole is geo-referenced with global

spherical geocentric co-ordinates, 0,40, and ro (fig. 2.6).

A Earth
Rotation axis

Cap-pole

0g oA ) 3*0

Equator

Definition and georeferencing ofthe spherical cap

The radius, ro, may be chosen to be identical to the major axis of the reference ellipsoid. We
will see later that there are numerical advantages in choosing the radius to suit the location.
The centre ofthe cap is the pole of a local spherical polar co-ordinate system. The local co-
ordinates of a point, P, referred to the cap-pole, may now be found by means ofthe following

computations.

First, the geocentric cartesian co-ordinates, x, y and z, are rotated into the local cartesian

system ofthe cap, xc, yc, zc:
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xc -cos#0cos/LO0 - cos<Msin X0 sin 00
g — -sinXo cos X0 0 y (6-1)
z°¢ sin#0cos X sin 60sin X0 COS"o z

The local co-ordinates, &c, ac,rc in the system of the spherical cap (fig. 6.1) may now be

expressed by the following relationships

°c 7 'xXc-XCc+yc-yc+zc-zc (6‘26)
cost2 — (6-2b)
r
sinfl-=V £Z2 7217217 (6-2¢)
re
sin Y (6-2d)
UxX Coox” Ct+y -y

(6-2e)

cosa "

6.3 Validation of the SCH concept

Global gravitational potential models are usually expanded in SH coefficients. For local
applications, the method is suboptimal. The base functions of this application do not form an
orthogonal base over arbitrary areas. In contrast to “ordinary” SH, spherical cap harmonics
are suitable for approximation of'the potential field over a limited area, the spherical cap. This
is due to the fact, that orthogonal base functions may be generated over the area of the cap
(Haines, 1985).

For the following validation of the SCH-concept, we must first go back to equation (2-47).

The anomalous potential, T, may be written as a truncated series of SH-coefficients

r —V'V't . ) (6-3a)
3550 /-0
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with

(6-3b)
I (c»™ cos(mA.)+sin

Equation (6-3a) is a solution of Laplace’s equation, in spherical co-ordinates. It is found by
separating the variables and solving the individual eigenvalue problems (e.g. Kautzleben,

1965). The eigenvalues, m and n, are determined by boundary conditions.

The main requirement of the actual problem is that a differentiable function, T, is to be
represented over the area of a spherical cap in terms of functions of the form given with (6-
3b).

The eigenvalues, n(n+1) and m, have to be computed in a way, that the terms containing 9 and
Xin the functions T,,m(6-3b) can be summed or integrated to give a representation of T (6-
3a). This may again be done by considering boundary conditions

For the longitude X, over a cap, where X may reach any numerical value the following

equations must hold:

Tnm r)= Tnmi0 "~ + 2 >T) (6-4a)

dTm(0,A,r) dTwm(0)A+27r,r) X
(6-4b)

These conditions force m to be real and integer. In addition, all coefficients Snohave to be
zero. The solution for the conditions (6-4a, b) is the harmonic oscillator in X (6-3b), well
known from the Fourier series expansion, which holds for both, the representation by ordinary

SH as well as for hannonics over a spherical cap. In the local co-ordinate system of the cap,

this reads as:

(6-52a)

(6-5b)
dac dac
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The boundary condition in the co-latitude, 9, is that at 9 =0:

8Tnj,(9,X,r) n f n 6-6a

:J ( ): 0 form=0 ( )
do

T,.m#> A1) =0 form”O. (6-6b)

The meaning of this condition is, that the potential at the pole, where 9= 0, is independent
from the longitude, X The condition is satisfied by Legendre functions of the first kind (e.g.

Kautzleben, 1965). Again, this condition is similar to the case of a representation over a

spherical cap:

9T, W ,a“r") (6-7a)
=0 form=0
dSc
Tnm(3c,ac,rc) =0 form *0. (6“7b)

The boundary condition on 9 at 9= 9¢is the same in the caseofordinary SH, where 6 =n :

drT,,.,,, (0o =n,l,r) (6-8a)
= form - 0
dG
ram (00 =K, JL,r) =0 form # 0. (6-8b)

This condition forces n to be an integer and real and the Legendre functions reduceto the

(associated) Legendre Polynomials, Pnmcos(<9) in equation (6-3b).

For a spherical cap with the half-angle 30 & n , the potential as well asthederivativewith

respect to the latitude, 3 , must be functions ofthe position, 3°,ac,rc:

T(36,ac,rc)=f(al\rc (6-9a)
dT(3,al\rc)
=g(ccc, ra)
d3c (6-9b)
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The functions, fand g, of course have to satisfy the same conditions with respect to »cand a ¢
as T anddT/dS, respectively. Haines (1985) showed that the conditions (6-9a, b) hold if the

values for n are chosen in a way that:

dTntm{30,A,r) p (6-10a)
dSc

(6-10b)

These conditions are fulfilled by the associated Legendre functions of'the first kind, with real,
but not necessarily integer degree, n. Since Tnmand dTnm/d& cannot simultaneously be zero,
Haines showed, that (6-10a) enables (6-9a) to hold, while (6-10b) enables (6-9b) to hold
(Haines, 1985). The different real values ofthe degrees, n, that satisfy the conditions, depend

separately on m. They are therefore denoted by nk(m), where the subscript, k, is chosen to

order the various roots, n, in a way like the integer values ofthe degrees, n, in ordinary SH.

The function, now denoted as Tnk@)m, is divided into two infinite sets ofbase functions, one

where (k-m) is even and one with (k-m) is odd, such that the functions in each set are
mutually orthogonal over the spherical cap. The nk(m) for which (k-m) is even are the roots of
(6-10a) and the nk(m) for which (k-m) is odd are the roots of (6-10b), if the respective

equation is considered to be a function ofn.

The boundary condition for the radial distance, r, is the same for both, the SH and the SCH

representation. For SH we have:

im 7, m{6,X,r) =0 (6-11a)
and for SCH:
(6-11b)

In geodetic literature, for instance Hofmann-Wellenhofand Moritz (2005), it is usually stated,

that this condition requires n to be not less than zero. Haines remarks, that there is also a
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harmonic of order m*O and degree n- -1. It is simply a constant term that cannot be
determined, if only derivatives of the potential may be observed. However, the existence of
this harmonic will not be discussed in this thesis, as in many practical applications, SH
representations of the gravitational potential have been computed without modelling this

constant.
Without loss of generality, the anomalous gravity potential, T, represented by harmonic

coefficients over a spherical cap may finally be written as:

. (6-12)
{a,n‘los( mac) +tSsin(m °))p”(cos

r0 k=o0oin=oj

In the harmonic coefficients, Cékmand Som, are dimensionless. If the coefficients are

determined by means of least-squares estimation, there are some numerical advantages when
estimating the harmonic coefficients in a way that they have the same dimension as the
potential.

Equation (6-12) is therefore rewritten:

I e \«i(« 041 (6-13)
(<» cos(ma@ +&in(mac))f,t (cos )

The coefficients are further annotated with the integer k, and the coefficients B&0 are zero.

The height anomaly, < derived from the spherical cap harmonics A&m and B& reads as:

k (rec\ ko (6-13a)

where the normal gravity, y, is still related to the reference ellipsoid.
The derivatives of T, the radial gravity disturbance, Sgt, and the disturbances in the direction

of ») and a , in the co-ordinate system ofthe local cap, are now:

«r(fa)+ 1
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[\ «E(")+!

1
Fesm3ch (6-15b)

s ni. fm1+1

In the case of ordinary SH representation, it can be shown, that the degree, n, is restricted to
being an integer. This follows from the orthogonality relationships of the eigenfunction

solution of the co-latitude#. This is the associated Legendre Polynomial, Pnm(cos0)

(Kautzleben, 1965, p.39f). In the case of a SCH representation there are two eigenvalue
problems in the co-latitude, Sc, one with the boundary conditions (6-7a, b and 6-10a) and the

other with (6-7a, b and 6-10b). The Twk{m){3 ¢ a c,rc) may thus be divided into two infinite

sets of base functions, one where (k-m) is even and one where (k-m) is odd, so that each

function is orthogonal over the spherical cap. This can easily be proved by computing

fi%
t P.jm(c°s0)P,tim}(cos,9)sin j*k (6-16)

where (j-m) and (k-m) are either both odd or are both even.
Finally, it can be shown that equations (6-9a, b) follow from (6-10a, b). Therefore, the
summation terms are re-ordered. This is correct, because of the property of the Legendre

functions (Kautzleben, 1965),

Pnm(cos 0) = 0; form >n (6-17)
In a first step, the expression (6-10b), which is satisfied when (k-m) is odd, is substituted into

(6-10a). This gives

k-m-even

89



Chapter 6. Spherical Cap Harmonics - SCH

Rewriting the SCH-coefficients, in this way

c cy*("H
! Al,, oos(mZ)P,t
k—rﬁi’enven
and
n
k-rﬁz'cnven V y

we finally obtain

(cos .9%)

T($0,0cc,r°) =f(ac,rc) =7Z (awcos(mae) + bmsin(mac))

m=0

(6-18b)

(6-18¢)

A 18d”

This is the proof that T(3Cac,rc) can be equated to functionf(a c,rc), with the same

condition applied to r and a as in the function, T. The coefficients, amand bm must be Fourier

coefficients of the orthogonal eigenfunction expansion of a in the functionf(a ¢,rc). (c.f.

Haines, 1985).

In a similar way, it can be shown that

/¢ Vium)+l

d&l o
-/ \dP , v (cosi9f) (6-19a)
Z  (4kmcos(rnac) +Bkmsm(mac))— " e
k-rrf:;nven
dT{36,a \rc) “ (6-19Db)
i —= v ) ="(cincos(mac) +dmsm(mac))
c

where
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cm— k,m
k=m+\ Kr 'J dg
and (6-19d>
@Y *(")t dP,,t(m)m cos(Sc)
d,= 1

£mtly, ds

The harmonic coefficients, A£mand B%m, could now be determined by means of a least-

squares estimation, applying the respective observation equations (6-13, 6-14 and 6-15a, b).
However, before the system ofnormal equation can be set up, the roots, n, ofthe functions (6-

10a, b) have to be found.

From (6-3b) it follows, that Tnfkim(3°,Ac,rc) and dTnm(3c, Ac,rc)/53 can only be zero if

Bloycossc)=0;  for (k -m)is odd (6-202)
dPrk A
{ng(;:os 2 0; for (k-m)is even (6-20Db)

The real degrees, nk(m), that satisfy the conditions (6-10a, b) are the roots of the associated
Legendre functions (6-20a) and the derivatives with respect to co-latitude (6-20b),
respectively, if the respective expressions are considered to be functions of nk(m). Before the
roots can be solved a way to compute the Legendre functions of real degree has to be found

first.
6.4 Computing the associated Legendre functions of real degree

The Legendre function Pnm(?) is the solutions of the Laplace differential equation in the co-

latitude direction. It is defined by

(*)=—1 (- 13)2 d"m (12-1) (6-21)
7 2"n) dt

For m=0 the function reduces to the Legendre polynomials:
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(6-22)

where the quantity, t, is a substitute for cos6 .

Because of the factorial function in the equations (6-21 and 6-22) there are numerical
problems when applying such formulae for the computation of Pthm The numerical
computation becomes more effective, if the Legendre polynomials are normalised by some
means. In geodetic applications they are usually “fully” normalised (Hofmann-W ellenhof and

Moritz, 2005). This reads:

(6-23)

With given starting values, for the degrees 0, 1 and 2, the fully normalised associated
Legendre Polynomials may be computed very effectively by means of the recursion formula:

(e.g. Wenzel, 1985)

(6-24)

Wenzel investigated the above formula and found unacceptable errors for degrees n>2200. In
some applications, the Clenshaw summation is used to compute the associated Legendre
functions (e.g. Tscheming and Poder, 1982). Recent research concerning this topic was
published by Holmes and Featherstone (2000). A modified recursion was introduced to enable
computation of the associated Legendre functions up to degree and order 2700. The problems
with such high degrees are only of a numerical kind, and appear as underflows or overflows
in the numerical capacity ofthe personal computers used.

For a SCH representation of the gravitational potential, the above recursion formulae may
also be used, as they hold for real n as well. However, starting values have to be computed

directly, so a method to compute the Pnm(t) with real degree, n, has to be found first.
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It is well known, e.g. Hobson (1965), and Kautzleben (1965) that the Legendre functions

Pn{t) may be represented by the Gauss hypergeometric function

1A (6-25)
P.{) =F\-n,n +VX— 1

With the definition ofthe associated Legendre functions (6-21) and the following property of

the hypergeometric function
— F(a,b\c\z) =— F(a +1,6 +1;e +1;z), A
dz c

a representation of the associated Legendre functions can be found that enables computation

with a real degree, n (Hwang and Chen, 1997):

1 T{n+m+\)L 2 r - 6-2
1131....(0= {n+m \)(l—f )\g'l‘*Z m-n,m +n+1l:m +l,'—]l A (6-27)
nim 2"ml r(n —m +1) J v 2 j

This foimula could now be applied to create a system of normal equations for the estimation
of the SCH coefficients by a least-squares adjustment of related geodetic observations.
Actually, it can be applied, but again numerical underflows and overflows occur, resulting
from the numerical precision ofthe personal computer.

An algorithm that avoids numerical under- or overflows was published by Olver, Smith and
Lozier, (1981) and Olver and Smith (1983). Within their research extended range arithmetic
was developed and published, that enables the computation of extremely high degree
Legendre functions with n>10000. The algorithm has already been used for the SCH-
representation of geomagnetic fields (Thebault et al. 2004), where an accuracy of 15 digits

was reached for a real n>9000, with half-angle 30=5°.

6.5 Finding the roots of the associated Legendre functions

The computation of the roots of the associated Legendre functions and the hypergeometric

function, respectively, has been the topic of many mathematical investigations (e.g. Pal
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1919a, 1920b; Hobson, 1965). It is therefore proposed to make use of numerical methods, for

example bracketing and bisection (Press, et al., 2002).
71
The Legendre function, Pmm{cos6) has (n - m) roots in the range of 0 <0 <—. To provide

the same base function for the SCH representation as for SH representation, the roots nk(m)

have to be computed in such a way that P (Win(cos«9c) has (k-m) roots in the ranges

0<Sc<3o0 (fig. 6.2).

Fig. 6.2: Left: The Legendre functions, P2P4and P6. Right: The Legendre functions, Pr2>
Pn(4) and P n(6)>

The degree lik(m) is approximately given by

The respective wavelength, co, ofthe SCH is

(6-29)
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The well known SH-Model, EGM96, (Lemoine et. al, 1997.) was computed with a maximum

degree n=360. The maximum index kmax, which is the respective quantity for a SCH-Model,

for a cap with the halfangle $€= 2° may be found approximately by

o 6-30
k K 360° 1 (6-30)

90° V “min N

si0 ( no i
90° n(k)+2) 2

with $€in degree.

6.6 Rotation of the gravity vector

For the least squares adjustment of the observed gravity data, two rotations have to be
calculated, to find the gravity disturbance, Sgc, referred to the system of the spherical cap. If
the deflections from the vertical, £ and 7, are known, the astronomical co-ordinates, $ and A,
are found from the relationships (2-28a, b). If the deflections are not known, the gravity

vector is approximated.

cos(O) cos(A) cos(”™) cos(/1)
g =-g cos(0)sin(A) «-g cos(g)sin(/l) (6-31)
sin(d>) sin(<2)

The gravity disturbance vector is obtained by subtracting the normal gravity vector from the

actual gravity vector. This reads as:

Sgp=gpP-y P- (6-32)

In a first step, the gravity vector is rotated from the geodetic ellipsoidal co-ordinate system

into the geocentric earth fixed Cartesian co-ordinate system:
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- sin(O)cos(A) - sin(A) cos(O)cos(A) cos(#?) cos(A)
<sm = - sin(<D)sin(A)  cos(A)  cos(O)sin(A) cos(”) sin(A)
cos(<3>) 0 sin(d>) sin(™)
- sin(®) cos(/l) - sin(/1) cos(™) cos(A) cos(<>) cos(/1)
- sin(®) sin(/I)  cos(/)  cos()sin(/) *Sge cos(">)sin(/1)
cos($?) 0 sin(") sin(<p)

The second rotation relates the cartesian gravity vector, <0g resulting from (6-33) to the pole

ofthe local spherical cap:

=) -cos(<90)cos(/10) - cos(60)sin(*0) sin(*) g (6-34)
= - sin(/t0) cos(A0) 0
sin(<90) cos(/1) sin ”)sin(*0)  cos(<90)

Finally, the disturbing gravity vector, in the system of the spherical co-ordinates of the local

cap is found by a third rotation:

~Sg€ ~cos(i9¢c)cos(ac) -cos(BPc)sin(ac) sin”) (6-35)
= -sin(ac) cos(crc) 0 8gl
sin(i9¢)cos(ac) sin($c)sin(ac)  cos(t9c)

With the observation equations (6-14, 6-15a, b) and the gravity disturbance vector in the
system of the local cap (6-35), the spherical cap harmonic coefficients A &m and Bé&m may

now be estimated by means of least squares techniques.

6.7 Modification of the spherical cap

In 1991, De Santis published a modification of the SCH concept called “Translated origin
spherical cap harmonic analysis - TOSCA” (De Santis, 1991). The concept of TOSCA
enables the approximation of a potential field by means of SCH coefficients related to a new
reference system with a vertical translated origin, along the radius from the centre ofthe Earth
(fig. 6.3). The co-ordinates S ¢,a c,rc of a point, related to the translated origin, are found by

changing (6-2a, b and c) into
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r Axc-xc+yc-yc+tzce-zc (6'36a>
cos3 00— (6-36b)
) r A{x(: ,X(: +y(,' .V(r

sm3 = — (6-36¢)

with

zc=1zc- Ar

and Ar is the translation ofthe origin in the vertical direction (fig 6.3).

The application of the TOSCA concept reduces the computational effort required to reach a

spatial resolution.

As the new latitude 3 ¢ always has a larger numerical value than 3 Cit is obvious that the
numerical value of the maximum degree nk(m), found by means of (6-28), reduces, if the
potential is represented over a cap with a translated origin, while the minimum wavelength co,

(6-29) stays the same.

Cap-pole
@90 90

Ar /

Fig. 6.3: Modification ofthe spherical cap according to the TOSCA concept
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A numerically smaller degree nk(m) also reduces the computation time dramatically, as the
algorithm of Olver and Smith (1983) uses recurrence relations. The new Legendre functions
are computed in the same way as in SCH, but in the new reference system. Obviously they are
still solutions of Laplace’s equation, because the latter does not change for any translation of

the co-ordinate system.

6.8 Regularisation of the linear equation system

When computing the SCH coefficients by means of a least squares estimation, the same well
known numerical difficulties as in computation of ordinary SH coefficients appear. The
system of the normal equations becomes numerically unstable. In a number of test
computations the condition number reached values of 10'30 A linear equation system with
such a condition may not be solved by inverting the matrix of normal equations, N (5-3 5a, b),
because of'the limits in the numerical precision of a standard computer.

In geodetic applications a singular equation system is usually regularised by computing the
Pseudo-Inverse, or Moore-Penrose-Inverse, N+, (Jager et. al., 2006). In test computations, this
method failed, because of numerical reasons. The eigenvalues of N could not be determined
in an acceptable accuracy. Also, some ofthe computed eigenvalues were negative.

In theory the most accurate method to solve an ill-conditioned linear equation system is the
Singular Value Decomposition, SVD, (Press et. al. 2002). Unfortunately, this method may not
be applied, as the SVD is dealing with the design matrix, A, instead of the normal equation
matrix, N. In the current case of least squares estimation of SCH coefficients, the matrix A
reaches the dimensions of the introduced terrestrial observations, n, and the estimated
unknowns, u. Therefore, it may be used only for areas with a very small extension.

Korte and Holme (2003) present a method for the regularisation of spherical cap harmonics,
using the linear inversion method (Whaler and Gubbins, 1981, Gubbins, 1983). This method
is comparable with a method that is used in geodetic applications.

In many projects used to determine SH coefficients to approximate the global potential,
stochastical regularisation (Kaschenz, 2006) is applied. The linear equation system is
regularised by adding the inverse of a covariance matrix Cr, derived from a signal degree
variance model to the matrix ofnormal equations (e.g. Wenzel 1985).

If this concept is applied for the determination of the SCH coefficients, the least-squares

estimator reads as:
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p=(at 0" *A +(12:C’ 1)"” *At +Cj| o (637)

In (6-37) the vector, p, contains the SCH coefficients. Ch denotes the covariance matrix ofthe
gravity field observations, 1, and A is the design matrix. The matrix, CR, is the introduced
regularisation matrix with the signal degree variances on the diagonal, derived from an

appropriate model, e.g. Tscheming and Rapp (6-38), and a is introduced as a weight for Cr.

According to the signal degree variance model of Tscheming and Rapp, the variance a/ for a

degree, n, reads as:

02 = s,12 (6-38)
"o («-2)(«t+£)

with

A =425.28 mGal2
B =25
s=0.999617

It is obvious that the spherical cap harmonic coefficients, estimated by means of (6-38) are
biased with respect to er and Cr. Therefore, the generation ofthe regularisation matrix has to
be done very carefully. It is possible to change the defining parameters A, B, and s in (6-38)
to get a matrix R, which enables a numerically stable solution of the equation system, and
gives a realistic degree variance model for the approximated gravity field in the local area of
the spherical cap. The evaluation ofthe results may be done for example by means of variance

component estimation.

The concept of the spherical cap harmonic analysis has been applied in a project in Baden-
Wiirttemberg, Southern Germany, for the approximation of local gravity fields and the
derivation of height reference surfaces. The results of the different test computations are

shown and discussed in the following chapter.

99



Chapter 7

Computation examples

7.1 Example 1: Representation of a spherical harmonic geopotential model

For the first computation example, the height anomalies, as well as the gravity
disturbances, 5g, over an area in Baden-Wiirttemberg were introduced into a combined least

squares adjustment, for the estimation of spherical cap harmonic coefficients, 4 &m and B&m.

The anomalies, £, and the disturbances, 8g, were derived from the EIGEN04 model (GFZ,
2007). The height anomalies, vary in this area approximately from 48.8m to 50.4m and the
gravity disturbances approximately from 18.0mGal to 70.0mGal. hi total 1572 height
anomalies and 1572 gravity disturbances were used in a common least squares adjustment,
with the observation equations (6-13a, 6-14). The observations were introduced in two layers,
at 100m and at 1000m altitude. The height anomalies were introduced with a-priori accuracy
0of+0.2 m and the gravity anomalies with £10 mGal. The half-angle of the spherical cap is

0.6427° and the radius is 6366285.95m. A maximum degree for the harmonic coefficients,

A km and Bkm of k=15 was used to represent the EIGENO04 model. The maximum residuals

as well as the computed RMS are listed in table 7.1.

In the next step, a grid of height anomalies, and gravity disturbances, 5g, at an altitude of
500m was computed from the estimated SCH-coefficients and compared with the same grid,
computed from the EIGENO04 spherical harmonic model. The residuals as well as the RMS of

the comparison are complied in table 7.2.

As consequence of this investigation we can summarise, that the derivatives of a spherical
harmonic geopotential model may be represented by harmonic coefficients over a spherical
cap. The goal ofthe SCH-representation is to reduce to a very small number ofunknowns that
are required. This contrasts to the large number of unknowns that are required for ordinary

spherical harmonic representations. In this example it is 225.
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Table 7.1: Statistical result from the adjustment of EIGENO04 height anomalies and gravity

disturbances

¢ [m] 8g [mGal]
Max residual 0.001 0.03
Min residual -0.002 -0.034
RMS ~ 0.00045 ~ 0.007

Table 7.2: Differences between a computed grid derived from the EIGENO04 and a grid

derived from the SCH-representation

CM 8g [mGal]
Max residual 0.0025 0.013
Min residual -0.0015 -0.024
RMS -0.0005 -0.004
........ A
A
N A A
A A A A
B H
A A
A A A
A A WH
A
A
A
A A A
"3
A
A
A
A A

Fig.7.1: 34 points (triangles) are used to estimate correction parameters in 4 patches

7.2 Example 2: Combination of GNSS/levelling points and a geopotential model
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The next computation example is concerned with the combination of GNSS/levelling points
and a geopotential model. In an area of approximately 100lcm x 100km, 34 GNSS/levelling
points as well as the EIGENO04 geopotential model were used to represent the HRS by SCH-
coefficients. The GNSS/levelling points were made available from the state land service
department o f Baden-Wiirttemberg.

In accordance to the DFHRS concept, four patches have been used, to eliminate systematic
errors, AT"-and AT§g, in the EIGENO04 and to ensure a good fit to the HRS (fig.7.1). To apply
the technique of geoid patching, a compatible parameterisation for the gravity disturbances
has to be found. Therefore, the parameterisation for AT} (4-19) is rewritten in spherical co-

ordinates in the local system ofthe spherical cap.
ATc (d) = sin(i9¢) -cos(ac) -w+sin(i9¢)'Sin(ac)-v + cos(»9c)-z (7-1)

Using the relationship between spherical and Cartesian co-ordinates we now can write

AT((&) =— -Ut+2—-V+— -z gmn
re re re

With the approximation c.f. (2-31a)

A dT (7-3)
or

and applying Brims’ theorem (2-26) we finally obtain
Arfld=-*2LI+J L.v+"V _.z T4>

Obviously, more complicated parametric models may be applied, for example with additional
rotations.
The parametric models (7-2, 7-4) have been applied in a combined adjustment of 34

GNSS/levelling points (fig. 7.1) and the EIGEN04 geopotential model. The a-priori accuracy
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of the height anomalies, measured in the GNSS/levelling points was 0.007m. The results of

this computation are listed in table 7.3.

Summarising the results of this investigation it can be stated that SCH coefficients are
generally suitable for parameterisation ofthe HRS in combination with GNSS/levelling points
and geopotential models. The estimated SCH-coefficients may be used in geodetic
applications, for example GNSS Levelling. Additionally, the SCH coefficients give a
representation of the gravity field. Therefore, they may also be used in applications of

physical geodesy, such as the computation of free-air gravity anomalies.

Table 7.3: Result from the combined adjustment of GNSS/levelling points and the EIGEN04

£[m] . Sg [mGal]
(GNS S/Levelling) ( EIGEN04) (EIGENO04)
Max residual 0.013 0.268 16.203
Min residual -0.023 -0.297 -12.133
RMS 0.007 0.073 2.711

To evaluate the SCH representation of the HRS, a grid of points at an altitude of 500 m was
used to find the difference from the GCG2005 (Liebsch et al.,, 2006). The maximum

difference was 0.29 m and the minimum was -0.33 m with a RMS 0of+0.05 m

In a later computation, additional observed gravity disturbances were introduced into the
adjustment. In theory, this should lead to smaller differences between the SCH-representation
and the GCG2005. However, before this computation was done, a test for the resolution of the

local degree k=15 was computed.

7.3 Example 3: Combination of GNSS/levelling points and the GCG2005 -
Quasigeoid

This computation example was designed to test the resolution of the SCH coefficients,
derived to a degree k=15. The maximum root n (k=15) is 2028.38 (Appendix 1), so according
to table 2.1, the representation quality ofthe SCH coefficients should be better than 0.03 m.

The height anomalies, < derived from the GCG2005 again were introduced in two layers, at

100m and 1000m. The a-priori accuracy for this data was assumed to be 0.01 m. To make

103



Chapter 7. Computation examples

sure that the design of the previous computation gives a 1 cm representation, four patches

were introduced, each with the parameterisation (6-37). The results are listed in table 7.4.

From the results it can be seen, that the local degree k=15 is sufficient to give a representation
of the HRS with an accuracy better than 1 cm. The estimated RMS of 0.006 m for the
GNSS/levelling points and 0.005 m for the GCG2005 height anomalies indicates a good

representation quality.

Table 7.4: Result from the combined adjustment of GNSS/levelling points and the GCG2005

am | ?[m]
(GNSS/Levelling)  (GCG2005)

Max residual 0.015 0.022

Min residual -0.012 -0.018
RMS 0.006 0.005

7.4 Implementation of terrestrial gravity disturbances, 5g

At the beginning of this section, the necessary degree of expansion of the spherical cap
harmonic coefficients series is discussed. This is very important, because to reach an optimum
estimation from a least squares adjustment, each observation has to be introduced and
represented in its observation accuracy.

Using modem gravimeter equipment, the observation error of a single gravity observation is
in a region of 0.01 mGal (Torge, 2003). As the national gravity networks were observed over
decades, this accuracy does not hold for the complete network. For example, the average
accuracy for a gravity point of the German gravity network DHSN96 (Deutsches
Hauptschwerenetz 1996), is quoted as 0.05 mGal (Torge, 2003).

The decisive quantity for the representation quality of SCH coefficients and of course for SH
coefficients is the wavelength, co, and, as a consequence from (6-30), the maximum degree
kmax, where the infinite series expansion (6-14) is truncated. This truncation leads to the so-
called “truncation error”, or “omission error”. To compute the omission error for a series

expansion of SH coefficients, usually the well-known formula of Tscheming and Rapp 6-38)
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is used. If the degree variances crd are added for all omitted degrees n > nmex and so the

omission error ao(n) is obtained:

[§T7d 75>

Table 2.1 shows the truncation errors according to (6-38) for a SH geopotential model. As can
be seen, the error  for the height anomaly 0f0.002 m is negligible for a degree n = 7200. So
for this observation group, the omission error is less than the observation error.

In contrast to the height anomalies, gravity values still has an omission error of
2.74 mGal at degree 7200. This is worse than the accuracy of a gravity observation. In Table
7.5 the omission error ao(n) for the gravity observations is listed, stepwise for different degrees

n, until ao(n) is less than the observation accuracy of0.01 mGal.

Table 7.5: Omission error for gravity disturbances according to Tscheming and Rapp (1974)

max.
7200 10000 20000 30000 35000 40000
degree n
Resolution
2.8 2.0 1.0 0.6 0.57 0.5
[km]
O0(n) 2.74 1.40 0.15 0.02 0.007 0.002

As can be seen from table 7.5, a maximum degree of n -25000, or a respective resolution of
~800m, would be necessary to reach an omission error for the gravity representation that is
compatible with the observation accuracy.

Following the “rule of thumb” (6-30), a local degree k = 180 would be necessary for the
design of the test project, with.9@ = 0.6427°, to reach this representation quality. A spherical
harmonic expansion up to degree 180 contains more than 32000 unknowns. This means that,
according to the degree-variance model (6-38), 32000 SCH coefficients would be necessary
for a representation quality of 0.02mGal for the gravity disturbances, 8g. In contrast to this,
the height anomaly, is already represented by an accuracy of better than 1 centimetre, by

SCH coefficients using a maximum local degree ofk = 15, containing 256 unknowns.
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This already shows one of the big difficulties in gravity field approximation: To achieve high
accuracies a huge number of unknowns are necessary and the equation systems to solve them
are not sparse. So the solution for such equation systems becomes the main problem at all.

In section 5.6 an algorithm was presented, that enables inversion of arbitrarily large matrices,
by using block matrices. This algorithm might be applied here as well. But, in contrast to the
estimation of FEM parameters in DFHRS computation, the matrix of normal equations in the
case of SCH coefficient estimation is not sparse. Therefore the generation of the normal
equations matrix takes a lot of computation time. In practice it uses so much time that the

computation examples in this thesis have to be kept small, because a standard laptop was used

for the computations.

Fig. 7.2: The test area contains 15 GNSS/levelling points (triangles) and 1066 gravity
observations (blue circles). The HRS is computed for the area within the blue lines and

compared within the investigation.
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For the combined adjustment of GNSS/levelling points, a geopotential model, ¢ and 5g,
and terrestrial gravity observations, 5g, an area of approximately (60 * 60) km2 that contains
1066 gravity observations was chosen (fig. 6.5). To reach the required spatial resolution, for
the complete representation of the observed gravity disturbances, 8g, a maximum degree
kMAx=90 was chosen. This degree enables a resolution of~700m and therefore the necessary
approximation quality of the SCH coefficients (Table 6.5). In this computation, the TOSCA

concept (section 6.7) was applied, to reduce the computation time as well as to achieve a

better numerical behaviour of the linear equation system.

Differences [m]
X=8.4° X=9.2°

n=48.5°

0 0,06-0,09
0 0,03-0,06
0 0-0.03
0-0,03-0
0-0,06-0,03
0-0,09-0,06
0-0.12- 0,09
0-0,15- 0,12

N=48.0°

Fig. 7.3: The surface of differences between the GCG2005 and the SCH-Model, estimated
using the GNSS/Levelling points and the GPM98CR model.

To evaluate the quality of the HRS derived from the computed SCH coefficients, a reference

surface is needed. The test area is situated in Baden-Wurttemberg, Southern Germany. For

this federal state a precise DFHRS is available with an accuracy of one centimetre (Jager,
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2007). As the theory ofthe DFHRS is also topic ofthis thesis, the results were compared with
the GCG2005 (Liebsch et. a., 2005).

For the regularisation of the matrix of normal equations, the degree variance model of
Tscheming and Rapp (6-38) was used. Several test computations showed that in this area the

best results are found when the parameter s is set to s=0.996.

To evaluate the influence of the introduced gravity disturbances, 5g, the example project was
first computed without introducing terrestrial gravity, using only GNSS/Levelling and the
GPMO98CR. A surface of differences between the derived HRS and the GCG2005 was
generated. It is shown in fig. 7.3. The differences with an absolute value of more than 0.1m in
the south-eastern part of the area may be treated as boundary effects. The remaining

differences vary from 0.09m to -0.09m with a standard deviation of0.045m.

For comparison, the computation of the SCH coefficients was done a second time. This time
the GPM98CR was replaced by the EIGENO04 model. The generated surface of differences is
show in fig. 7.4. The differences show, in general, the systematic effects as the surface
generated from the SCH coefficients estimated from the GPM98CR model, but with less
detail. Starting in the north western part and ending in the south eastern part of the computed
area, the differences change their sign three times. This is because the EIGENO04 model is
derived with SH coefficients up to a global degree of 1=360. Therefore, it only gives a long-

wave representation ofthe gravity field.

The GPM98CR model used in this thesis is applied up to a degree of 1=760. So it gives a more
detailed representation of the gravity field. Therefore, all the following investigations and test

computations were made using the GPM98CR geopotential model.

For the next computation the terrestrial gravity disturbances, 8g, were introduced and the
combined adjustment was computed, together with the GPM98CR and the GNSS/Levelling
points. The a-priori standard deviation of the gravity disturbances was introduced with
0,5¢=0.02mGal. The height anomalies, £,6pM, and the gravity disturbances, 5g, derived from the
GPMOI98CR model were introduced with an a-priori standard deviation of ¢*=0.15m and
a 8=35mG@Gal, respectively. The height anomalies, derived from the GNS S/Levelling points

were introduced with an a-priori accuracy of cs"=0.01m.
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Differences [m]
2.

<j>=48.5°

m 0,12-0,15
m 0,09-0,12
o 0,06-0,09
o 0,03-0,06
o 0-0,03

o -0,03-0
0-0,06-0,03
0-0,09-0,06
m-0,12-0,09
m-0,15-0,12

<j)=48.0°

Fig. 7.4: The surface of differences between the GCG2005 and the SCH-Model, estimated
using the GNSS/Levelling points and the EIGEN04 model.

To reduce systematic effects in the observations, additional correction parameters have been
estimated, using the parametric model (7-2) and (7-4), for the observations derived from the
GPMOI8CR as well as for the terrestrial observations 5g.

The estimated residuals, as well as the derived RMS for each observation group are listed in
Table 7.6. The observations, ~Gom and 8gGPM derived from the GPM98CR as well as the
terrestrial gravity disturbances, Sg, are correctly represented with their accuracy. The
residuals of the terrestrial disturbances, 5g, vary from -0.065mGal up to 0.079mGal, with a
RMS 0f0.0057mGal. So the spatial resolution ofthe SCH coefficients up to a maximum local
degree of icmax-90 enables the representation of the introduced terrestrial gravity
disturbances, 5g, within the least-squares adjustment.

The residuals of the height anomalies, derived from the GNSS/Levelling points vary from -
-0.024m to 0.026m, with a RMS 0f0.0165m.
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To evaluate the quality of the SCH representation of the HRS, a grid of points with altitudes
derived from the GTOPO30 model was used to find the difference from the GCG2005
quasigeoid. The maximum difference was 0.138 m and the minimum was 0.069 m with a
RMS 0f 0.035 m. So the introduction of gravity disturbances improved the accuracy of the

HRS representation by 0.01 m.

Table 7.6: Result from the combined adjustment of GNSS/levelling points the GPM98CR,

and terrestrial gravity disturbances.

S [m] am | 6g [mGal] 5g [mGal]

.og <gONSS/Levelling) — ( GPM98Cr) (GPM98CR) (terrestrial)
Max residual 0.026 0.177 88.72 0.079
Min residual -0.024 -0.079 -81.73 -0.065
RMS 0.0165 0.024 11.25 0.0057

Figure 7.5 shows the differences between the HRS derived from the SCH representation and
the GCG2005. The differences which are bigger than £0.1m, are situated in the south eastern
part of the area. They may be treated as boundary effects. It can also be seen that there are
regions, which are not close to the boundary, with a difference of more than £0.05 cm. On a
first view, it seems that those errors are not of a short-wave nature, but may result from the

long-wave errors ofthe applied geopotential model, GPM98CR.

To make sure, that this is not a problem of resolution, the anomaly degree variances (i.e.
Torge, 2003) have been computed for the height anomalies as well as for the gravity
disturbances.

The anomaly degree variances of the SCH coefficients, estimated by means of the equation

observations (6-13, 6-14) read as

. (7-6a)
<7o» =1 E((aL )2+ (b;.j2)
7 n¥)
and
(7-6b)
0 ne
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Differences [m]

X=8.40 A=9.2

o 0.06-0,09

o 0,03-0,06

0 0-0,03

0 -0,03-0

0 -0,06-0,03
-0,09-0,06
0,12-0,09
-0,15-0,12

Fig 7.5: The surface of differences between the GCG2005 and the SCH representation up to
kVax=90

As the graph ofthe square root ofthe degree variances (Fig 7.6) shows, the height anomaly,

is already represented in the range of 0.001m by the SCH coefficients up to a degree ofk~50.
The square root of the degree variance for the height anomaly, < for the maximum degree
kMAx=90 was calculated with a variance 0.0002 m. The degree variances of the gravity
disturbances also show convergence in the higher degrees (Fig 7.7). For the maximum degree,

kMAx=90, the square root ofthe degree variance was 0.16mGal.
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Height anomalies £(m)

0,45
0,4
0,35
0,3
0,25
0,2

LR

0,1

0,05 XV
0

1 5 9 13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81 85 89
degree k

Fig. 7.6: The square roots of the degree variances for the height anomaly, for the SCH

representation up to degree 90

Gravity disturbances 5g [mGal]

14 17 20 23 26 29 32 35 38 41 44 47 50 53 56 59 62 65 68 71 74 77 80 83 86 89
degree k

Fig. 7.7: The square roots of the degree variances for the gravity disturbances, 8g, for the
SCH representation up to degree 90. The degrees less than k=14 are not displayed to ensure

clarity. The maximum was reached at k=3 with 2830 mGal

It may be expected that especially for the height anomalies, there is nothing neglected in the
higher degrees. As a proof, the area was computed again, this time with a local degree up to
kMAX=100. The increased maximum degree applied on the same spherical cap provides a

spatial resolution of~500m. But, the degree kMAx=100 already leads to 10201 unknowns.
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So to solve this equation system, the block algorithms of section 5.6 had to be applied. In
contrast to the estimation ofthe FEM parameters in the DFHRS approach, the linear equation
system that is generated when estimating SCH-coefficients is not sparse. In addition, the
computation of the Legendre functions of non-integer degree takes a lot of time. Both effects

make the application ofthe SCH concept very uneconomic.

The generated differences are shown in fig 7.8. They show the same systematic effects as in
previous the computation (fig. 7.3, 7.4 and 7.5). So it can be stated that the quality of the
representation has not increased, nor has it changed significantly, by increasing the local
degree ofthe SCH coefficient expansion.

The degree variances, computed for the height anomalies, and the gravity disturbances, 8g,
show convergence in the higher degrees. The degree variances for the gravity disturbances,
S5g, show a peak at the degrees k = 75-80 (Fig. 7.10). This could be a result of over-
parameterisation. For this computation the series expansion was increased from the degree
k=90 up to the degree k=100. This means 1920 additional unknowns without introducing
additional observations. It is possible that the unknown parameters are not determined by the

observations, but only by the regularisation (6-37).

In section 7.1 a set of SCH coefficients up to a local degree of k=15 was used to completely
represent the geopotential model over an area that was more than twice as big as in the current
example. When computing the current example, the expansion up to a local degree of k=90
already shows convergence. The spatial resolution of the unknown parameters now is
increased without introducing new observations into the linear equation system.

The surface of differences in this example, with kMAX=100 is more rough than in the example
before with a maximum local degree kMAx=90 (fig. 7.8). The RMS of the difference was
estimated as 0.037m. So there is no significant difference to the example above, where the

standard deviation was estimated with £0.035m.

113



Chapter 7. Computation examples

Differences [m]
X=5.4 k-9.2

<>=48.0

Fig 7.8: The surface of differences between the GCG2005 and the SCH representation up to

klviax 100

Height anomalies G'[m]

degree k

Fig. 7.9: The square roots of the degree variances for the height anomaly, for the SCH

representation up to degree 100. The degrees less than k=14 are not displayed for clarity.
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Gravity disturbances 5g [mGal]

degree k

Fig. 7.10: The degree variances for the gravity disturbances, 8g, for the SCH representation
up to degree 100. The degrees less than k=14 are not displayed for clarity. The maximum

degree variance was reached at k=3 with 19002mGal2

The spatial resolution may also be increased by applying the maximum degree, kMAx=90, of
the SCH coefficient expansion, to a spherical cap of smaller extent. To demonstrate this, the
size of the area in the example has been further reduced to a size of ~ 45 * 45 km2 So a
spatial resolution of~500m was reached.

The spherical cap has the centre point at 7,=8.7° and cp=48.15°. This is close to a “critical
area”, where the difference between the HRS derived from the SCH representations, with
kMAx=90 and kMAX=100, of the current example and the GCG2005 varies from -0.06m to
0.09m (Fig. 7.5 and 7.8). The estimated residuals the derived RMS are shown in table 7.7.

Table 7.7: Results from the combined adjustment of GNSS/levelling points, GPM98CR, and

terrestrial gravity anomalies over the smaller cap

m

Froi — CM S5g [mGal] Sg [mGal]
(GNSS/Levelling) ‘ GPM98CR‘) (GPM98CR) (terrestrial)

Max residual 0.0015 0.050 41.09 0.010
Min residual -0.0028 -0.071 -47.05 -0.013
RMS 0.0014 0.0136 8.16 0.001

The anomaly degree variances show convergence for the height anomaly, as well as for the

gravity disturbance, dg (Fig. 7.11, 7.12).
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Height anomalies £ [m]
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0,06
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Fig. 7.11: Degree variances for the height anomaly, <€ for the SCH representation over the

smaller cap up to degree 90

Gravity disturbances 5g [mGal]

4.5
3.5
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0,5

sj* cty cjo ng> ng> (>4

degree k

Fig. 7.12: Degree variances for the height anomaly, for the SCH representation over the
smaller cap up to degree 90. The degrees less than k=14 are not displayed for clarity. The

maximum degree variance was reached at k=3 with 20.8 mQGal

The differences between the HRS, derived from the SCH representation and the GCG2005 is
shown in fig. 7.13.

As can be seen, the differences have not changed significantly, compared to fig. 7.8 and fig.

7.5. They still vary from -0.09m to 0.06m in this area. The RMS of the difference was
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estimated with 0.037m. So again, there is no significant change to the SCH representation
with kMAX=90, where the RMS was estimated with 0.035m, and the SCH representation with

«max -100, Where the RMS was estimated with 0.037m.

Differences [m]

o 0,06 -0.,009
o 0,03-0,06
o 0-0.,03

o -0,03-0

o -0,06-0.,03

Fig 7.13: The surface of differences between the GCG2005 and the SCH representation of the
smaller cap up to kMx=90

To summarise the results of this investigation, it can be stated, that the differences in the
“critical area” could not be reduced by increasing the resolution of the SCH-coefficients.
Neither the series expansion up to local degree kMAx=100 nor reduction of the extent of the
investigated area, led to a significant change of the representation quality. This may result
from the density of the gravity network and corresponding to this, the number of gravity
observations situated within the spherical cap.

The density of the gravity network may be too sparse for a complete representation of the
local gravity field given the observation accuracy of 0.02mGal. A discrete observation maybe
recomputed by means of the estimated SCH-coefficients. But the representation quality in the
gaps between the observed points is not known. This can be seen from the parts of
redundancies, estimated for each observation. The average part of redundancy for a single
gravity disturbance is less than 0.01. This means, that the group of gravity disturbance
observations is not controlled in a statistical sense. In other words, the observation fully

provide to the determination ofthe unknowns. They are not adjusted.
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Related research was published by (Flury, 2002), whose investigations were concerned with
the accuracy of modern methods for the representation of gravity disturbances. Flury reports a
representation quality better than 1 mGal, if the average distances between the measured point
gravity values is less than 1 km and modem digital terrain models are applied.

The gravity disturbances, 5g, could be controlled within the least-squares estimation if they
were available at a density that corresponds with the applied resolution of the expansion of
the SCH coefficients. In the current example the resolution is ~600m. This corresponds with
the investigation published by Flury (2002). Unfortunately, the national gravity networks of

European states do not provide such densities.

The differences, or at least parts of the differences between the height anomalies, derived
from the SCH coefficients and from the GCG2005 respectively may also result from a less
than optimum fit to the GNS S/Levelling points.

In the example computations ofthis section, the geopotential model was introduced at several
layers of different heights. The gravity disturbances, 8g, as well as the height anomalies,
from the GNSS/levelling points are observed on the earth’s surface. The question, as to
whether the three dimensional gravity field may be fitted to a surface, by means of a

parametric model, such as (7-2, 7-4) is not answered yet and also not discussed in this thesis.

In the chapter 5, the DFHRS approach has been successfully used, to reduce long-wave
systematic errors of a gravimetric model, by introducing so-called “geoid-patches” as well as
generating artificial co-variance matrices for the gravimetric height anomalies, “grav. The use
of such a co-variance model enables a strict two-step adjustment, see section 5.1.2 and also
(Jager, 2002; Jager and Schneid, 2002). So the next computation example is an application of
the DFHRS concept.

7.5 Application of the DFHRS patching concept to reduce systematic errors
The first step ofthe following 2-step adjustment is the combination of the GPM98CR with the
terrestrial gravity disturbances, 5g, applying the SCH concept. Therefore, the SCH-

coefficients of the test area, fig. 7.2 have been estimated up to a maximum local degree of

kMAX=90. The residuals and the derived RMS ofeach observation group are listed in table 7.8
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Table 7.8: Residuals from the combined adjustment ofthe GPM98CR, and terrestrial gravity

disturbances
€ 1wl 8g [mGal] 8g [mGal]
( GPM98CR) (GPM9SCR) (terrestrial)
Max residual 0.175 105.29 0.074
Min residual -0.073 -93.83 -0.062
RMS 0.019 11.69 0.005

In the second step, the area was subdivided into a number of 64 FEM meshes (fig 7.14) for
the representation ofthe HRS by the DFHRS parameters.

A Lk

Fig. 7.14: FEM meshes and GNSS/levelling points over the area ofthe test project

A synthetic co-variance matrix has been generated for a grid of height anomalies, £, derived

from the SCH coefficients estimated in the first step, using the co-variance function:

-In(0.5)~ (7—7)

cr -e p.

The resulting residuals ofthe combined adjustment ofthe height anomalies, derived from

the GNSS/Levelling points and from the SCH coefficients, respectively, are listed in table 7.9.
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Table 7.9: Residuals from the combined adjustment

?[m] ?N

( GNSS/Levelling) (SCH)
Max residual 0.008 0.057
Min residual -0.012 -0.0145
RMS 0.006 0.008

For comparison with the HRS derived from the examples computed in the previous section,

the surface of differences between the DFHRS computed above and the GCG2005 was
generated and visualised in fig. 7.15.

Differences [m]
A.=8.4° X=9.2°

48.5

o 0.06-0,09
o 0,03-0,06
o 0-0,03

o0-0,03-0

o0-0,06-0,03
o0-0,09-0,06
m-0,12-0,09

Fig. 7.15: The surface of differences between the DFHRS ofthis example and the GCG2005.
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It can be seen that the differences in the south western area have been reduced to an absolute
value 0f<0.06m. This shows the effect ofintroducing a co-variance matrix for the gravimetric
height anomalies, Cgav, derived from the SCH coefficients.

The DFHRS parameters now give a good representation of the local HRS. The RMS of the
difference to the GCG2005 model again reduced to 0.025m.

7.6 Discussion

In this chapter, several examples have been computed, to demonstrate the potential of the
concept of spherical harmonic analysis. The SCH expansion is a strict mathematical solution
of Laplace’s equation (2-6) and therefore, SCH coefficients may be used to represent a local
gravity field. The representation of the gravity field by SCH coefficients is very economic,
because in contrast to global spherical harmonic models, the SCH coefficients may be

applied, to give a detailed short-wave representation of areas of limited extent.

With the computed examples, it could be shown, that the SCH concept may be used to
combine terrestrial gravity disturbances, 8g, with a global spherical harmonic model and
GNSS/Levelling points, in a rigorous least squares adjustment.

The HRS that was derived from the SCH coefficients computed in this example was
compared with another, independent HRS model. For the areca of Baden-Wiirttemberg a
precise DFHRS is available with a proofed accuracy of one centimetre (Jager, 2007). As the
theory ofthe DFHRS is also topic ofthis thesis, the results were compared with the GCG2005
(Liebsch et. a., 2005).

The quality of the HRS representation could be increased from a standard deviation of
0.045m, for the GNSS/Levelling and GPM98CR solution, down to 0.035m, for the combined
solution with terrestrial gravity.

Applying the SCH concept, a high short-wave resolution could be reached that enabled the
representation of newly introduced discrete point gravity disturbances, 5g, with an
observational accuracy of0.02mGal, (Table 7.7, 7.8 and 7.9).

Remaining systematic effects from the geopotential model could not be reduced in the
combined estimation of the SCH coefficients. The spatial resolution was further increased by
increasing the maximum degree of the spherical cap harmonic expansion, as well as applying

the same degree over a spherical cap of smaller extent. In this way, it could be shown, that
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the differences of 0.09m between the computed height anomalies and the GCG2005 are not a

problem ofresolution, but more likely a problem ofthe density ofthe gravity observations.

In the next example, additional parameters and an improved stochastical model were
introduced in a 2-step adjustment. First the combination ofterrestrial gravity disturbances, 8g,
and the GPM98CR was computed by applying the SCH concept. In the second step, the
height anomalies, £, were derived from the SCH coefficients and a co-variance matrix was
generated. Applying the DFHRS concept, with additional parameters and an improved
stochastical model, the systematic errors were reduced further and finally a RMS of 0.025m
was achieved (fig 2.15). So the introduction of gravity disturbances, 5g, and the application of
a rigorous least squares estimation, following the DFHRS concept, improved the quality of

the local gravity field representation by ~ 50%.

The main difficulties in the application of the SCH concept are the computation of the
Legendre functions and the resulting numerical problems. The Legendre functions (section
6.4) are the solution of Laplace’s equation, so they may not be replaced. For the use of global
spherical harmonic analysis, they may be computed easily by means of recurrence relations
(Wenzel, 1985). If the Legendre functions are applied over a spherical cap, they have to be
computed for non-integer degrees. In addition, to provide a good short-wave resolution, the
Legendre functions have to be computed for very high degrees. In this thesis an algorithm was
applied that makes use of an extended range arithmetic (Olver and Smith, 1983), because the
standard arithmetic of a personal computer does not provide the necessary numerical
precision. Legendre functions may be computed for very high degrees, using extended
arithmetic, but the computation time becomes unacceptable for practical applications.
Applying the TOSCA concept (De Santis, 1991), the SCH-coefficients may be determined in
the same resolution, but, by varying the cap size, this resolution may be provided without the
need to compute the Legendre function of very high degrees (section 6.7).

Another difficulty is the enormous numerical problems that occur when generating the matrix
of normal equations. When determine SCH coefficients by least-squares estimation, the
matrix reaches condition numbers up to 1030. Such numerical problems are well known from
gravity field approximation by means of ordinary spherical harmonics (e.g. Wenzel, 1985).
The problems are usually solved by means of a regularisation of the matrix of normal
equations. In recent years several numerical techniques have been investigated (Colombo,

1981, Wenzel, 1985, Kaschenz, 2006) and applied (Wenzel, 1999; Gruber, 2000; Pail et. al.

122



Chapter 7. Computation examples

2006). In this thesis, regularisation matrices have been generated by means of the degree
variance model of Tscheming and Rapp (1974) and added to the matrix ofnormal equations,
to avoid this problem (section 6.8).

When estimating SCH coefficients, the matrix of nonnal equations is not sparse. Therefore
the inversion as well as the generation takes a lot of computational time. For the estimation of
ordinary spherical harmonics, the matrix may be reduced to block diagonal structure if the
observations are introduced as a grid (Colombo, 1981; Gruber, 2000). It may be expected that
this has the same effect in case of spherical cap harmonics. The aim of this project was to
introduce each observation without any reduction or interpolation. Therefore the introduction

ofa grid of gravity disturbances was not investigated.

A further improvement could be achieved by introducing additional information, for example
digital terrain models and density models. Modern concepts of gravity prediction enable the
use of such models to generate grids of terrestrial gravity disturbances (e.g. Marti, 2001). In
this way, very dense grids may be generated that give a representation of the gravity

disturbances in an accuracy of-0.3mGal (Flury, 2002).

The use of a grid could also be a method to introduce gravity observations from remote area,
not situated within the border of the spherical cap. hi the presented computation examples,
only the global geopotential model contains information from remote area. The gravity
observations from remote areas, as well as the GNSS/Levelling points are not used. If the
spherical cap size is increased, to incorporate such observations, the maximum degree of the
series expansion has to be increased as well, to provide the same spatial resolution. This
means that a more of unknown coefficients have to be determined. So there still is a lack of
information.

The introduction of a grid of gravity disturbances that was generated from all available
gravity observations within a distance up to, for example, 200 km to the spherical cap could
be interpreted as an additional sequential adjustment step.

It can be expected, that the introduction of a dense grid of gravity disturbances into the
combined least squares adjustment will give a further improvement to the quality of the

estimated SCH coefficients. Related investigations are still outstanding.
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Conclusions

The application of precise GNSS based levelling requires knowledge of the Height Reference
Surface, HRS, in an appropriate accuracy. With the advent of online GNSS correction data
services, such as SAPOS (ADV, 2007), ASCOS (EON-Ruhrgas, 2007), there is an urgent
need for techniques, that enables the computation of the HRS with an accuracy in the
centimetre regions, as this is the accuracy that may be reached when measuring in such
networks. For decades, the standard application for HRS detennination was the Remove
Restore Technique, RRT (e.g. Hofmann-Wellenhof and Moritz, 2005). When applying this
concept, the height anomaly may be found with accuracies in the centimetre region. Recent
HRS detennination projects were published for example by Gerlach (2003), Erker et al.
(2003), Marti and Schlatter (2005) and Liebsch et al. (2005).

Sjoberg (2005) points out several approximations made in the practical application of this

technique.

In theory, the most precise results are achieved when estimating the HRS by means of a
combined least squares adjustment of any HRS related geodetic observation, such as
GNSS/Levelling points, deflections from the vertical, gravity accelerations and geopotential
models. A combined least adjustment enables statistical quality control of the introduced
observations and also guarantees the estimation of unbiased coefficients, hi this thesis a
concept is presented, that for the first time enables a rigorous least squares adjustment of

ITRS-related observations, in a two step procedure.

The concept of the Digital FEM Height Reference Surface, DFHRS, which was introduced in
chapter 5, has already been successfully used to compute precise HRS solutions in several
countries (Jager and Schneid, 2000-2007).

Different observation types may be introduced into a combined and statistically controlled
least squares adjustment. These observation types are GNSS/Levelling points,  defections
from the vertical, £ and 7|, and height anomalies, derived from a gravimetric (quasi-)-
geoid model. The mathematical foundation of the concept has been explained and the

observation equations have been derived.
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The concept is based on the representation of HRS by a local Taylor series expansion within a
regular or irregular grid of meshes. The FEM parameters are determined by means of least
squares estimation. To provide a continuous transition between the FEM meshes, a set of
continuity conditions is introduced as additional, highly weighted observations. By varying
the size of the FEM-meshes and the degree of the Taylor-series expansion, the HRS may be

approximated with chosen accuracy.

Existing long-wave errors in the applied gravimetric (quasi-) geoid models may be eliminated
by means of a process called “geoid-patching”. Here, the applied (quasi-) geoid model is
introduced patch-wise. For each patch, the parameters of a local trend function are estimated
to eliminate the systematic errors of the respective model. Following this process, several
(quasi-) geoid models may be introduced simultaneously into the adjustment. Possible datum
inconsistencies between the applied geoid models may be eliminated. If trend functions are

chosen, that enables a rigorous datum transition.

To perform a rigorous two step adjustment, the co-variance matrix of the applied (quasi-)
geoid model would be required, but, unfortunately, it is usually not known. Therefore, it has
to be approximated by means of mathematical methods, hi the computation examples, it could
be shown, that appropriate correlation functions may be used to approximate the co-variance
matrix of a gravimetric model. If they are introduced in the stochastical model, such matrices
lead to a further improvement ofthe accuracy of the HRS, represented by the estimated FEM
coefficients (Table 5.5, 5.6).

If the size of the FEM meshes is chosen too small, the number of unknowns that have to be
solved in the procedure will become very large and therefore the linear equation system may
not be solved by inverting the matrix of normal equations using standard routines. An
algorithm was derived and programmed, that enables the rigorous inversion of symmetric,

positive definite matrices ofany size by means of subdividing the matrix into block matrices.

Finally, two examples of DFHRS computations were presented.

The DFHRS of Germany was designed with 10 km border lengths ofthe FEM meshes and an
average patch size of 60 km by 60 km (Schneid, 2002). The observation groups that were
introduced were GNS S/Levelling points and height anomalies as well as deflections from the

vertical, derived from the EGG97 quasigeoid (Denker and Torge, 1997). According to the
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specification above, the accuracy could reach the centimetre level. By means of computing
more than 3000 control points, a standard deviation of 1.8 cm was found.

The DFHRS Europe was designed with a border length of 30km for the FEM meshes, in order
to reach an accuracy at the decimetre level (Jager and Schneid, 2004). Introducing the
GNSS/Levelling points from the EVRF2000 (BKG, 2003) 34 geoid patches were introduced
to eliminate long-wave systematic errors in the applied gravimetric quasigeoid, the EGG97.
By computing control points that were available in Austria, Germany, Estonia, Latvia,
Lithuania and Switzerland it could be shown that the accuracy at least in these countries is

better than one decimetre.

The adjustment using the DFHRS concept is to be seen as the second step of a two step
adjustment. It makes use of a gravimetric (quasi-) geoid model that is introduced into a least
squares adjustment as one observation group.

The determination ofthe gravimetric model is situated in the first step and was also a topic of
this thesis. As the applied Taylor-series expansion of the DFHRS concept only holds for a
two-dimensional approximation, a parametric model had to be found that is able to carry the
whole information of a potential field.

The gravity field ofthe Earth may be represented by a truncated series expansion of spherical
harmonic coefficients (Hoffman-Wellenhof and Moritz, 2005), because spherical harmonics,
SH, are the solution of Laplace’s equation. In geophysical projects, the representation of
potential fields by means of more general spherical cap harmonics, SCH, has become a
standard application, since Haines (1985) introduced this method.

While SH coefficients are of global nature, the SCH coefficients may be applied for the
representation of local potential fields. By varying the cap angle, the SCH concept may be
applied in areas of any size and by varying the maximum degree of expansion, the spatial
resolution may be designed arbitrarily. The mathematical rigorousness of the approach was
shown and the observation equations for height anomalies, £, and gravity disturbances, 8g,
were derived.

The SCH coefficients may be estimated with a least squares adjustment. Therefore, it is also
possible to determine the FEM parameters of the DFHRS representation and the SCH
coefficients in one closed estimation step. The SCH coefficients would then be linked to the
FEM parameters by means of condition equations (5-17b).

For the generation of the normal equations and for the computation of the gravity potential

and its derivatives from the SCH coefficients, the Legendre-functions need to be computed
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for non-integer degrees. In this thesis, the algorithm of Olver and Smith (1983) was applied. It
makes use of extended range arithmetic to avoid numerical overflow and computes the
Legendre-functions to an acceptable accuracy (Thebault et. al, 2004).

In several computation examples, the suitability and the flexibility of the SCH concept for
local gravity field approximation was shown.

One goal of the SCH concept is that in contrast to the ordinary SH concept, the number of
unknown is rather small. The spatial resolution of the coefficients may be increased by
expanding the series up to a maximum degree that provides the complete representation ofthe
observations introduced into the adjustment. In this way, the gravity observations may be
introduced with their original observational accuracy.

Numerical instabilities in the matrix of normal equations were resolved by adding a
regularisation matrix that was generated by applying the degree variance model of Tscheming
and Rapp (1974).

In a computation example the GPM98CR geopotential model (Wenzel, 1999) was introduced
into a combined least squares adjustment together with terrestrial gravity disturbances. The
local gravity field was approximated over a cap with an approximate diameter of 80 km. The
quality ofthe HRS representation provided by the GPM98CR in this area was estimated to be
4.5 cm by comparison to a reference model. The quality of the HRS representation provided
by the estimated SCH coefficients was estimated to be 3.5 cm. So a significant improvement
was reached by combining the GPM98CR with terrestrial gravity data. By visualising the
differences with respect to the reference model as a surface, it was shown that the remaining
errors are of a long wave nature.

In the final computation, the second step ofthe sequential adjustment concept was performed.
The estimated SCH coefficients were introduced into a second adjustment using
GNSS/Levelling points and applying the DFHRS concept. Additional trend parameters were
estimated using the patching concept and an adequate correlation function has been used to
approximate the co-variance model of the height anomalies that were derived from the SCH
coefficients. The quality of the HRS representation, provided by the determined FEM
parameters was estimated to be 2.5 cm. It is obvious that the further improvement in the

second adjustment only results from the application ofthe DFHRS patching concept.

To summarise the results it can be stated that the adjustment concept presented enables the
rigorous combination of geopotential models, terrestrial gravity data and GNSS/Levelling

points. In practical applications, the number of the unknown FEM parameters and SCH
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coefficients may become very large. Therefore the concept may be performed as sequential

adjustment.

Further work could be undertaken to improve the process as follows. It can be expected that
the incorporation of further information provided by additional observation groups, namely
gravity from remote areas, will lead to a further improvement ofthe approximation quality.

This leads to a third step in the sequential least squares adjustment.

The complete sequential adjustment would then contain the following steps

1. Prediction of a grid of gravity disturbances, for example by means of collocation
techniques, using the observed gravity data, digital terrain models and density models.

2. Estimation of SCH coefficients by means of a combined adjustment of the gridded
gravity data and a geopotential model.

3. Estimation of the FEM parameters by means of a combined adjustment of height
anomalies, derived from the SCH coefficients determined in step 2, GNS S/Levelling

points and, if available deflections from the vertical.

The introduction of the gravity data as a grid contrasts with the geodetic tradition of using the
original observations in a least squares adjustment. Therefore, if the resulting HRS
representation should achieve accuracy in centimetre the region, the applied adjustment

concept should contain the above mentioned three steps.
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Abstract

The Digital FEM Height Reference Surface - DFHRS - is modelled as a continuous surface in arbitra-
ry large areas by bivariate polynomials p over a grid of Finite Element meshes (FEM). Up to now ge-
oid heights N, deflections of the vertical (£,,r|) and identical points (h, H), were used as observation
groups in a common a least squares computation of the DFHRS parameters p. Geoid models and sets
of deflections of the vertical may be parted into different “patches” with individual datum-parameters
to reduce the effect of existing medium- and long-waved systematic errors. The resulting DFHRS
parameters p uniquely represent the Height Reference Surface HRS. The DFHRS database
(DFHRS DB) provides the separation DFHRS(p|B,L,h) =h-H, to transform ellipsoidal GNSS heights
h into physical standard heights H directly. One part of this “DFHRS-correction” consists of the FEM
representation of the HRS ("geoid-part') as function of the position (B, L), related to p. In case of
significance, an additional "scale part" is introduced as a function of h.

Introductionaiy the presentation gives a general overview about the state of the art of the concept of
the Digital Finite Element Height Reference Surface (DFHRS), its standardization in GNSS services
and industry, and DFHRS databases computed in different European states.

The second part of the presentation is dealing with the further development of the DFHRS approach
with respect to the rigorous mathematical approach of an introduction of gravity observations, based
on spherical Cap Harmonics Analysis (SCHA). Computation results of the present evaluation of the
1_cm gravity data based DFHRS of Saarland and Baden-Wiirttemberg are presented, as well as the
present version of the DFHRS-software. Based on the computation results for Saarland and Baden-
Wiirttemberg, and following the presentation of a one decimeter DFHRS for Europe on EUREF 2004,
the last part of the presentation deals with the computation design for a one centimeter HRS-Europe
based on the extended DFHRS approach.

1 FEM representation of a Height Reference Surface (DFHRS)
The finite element representation NFEM(p|x,y) is carried by bivariate polynomials o f degree n, which
are set up in regular or irregular meshes ([4], [8], [10], [11], [12], [15], [16], [21] ,[43]). Ifwe descri-

be with p1the polynomial coefficients (aoo, ai(, aoi, a20, an, ac,...)‘ of the i-th of n meshes in total, we
have for the height NFEM(pl|x,y) o f the HRS over the ellipsoid:

NFEM(pi [x,y) = f(x,y)T -pi
p¢ =Eijk']T;j = 0,n;k= O,n and f(x,y)T =(1,x,y,x2xy,y2...) . (Ib)OC)

The plan position (x, y) in (la,c) is due to metric ellipsoidal coordinates, y(B,L)=*“East” and
x(B,L) - ‘North”, introduced e.g. as Mercator or Lambert coordinates, which are in any case functions

Jdaer. R and S. Schneid 120071: Extension of the DFHRS Approach for Gravity Observations and
Computation design for a 1cm fitted DFHRS of Europe. Proceedings IAG Subcommission for Euro-
pe Symposium EUREF 2005, Vienna. EUREF-Mitteilungen. Bundesamt for Kartographie und Geo-
dasie (BKG), Heft 15, Frankfurt. S. 308 ff.
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of the ellipsoidal geographical coordinates (B, L). The vector f means the Vandermond vector and
contains the different powers o f the coordinates (x, y) according to the polynomial degree n.

To imply a continuous surface representation NFEM(p|x,y), one set of continuity conditions of
different type Co,12 has to be set up for the computation of p for each couple of neighbouring meshes

(fig. 3.4). The continuity type C0implies the same functional values, the continuity type Ci implies the

same tangential planes and the continuity type C2the same curvature along common mesh borders of
the DFHRS represention NFEM(p|x,y) (1a). The continuity conditions occur as additional observation

equations C(p)=0 related to the polynomial sets of the coefficients (ajkymand (ajk)nof each couple of
neighbouring meshes m and n. To force e.g. Co-continuity, the difference ANm,, in the geoid height NG
of any point S at the common border SA-SE of two meshes m and n (see fig. 8) has to become zero.

So the basic condition equation for a polynomial representation of nthdegree reads [16]:

A'm n=£j=0£k =(i (ajk,n-ajk,m)-(ySA+t-(ySA-ySE)>i-(xSA+t-(xSAXSE))k s0 - (1d)

With(ySA, x SA,y SE, x SE) we introduce the plan metric coordinates of the nodal points SA and SE of
a mesh borderline. Equation (Id) represents a polynomial of n-th degree parametrized in the border
line parameter t witht e [0,1]. The subset of (n+1) Co-continuity condition equations C(p)=0 for the

border between mesh m and n results in case of Co-continuity from (Id) by setting all (n+1) coeffi-
cients related to tto zero ([16]).

The mesh size and mesh shape for the computation of the NFEM(p|x,y) - representing the so called
HRS or "geoid” part (3.3a) of the DFHRS correction and database (DB) content - may be chosen arbi-
trarily. The best approximation of a HRS by NFEM(p|x,y) results of course by introducing small
meshes, e.g. in a range of (5 km)2to keep a 5 mm precision for any HRS shape approximation by a
polynomial degree up to n=3. A special advantage and characteristic of the NFEM(p|x,y) represen-
tation consists in the fact, that the nodal points of the FEM grid are totally independent from the
location of the geodetic observations and the geoid data points. In principle any type of HRS and
height related observation data can be used for the determination of the parameter vector p of
NFEM(p|x,y), namely height observations (h,H,AH,Ah), the geoid-model heights NGB,L), deflections
of the vertical (£,,q) and - in the extended DFHRS approach presented in that paper - also gravity
observations g (see chap. 3).

2 Digital FEM Height Reference Surface (DFHRS) - State of the Art
2.1 Mathematical Adjustment Model

The mathematical model of the so-called “DFHRS database production step” reads in the system of
observation equations (functional model) and the corresponding stochastic models of a least squares
adjustment as follows ([6], [43], [12], [14], [15], [16]):

Table 1: The mathematical model o fthe DFHRS production step

Functional Model Observation Tvoes and Stochastic Models
_ . Uncorrelated observations of ellipsoidal
h+v=H+ heAm+ NFEM(p | x,y), heights h. 2a)
with NFEM(p [x,y) - f(x,y)-P Covariance matrix = diag(Oji ).

Correlated geoid height observations. With a

N Q(B,L)j +v = f(x,y)T -p + SNG (dj) given real covariance matrix CNG or a CNG (2b)
evaluated from an synthetic covariance func-
tion.

24v=-fBT/M(B)-p +35(d") Observat.lons. of deflections rom the vertlc?l (2¢)
(r),2,). Pair wise correlated or uncorrelated in

1+ v=-fLT/(N(B)+cos(B))+p + 5n(d4>1,) ©3se of astronomical observations. Corre-
lated if derived from a gravity potential mo- (2d)
del.



Uncorrelated standard height H observations

H+v=H (2e)

with covariance matrix CJJ —diag(a” ).

Continuity  condition  equations  (Id) (2f)
C+v=C(p) introduced as uncorrelated so-called pseudo

observations with accordingly small varian-

ces and high weights.

With fB and fi, we introduce the partial derivatives ofthe Vandermond’s vector f(x,y) (2¢) with respect
to the geographical coordinates B and L. M(B) and N(B) mean the radius of meridian and normal cur-
vature at a latitude B respectively.

The continuity of the resulting HRS representation NFEM (p|x,y)=f(x,y) r-p is automatically provided
by the continuity equations C(p) (2f).

A number of identical points (h, H) are introduced by the observation equations (2a) and (2e).

In the practice of DFHRS data base evaluation, one or a number of different geopotential models, such
as the EGGY97 [7], may be used as additional observations to produce DFHRS DB in the least squares
estimation (2a-f).

To reduce the effect of medium- or long-wave systematic shape deflections, namely the natural and
stochastic “weak-shape” ([2], [3], [4], [S], [9], [26]) in such models, they are subdivided to into a num-
ber of so-called “geoid-patches”, each represented by the vector of geoid height observations

No (B,L)J (2b) within the respective meshes. Each patch is related to a set of individual parameters
d3 which are introduced in the datum parametrization SNGC*Y) (2b). In this way, it is of course

possible to introduce any number of different geoid-, quasigeoid- or geopotential models in the same
area. In case of already fitted models the datum-parametrization SN G(dj) is neglected.

The deflections of the vertical, £ and q, are introduced in their classical meaning as slope of NG
in the direction of the latitude B and the longitude L. With the polynomial representation
NFEM(p|x,y) we get:

E- - 8VdsB= - SNFEM/5B -dB/0sB= - f(x,y)Bep *0B/0sb, Qg)
q =-O0N/0sl = - ONFEM/OL -OL/0sl = - f(x,y)Lep *O0L/0sl . (2h)

For 0B/0sB and SL/0SL we have the curvature of the meridian 0B/<3s8 = M(B) and the normal
curvature 0L/0SL=N(B)*Cos(B), respectively.

With 0~(d";1) and dr*d”) we describe the datum parametrization of the observation type of deflec-
tions of the vertical £ =((pastr ~ ®) an<*'H~ »(*astr " E) *cosB respectively. In case of gravimetric de-

flections of the vertical (E, q), derived from the same potential model as the geoidheights NG the
parameters d are also expected to be the same. Therefore it holds d(2b) = d*n(2¢)=d”n(2d). In any
other case or for sets of astronomically observed vertical deflections, different groups of datum para-
meters d have to be introduced.

The so-called “DFHRS-correction” DFHRS(p, Am | B,L,h) results from equation (2a). It enables the
conversion of a GNSS-heights h at a GNSS-position (B,L,h) to the physical height H and reads
(61, [15]):
H=h-N =h- DFHRS(p,Am |B,L,h)
=h-(NFEM(p jx(B,L),y(B,L))+heAm) =h - f(x,y) *p- h*Am (2i)



The first part NFEM(p | x,y) is called “geoid (or quasigeoid) surface part”. The second part

h *Am s called the “scale part”. The scale part may be relevant as well as significant in older height
systems like e.g. the German NN-height system.

2.2 DFHRS Software and Quality Control in DFHRSJDB Computation

The DFHRS approach has been realized in the software DFHBFOJager/Schneid/Schwarzer, version
4.0. There the mathematical model of the DFHRS approach (Table 1) is embedded in the quality
control standards of a priori and a posteriori variance related tests (data snooping) and variance
component estimations. The covariance matrix of the resulting parameters (p, Am) can be used to
compute and visualize the accuracy of the HRS as provided by the DFHRSJDB using formula (3b).
An additional and valuable way to prove the external accuracy of the DFHRSJDB is to compute a so-
called “reproduction quality” and point-wise “reproduction values” [16], [17], [18]. The “reproduction
quality” and a number of n resulting “reproduction values VHj “ - all over the DFHRS area - are simp-
ly defined by the values of differences. For this quality proofno explicit “control measurements” are
needed. We just have to compute successively the "DFHRS-height" Hdfhrs.i of each point i of the n
identical points applying (2i). This is done using the individual parameters pi, where Hi was excluded
from the respective DFHRSDB production (2a-f), which was then evaluated with the remaining (n-1)
points. The “reproduction values” VHj are much more objective and informative than the pure least
squares residuals Vj (2e). The reproduction values VHj are to be computed in the unique DFHRS pro-

duction step (2a-k) ofthe DFHRS adjustment. The respective formula reads ([6], [10],[11]):

VHj = - (32)
rHj
With vys. and rjwe describe the residual and the redundancy part of H; in equation (2e). The above

reproduction values (3a) are however only directly interpretable as a quality measure, if they are
applied to the part ofthe high accurate identical points (h,H). A general measure for the precision of a

DFHRSJDB is based on the local variance o2prurs(B,L,11) of the position-dependent DFHRS-
correction (2i). It can be computed based on the covariance matrix ofthe parameters p and Am ofthe
DFHRS-correction (2i) reading:

T
f(B,L) PP 'p,Am f(B,L)
h 'Am,p “Am,Am h

a DFHRS(B,L,h) = (3b)

From (3b) a so-called “surface of precision” can be evaluated by gridding (3b) with the approximative
height h resulting form a rough digital terrain and geoid-model.

2.2 DFHRSJDB Contents and DFHRSJDB Access Software

The essential adjustment unknowns of the mathematical model (2a~f) and parameters of resulting
DFHRS DB are p and Am. These represent the continuous model NFEM(p|x,y) of the HRS and en-
able an additional scale correction Am *h . So these parameters provide the DFHRS correction
DFHRS(p, Am | x,y,h) (2i) for an online or post-processed GNSS heighting.

Besides the header (version name etc.), a DFHRS DB contains a second block with the mesh design

(coordinates o f the mesh nodal points, mesh number and topological description) and finally the block
with the mesh-wise parameter sets p and Am.

2.3 European HRS as part of the European Vertical Reference System (EVRS)

An essential and very precious characteristic of the embedded FEM principle is, that any DFHRS DB
and its quality (3a,b) respectively, which are to be achieved by using the DFHRS approach (2a-f) in a
small area, is to be achieved - without loss of accuracy - in a corresponding large area scene. Only



provided that the density of the identical points (H,h) and the quality of the geoid information N0 are
kept. Fig. 1 gives an overview about the DFHRS DB computations in Europe. Following the proposal
in [14] and the IAG Subcommission for Europe (EUREF) conclusions in 2001, a continuous
“< 10 cm European HRS” for normal heights was computed using the DFHRS approach in 2004 (fig.
1, green), meaning an essential improvement with respect to the EGG97, which shows long-waved
“weak-shape deflections” [S5] much larger than 10 cm [25]. A <1 cm DFHRS DB was also computed
for the orthometric height system of Albania [27].

| <10 cm DFHRS Europe
i <3 cm DFHRS
n <lcm DFHRS

I <10 cm DFHRS Albania
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Overview on DFHRS DB computed all over Europe

The present 1s class and high end however, are so-called “<lem DFHRS DB”, which are defined by a
mean reproduction value VHj <1cm (3a) and an accuracy surface (3b) <lcm . They are in any size
and scale to be computed with a mesh size of (5 km)2 a fitting-point density of about 50 identical
points (H, h) per (100 km x 100 km) and a (30 - 40) km geoid-model “patch” size. Different “<lcm
DFHBF DB”, which represent the present “high end” quality type, have been computed in Germany
(fig. 1, hatched yellow) and for the Tallinn area. In Germany these | cm DFHRS DB are available as



official geo-data products at different state land service departments and used in SAPOS® ([8], [13],
1211, [22]).

The 2nd quality class of “< 3cm DFHRS DB” is defined by an average reproduction value
VHj <3 ecm (3a) and an accuracy surface (3b) less than 3 cm. That type was first computed for the
district of Valencia, Spain in 2003/4 (see, [24]). A closed “<3 cm DFHRS DB Germany” (fig. 1.
hatched and non-hatched yellow area together) for the new normal heights was evaluated in 2005/2006
with a density of 10 identical points (H, h) per (100 km x 100 km) area, a mesh size of 10 km, and a
polynomial degree n=3.

A closed and continuous solution of a “(1-3) cm DFHRS DB Baltic States” (fig. 1) was computed for
the Baltic States Estonia, Latvia and Lithuania in the frame of a cooperation with the State Land Ser-
vice of Latvia, Riga ([25],[32]). In 2005 a “<(1-2) cm DFHRS DB Hungary” was computed in the
frame of a master thesis and in a cooperation with FOMI ([34], [35]).

Outside of Europe a “<30 cm DFHRS DB Namibia” and the “(2-3) cm DFHRS DB Windhuk” were
computed for the state of Namibia and for the district of Windhoek respectively [18], [19], [42] based
on the EGM96 and fitting points.

In the USA a “<5 cm DFHRS DB Florida” was evaluated in 2005 in the frame of a master-thesis at
the Karlsruhe University of Applied Sciences (fig. 2) [33]. For further information about existing
DFHRS databases and project it is referred to the DFHRS homepage www.dtbbf.de [21] and [22].

Fig. 2a (left), 2b (right!:

USA map (right) and meshing (left) for the “< 5 cm
DFHRS_DB Florida”, which was computed in the
frame of a MSc-thesis at the HS Karlsruhe.

24 Standardisation and use of DFHRS Databases
2.4.1 Direct and Grid-based Access used in GNSS-Controllers

For the implementation of DFHRS databases and also DFLBF/CoPaGdatabasesrespectively into

existing software packages the access software have been realized as DLL(Dynamics LinkLibrary)
(1431, [21], [29D).
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DFLBF/CoPaG and DFHRS access realized in Trimble Survey Manager Software (left;
www.trimble.com) and in the controller of Leica-geosystems (right; www.leica-
geosystems.com).

The DLL is also running in the so-called “grid-factories” of different GNSS-companies. (DFL-
BF/CoPaG databases are designed for transformation between horizontal positions of classical refe-
rence network and modem ITRF-based ones). The growing acceptance and the different implemen-
tations of the DFLBF/CoPaG and DFHRS database standard into different GNSS equipments and soft-
ware packages of the GNSS industry are shown in fig. 3 and fig. 4. That list of DFLBF/DFHBF data-
base access-DLL implementation can be continued with respect to a number of companies, that
develop own surveying-software with GNSS- and totalstations-interfaces for electronic field-books,

e.g. GeoSamos (www.breininu.de). Gart2000 (www.allsat.de) (see, [22]).

Fig. 4:
DFLBF/CoPaG and DFHRS access realized in the GNSS controller-software TopSURYV of
TOPCON (www.topcon.de) and by Thales Navigation (www.thales-navigation.coni).

Besides the GNSS domain, the DFHRS DB access software is used and implemented into different
GIS software packages. For details it is referred to [21], [22] and [29].

24.2 RTCM 3.0 Conversion

The DFHRS DB and DFLBF DB can be converted consistently and directly into the new RTCM 3.0
transformation messages 1022-1028.
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3 Extension of the DFHRS approach for gravity observations
3.1 Strict sequential solution

Observations from gravimetric geoid models NG (2b) are to be introduced instead of the original
gravity observations g, which had already been introduced for the computation of NG In this case the
correlated geoid models observations NG(2b) and original gravity observations (gravity anomalies Ag,
gravity disturbances dg or absolute gravity values g) lead to identical results for the HRS represented
by the parameters p. This follows from the theory of sequential least squares adjustment, and it was
proofed in the context with the DFHRS approach explicitly in [12]. So the use of the type NG (2b)
implies the same result as the original gravity observations, as soon as the original covariance matrix
Cng >s known or approximated by a proper covariance function.

Functional Model Observation TvDes and Stochastic Model
Ne¢ +v=f(x,y)-p “Gravity based” observation group, for example (quasi)geoid
= NFEM(p | x,y)) heights from a gravimetric model. Original covariance matrix (4)
9

from the computation of N G or artificial covariance

matrix from an appropriate covariance function.

3.2 Extension of the approach to explicit gravity observations
3.2.1 Explicit gravity observations versus sequential concept - general discussion

Following the concept of a strict sequential least squares adjustment the incorporation of explicit
gravity observations g (gravity anomalies Ag, gravity disturbances 5¢ may be introduced alternatively)
would principally be needed, only if they occur as additional observations, which have so far not been
used for the determination ofthe “gravity based” model introduced with (2b), (4).
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Fife 5:
Observation types of the extended DFHRS-approach
realised in the DFHRS software version 5.0

The lack of a correct covariance matrix CNG(4) leads to more or less small discrepancies (so-called
“latent week shapes” [26]) with respect the strictness of a sequential adjustment solution realizd in the
DFHRS approach by (4). Above this, the big dimension of the matrix CNG disables presently its



practical use for large areas. At last it holds, that GPS and non-fitted gravimetric geoid models N Gnot

only suffer from long-waved weak shapes (correct treatment and optimal reduction on using the
DFHRS concept (2a-f) with the original covariance matrix in (2b)), but they also suffer from
insufficiencies in the mathematical model, approximations in the reduction of gravity values and
possible gross errors in the gravity observations. All these facts imply a hidden deterministic bias

VNa in the resulting HRS. This suggested the extension ofthe DFHRS approach to direct use ofthe

original physical observations. In that way all HRS contributing original observation groups, as shown
in fig. 5, can be used. The so-called “extended DFHRS approach” was realized in the DFHRS-
software version 5.0 ©Jiiger/Schwarzer/Schneid and enables an over-determined controlled HRS com-
putation with any type of observation.

3.2.2 Extension of the DFHRS concept using spherical cap harmonics (SCH)

3.2.2.1 Introduction and basic concept

This chapter deals with the extension of the DFHRS approach to physical observations, following
Molodenski’s theory ([36], [38]). As “physical observations” we call the scalar or vector-like
observation types 1, which are as 1= 1(W) related to an appropriate parametrization of the gravity

potential WP(x,y,z)of the earth or by 1= 1(T) to its anomalous potential Tp = (W - Wref)p (see
[36], [38], [39, [40], [41]). With Wref we describe the potential o f the reference gravity field, which is
presently defined by the GRS80 ([37], [38]). With gp = grad(W) the classical measured components

lj = gp iof the gravity vector gp, as well as respective difference observations Aly =gpj - gpij
between points B[ and Pj belong to the type 1- 1(W). Gravity disturbance observations
1=8gp = gp - yp = grad(T) and components lj =5gPi of Sgp = gP -y P = grad(T) belong to

the type 1=1(T) of physical observations. With yP =grad(Wref) these observations require in the

parametrization gravity reference field functionals, both on the left and the right hand side, of the
respective observation equations. The gravity potential W may be written as sum of gravitational
potential V and the centrifugal potential Z. If we write V in terms of a truncated spherical harmonic
series, this reads: ([36], [38], [39]):

GM nMAx /"aNn+1 11
WrA0)=V+Z=-——- 2 — S (Cnm *cosmA + Sn m *sin mA) *Pn m(cos0) (5a)
a n=0 W m=0

+ — r2 sinZIb
2

In the expression above GM denotes the geocentric gravitational constant, Ciemand Sremare spherical
harmonic coefficients. Premare the associated Legendre functions and (r, A, 0) are the spherical co-
ordinates of a point position P(r, A, 0) in regard.

pn COA
If we introduce reference gravitational field as Vref = Vref (C**f ) the anomalous gravitational

potential T may in analogy to (5a) also be written in terms of a truncated spherical harmonic series
Tr,A0)=(V+Z)- (Vref +Zref) =V —Vref, GRS80 =

GMnoMAxfaYIH n (5b)
I “*X (¢n.m ‘cosmA +Snm-sinmA)-Pn m(cos0)
a n=0 Uy m=0

_V ref,GRS80

(5¢)



TeA0 = SM P P FaA 4 Com ecosmA, + Stm sinmA.) Pn)m(cos0))
a n=0m=OVr)

In 1985 Haines [30] introduced a new method, the so-called “spherical cap harmeonic analysis
(SCHA)” for the presentation of geomagnetic fields of the earth. Since then, this method has succes-
fully been applied in geophysics and partly also in geodesy. In contrast to the ordinary spherical
harmonic representation (5a) the SCHA is suitable for the parametrization o f the gravity field over a li-
mited area. In the following we assume that the reference ellipsoid and the reference sphere for the cap
are concentric. Other mutual georeferencing designs between the ITRF and the SCHA cap are
regarded in [31]. The limited “cap” area in SCHA is in the concentric case to be characterized by the

cap pole situated at the earth surface position Pq(x,y,z) or Pq(r,X 0), e.g. at the centre of the area
in regard. This enable a direct georeferencing in the spherical cap coordinates P(r, X', 0°), a local azi-

f t
muthal co-ordinate system with the pole of the cap PQ(r,AQ,0g) = Po(r,AQ = 0,00 =0) as origin.

The total area extension of the cap is to be expressed by the spherical cap half-angle (X = 0 'max, with
e.g. a=I1°for a cap area radius of 110 km. Using the georeferencing P(r,X',6') the SCHA-
parametrization for V is to be set up in analogy to the SHA case, except that the occurring non-integer
degrees n - n(k) have to be determined as the zeros ofthe generalised associated Legendre functions
P,wem(cos0’) with respect to k ([30],[31]). So we have in analogy to the classical SHA (5a):

G .M kmaxfa“n* + k

VrALf0')=—— £ “ Z (C'n(k),m'cos mA.' (6a)
a k=0W m=0

+ s,n(k),m'SinmA.") *Pn(k)),m(cose'»
On rescaling the SCHA-coefficients (¢ a) by GM we arrive at:

kmax7 a "\n(k)+l k

Vi, A )= Z - £ (C'n(k),m 'cosmA,'"+S'n(k)Smesin mA,") *P'n(k),m (c0s0') <6b>
k-0 vr/ m=0

for the SCHA gravitational potential V. For the SCHA anomalous potential T we get

kmax7 k _ _
T(r,Vy')= Z - Z (C'm(k),m'cos mA+S 'n(k) ra''sin mA,") *P'n(k) m (coso ') (7a)
k-0 ViV m-o

“ Vref;GRS80
and

kmax/a\n(k)+] k _
T(r,r,0°)= Z - Z (AC'n(k)sm*cosmA,'+AS,n(jc)in<*sinmA.") *P'n(k),m (coso )
k=0 Vr/ m=0
(7b)
The transition (7a) to (7b) does not only imply differences in some coefficients of low degree (like in
SHA (5c¢)), but in all SCHA-coefficients. Vref QRS80 can be introduced explicitely by (7a), while by

(7b) VrefSGRS80 is contained and estimated as part ofthe SCHA coeffiencients.

With respect to the same level of a resolution of the SHA and the SCHA representation, the following
relation between the respective maximum degrees holds as function of the area size parameter a [31]:

o

nSHA = n(k) * 20 (k +0.5)- 0.5. ®

So for a resolution of 2 mm and 2.7 mgal in the quasi-geoid height NQQ and for the a gravity

observation gPj respectively, we need a degree of nnax=7200 [39]. We need however only a degree



of nnmx = 80 for the same resolution for cap with area size a =1° (111 km radius round the cap pole).

The principle (s) reduces essentially the number of parameters and unknownsu,in the examplefrom
u=51.840.000 in case of SHA to u’=640 in caseof SCHA. So SCHA is the key to enable the
computation of high resolution HRS in integrated over-determined HRS-computation approaches,
such as DFHRS.

Finally, we find the (quasi)geoid height N QG by inserting (7a), (7b) into the Bruns’ equation:

N(r, X ,0 ) =N(Cn(kXm, Sn* *m) =

i kmaxf k _
(1 - Z (¢ 'n(k),m’cos m”'+S,n(k)5Sm-sin mX,") *P'n(k)>m (coso ') (9a)
Yq k=0 vry m =0

~ Vref;GRS80)
and

N(t, X,0)= N(AGH (i, AS 0 ) —

I kmaxfavir ~ 1 k (9b)

/A Z (AC n(k),m'cosm ' + AS n(k) [n'SinmA.T)- Pn(k),m(cos®)
YQ k0O W
The SCHA-parameters within the DFHRS-concept (2a-2h) are however regarded as auxiliary
unknowns to parametrize the geopotential model information (EGM96, EIGEN) as well as the groups
of the physical observation like g, while the NFEM-parameters p are the main unknowns for the HRS
surface representation. By the condition equations (10) - introduced as pseudo observations with a

high weight - the SCHA-parameters , S'n(jc*m ) used in (9a,b) and in (1 1d) are related back

again to the NFEM polynomial parameters p of the existing DFHRS-approach. The condition equation
reads:

Functional Model Observation Tvnes and Stochastic
Model
Condition  equations “HRS from (10)
0 "hVAN = N(Cn(k),m, )—f e+p+Amch) N(SCHA) = NFEM(p)” as uncorrelated
pseudo observations with small variances
and high weights.

3.2.2.2 Extension of the DFHRS approach to gravity observations

The original gravity observation gp is referring to the local astronomical vertical system (LAV) and
represented there as

gLA” =[0,0,-gp |T - Original gravity observation and vector 0 la)

The astronomical vertical (€>=B +*, A =L+ r|/cos(B)) is set up by the ellipsoidal vertical (B,L)

and the deflections from the vertical (£,q ). The original vector gLAV is first rotated to the earth-
centred earth fixed system (ECEF) using (to, A). The centrifugal parts are removed. In that way the

original observation (11:a) is strictly reduced with respect to the vertical deflections (“topography”)
and to centrifugal accelerations. Afterwards it further rotated to the local geodetic vertical system
(LGYV) ofthe cap sphere, and we have

LGV X
8 re% ~feN»§E’§r] ' Reduced gravity observation vector (lib)



In the parametric space we have together with the SCHA representation of V (7a) for the observation
vector g (lib)ab ove ([40], [41]):

~ 1 b5 ?——] * - Hypothesis free and strict parametrization of (1 1b) (11°
6 r 00' rsinO' dX dr P P (11b) (11°)

The vertical” and principal component of the reduced gravity observation g * v (11b) is referring to

LGV 5V . N . .
Berav r = -———---+S° the main contribution ofthe “vertical” component gr can now be used for setting
or

up the observation equation for gravity-meter observation. In the DFHRS approach the observation
equation reads:

LGV +v=

srav r (lid)

I - - S (C'n(k)),m'COsmA,'+S'n(k) in-sin mX"') *Pn(k)>m(cos0')
k=0l TJ r m=0

The consideration o f additional datum parameters in the observation equation (lid) is possible, and is
presently investigated in the frame of the real-data projects reported in chap. 4. The additional prior

information of geopotential models (GPM), such as e.g. EGM96 or EIGEN, may be introduced with
respect to the quasi-geoid height as:

AGPM v = N(Cn(k),m’Sn(k)>m) + ON(d*)

1 o0 farnr +1 k —
=— (S - I (C'n(k)m’cos mA,'+S'n(k) in *sin mA,") *Pn(k) m(cos 0')
YQ k=0Vr7 m=0

(*2)

_Vref,GRS80) +dN(d")

The prior GPM information (12) is corresponding to the alternative kind of GPM introduction, namely
by “remove-restore” in the classical HRS computation approaches. In order to avoid the influence of
long-waved deflections, the introduced GPM (12) may again be parted into a number of “patches” by

the introduction of datum parts SN (dJ) like in (2 b), (2 ¢), (2 d).

4 Examples and Conclusions

The extended DFHRS approach is described by the basic observation type and equations (2a)-(2I),
(10), (12d) and (13) is open for all geometrical and physical observation types. It means a new and
complete method, both for the over-determined fixed boundary value problem, especially for the
(quasi-)geoid determination, as well as for the solution of a direct and online GNSS-heighting by the
use of DFHRS databases and the respective DFHRS correction (2i).

The first application of the extended DFHRS approach was the computation of the new “lcm
DFHRS DB Saarland” for the Federal State Saarland, Germany in 2005. The fig. 7 shows a
screenshot of the DFHRS computation for Saarland with the DFHRS software version 5.0, namely
with the GUI, menu and the toolbar, and in the graphics window the meshes (blue), the identical
points (green triangles) and the positions of gravity observations (blue dots).

As second project the DFHRS computation of the “lI_cm DFHRSJBD Baden-Wiirttemberg” for the
Federal State Baden-WUrttemberg, Germany is about to be finished. For computation design see fig. 7.
Fig. s shows a part ofthe list o f adjusted gravity disturbance observations.
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Computation Design of the normal-height based “1_cm DFHRS DB” for the federal state of
Saarland, Germany. Meshes (blue), gravity observations (blue dots) and fitting points (blue dots)

Fig. 7:

Computation Design of the normal-height based “1_cm DFHRS DB” for the federal state of
Baden-WQrttemberg, Germany with some overlapping to the neighbouring countries (except
France). Gravity observations (blue), fitting points (green), country borders (black).



Number B[°] L[°] dgimgal] vimgal]

6221803000 49.744402 9.325176 17.27052630 0.016
6221803100 49.754800 9.320541 18.29553958 0.004
6221810000 49.731079 9.322965 48.72880615 -0.002
6221810100 49.767690 9.323488 16.90448271 -0.009
6221810200 49.739588 9.295846 16.90117365 -0.005
6222803100 49.787317 9.482121 25.19440159 -0.006
6222803800 49.730625 9.411164 35.48699735 0.012
6222803900 49.748882 9.486150 46.45989551 -0.019
6222804000 49.735388 9.450240 45.58427649 -0.022
6222804104 49.717601 9.439384 46.62347815 -0.018
6222804204 49.702843 9.456634 55.15177619 -0.029
6222810000 49.699664 9.417770 47.55625221 -0.003
Fic. 8

DFHRS-software report for the gravity disturbances dg with the list of corrections v

The maximum degree k for the SCHA representation for the Saarland computation (area 100 km x 100
km) ) was k=20. For Baden-Wiirttemberg k will to be in the maximum order of 80<k<100. Assuming
a cap half-angle a =25° the maximum k to represent the a “1_cm DFHRS_EB Europe” would be
k=2000 with regard to (s) and a 2 mm resolution for the SCHA-based HRS (92a) in case of including
the original gravity observations g (gravity disturbances or anomalies alternatively) of the different
countries in the extended DFHDRS approach.

As concerns the further DFHRS design parameters - namely the fitting point density and the mesh and
patch-design of the “1_cm DFHRSDB Europe” - it is referred to the EUREF contribution [25].
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1 Introduction

As concerns the georeferencing of position data in modern data bases, the availability of GNSS
(GPS/GLONASS/GALILEO) related code- and phase-measurement DGNSS-correction data,
which are provided in different ways by different positioning services in and outside Europe
leads to the replacement of the classical geodetic reference systems by GNSS-consistent ITRS-
based reference systems. So the transformation of the old plan position data (N,E)dasSrelated to
the classical reference systems to the ITRS/ETRS89 datum (N,E)itrs becomes urgently
necessary. A sophisticated and general solution of this transformation problem has to include a
respective data base concept for the provision of the corresponding transformation parameters
for GIS, GNSS and Navigation purposes. Further the capacity of a one-cm-positioning by GNSS
services, such as e.g. SAPOS® and ascos® in Germany, is also appropriate for a GNSS related
heighting. The GNSS-based determination of sea-level (orthometric, normal) heights H requires
however the transformation of the ellipsoidal GNSS heights hints to the respective physically
defined height reference surface (HRS). The first part of the contribution is dealing with the
concept of a homogenizing precise and continuous transformation of plan positions (N ,E )ciasS to
the ITRS/ETRS89 datum (N,E)itrs- From the theoretical point of view a respective trans-
formation can not renounce completely on height information. The presented so-called CoPaG
(Continuously Patched Geoferencing) concept however, has the advantage that the point height
information is needed only on a poor accuracy level. Further basic considerations and a
respective problem solution for the plan datum transition are due to the occurrence and the
mathematical treatment of so-called ‘weak-shapes. These are long-waved deflections of the net-
work shape of the classical networks, reaching a range of several meters in the nation-wide scale,
e.g. for the size of Germany. This requires the partition of the total network area into a set of
different "patches”. The introduction of continuity conditions along the patch borders implies re-
strictions between the transformation parameters d of neighbouring patches. Because of its
mathematical strictness and general validity the CoPaG concept has (like the DFHRS approach
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below) a broad and far-reaching application profile in the context with the big amount of similar
datum transition problems occurring world-wide in the upcoming GNSS-age. The realisation of a
software system for the statistically controlled set up of a transformation parameter d data base
for the transformation of positions (N,E)dasS to the ITRS datum (N,E)jtrs and vice verse is
presented at different examples.

The second part of the contribution is dedicated to the DFHRS (Digital-Finite-Element-Height-
Reference-Surface) concept, which allows a GNSS height positioning (GPS/GLONASS
/GALILEO etc.) by a direct online conversion of ellipsoidal heights h into standard heights H re-
ferring to the height reference surface (HRS). The DFHRS is modelled as a continuous HRS
with parameters p in arbitrary large areas by bivariate polynomials over a grid of Finite Element
meshes (FEM). Geoid heights N, vertical deflections (" p), gravity disturbances and anomalies
Ag and identical points (h, H) can be used as observations in a least squares computation to
derive the DFHRS-parameters p. Any number of geoid models may be introduced simultaneous-
ly and geoid models may be parted into different “patches” with individual datum-parameters in
order to reduce the effect of existing medium- and long-waved systematic errors. So the resulting
DFHRS parameters p, set up as a DRHRS data-base, provide a three-dimensional correction
DFHRS(p|B,L,h) to transform by H=h-DFHRS(p)B,L,h) ellipsoidal GNSS heights h into stan-
dard heights H. The mathematical model of DFHRS computation and the software are pointed
out. The authors present the results of DFHRS DB computations for the GNSS online heighting
in the cm-accuracy range for different countries and nations in and outside of Europe.

Above the theoretical concepts the implementation and use of DFLBF_DB and DFHRS_DB in
GNSS-equipment for real-time positioning in GNSS-services (e.g. SAPOS® and ascos®) is
shown, as well as the setting up the RTCM.3.0 transformation messages based on the above
databases.

2 GNSS Plan Positioning - Data Bases to transform between
ETRS89/ITRS and Classical Datum Systems

21 Continuous Patched Georeferencing (CoPaG) Concept

This part of the contribution deals with the homogenisation, cm-accurate and neighbourhood
consistent transformation of plan coordinates between classical national reference-systems
(N,E)ciass and the unique ITRF/ETRS89-datum (N,E)rrRF.

The so-called CoPaG (Continuously Patched Georeferencing) transformation concept [26]
implies the improvement and homogenisation of the geometrical quality of existing classical
networks (such as e.g. the German DHDN network and datum, fig. 2.1; fig. 2.2) by the
developed method of an ITRF/ETRS89 related georeferencing. So the qualification of the old
position data for a future utilization and the continuation of existing databases are provided.
Therefore also a high economic benefit as well as signals for further innovative developments in
the GIS-, GNSS- and LBS-sector is set by the CoPaG concept of transforming the old classical
data to the GNSS consistent ITRF/ETRS89 datum.

The CoPaG concept is based on a strict three-dimensional similarity transformation between the
two concerned reference-systems. The equations of this transformation are linearized under the
realistic assumption of small rotation angles and the linearization point of the geographical
coordinates (B,L,h)i. This leads to the resulting part for the plan component (B,L) of the three-
dimensional similarity transformation in geographical coordinates (B,L,h) reading [8], [9], [26]:
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As transformation parameters d (2.1a,b) three translations (u,v,w), three rotations (8x8y,8z) and a
scale difference Am between the two reference systems occur in the observation equations (2a,b).
The corrections AB and AL (2.1c,d) are due to the known changes (Aa, Af) in the ellipsoid
dimensions a and f at the transition from reference system 1 (e.g2. DHDN in Germany) to
reference system 2 (e.g. ETRS89). As the transformation is concerning the plan component
(B,L), and in general no heights for the respective identical points, nor for the points to be
transformed (e.g. cadastral points, buildings etc.) are available in the different databases, the
height component h —taken as third observation equation - is only needed for a small number of
three dimensional identical points (e.g. points of a 1Ist order networks). The transformation
equation for the height component h reads

h2 +v =hj +0hj(d) = hi + 5hi(u, v, w, ex, 8y,sz, Am, Aa, Af) (2-1h)
= hi + [cos(B) *cos(L)]| *u + [cos(B)-sin(L)l, *v + [sin(B)]i *w +

~e2 -N ssin(b)- cos(B)*sin(L)],.ex + |e2 *Nsin(B) *cos(B) mcos(L)1
+ 0]-ez t[h +a- w]i *Am+Ah(ai,a2,bi,b2),

accordingly with Ah(ai,a2,bj,b2)=h(ai,b])-h(a2,b2). An advantage of the approach (2.1a-



h) is that the ellipsoidal heights hi (which are due to all classical network datum close to the
standard heights H) are only needed with a subordinate accuracy. Due to the fact, that for the
classical national datum systems the ellipsoid’s surface and the height reference surface were
adapted to each other, the ellipsoidal height hi in the coefficients (2.1a) and (2.1b) can be
replaced in different cases by the national standard heights H>. For the same, reason the height
information hi can in case of a classical system be taken from free available databases (e.g. the
digital terrain model databases ETOP0S5 or ETOPO30).

The formulas (2.1a-h) are based on a linearization, so that in case of large datum parameters d
(e.g. for the translations u, v, w between two systems 1 and 2) a corresponding pre-
transformation between system 1 and 2 with approximate parameters has to be performed before
the application of (2.1a-h) [9].

2.2 CoPaG and DFLBF Data Bases (DB) for Germany

Besides some solutions for different German states and city areas in Germany, two nationwide
databases for Germany were computed with the CoPaG software, namely the “(3-
5)_cm_CoPaG_DB Germany” (Fig. 2.2a) and the “(3-5)_cmJ[)FLBF_DB Germany” (fig. 2.2b)
[28].

As the ETRS89 frame has one cm precision, e.g. all over Germany and the Ist order
ITRF/ETRS89 of other states all over the world, the residuals shown in fig. 2.1 left mean the
deflection ofthe classical plan DHDN network coordinates x=(B,L)i from its true shape x . The
residuals of the DHDN network of Germany West (fig. 2.1, left) reach the range of + 2.5 m.

The shape and amount of the deflections Vx = x - x are to be explained by the theory of so-
called “natural weak-forms” [4], [S], [6], [15] and eventually a second part of so-called
“stochastic weak-forms” [10]. The “natural weak-forms” of classical geodetic networks are
related to the eigenvalue-problem

[Cx -pi-I]-mi=0 . (2.2a)
ofthe covariance matrix of the adjusted network coordinates x .

The eigenvalue problem (2.2a) is part of the theory and concepts of spectral analysis and
optimization of geodetic networks [4], [7]. It is shown in [4], [5], [7], [15] and [9] that the
spectral components V;

Vi= Ap[-mi. (2.2b)

are the key for the prediction (comparing e.g. the 1989 prediction results for Baden-Wiirttemberg
[6] with the real deflections for Baden-Wiirttemberg presented 2000 in [9]) and theoretical
understanding of deflections Vx oflarge networks from their true shape x .

In case of an occurring shape deflection Vx - like shown for the plan German DHDN network
in fig. 2.1, left - the spectral components Vs (2.2b), which are carried by the eigenvectors mj
(2.2a) and scaled by the square roots of the corresponding eigenvalues p* (2.2a) give - in the
descending order of the eigenvalue size p; - the probability and amount of respective geometric
deflection parts, which span up the total deflection shape Vx (fig. 2.1,left). As large geodetic
networks tend to have a number of high dominant eigenvalues, the maximum spectral

components (2.2b) (especially the maximum component Vmax = */Pmax *mmax) point out the



quasi systematic shape deflection Vx. In case that the covariance matrix C* is regarded with
respect to the assumed stochastical model of normal distributed observations, and the spectral
analysis is accordinly based on (2.2a,b), the essential main spectral components Vj = y/\+i irq
are called the “natural weak-forms” of a geodetic network [4], [15].
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Fig. 2.1. left:

Residuals up to 2.5 m for the transformation of the German DHDN plan coordinates to ETRS89 with only one
nationwide set of transformation parameters d.

Fig. 2.1. right:

Strict transformation with continuity conditions of the transformation parameters of the coordinates from
German DHDN to ITRF (ETRS89) under partition in 177 patches. This leads to a drastic reduction of the
residuals to less than 0.02 m in average.

Another type and an additional amount of weak-form deflections Vx - namely the so-called
“stochastical weak forms” Vj stoch = */pj stoch *mi.stoch already mentioned above - occur due to

neglections in the stochastic model of the observations of a geodetic network adjustment [5], or a
non over-determined parameter-computation x from a respective observation set. The spectral

components Vj="/p*-mj of the “stochastic weak forms” are then related to a general
eigenvalue problem, which is regarded in [10].

To manage the weak-form problem with respect to the plan transformation (2.1a,b), the
transformation area has to be divided into so-called patches (fig. 2.1b) with individual datum
parameter sets  (accordingly the term CoPaG = Continuously Patched Georeferencing). In the
example of applying the CoPaG concept to the plan German DHDN network, the average
residual was reduced from 0.33 m (only one patch and datum set d for the whole area of
Germany, fig. 2.1, left) to a range of less than 0.02 m by the division of the transformation area
into 177 patches with individual datum parameters d* (fig. 2.1, right).



Fig. 2.2a, b:

Left: DFLBFDB for the transformation from ETRS89 to a classical plan reference system.
Right: CoPaG_DB for the transformation from a classical plan reference system to ETRS89.

To achieve a continuous and homogenising transformation, appropriate continuity conditions
( (d/d" ') - in analogy to these ofthe DFHRS concept (3.6f) - along the borders of neighbouring
patches j and (j+1) have to be set up as additional condition equations concerning neighbouring
parameter sets {{ and {*' % in order to complete the CoPaG adjustment approach (2.1a,b,h) [26].

The present CoPaGDB and the DFLBF DB (Digital Finite Element Plan Reference System
Transformation, in analogy to the term DFHBF, chap. 3) allow the strict and neighbourhood
consistent transformation from/to the classical German reference-systems (e.g. DHDN in
Western Germany presented in fig. 2.1 and RD83 in Eastern Germany) to/from ETRS89 with a
reproduction quality of (3-5) cm.

2.3 CoPaG Software and CoPaG/DFLBF DB Access Software

The CoPaG approach (2.1a-h) was realized in the CoPaG-Software ©Jager/Kalber. The CoPaG
software (fig. 2.3) allows the computation of transformation parameters dlon dividing the whole
transformation area into an arbitrary number of irregular patches (fig. 2.1b, fig. 2.3).

Additionally continuity conditions ( ({i,¢ i+]) have to be introduced to achieve the continuity of
the total set of parameters and the homogenisation of the transformed configuration.

Fig. 2.3 shows a screen-shot of the CoPaG-Software at the example of the view on the CoPaG
Software at the example of the project “(1-2)_cm DFLBF DB and CoPaG DB Rheinland-
Pfalz”. Whereas in fig. 2.3 the mean mesh size is 15 km, the final mesh size for (1-2) cm
databases was 7 km.

The quality control is - in addition to standards of statistical testing - performed by regarding the



quality measure of reproduction values. The two-dimensional test statistics and the so-called
reproduction values are evaluated in the CoPaG concept and software in analogy to these of the
quality control concept of DFHRS computation (see chapter 3.3.2). Besides this a so-called
accuracy surface (Fig. 2.4) can be computed from the covariance-matrix in function of position.
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Fig. 2.3:
View on the CoPaG Software at the example of the project “(1-2)cm DFLBF BD and CoPaG_DB
Rheinland-Pfalz”

After finishing computation and quality control the parameter sets for all patches and also the
residuals of the identical points are stored in a well-defined format in the so-called DFLBF DB
and CoPaG DB files and can be used by any software providing a DFLBF/CoPaG Access.

The direct access is realized by a DLL, which can be implemented into any GNSS or GIS
software. Many GNSS and GIS companies meanwhile use a direct access. As concerns the
alternative way of converting DFLBF DB to gridfiles for a use in GNSS positioning in the so-
called gridfactoiy philosophy and technology, e.g. within the Leica-Geosystem SKI PRO
software and the Trimble TSO software, it is referred to [28] and to the homepages of these
companies respectively.
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Fie. 2.4:
Accuracy surface computed by the CoPaG-Software for Rheinland-Pfalz, Germany

2.4 Outlook to the CoPaG Concept and CoPaG/DFLBF DB

The CoPaG DB provide the direct transformation (no identical points) of the classical plan
networks and related DB positions to the ETRS89 datum (fig. 2.2b), and the DFLBF DB (fig.
2.2a) are used vice-verse for the direct transformation (no identical points) of ETRS89 related
GNSS positions in SAPOS®- and ascos® GNSS positioning to the classical plan datum systems.
The further development of the (3-5)_cm data bases, which is directed to the computation of a
“l_cm_CoPaG_DB/DFLBF_DB for Germany” is merely a question of the number and density
of further identical points. This is to be concluded from successful test computations for the area
of Rheinland-Pfalz, Germany, where a number of 2535 identical points was used to evaluate the

respective continuous transformation parameters sets d = (dl...dj,...dn)enabling a mean
reproduction quality of the coordinates of 1_cm.

The weak-form problem (fig. 2.1, left) is of general nature, and it concerns all classical networks
all over Europe and the whole world respectively. So the CoPaG concept can be applied
generally to solve the related transformation problems and to evaluate precise and economic
CoPaG DB and DFLBF DB worldwide.

For further information it is referred to wwvv.geozilla.de [36].



3 GNSS-Heighting - Precise Vertical Height Reference Surface
Representation by the Digital FEM Height Reference Surface
Concept (DFHRS) and DFHRS Data Rases

3.1 Motivation and Situation

Standard heights H are referring to different types of height reference surfaces (HRS). The
common root of all three relevant HRS-types is the idea, that the HRS should be that
equipotential surface of the earth’s gravity field with a potential WQ, which coincides with the
normal potential U0 and the mean sea-level surface H=0 (fig. 3.1, fig. 3.2)1 and continues it
outside the oceans. The datum of a height system is fixed by at least one point with an assigned
value W0 and H=0. The height Hp of any point P on the earths surface (ES) is then defined as the
curved distance between P and the respective HRS (fig. 3.1; fig. 3.2).

The two modern standard HRS-types are the geoid and the so called quasi-geoid. The geoid HRS
type realizes exactly the equipotential surface concept. The related so-called orthometric heights

Horth - (Wo - Wp)/g or Hoth =Cp/g respectively are found, by dividing the geopotential
number Cp (difference between Wo and the point P potential WP) by the mean gravity value g
between P and the HRS. A disadvantage of a HRS type of a geoid and a related orthometric
height system Horth is however due to the fact, that the density assumptions for the area of P are
needed to evaluate g. The quasi-geoid HRS and the respective so-called normal heights
Hnormai =C p/y, as an alternative HRS and height system H, are found by dividing the
geopotential number CPby the mean gravity valuey taken from the normal potential between P

and the HRS. In this case the modem standard for the normal potential and J is related to the

Global Reference System 80 (GRS80). The value J (B,h) is free from any density hypothesis.
Therefore the decision for the new HRS and height type H for the European reference system

EUREF was met for the quasi-geoid and normal height type H respectively (EUREF symposium,
Ankara 1996, resolution No. 10, see [3]).

The most precise way to determine the standard height of a point HPo f the earth’s surface (ES) is
still based on levelling, or better levelling and gravity measurements in higher order networks,
meaning by the realization of the geopotential number Cp as Cp = £gj *Anj.

The recent adjustment of the normal height H related European Vertical Network - as part of
new European Vertical Reference System (EVRS) - was based on Cp and is ready on the
continental level [20]. The accuracy as e.g. predicted to be 5 cm on continental level [5] is kept.
The short-wave precision of the adjusted height differences AH of neighbouring points in the
different European national networks of lower order is of course better and represented in the
low sub-cm range [20].

The GNSS-based determination of standard heights H on any accuracy level however requires
principally the transition of the ellipsoidal GNSS height h to die standard height H. So a GNSS-
based determination of standard height H makes it necessary to subtract the height NG of the
height reference surface (HRS) from the ellipsoidal GNSS height h (fig. 3.1; fig. 3.2). Therefore

1 For the new Europe normal height system presently the Normaal Amsterdams Peils (NAP) [20]



the HRS must be represented relative to the ellipsoid surface in terms of a two-dimensional HRS
model NG(B,L). The old term “geoid” and “geoid height” for the HRS model and NG(B,L) (fig.
3.1) are getting properly replaced by “HRS” and “height of the HRS (fig. 3.2, DFHRS)”, which
is more convenient with respect to the above mentioned different standard HRS and height types

ES

Ellipsoid No

Formula ideal (la): earth surface (ES) at po-
sition P(B,L), ellipsoidal GPS/GNSS height h,
standard height H and a two-dimensional HRS
model Nc.

Fig. 3.2 (right):
In real world GNSS-positioning the extended EllipSOid
formulas (Ib,c) and a three-dimensional HRS -

model Nc¢(B,L,h) however have to be taken into
account

DFHRS(B,L,)

The classical gravity related geoid or quasi-geoid models NG(B,L), such as EGG97 [1], EGM96
[13] ) and the large number of local and regional geoid models are not fitted to the HRS. This is
for the reason, that the geometrical information of the identical points (h,H) is in general not
taken into account art of a “geoid-computation” approach. A quasi-geoid for example is
computed based on the Stokes formula as

- L] L] ol
NG(B,L) 4138) J(JrAg S(vp) *da (3.1a)

In practice of course (3.1a) is submitted to the so-called remove restore technique and algorithm
[1], whereas the global gravity reference EGM96 [13] is used as geopotential reference.
The precise geometric information for the HRS

NG(B,L)=(h - H)BL (3.1b)

remains however unused as additional information in the state of the art of most gravity based
geoid computation approaches. So the ideal formula

H=h- NG(B,L) (3.2)

> For historical reasons even some types more exist, such as e.g. the NN-type of HRS and the respective spheroidal
normal heights (“NN-heights”) as precursor of the normal heights.



fig. 3.1 does not hold for the use of standard HRS in terms of “geoid-model” in GNSS-based
heighting. In spite of a however sufficient HRS shape representation in the short wave range,
HRS models represented by standard geoid models (3.1a) suffer from medium and long waved
systematic shape deflections. The reasons are again a big amount of both types of “weak forms”
(chap. 2). Also for locally and short waved precise geoid models, e.g. the EGG97 [1], the “weak-
form” deflections reach a “meter range” over large areas e.g. for Europe (fig. 3.3).

Of course the HRS represented by the standard height system H and h (3.1b) is also subjected to
“weak-forms” in H and h, but their amount is much smaller. For H they reach only in a “cm”
range or a “few cm” range respectively in large areas [5], [15]. For Europe and the EVRS we
have a range of 5 cm, see [5]. Consequently “levelled heights” H, which were evaluated from
geopotential numbers (levelling and gravity) and the respective precise ellipsoidal heights h are
representing by (3.1b) the precise and discrete control points for the long and short-wave domain
of the HRS shape, while geoid-models of standard type NG(B,L) (3.1a) (fig. 3.3) can be used
only as observations concerning the HRS shape in the local short wave domain.

Fig. 3.3.:

Long-waved deflections, to be declared as natural and stochastic “weak-forms” (chap.l), in the (dm -
meter) range of the EGG97, which has above these long-waved distortions a cm-accuracy concerning
the local shape quality (published in different EUREF series, |20)

An additional reason why (3.2) is not valid, is because of a scale difference Am occurring bet-
ween the GPS/GNSS-heights h and the heights H of the standard height system ([2], [3], [18],
[19]). One reason for scale inconsistency Am is, that most existing standard height systems H
were not evaluated by the GRS80 normal gravity field y(B,h). Other proved sources for scale
effects Am are occurring due to neglected (hidden) observation correlations and related
stochastic weak-forms [5] and different systematic error types in levelling ([5], [10]). All these
systematics tend to imply a scale error Am. So, all in all, the above formula ideal (3.2) has to be
modified with respect to "real world conditions". In classical approaches ([2], [3]) and software



packages like HEIDI2ODinter/Illner/Jager [3], which use explicitly geoid models Ng(B,L)
(3.1a), the relation between GNSS heights h and standards heights H reads:

H=h- (NG(B,L) + amdfreri) + NFEM(pj B,L) ) - Amregional *H (3.32)

uncontinuous "3 component'" HRS

The formula (3.3a) represents the so-called “geoid-refinement approach” [3], [11], [14]. Here the
geoid model heights Ng(B,L) are used both as observations and as unknowns. So the geoid-
model heights Ng(B,L) become part of the HRS together with additional local datum parts

<9N(diocai), dlocal = [u,v,w,sx,Ey,ATUQ] and an additional refinement NFEM(p|B,L)

component.

The refinement part NFEM(p[B,L), which is described theoretically in chap. 3.2, is based on the
same mathematical concept of a surface representation as in the DFHRS concept. But it has a
quite different meaning in the DFHRS concept than in the above classical geoid-refinement
approach (3.3a). With respect to the determination of new points in the geoid-refinement
approach (3.3a), the final HRS is to be considered as a compound of 3 components - the original
and unimproved geoid-model NG(B,L), the local datum-parts 5N(dloocal) and the refinement
NFEM(p|B,L). The compound of a three component HRS would be a badly portable and
heterogeneous concept for a data base in online GNSS heighting. Therefore the geoid refinement
approach (3.3a) is in practice a post-processing solution. Above this, the effect of the local
datum-parts SN(dlooa) of the geoid-model(s) (3.3a) introduced in the total area (3.3a), reading
explicitly

INQ (d) = [cos(L)*cos(B)] *u+ [cos(B) ssin(L)] *v + [sin(B)] *w

2 (3.3b)
+[e N(B)-sin(B)ecos(B)ssin(L)]*s x +[-e2 *N(B)-sin(B)-cos(B) cos(L)]-ey

+[-N G]*AmG

is not controlled with respect to the continuity of the three-component HRS model at the borders
of the local areas. These are some decisive disadvantages of the “geoid refinement” approach
(3.3a). The datum part (3.3b), which is also used in (3.6a), is - except the simplified scale part
[-N G] *AmG of the geoid model N G- identical with (2.1h).

In the DFHRS approach [11], [16], [17], [18], [21], [22], [23] and the computation of
DFHRS DB [14], [26], [27], [28] for GNSS-based heighting, which are further treated as main
subject of chap. 3, however the role of the former three-component HRS model (3.3a) is
completely taken over by the one-component HRS model of a Digital Finite Element Height
Reference Surface (DFHRS).

In DFHRS modelling the HRS is described continuously by the surface NFEM(p|B,L).

The two-dimensional Finite Element Model (FEM) NFEM(p|B,L) (3.5a) of the HRS takes over
the role ofthe HRS (fig. 3.1; fig. 3.2), and is represented in a continuous way by mesh-wise sets
of polynomial parameters p (3.5b). So we have for the DFHRS concept the following basic
relation between the ellipsoidal GNSS height h and the standard height H (fig. 3.1; fig. 3.2):



H=h- NFEM(p |B, L) - Amregional *H
A4

Continuous '"one-component'" HRS

In this way the continuous Finite Element Model NFEM(p|B,L) of the HRS is a two-dimensional
function of the plan position (B,L), and is accordingly called the “geoid-part” of the so-called
three-dimensional DFHRS correction. The part Am-h is accordingly called the “scale part” of the
DFHRS correction.

So three-dimensional DFHRS correction DFHRS(B,L,h) (fig. 3.2), which has to be subtracted
from the GNSS height h in order to receive the standard height H, reads in total:

H=h-DFHRS(p,Am|B,L,h)=h - (NFEM(p | B,L) - Am *H) (3.4b)

The respective DFHRS data bases (DB) contain - as essential parts for HRS representation and
the scale parametrisation - the “DFHRS_DB parameters” p and Am.

3.2 FEM representation of a Height Reference Surface (DFHRS)

The finite element representation NFEM(p|x,y) is carried by the base functions o f bivariate poly-
nomials of degree n, which are set up in regular or irregular meshes. If we describe with p1the
polynomial coefficients (aoo, ajo, aoi, a2o, an, ao,...)' of the i-th mesh, we have for the height
NFEM(p'|x,y) ofthe HRS over the ellipsoid (fig. 3.1; fig. 3.2) in the i-th mesh:

NFEM(pi |x,y) = f(x(B, L), y(B, L)) *p* ;i =1,m; with (3.52)
p1=(a00ja10,a01,....)1and f(x(B,L),y(B,L)) = (I,X,y,X2Xy,y2...) . (3.5b), (3.5¢)

The vector f means the so called Vandermond vector and contains the different powers of the co-
ordinates (x,y) according to the polynomial degree n. The total parameter vector p consists of the
coefficient sets p-(aji91 (j=0,n; k=0,n) of all m meshes. The plan position in (3.5a,c) is due to
metric ellipsoidal coordinates (y(B,L)=“East” and x(B,L) =“North”) introduced e.g. as Mercator
or Lambert coordinates, which are in any case functions o f the geographical coordinates (B,L).

To imply a continuous surface NFEM(pjx,y), one set of continuity conditions of different type
C0,1,2 has to be set up for the computation o f NFEM(p|x,y) for each couple o f neighbouring mes-
hes (fig. 3.4). The continuity type Co implies the same fimctional values, the continuity type Ci
implies the same tangential planes and the continuity type C: the same curvature along common
mesh borders of the DFHRS as represented by NFEM(p|x,y) (3.5a). The continuity conditions
occur as additional observation equations C(p)=0 to be added to the parametrization of
NFEM(p|x,y). The condition equations C(p)=0 are related to the polynomial sets of the
coefficients (ajkmand (ajk)nof each couple of neighbouring meshes m and n. To force e.g. Co-
continuity, the difference ANmnin the geoid height Ng of any point S at the common border SA -
SE of two meshes m and n (see fig. 3.4; fig. 3.8) has to become zero. So the basic condition
equation for a polynomial representation o f nthdegree reads [22]:

(ajk,n-2 jk,m),(ySA+t'(ySA“ ySEPi (xSA+t’(xSAXSErk =° = (3.5d)

With(ySA, x SA,ySE, x SE) we introduce the plan metric coordinates o f the nodal points SA and SE
of a mesh borderline. Equation (3.5d) represents a polynomial of n-th degree parametrized in the
border line parameter t witht e [0,1]. The subset of (n+1) Co-continuity condition equations



C(p)=0 for the border between mesh m and n results in case of Co-continuity from (3.5d) by set-
ting all (n+1) coefficients related to t to zero ([22]).

The mesh size and mesh shape for the computation of the NFEM(p|x,y) - representing the so
called HRS or "geoid” part (3.3a) of the DFHRS correction and DB content - may be chosen
with an arbitrary shape. The best approximation of a HRS by NFEM(p|x,y) results of course by
introducing small meshes, e.g. in a range of 5 km to keep a S mm range for any HRS shape ap-
proximation by a polynomial degree up to n=3.

A special advantage and characteristic o fthe NFEM(p|x(B,L), y(B,L)) representation consists in
the fact, that the nodal points ofthe FEM grid are totally independent of the location of the geo-
detic observations and the geoid data points. In principle any type of HRS and height related
observation data can be used for the determination of the parameter vector p of NFEM(p|x.,y),
namely height observations (h,H,AH,Ah), the geoid-model heights NGB,L), deflections of the
vertical (£,r|) and gravity anomalies Ag (see chap. 3.3).

3.3 Digital FEM Height Reference Surface (DFHRS) Approach and
Computation

3.3.1 Mathematical Adjustment Model

The mathematical model ofthe so-called DFHRS data base production step reads in the system
of observation equations (functional model) and the corresponding stochastic models of a least
squares adjustment as follows:

Functional Model Observation Types and Stochastic
Models
h+v=H+heAm+f(x,y) *p, Uncorrelated observations of ellipsoidal (3.6a)

heights h Covariance matrix

Ch =diag(a” ).

with NFEM(p | x, y) = f(x(B, L), y(B, L)) *p

_ Correlated geoid height observations. (3.6b)
+ V= +
NGB, LI+ V=1(x,y) p+ 3IN0 (dJ) With a given real covariance matrix
CN,G or a CNG evaluated from an
artificial covariance function.

5+v=-fB/M(B)-p +5B(d4>n) Observations of vertical deflections (3.6¢)
(%9 Pair wise correlated or uncorrela-
p+v=—4"/(N(B) *cos(B)) *p + 6L(d*>1)) te(j among each other in case of astro- (3.6d)

coawvvatinnc Cavwvolatad

noaminal  ah
(n,&). Pair wise correlated or uncorrela-

ted among each other in case of astro-P°”
tenual moael.

H+v=H Uncorrelated  standard height H (3.6¢)
observations with covariance matrix

CH =diag(a”).

N+ v = £ A(N(B)- cos(B)) p ;raL(d&,n)

C+v=C(p) Continuity condition equations (3.5d) (3.61)
introduced as uncorrelated so-called
pseudo observations with accordingly
small variances and high weights.

With fu and fi, we introduce the partial derivatives of the Vandermond’s vector f(x(B,L),y(B,L))
(3.6¢) with respect to the geographical coordinates B and L. M(B) and N(B) mean the radius of



meridian and normal curvature at a position P(B,L) respectively. The continuity of the resulting
HRS NFEM(p|x,y)=f(x,y)-p is automatically provided by the continuity equations C(p) (3.6f).

A number ofidentical points (h, H) (3.1b) are introduced by the observation equations (3.6a) and
(3.6e). In the practice of DFHRS data base evaluation, also one or a number of several geoid
models N g(B,L)1are used as additional observations to produce DFHRS DB in the least squares
estimation (3.6a-k). To reduce the effect of medium or long waved systematic shape deflections,
namely the natural and stochastic “weak-forms” (chap. 2) of geoid models NG (3.6b) (fig. 3.3),
the geoid model heights observations NG (3.6b) are parted to into a number of so-called “geoid-
patches” NG(B,L)J (3.6b) (see fig. 3.8). Each patch is set up, with individual datum-parameters

d3 which are introduced by the datum part SNG” ) (3.3b) into (3.6b). It is of course also possible
to introduce by NGB,L)’ - and a respective parameterization 9No(dJ - (3.6b) several patched or
unpatched geoid models in the same area, and of course also geoid models of a different type
than the classical ones (3.1a) may be used.

With the classical relations £ = - N/SSB and t|= - <3N<XL between vertical deflections and the 1st
derivatives of the HRS in northern and eastern direction and the NFEM- polynomial
representation as a product (see (3.5a-c) and (3.6a)) of Vandermond’s vector f and the
polynomial parameters p we get:

£=-5N/3sB - - SNFEM/5B -0B/<9sB - - f(x(B,L),y(B,L))B+p *5SB/5sh, (3-6g)

=-8N/dsL = - ONFEM/5L -dUdsL = - f(x(B,L),y(B,L))L*p *dh/dsL . (3-6h)

For 5B/0SB and 5L/5s1 we have the classical relations dB/dsB=M(B) and SL/asL=N-cos(B). With
5B(d5:) and dL(d£3) we describe the datum parts of the type deflections of the vertical £
=({pastr - B) and r| = (A," - L) °cosB respectively. According to these definitions we receive the
datum-parts 5B(d*jl) and dL(d dB(d”) by introducing (2.1a) and (2.1b). So it holds that
3B(d£ s -dBi(d)(2.1a) and dL(d")=-8L Xd) *cosB.

Using the vertical deflections (£, q), which were derived from the same geopotential model as
the geoid-model NG the datum parameter d are also expected to be the same, and it holds
d(3.6b) = d"i[(3.6¢)=d513.6d). Otherwise, e.g. for sets of astronomically observed vertical
deflections, different groups of datum parameters d have to be introduced.

Observations from classical geoid models NG (3.6b) are to be introduced instead of the original
gravity observations Ag, which had been introduced for the computation o f N G- In this case the
correlated geoid models observations NG (3.6b) and original gravity observations Ag lead to
identical results for the HRS by the parameters p ([22], [23]). So the use of observation type NG
(3.6b) allows a more elegant and easier data treatment than by the use of the original gravity
anomalies Ag (3.6i). Consequently observation equations for gravity observations Ag need to be
set up in the DFHRS approach (3.6a-k), only if additional gravity observations Ag occur, which
have not yet been used for the former computation of a geoid model NG(3.6b).

Functional Model Observation Types and Stochastic
Model

Vector of reduced gravity anomalies Ag intro-

duced with covariance matrix Cg into Stokes (3 .c1)
formula. The gravity anomalies Ag in this way
determine the DFHRS with parameters p at
position (x(B,L),y(B,L)).

— 1{Ag *S(y) *d =f(x,y) ¥
4y (B) {Ag *S(y) *do+v =1(x,y) *p

=NFEM(p |x,y)



The integration of gravity observations g is done by the functional model (3.6j). The gravity
observation g is represented in the local astronomical vertical system by the vector

gLAV =10,0,—¢]T. It is reduced due to vertical deflections (“topography”’) and then rotated to the

system referring to the pole (;1, AO) of a local spherical cap harmonics (SCH) representation
([34] .[35D.
Functional Model Observation Types and Stochastic Model

g+Vvg=g(Cnm,snm |A',u') Gravity vector taken from original gravity measurement vec-
tors gLAV = [0,0,-g ] Tin the local astronomical vertical sys-  (3-6j)
tem (LAV), reduced for vertical deflections and transformed to
the SCH-system referring to (¢>Q,XQ) .

With (X',d") we introduce the local azimuth-coordinates referring to the SCH-pole ((;+, ).
Besides (3.6j) existing geopotential models, e.g. EGM96, are to be introduced direct as

observations for the regional SCH-parameterizationCnubSnm e+ Eventually a datum
parameterization has to be considered here. The advantage of a regional SCH-parameterization -
compared to the standard of'a global spherical representation - is, that for a sub-cm resolution a
SCH-order of n=m=25 is sufficient for an area-size of (100 km x 100 km) compared to
n=m=7000 for the usual global spherical harmonics parameterization with <) = 90° [34]. So the

number of unknowns is to be reduced essentially. The SCH-parameters Cnm5Snm(3.6j) are
regarded within the DFHRS-concept (3.6a-k) only as auxiliary unknowns, while the NFEM-
parameters p are the main unknowns. By the condition equations (3.6k) - introduced as pseudo
observations with a high weight - the SCH-parameters Cnm,Snm(3.6j) are related again to the
NFEM parameters p ofthe DFHRS-approach, see [34].

Functional Model Observation Types and
Stochastic Model
Condition equations

0+ VAN " “HRS from N(SCH) = (5 5k)

NFEM(p)” as uncorre-

GM " (a"ntl g/ . . lated pseudo observa-
5% (sCnm cos mX+SSnm sin mA,')- Pnm(cos if)  ons with small
m=0 variances and and high

fp weights.

The approach (3.6a-k) means all in all a new method and standard (fig. 4.1, fig. 4,2), both for the
over-determined boundary value problem (geoid-determination), and for the solution ofa direct
and online GPS/DGNSS-heighting (fig. 3.1, fig. 3. 2) by the use of DFHRS databases and the
respective DFHRS correction (3.4b).

3.3.2 DFHRS Software and Quality Control in DFHRSJDB Computation

The DFHRS approach (3.6a-k) has been realized in the software DFHBFOJager/
Schneid/Schwarzer. There the mathematical model of the DFHRS approach (6a-i) is embedded
in the quality control standards ofa priori and a posteriori variance related tests (data snooping)
and variance component estimations.



The covariance matrix of the resulting DFHRSDB parameters (p, Am) can be used to compute
and visualize the precision of the HRS and/or DFHRS correction surface (fig. 3.5).

An additional and valuable way to prove the “external accuracy” of the DFHRS DB is to
compute a so-called “reproduction quality” and point-wise reproduction values [16], [17], [18].
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Screen shot of the DFHRS software. Continuity of the resulting HRS along the mesh borders of two
general meshes m and n is provided by the continuity equations (3.6f). Identical points (3.1b) in green.

The “reproduction quality” and a number of n resulting “reproduction values VHj “ - all over the
DFHRS area - are simply defined by the values of differences:

VHj = Hj - H; (DFHRS; (=: without H;)), with (3 ?a)
Hi (DFHRS;) = h; - DFHRS; (p, Am | (B,L,h)j)

For this quality proof no explicit “control measurements” are needed. We just have to compute
successively the "DFHRS-height" H(B,L,h, DFHRS)j of each of the n identical standard height
points Hj from hj, when using the individual data base DFHRSj, where H, was excluded from the
respective DFHRS DB production (3.6a-k) (“new point”), which was then evaluated with the
rest of the (n-1) points.

The “reproduction values” VHj are much more objective and informative than the pure least
squares residuals vf (3.6e). The reproduction values VH, are to be computed in the unique
DFHRS production step (3.6a-k) ofthe DFHRS adjustment. The respective formula reads:



With vj-|.and r, we describe the correction and the redundancy part of Hj in equation (3.6e).

The above reproduction values (3.7a, b) are however only directly interpretable as a quality
measure, if they are applied to the part of the high accurate identical points (h,H).

Fig. 3.5:
Precision surface of the (2-3)cm DFHRS of the district Windhuk, Namibia |24|, [25]

A general measure for the precision of a DFHRS DB and the resulting DFHRS-correction (3.4b)
is however the location-depended so-called “precision surface” (fig. 3.5), which can be evaluated
from the covariance-matrix of the relevant DFHRS DB parameters (p,Am).

3.4 DFHRS_DB Contents and DB Access Software

The essential adjustment unknowns of the mathematical model (3.6a-k) and parameters of
resulting DFHRSDB are p and Am. These represent the continuous model
NFEM(p|x(B,L),y(B,L)) of the HRS (fig. 3.1; fig. 3.2; fig. 3.7, fig. 3.8) and enable an additional
scale correction AmeH. So these parameters provide the DFHRS correction
DFHRS(p, Am | B, L, h) (3.4b) for an online or post-processed GNSS heighting.

Below the header (version name etc.), a DFHRS DB contains a second block with the mesh
design (coordinates of the mesh nodal points, mesh number and topological description) and
finally the block with the mesh-wise parameter sets p and Am.

3.5 Evaluation of the European HRS as part of the European Vertical
Reference System (EVRS)

3.5.1 Preliminary Notes

An essential and very precious characteristic of the embedded FEM principle is, that any DFH-
RS DB and its reproduction quality (3.7a,b) respectively, which was achieved by using the
DFHRS approach (3.6a-k) in a small area, is to be achieved - without loss of accuracy - in a
corresponding large area scene, only provided that the density of the identical points (H,h) and
the quality ofthe geoid information NGare kept!



So it is clear, that a 1Istclass of

m “<_lem_DFHRS_DB”

defined by a mean reproduction value vuj <lecm (3.7a,b) over all precise and not rejected
identical points (3.1b), (3.6a), (3.6¢) and a respective “precision surface” (fig. 3.5) better than 1
cm - is to be computed by the DFHRS approach and the DFHRS software with a mesh size of 5
km, a density of about 50 identical points (H, h) per (100 km x 100 km) area, and a (30 - 40) km
geoid-model “patch” size.

o <3 cmDFHRS
o <1cmDFHRS

M e
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Fig. 3.6:

Blue: “1_cm_DFHRS_DB” in the German countries Saarland, Rheinland-Pfalz, Baden-Wiirttemberg,
Hessen and Bavaria. Yellow: ,,(1-3)_cm_DFHRS_DB of Germany and Luxembourg.

Above these design parameters, the total size of the area does not play any role, so that this
quality can be produced also e.g. in the European scale! Different “<l_cm_DFHBF_DB”, which
represent the present “high end” quality type, have already been computed [18]. They are
available as official geo-data products of different German state land service departments
(Saarland, Baden-Wiirttemberg, Hessen, Rheinland-Pfalz, Bayern and Hannover district) [19],
and they are used in SAPOS® and ascos® GNSS services in these parts of Germany (fig. 3.6).



Above these German countries presented in fig. 3.6, another “l cm_DFHRS_DB” was
computed for the region of Tallinn, Estonia, and a (2-3)_cm DFHRS BD was computed for the
district of Windhoek, Namibia [24], [25] based on the EGM96 [13], (fig. 3.5).

The 2nd quality class of a

m “< 3cm_DFHRS_DB”

is defined by mean reproduction value VH; <3 ecm (3.7a,b) over all precise and not rejected
identical points, and a respective “precision surface” (fig. 3.5) better than 3 cm. A
“< 3cm DFHRS DB Germany” was evaluated by a density of less than 10 identical points (H,
h) per (100 km x 100 km) area, a mesh size of 10 km, and a polynomial degree n=3.

Decin
Fie. 3.7:

Isolines of the HRS represented by the “3_cm_DFHRS_ DB Germany” for the European normal height
system.

The number of patches was 102 and the patch size was about 50 km. Fig. 3.7 above shows the
isolines of the corresponding HRS (fig. 3.1; fig. 3.2) NFEM(p|B,L) of the
“< 3 cm_DFHRS DB Germany”. It is already related to the new European normal height
system. For the former West Germany another “<_3_cm_DFHRS_DB Germany” related to the
classical NN-height system was computed additionally. The “< 3 ¢m DFHRS DB” is applied
for GNSS online and post-processing heighting by the users of SAPOS® and ascos® DGNSS
services [26], [27], [28]. Above the “3 cm DFHBRS DB Germany” a “5 cm DFHRS DB Va-
lencia” (fig. 3.8) was computed for the district of Valencia, Spain [30]. A closed and continuous
solution of a “(1-3)_cm_DFHRS_DB Baltic States” (fig. 3.8) was computed for the Baltic States



Estonia, Latvia and Lithuania in the frame of a cooperation with the State Land Service of
Latvia, Riga [29], and a “(2-3)_cm DFHRS BD Windhoek” was computed for the district of
Windhuk, Namibia [24], [25] based on the EGM96 [13], (fig. 3.5).
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Fig, 3.8: Isolines of the HRS represented by the “(1-3)_¢cm_DFHRS_DB Baltic States'"

Figure 3.9 shows an overview on all DFHRS DB computed all over Europe including the
different above mentioned DB for the different states.

The IAG Subcommisson for Europe (EUREF) has met the decision to evaluate a continuous
“< 10_cm European HRS”. This means an essential improvement of the HRS accuracy
compared to the presently best European HRS, namely the EGG97 [1]. The EGGY97 is
continuous all over Europe, but it shows a high range of long-waved “weak-form” (chap. 1)
deflections as shown in fig. 3.3. The respective EUREF Resolution No. 4, met on EUREF-
Symposium at Dubrovnik, 2001 reads:

The IAG Subcommission for Europe (EUREF) recognising the European Vertical GPS Reference
Network (EUVN) with its GPS-derived ellipsoidal heights and levelled connections to UELN, . the
definition of the European Vertical Reference System EVRS with its first realisation UELN 95/98,
called EVRF2000, considering - this implicit pointwise realisation of a European geoid consistent
with both ETRS89 and EVRS,  the existence of a large number of regional and local geoids in
Europe, - the urgent need by the navigation community for a height reference surface, asks its
Technical Working Group and the European Sub-commission of the IAG IGGC (International
Gravity and Geoid Commission) to take all necessary steps to generate a European geoid model of
decimetre accuracy consistent with ETRS89 and EVRS.

The required

+ “< 1 dm DFHRS DB Europe”



(fig. 3.9, green colour) was computed in a short-term project at the Karlsruhe University of
Applied Sciences by using the DFHRS concept (3.6a-k) and the DFHRS software [31].

Besides the computation of DFHRS DB for Europe and the European states [32] a
e “<5 cm DFHRSDB for Florida, USA”,

was computed in 2005 in the frame of a master-thesis at the Karlsruhe University of Applied
Sciences (fig. 3.10a,b). For further information it is referred to the DFHRS homepage
www.dfhbf.de [27].

| <10 cm DFHRS Europe
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Fig. 3.9:
Overview on DFHRS DB computed all over Europe
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Fig. 3.10 fa. b):

USA map (right) and meshing (left) for the < 5 cm
DHHRS DB Florida, which was computed in the frame of a
master-thesis at the HS Karlsruhe.

4 Standardisation of DFLBF/CoPaG and DFHRS Data Bases

For the implementation of a DFLBF/CoPaG and a DFRHSDB access respectively into existing
software packages (fig. 4.1, fig. 4.2), DFLBF/CoPaG and DFHRS DB access software have
been realized as DLL (Dynamics Link Library) [27], [28]. The DLL is also running in the so-
called grid-factories of different GNSS-companies.

Trimble
Survey v g o it

Hittuo w- uwd ASCCR 07w * Wt ¥ o
Manager© R T 0 1Y

Fig. 4.1:

DFLBF/CoPaG and DFHRS access realized in Trimble Survey Manager Software (left; www.trimble.com>
and in the controller of Leica-geosystems (right; www.leicga-geosystems.com).
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Fig. 4.2:

DFLBF/CoPaG and DFHRS access realized in the GNSS controller-software TopSURYV of TOPCON
(www.topcon.de) and by Thales Navigation (www .thales-navigation.com).

The growing acceptance and the different implementations of the DFLBF/CoPaG and DFHRS
database standard into different GNSS equipments and software packages of the GNSS industry
are shown in fig. 4.1 and fig. 4.2. TTiat list of DFLBF/DFHBF database access-DLL
implementation can be continued with respect to companies, that companies develop own
surveying-software with GNSS- and totalstations-interfaces for electronic field-books, e.g.
GeoSamos (www.breining.def Gart2000 (www.allsat.de). Besides the GNSS domain, the DB
and DB access software is used and implemented into different GIS software packages. For
details it is referred to [27] and [28].

Finally it is mentioned, that the DFHRS DB and DFLBF DB can be converted consistently and
directly into the new RTCM 3.0 so- called transformation messages 1022-1028 [33].
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1. The Cooperation Project - Introduction and Motivation

As concerns the georeferencing of position data in modern databases, the availability of GNSS
(GPS / GLONASS / GALILEO) related code- and phase-measurement DGNSS-correction data,
which are provided in different ways by different GNSS positioning services in and outside for
Europe, leads to the replacement of the classical geodetic reference frames by GNSS-con-
sistent ITRF-based reference frames. So the transformation of the old plan position data
(B ,L)cassi related to the classical reference frames to the ITRF/ETRS89 datum (B.L)|Trf/etrs89.
becomes urgently necessary all over Europe and the world respectively. Therefore transforma-
tion parameters d between the classical horizontal networks and position data (s,.)ciass and the
ITRF-/ETRS89~based reference frames (B,L)iTRF/ctrs89 become important. The transformation of
(B,L)ciass tO (B,L)itrF/ctrs89 IS mecessary to enable in future a direct horizontal positioning
(B,L)iTrf/etrs89 by GNSS services, and the inverse transformation (B,L)iTr Fetrs89 t0 (B,L)class i
presently needed in GNSS-positioning in most states, as the classical reference frames (s ,r)ciss
are still valid.

The capacity of a one-cm-positioning by GNSS services, such as SAPOS® and ascos® in
Germany and others in Europe, like EUPOS in Eastern Europe, and all over the world, makes
GNSS services also appropriate for a GNSS related heighting. Here the GNSS/GPS-based
determination of physical (orthometric, normal, normal-orthometric) heights H requires the trans-
formation of the ellipsoidal heights h|/IRFEIR®9 to the heights H of the respective physical height
reference surface (HRS) set up by parameters p.

A sophisticated and general solution of these transformation problems has to include a data
base concept for the provision of the corresponding transformation parameters d (plan) und p
(height) for GIS, GNSS/GPS-navigation and -surveying purposes. The cooperation project
between the authors of the contribution and representatives of the above institutions was con-
cerned with the general solution concepts CoPaG/DLFBF (parameters d) and DFRHS (parame-
ters p) and the computation of adequate databases for Albania. The concepts and the evalu-
ation of the databases and the results of the computations are presented in the following.

2  Transformation Concepts and Databases

1 Jager. R.; KSlber. S.: Schneid. S: Qeleshi. G.: Nurce. B. and Cekrezi. I. (2004): Realization of CoPaG/-
DFLBF and DFHRS Databases for Albania. Contribution to IAG Subcommission for Europe Sympo-
sium EUREF 2004, Bratislava, Slovakia. EUREF-Mitteilungen. Bundesamt fur Kartographie und
Geodasie (BKG), Heft 14, Frankfurt. ISBN 3-89888-795-2. S: 333-339.
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21 CoPaG - FEM-based Transformation Concept and Databases for Plan
Positions

A sophisticated and general solution for the transformation in both directions between classical
horizontal datum systems (B,L)dass and modern ITRF-related datum systems (B,L,h) is provided
by the Finite Element Model (FEM) based so-called CoPaG-Concept (CoPaG = Continuous
Patched Georeferencing). For details of the approach it is referred to JSger and KSlber (2000)
and JSgeret al. (2003a,b). In analogy to the DFHRS concept (chap. 2.2), the whole area is sub-
divided into regular or irregular meshes (fig. 1, fig. 3). For each local FEM mesh the parameters
d‘of a strict three-dimensional similarity transformation - namely three translations (u,v,w), three
rotations (ex,8y,ez) and a scale difference Am between the two concerned reference-systems -
are determined by the observations of identical points within the i-th mesh in the adjustment of
the CoPaG software (fig. 1, fig. 3). In this way the effect of so-called weak-shapes (JSger, 1988;
JSger, 1990; JSger and Kaltenbach, 1990; JSger and Leinen, 1992; Schmitt 1997; JSger and
KSlber 2000; JSger et al., 2003a,b) - which imply large quasi-systematic residuals and therefore
require heuristic and more or less arbitrary interpolation methods for the case that one or few
country-wide transformation parameter sets d' are evaluated - is eliminated.

Additionally and as the second essential component of the CoPaG approach (JSger and KSlber,
2000; JSger et al, 2003a,b; JSger and KSIber 2004) so-called ‘weak” continuity conditions
C(dkd') are set up in the adjustment along the common borders of each pair of neighbouring
meshes k and L These continuity conditions provide that the total set of all transformation para-
meter sets d=[dL..., d',..., dn] realizes a locally best-fitting, and simultaneously an all in all
nation-wide continuous transformation. As classical horizontal network (s.L)ciass are generally
affected by the long-waved quasi-systematic errors of the above mentioned weak-shapes the
transformation of any classical horizontal network (s.L)ciass, to a new ITRF-datum with the
CoPaG concept and databases implies automatically the geometric homogenization and
improvement of the transformation result (B.L)iTrf/etrs89 due to the correction of the long-waved
shape-deflections, while the short-waved neighbourhood relation is preserved by the continuous
similarity-transformation principle.

-iD Ix1



I Screenshot of the CoPaG software at the example of a CoPaG- or DFLBF-database computa-
tion of a country (accuracy <_1_cm), which is subdivided into local meshes with local identical points for
a best 3D fitting.

The mathematical model of the CoPaG-software is set up in such a way, that adequate precise
height information for the precise identical points of a horizontal datum is obsolete and can be
taken from free databases such as e.g. ETOPO. So the CoPaG approach is especially
appropriate to involve also cadastrial points for the determination of a locally best fitting
transformation parameter set d. The continuous parameters d and the topological mesh infor-
mation (fig. 1, fig. 3), as well as the remaining small residuals - which may then optionally be
used for a residual interpolation based on the theory of stochastic processes - are also stored in
a database.

So-called CoPaG databases are used for the strict and continuous 3D-transformation of
classical plan networks to the ITRF/ETRS89 datum (B,L)iTr FEwrsg89 in the GIS domain, and so-
called DFLBF databases are used in present GNSS/GPS-positioning, in order to transform
online or in post processing ITRF/ETRS89 positions to the still existing classical plan networks

(B,L)ciass-

2.2 DFHRS - Concept for the FEM-based Computation of Continuous Height Re-
ference Surfaces and DFHRS-databases for the Transformation of Ellipsoidal
GNSS-heights h to Physical Heights H

The capacity of a cm-positioning by GNSS/GPS-services, such as e.g. SAPOS® or ASCOS® in
Germany (AdV 1998-2004; Ruhrgas, 2000-2004) and similar services in other European coun-
tries, is also appropriate for a precise GNSS/GPS based heighting. So the transition from the
ellipsoidal GNSS-height h/IRFEIRSy to the height H = h - N of the relevant physical height
system becomes necessary. With N(B,L) we describe the ‘geoid height”, or better the height of
the height reference surface (HRS) over the ellipsoid at the position (B,L).

The DFHRS (Digital-Finite-Ele-
ment-Height-Reference-Sur-
face) provides a general solu-
tion concept for the evaluation
of a continuous parametric
height references surface HRS
by a surface N(p|B,L), fig. 2 in
any area size. The DFHRS
approach was first discussed in
Jager (1998) and then con-
tinued as given in Jager and
Schneid (2001; 2002a, b), Jager
et al. (2003a,b) and JSger and
Schneid (2002-2004), Jager and
Schneid (2004).

LIS £45 5ohsb Bondept (chap.  EXuALGIRTREYMSMEIBAL) [rgingleameshes and as part of
2.1) the DFHRS concept is also

based on the core of a FEM. Here the height reference surface (HRS) is computed and model-
led as a continuous surface N(p|B,L), which is by p=[pL..., p',..., pn represented by the
individual polynomial parameters p' as carrier functions over the FEM grid. In the mathematical
sense, the mesh parameters p' are to be interpreted as the coefficients of a local Taylor-series
expansion of the HRS. In analogy to the CoPaG concept (chap. 2.1) the FEM meshes may
cover all in all any arbitrary large area, and so-called weak continuity conditions C(pkp') are set
up along the borders of neighbouring meshes k and L This leads to the continuous parametric



model N(p|(B,L) for the HRS. Due to the FEM-based approach (fig. 2) the HRS model N(p|(B,L)
is often called NFEM(p|B,L).

For the details of the mathematical model of DFHRS adjustment approach and the DFHRS soft-
ware it is referred to Jager and Schneid (2002a,b) and Jager and Schneid (2004). Heights N
from existing geoid-models, vertical deflections (£,r|), gravity anomalies Ag and identical points
(B,L,h; H) can be used as observations in the least squares computation of the DFHRS ap-
proach to derive the DFHRS-parameters p and Am. So the DFHRS concept comprises a new
strict mathematical model of an over-determined ‘geoid-computation” with a simultaneous
“geoid-fitting”. Comparable and adequate to the harmonic series representation, the HRS is
continuously represented by NFEM(p|B,L) over the total area (fig. 2), while the local carrier fun-
ction pland the FEM concept enable a more flexible local fit. With Am a regional scale diffe-
rence between h and H, which is introduced in case of significance, is described. Any number of
geoid height or vertical deflections models may be introduced simultaneously, and these models
may be parted into different ‘patches” with individual datum-parameters in order to reduce the
effect of existing medium- and long-waved systematic errors (JSger and KSIber, 2000; JSger et
al., 2003a,b). The resulting DFHRS parameters p are set up in a so-called DFHRS database.
As concerns available databases in and outside Europe it is referred to overviews given at the
homepages JSger and Schneid (2002-2004) and Seiler (2000-2004), as well as to further
individual reports such as Lace and Kaminskis (2003), JSger (2003) and Jager et al. ( 2003b).

DFHRS databases allow a GNSS height positioning by a direct online conversion of ellipsoidal -
heights h into standard heights H by the so-called DFHRS-correction, which transforms by H=h-
DFHRS(p,Am|B,L,h) ellipsoidal GNSS heights h/TRFEIRS9 into standard heights H. The DFHRS-
correction DFHRS(p,Am|B,L,h) consists of the above mentioned FEM-based HRS surface
NFEM(p|B,L,h) - the so-called “geoid-part" as a function of (B,L) - and an additional "scale part"
Am h as function of h.

2.3 Database Standardisation

Both the CoPaG/DFLBF and the DFHRS databases have become a standard and are broadly
accepted and used by the GIS and GNSS/GPS hard- and software manufacturers and by the
GIS-and GNSS/GPS-users (JSger and Schneid (2002-2004); JSger and Kalber (2004); Seiler
(2000-2004)). The concepts and databases have also become official geodata products in many
states and GNSS-services (Wirtschaftsministerium Baden-Wurttemberg (2002), Adv (1998-
2004), Ruhrgas 2000-2004)).

A direct access and transformation using the databases is realized by respective DLLs’ (Dyna-
mic Link Libraries), which can be implemented into any existing software environment. The
databases are also appropriate for classical so-called grid-files, e.g. for a use in GNSS/GPS-
controllers.

Both concepts are last not least prepared to provide transformation parameters for the new up-
coming RTCM-3.0 standard. So all in all the concepts and database are in many ways open for
a use in online GNSS/GPS-positioning services, such as SAPOS® or Ascos® in Germany, and
in all other upcoming GNSS-services.

3. Albanian Reference Frames and Data for CoPaG/DFLBF and
DFHRS Database Computation

The state of Albania is situated between latitude 39°38- 42°39' North and longitude 19°16%“
42°04° East und extends over an area of 28.748 km2 (land 27,398 km2; water 1,350 km2).The
terrain is mostly mountainous (highest point 2753 m) and has hills with small plains along the
coast. Albania is affected from natural hazards such as destructive earthquakes, tsunamis and
draughts.



The present national horizontal geodetic network and datum, ALB87, is referring to the Kras-
sowski ellipsoid and the GaufJ-Kruger projection. Five common points were used to transform
by a 7PT similarity transformation further 16 points (X.v.z)iTrf from ITRF96.1998.0 to ETRS89
{Nurce, 2000). So a total number of 21 (identical points were available with respect to the hori-
zontal datum (B,L)albs7 and ITRF-based positions (B,L,h)iTRF in the ITRF96.1988.0 and the
ETRS89 datum, respectively (fig. 3), and for the CoPaG/DFLBF databases computation (chap.
4.1; fig. 3).

The vertical datum of Albania is referring to MSL of the Adriatic Sea, and the datum point is si-
tuated at the tide-gauge station Durresi. The 1st order levelling network of Albania consists of 4
loops with a total length of 4200 km with attached 2nd and 3dorder networks (Qeleshi, 2003-04).
The type of the physical height system H are so-called normal-orthometric heights (NN-heights),
where the gravity measurements along the levelling lines are replaced by the values of a normal
gravity field (Qelesihi, 2003-2004). A number of 17 identical points with (B,L,h)ETRs39 and heights
H was presently available for the DFRHS database computation (chap. 4.2; fig. 5 and fig. 6).
Many of these are part of the above mentioned set of 21 identical points of the horizontal
datum.
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Fig. 3: Screenshot of the CoPaG software with the FEM meshing and the identical points used for the
CoPaG database and DFLBF database computations for Albania.

4. Computations and Results
41 CoPaG/DFLBF Database Computations and Results for Albania



According to the presently available data (chap. 3) a total number 21 of identical points
(B,L)alb87 most with heights H, and (B.L,h)rrRF Were available as observations in the CoPaG ap-
proach (chap. 2.1) for the computation of the present CoPaG and DFLBF databases.

Two CoPaG databases and two DFLBF databases were computed. This enables both a trans-
formation between ALB87 <> ETRS89 by a respective first CoPaG/DFLBF database set, and a
transformation between ALB87 «> ITRF96.1998.0 by a second respective CoPaG/DFLBF

database set.

The fig. 3 above shows a screenshot of the CoPaG software and gives at the same time an
overview over the FEM mesh design and the identical points, which were defined and used for
the computation of the above mentioned CoPaG and DFLBF databases.

Fig. 4 shows the accuracy surface,
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The adjusted transformation parameters
d, which set up the present CoPaG and
DFLBF databases for Albania imply an
accuracy in between (2-5) cm all over
the country (fig. 4).
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will allow smaller meshes and a further DFLBF databases for Albania

increase of the accuracy and reliability of

the database parameters d.

4.2 DFHRS Database Computations and Results for Albania

The DFHRS database was computed with respect to a ETRS89-georeferencing using a number
of 17 identical points (B, L, h)EIR®9; H) as first group of observations (fig. 5; fig. 6). Additionally
EGG97 Q-geoid height and vertical deflection observations were introduced. Fig. 5 shows the
meshing and patching design, which was used for the computation of the DFHRS database for
Albania. The meshsize (thin lines, fig. 5) of 5 km enables the representation of the continuous
HRS Finite Element Model NFEM(p|B,L) with an approximation of error less than 5 mm (Jager
and Schneid, 2004). So the chosen mesh design (fig. 5) can be kept for further computations,
and only the patch-design (thick lines, fig. 5) has to be modified with respect to achieve smaller
patches and reduce the effect of the above mentioned ‘weak-shapes”, which are also existing
e.g. for geoid models (JSger and Kalber, 2000), as soon further observation data becomes
available.



According to the adjustment results of the DFHRS software the accuracy of the HRS as
represented by the parameters (0 and Am) of the computed DFHRS database for Albania is
estimated to be better than 10 cm. Presently the patch-size reaches up to 80 km, so that long-
waved systematic errors (weak shapes) in the Q-geoid height and vertical deflections observa-
tion groups still partly remain. An improvement to the accuracy level of a (3 - 5) em DFHRS
database can be achieved by introducing a number of at least 20 further identical points ((B, L,
hEIRS9; H) and/or other additional data, such as e.g. gravity data Ag or vertical deflection data
(ip) observed e.g. with modern zenith cameras.

Fig. 6 shows the isolines of the HRS represented by the present DFHRS database for Albania.

Fig. 5: FEM mesh-design with 10 km meshsize Fig. 6: Isoline plot of the HRS represented by the
for the computation of the DFHRS database for parameters p of the DFHRS database for Albania
Albania

5. Conclusions

The computed CoPaG databases enable the transformation of the classical ALB87 geodetic
networks, cadastrial databases and any ALB87 object position to ITRF96.1988.0 or to ETRS89
(the official European datum accepted by EU Commission) with a nation-wide mean accuracy of
3 cm. So the CoPaG databases can be used for setting up a new GNSS/GPS consistent and
ITRF/ETRS89-related reference frame for Albania. This would enable a transformation-free
absolute horizontal positioning in a respective GNSS/GPS-reference station network.

If the classical datum ALBS87 is kept, the computed DFLBF databases enable the direct trans-
formation of GNSS/GPS-positions referring to ITRF96.1988.0, or better to the EU-official datum
ETRS89, to the classical datum ALB87 in an Albanian GNSS/GPS-service.



The computed DFHRS database enables a nation-wide GNSS/GPS height-positioning with an
estimated accuracy of presently less than 10 cm.

The CoPaG/DFLBF and DFHRS database standard (chap. 2.3) can be used in all present
GPS/GNSS equipments and they are compatible with the future RTCM-3.0 transformation para-
meter messages standard.

So Albania is best prepared for the installation of a Albanian GNSS/GPS positioning service
with the same spectrum of applications and users like e.g. SAPOS® (AdV, 7998-2004) or
ASCOS® (Ruhrgas, 2000-2004) in Germany.
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1.Introduction

The recent developments of nation-wide DGNSS-Services (Differential Global Navigation
Satellite System) in Europe (e.g. SAPOS, ascos, SwiPos, SwePos and EUPOS) enable online
GNSS positioning with an accuracy in the centimetre range. In recent years, there has been
great progress with the development of GNSS equipment and related technical DGNSS
network standards for ambiguity fixing, virtual reference stations and area correction
parameters etc., so that real-time positioning can be very productive and accurate.

For plan positioning, GNSS may be applied, as the new reference systems are realised in the
ITRF/ETRS89. After transforming the old national systems to this new datum, the benefits of
this modern positioning technique will be fully applicable.

In contrast to the plan transformation problem, GNSS height transformation involves a physi-
cal element. The GNSS-based ellipsoidal height, h, refers to an ITRF-based datum definition
(e.g. ETRS89 in Europe) with the WGS84 or the GRS80 ellipsoid as reference surface, while
the standard height, H, refers to a physically defined Height Reference Surface (HRS).
Therefore, a transformation of the ellipsoidal GNSS height, h, to the standard height, H, is
needed.

In theory the new European height system of normal heights refers to the quasi-geoid.
However, in practice, the direct use of gravimetric quasigeoid models like the European
Gravimetric Geoid 1997 (EGG97) for a precise online GNSS - levelling is however not
possible in an adequate accuracy. One reason is, that gravimetric quasigeoid models have
their own datum, different from ETRS89. Further, they suffer from long- and medium-waved
systematic effects, so-called weak shapes.

To derive a model of a HRS, that is compatible to the high accuracy of the GNSS-based
positions, classical geoid models have to be fitted (“geoid-fitting”) to the reference of precise
discrete classical HRS. The HRS reference N=h-H is set up by the heights H of classical
terrestrial height network points with known ITRF-positions (B, L, h). So the first step ofthe
establishment of the European Vertical Reference System (EVRS) consistent in the
readjustment ofthe European geodetic height network UELN95/98 and its point-wise link (B,
L, h) to the ETRS89 datum. This point-wise discrete realisation (H, B, L, h) of a European
HRS is now to be taken as a reference for any continuous HRS model, which is derived from
related observations. These are mainly gravity anomalies, Ag, and deflections from the
vertical, £ and rp Another possible type of observation are quasigeoid heights, NgraV derived
from regional or local gravimetric quasigeoid models.

The concept ofthe Digital FEM (Finite Element Method) Height Reference Surface (DFHRS)
enables the strict adjustment of all available observation types related to the HRS. The



resulting DFHRS data-base provides a continuous FEM-based HRS and thereby a correction
DFHRS(B, L, h) to transform a GPS-height, h, into a standard height, H, in a direct mode.

Applying the concept of the DFHRS, a European Height Reference Surface was determined
by using the EVRF2000 points (H, B, L, h). Some densification points in Austria, Estonia,
Germany, Latvia, Lithuania, and Switzerland, were used to proofthe quality ofthe resulting
HRS. As gravity based data, quasigeoid heights Ngrav, as well as vertical deflections, £ and 1j,
derived from the EGG97 were introduced.

In the following sections, the concept of the Digital FEM Height Reference Surface is
explained, and the computation ofthe DFHRS database for Europe is treated in details.

2. The DFHRS concept

Following the concept ofthe FEM (Finite Element Method), in a first step, the area of interest
is subdivided into a grid of FEM meshes (Fig. 1). Within each mesh, the HRS is approximated
by local 2-D Taylor series, derived at the centre-point of each mesh. The accuracy ofthe final
DFHRS depends mainly on the representation quality of the HRS by this Taylor series.
Therefore, size ofthe meshes (length ofthe borders) and the degree n ofthe series expansion
are important design parameters to determine DFHRS databases in a given quality (see table
2). For a degree n=3, the expansion ofthe Taylor series at the centre point Po(Yo,Xo) leads to
the bivariate polynomial
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Related investigations showed, that a meshsize up to 5 km x 5 km is representing the HRS in
a quality of less than 5 millimetres. To produce a quality of 2-3 centimetres, which is well
balanced with the positioning or heighting quality respectively, in GNSS-Networks, a mesh-
size 0f10kmx10kmis appropriate (see also table 2).

To solve the unknown FEM parameters p, any HRS related observation, such as identical
points (h and H), deflections from the vertical (£ and rj) and gravimetric (quasi-)geoid heights
Ngrav may be introduced into a statically controlled least-squares adjustment. The respective
system of observation equations reads:



H+v=H (2.2)
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M(B) and N(B) denote the radius of meridian and normal curvature. The scale correction
Am(B,L) is modelled beween the metrics of h and H and may, in case of significance) be
interpreted as topographical correction. With the indices i andj in (1.4) and (1.5,1.6) different
groups of geoid heights Ngrav and deflections ofthe vertical (£ and r|) may be introduced.

Modern gravimetric geoid models, for example the EGG97, comprise both geoid heights and
the deflections of the vertical. Due to the genesis of the models, the determined anomalous
gravity potential, T, suffers from long-wave systematic errors, AT, that mainly result from two
sources. Once, from datum inconsistencies in the original gravity observations and twice from
the so-called “weak-forms”. The weak forms are related to the maximum and some
subsequent eigenvectors of the covariance-matrix as carrier functions and occur in extended
networks. (Jager, 1988, Jager and Kalber, 2004).

To reduce this systematic errors, a set of datum parameters, d, is modelled to remove the
“local datum effect”, ATn, AT and AT" (2.3, 2.4, 2.5), from the respective observation, geoid
height, Ngrav, or deflection from the vertical (*,r|)gav, derived from the applied gravity field
model. By adapting individual datum parameters, d, any number of gravity field models may
be introduced simultaneously. Further, each model may be subdivided into a number of so-
called “geoid-patches”, each with an own set of parameters, d (3 translations, 3 rotations).

The parameterisation of a simple 3-parameter datum shift, based on 3 translations reads:

AT=A «d (2.8)
ATN cosi?cos Z cosBsin L sin B u
AT cos B cosL cosBsin L sini? .
) M(B) M(B) M(B)
AT: sin L cos L
N(B) ~ N(B)

In case of astrogeodetic deflections from the vertical, %and r|, the parameterisation ATV is
carrying a datum transition, ifthe observations are not related to ETRS89.

The use of a gravimetric geoid model or a geopotential model respectively is to be interpreted
as substitute for the original gravity observations, Ag. The weak-shapes, mentioned in chapter
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1, as stochastical source for ATN, AT" and ATn, would significantly decrease, if the true co-
variance matrix, CNN, for the geoid heights and C*/CT, for the deflections of the vertical as
well as the correlations, CN£ CNIl and C”, would be available. Unfortunately, the stochastical
model resulting from the determination ofa gravity field model is in general not available. As
a substitute, synthetic co-variance matrices may be generated for the geoid heights Ngrav, by
means ofan appropriate co-variance function, such as (Dinter et. al. 1997):

2.9
CN,,NI ~&o'e

In the expression above, Sy denotes the distance between two points, i andj. The quantity, (3
is the correlation length. According to Moritz (1980), p. 108, the remaining co-variances read:
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The final stochastical model, applied in the least-squares adjustment (2.2 - 2.7) reads:
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SESESEN
©
=
o
*

'Cp)

As known from the theory of least-squares adjustment, the estimation is unbiased with regard
to the choice of the stochastical model (Jager et. al. 2004). Therefore, the estimated FEM-
parameters, p, and the FIRS are unbiased, even if the stochastical model in (2.15) is
approximated as:
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However, due to the second theorem of Gauss, the most accurate FEM-representation of the
HRS results from the proper stochastical model. So the accuracy of the HRS increases with
the quality ofthe approximation (2.9 and 2.10-2.14).

To model additional systematic errors as well as topographic effects, a scale correction
Am(B,L) is introduced between the metrics of h and H (2.3). As the correction may vary
location dependent, Am(B,L) is modelled as 2-dimensional polynomial function:

Am(B, L) = Am0+ Aw, *X +Am2+Y . (2.20)

To provide a continuous FEM-representation ofthe HRS, a number of continuous conditions
is introduced as pseudo observations (2.7), at the common border of neighbouring meshes
(Jager, 1998, Schneid, 2002). To obtain a homogenous accuracy for the representation of the
resulting DFHRS, the weight for (2.7) should correspond with the resulting accuracy of the
DFHRS, for example one centimetre.

The FEM-parameters, p, as well as the FEM-mesh topology are stored in a database. The
access to this DFHRS-database is provided by a dynamic link library (DLL), that is to be
implemented in any GPS-software package easily. The leading GPS-hardware companies
have already realised interfaces to the DFHRS database standard (Jager and Schneid, 2000-
2004).

The DFHRS concept aims at the direct application of the classical relationship between
ellipsoidal heights h, standard heights | , and DFHRS-heights ¥ ftu* §0 in GNSS positioning
the conversion ofthe ellipsoidal height h to the physical height H by means ofa DFHRS data
base access reads:

H=h-Am(X,Y)-h-NFEM(X,Y |p) (2.21)
=h-DFHRS(X,Y | Aw.p).

The DFHRS concept, with respect to the computation of the DFHRS databse parameters (Jp
and Am) (2.2-2.7), was realised in the Windows software package
DFHBFOJager/Schneid/Schwarzer. Besides several graphical tools for a comfortable
treatment of projects, the application provides a statistically quality control, including data-
snooping for cross errors and variance-component estimation in the functional model (2.2-
2.7).

The estimation oftrend or datum parameters, d, for each single observation group enables the
simultaneous introduction ofseveral geoid and deflection ofthe vertical models. Further, each
gravity potential model or gravimetric geoid model model may be subdivided into a number
of patches (fig.l), each with an own set of datum parameters, d. In this way, the long-wave
errors may be modelled as a substitute of a rigorous two-step adjustment using the correct
stochastical model.



3. The < 1 decimetre DFHRS of Europe
3.1 FEM Design and observations

According to the DFHRS concept, the area was subdivided into a number of 7035 FEM-
meshes (fig.1). The size of the meshes was chosen with 30 km border-length to represent the
EVREF in a quality of less than one decimetre. To reduce the long-wave biases in the applied
geoid model, in this case the EGG97 (Denker and Torge, 1997), was subdivided into a
number of 34 patches, each with its own set of local datum parameters (2.8). The size of the
patches is again a very important design parameter to compute precise DFHRS databases,
DFHRS parameters and Am respectively (see table 2). On the other hand, at least 4 identical
points have to be included to solve the unknown parameters d in a controlled way. Due to the
uneven distribution ofthe GNSS/levelling points, the patch-size varies from 100km to 800km
border-length. The quasigeoid heights N~ v as well as the deflections of the verticals (£ and
Thgrav o f the EGG97 were used as gravity based observations in the adjustment approach (2.2-
2.7).

The GNSS/levelling points from the EVRF2000 were used as group of identical points (h and
H) in the adjustment of the DFHRS Europe (fig.2). Additional densification points were
available in Estonia, Germany, Latvia, Lithuania and Switzerland. In total, 355 points with
known ellipsoidal and standard heights were used.

Fig. 1: FEM Meshes (thin lines) and patches (thick lines) in the DFHRS Europe project



3.2. Quality control

A first way to prove the external accuracy (“reproduction quality”) of the DFHRS data base
for Europe was to compute successively the normal height Hiprurs using an individual
database DFHRSj, where Hjevrs was excluded from the adjustment of the FEM-parameters,
p- The reproduction quality Hj is then simply given by the value of the difference

ANHI —HIFVRS H'IFRS (3.1a)

The computation of all VH, can be performed by the DFHRS Production Software in the
unique DFHRS production step by the division of the residual Vj, by its part o f redundancy, 1j.

(3.1b)

Another quality check was the computation of independent control points and comparison
with the known normal heights. In this way, -200 points in 6 different countries, Austria,
Germany, Estonia, Latvia, Lithuania and Switzerland, have been recomputed. The results
show, that the accuracy of less than one decimetre is reached. The detailed results for the
single countries are compiled in table 1, below.

Austria Germany Estonia Latvia Lithuania Switzerland
HHHHI
E m
E m
No. of control 9 95 21 25 46 13
points
RMS [cm] 7,5 4,2 8,8 9,2 6,8 7,0

Table 1: Compilation of the results for the different countries, where independent GNSS/levelling points have
been re-computed.

The re-computation of the known points indicates that the external accuracy of less than one
decimetre for the DFHRS for Europe is reached in every country, where control points were
available (table 1).

A DFHRS data base with a surface covering proved quality of 5-10 centimetres may be
computed after incorporating more observations, for example the data from the currently
running densification activities.
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Fig.2: Visualisation ofthe DFHRS for Europe. The triangles mark the EVRF2000 points

4. Further studies and outlook on DFHRS-Concept

4.1 Basic Design aspects

The possibility, to produce DFHRS-Databases in different qualities was first discussed in
(Jager, 1998). The size of the FEM-meshes, the size of the geoid-patches and the number as
well as the quality of the identical points (h, H) are design parameters to control the resulting
accuracy of the computed DFHRS Database. The resulting accuracy is only depending on the
design parameters and not depending on the size of the computed area. The rule of thumb for
the design of DFHRS in different quality classes is shown in table 2 (holding for a polynomial
degree n=3).

HRS quality Size of FEM-meshes Size of geoid-patches Density of fitting points
<1lcm S5km x 5 km 30 km- 40 km 50 points / 100 km2

lem- 3 cm 10 km x 10 km 50 km- 70 km 10 points / 100 km2

5cm- 10 cm 30 km x 30 km ~ 300 km > 3 points /100 km2

Table 2 : Design parameters as rule of thumb for a DFHRS realisation in different accuracy classes, referred to
polynomial degree n=3

In recent years, several DFHRS databases have been computed, to support GNSS-based
height determination. Due to the different possible application requirements of DFHRS data



bases, there are different types of DFHRS databases. The “high-end product”, based on a
mesh-size of Skm x Skm, with a statistically controlled accuracy of less that one centimetre
was computed for six state land service departments in Germany (Baden-Wurttemberg,
Bayern, Hessen, Nordrhein-Westfalen, Rheinland-Pfalz and Saarland) (Jager and Schneid,
2000-2004).

The DFHRS for Germany was designed to support an online GPS-height determination in
combination with the DGPS-correction services ascos and SAPOS, in a quality of less than
three centimetres. (Schneid 2003, Seiler 2004). This approximation quality is reached with a
mesh-size of 10km x 10km.

The same design was applied for the computation of the DFHRS data bases for the Baltic
states. In a co-operation of the Latvian State Land Service, The Latvian University of
Agriculture and the University of Applied Sciences in Karlsruhe 4 different data bases, for
Latvia, Lithuania, Estonia and a surface covering DFHRS for the Baltic states was determined
(Lace, 2004).

The DFHRS Albania (Jager et a. 2004, included in these proceedings) was designed with 10
km mesh-size. A patch-size 0f>100 km let to a final accuracy of less than one decimetre.

Fig. 3 gives an overview on the different DFHRS existing all over Europe.

I <10 cm DFHRS Europe
0 <3 cm DFHRS
A <lcm DFHRS

H < 10 cm DFHRS Albania

[Stock h<

iVttaitis
D le 1Ifi

o Kyjr

Chism.
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[listkm!

Fig. 3: Overview on DFHRS DB in Europe



Based on the EGM96 and 100 GNSS/levelling points DFHRS databases for Namibia, < 5 dm
quality, and the capital Windhoek, 1 centimetre quality, have been computed (Tepper and
Hoffmann, 2002).

4.2 Quality improvement by means using a proper stochastical model

Is was mathematically proved in Jager and Schneid (2002b), that the use of geoid-heights
NA*v as observations leads to the same results and DFHRS parameters, p and Am, in the
DFHRS approach as the use of the original gravity data, as soon as the covariance matrix
CNgav is introduced. Is further known from adjustment theory, that any approximation and
neglect in the stochastical model of an adjustment decreases the quality of the results, namely
the accuracy of the estimated DFHRS parameters.

So the use of a the correct stochastical model, e.g. CNgrav in the context with the introduction
of geoid-height observations Ng” , or the use of an appropriate artificial substitute (e.g. by the
us of covariance functions (tab. 3) in the context with the functional model of the DFHRS
adjustment (2.2 - 2.7) will provide an increase of the accuracy of the DFHRS.

If the distribution of identical points is sparse, the number of possible “geoid-patches” is
limited. The quality of the HRS representation then may be improved by using a co-variance
function, such as (2.9, 2.10-14) to generate an a-priori co-variance matrix, Cn.

In a test project, the significant increase of the resulting accuracy is demonstrated. The
approximation of the HRS is carried by FEM meshes of 10 km border-length (fig.4). 46
GPS/levelling points where introduced and a 3-parameter datum shift, containing one constant
offset and two rotations, was modelled to reduce long-wave errors in the applied gravimetric
geoid model, here the EGGY7.

In a first computation, the a-priori covariance matrix, (\grav, of the used geoid heights, Ngrav,
was simply approximated with (2.16). The resulting standard deviation, SDFHRS, of the estima-
ted DFHRS, was +£1,9 cm, found by the re-computation of known points.

In a second and third computation, two different covariance functions were used to generate a
better approximation for CNN. The correlation length, p, was introduced with 100 km. A
compilation of the results is given in table 3.

Covariance function for RMS Maximum Minimum AH
Nerav [em] AH [cm] [cm]
Uncorrelated 1,92 4,4 -3,1
-In(0.J)4 0,86 2,1 2,1
o, e p.
0,86 2,1 -2,0
o B

Table 3: Comparison of the results, when applying different covariance functions.

The reliability of this result was proven in a second investigation. 11 GNSS/levelling points
from the inner zone of the project-area where removed and not used for the adjustment of the
DFHRS (Fig. 4).
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Covariance function for RMS Maximum Minimum
AH [cm] AH [cm]

[em]

Uncorrelated 1,53 0,6 -2,7
0,82 03 14
al e D-
0,84 0,3 -1,4
0 p+s

Table 4: Comparison of the results from re-computing the removed points, when applying
different covariance functions.

The re-computation of the removed 11 points lead to a standard deviation, sDrurs, 0f+0,82¢m.

The complete results are compiled in table 4.

The significant increase of the external accuracy may be transferred to other projects, with a
similar FEM design. The use of an appropriate covariance function for the stochastical model
of gravimetric geoid heights increases essentially the accuracy of the HRS, even in areas
where the density of GNSS/levelling points is sparse.

]
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Fig.4: Situation of the 46 GPS/levelling points. In a second project, 11 points from the
inner zone (red) have been removed.

4.3 Implementation of gravity observations

The use of gravimetric geoid heights Ngav and deflections from the vertical (£ and rOprav may
be interpreted as substitute for the original gravity observations, g. However, in general, new
gravity observations are carried out. To make use of this additional gravity data, the

integration of gravity anomalies, Ag and gravity disturbances, 5g, in the DFHRS concept and
software is currently running.

1



5. Conclusions

The concept of the Digital FEM Height Reference Surface, DFHRS, enables a combined
least-squares adjustment o f gravimetric geoid models, vertical deflections and GNSS/levelling
points in one closed mathematical model. To reduce long-wave biases in gravimetric geoid
models, local datum parameterisations may be applied, on dividing the total area into a
number of patches. Further, any number of geoid models and vertical deflection observation
groups may be introduced simultaneously in one closed least-squares adjustment. The use of
appropriate co-variance functions for the applied gravimetric models is a substitute for the use
ofthe original gravity observations.

The change of the main design parameters, the size of FEM-meshes and geoid-patches,
enables the production of DFHRS databases in different qualities. According to this principle,
the DFHRS concept has been applied and proven in several projects. For six federal states of
Germany, a DFHRS in a statistical controlled quality of less than one centimetre have been
computed. To support GPS-based online height determination in combination with DGPS-
correction services, such as SAPOS, ascos or EUPOS, a DFHRS for Germany has been
computed with an external accuracy o f three centimetres.

The DFHRS concept was realised as a Windows-Application, that is available both, for
commercial and for scientific purposes

Following the concept of the Digital FEM Height Reference Surface (DFHRS) a decimetre
model of the European Vertical Reference System (EVRS) was computed. Using the
GNSS/levelling points from the European Vertical Reference Network 2000 (EVRF2000) and
the EGG97 Quasigeoid, an external accuracy of less than 10 centimetres was proven by
means o f the re-computation o f known points in Austria, Estonia, Germany, Latvia, Lithuania
and Switzerland.

With this, the DFHRS for Europe is the first product that fulfils the EUREF Resolution No. 4
ofthe EUREF Symposium 2001, Dubrovnik, where a decimetre HRS was requested.

According to the FEM principle, any accuracy may be reached by changing the corresponding
design parameters, the border-length and the size of the patches. As the patch size mainly
depends on the density of the GNSS/levelling points, a representation of the EVRS in a
quality of less than 5 centimetres could be reached, after incorporating additional data. This
data is available by identical points (h and H), for example from the EVRF densification acti-
vities and further by national quasigeoid models and deflections from the vertical (£ and r|).
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1 Introduction

As concerns the georeferencing of position data in modern data bases, the availability
of GNSS (GPS/GLONASS/GALILEO) related code- and phase-measurement DGNSS-
correction data, which are provided in different ways and by different positioning ser-
vices in and outside Europe, leads to the replacement of the classical geodetic refe-
rence systems by GNSS-consistent ITRF-based reference systems.

So the transformation of the old plan position data (N,E)Qass related to the classical
reference systems to the ITRF/ETRS89 datum (N,E)iTrRs becomes urgently necessary. A
sophisticated and general solution of this transformation problem has to include a data
base concept for the provision of the corresponding transformation parameters for GIS,
GNSS and Navigation purposes. It is presented in chap. 2 in terms of the COPAG
concept.

Further the capacity of a one-cm-positioning by GNSS services, such as e.g. SAPOS®
and ascos® in Germany, is also appropriate for a GNSS related heighting. The GNSS-
based determination of sea-level (orthometric, normal) heights H requires however the
transformation of the ellipsoidal GNSS heights h|TRs to the respective physically defined
height reference surface (HRS). The DFHRS (Digital-Finite-Element-Height-Reference-
Surface) concept presented in chap. 3 provides for GNSS positioning (GPS/GLO-
NASS/GALILEO) a direct and online conversion of ellipsoidal heights h into standard
heights H referring to the height reference surface (HRS) of orthometric or normal
height systems.
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2 GNSS Plan Positioning - Data Bases to transform between
ETRS89/ITRS and Classical Datum Systems

2.1 Continuous Patched Georeferencing (COPAG) Concept

This part of the contribution deals with the homogenisation, cm-accurate and neighbour-
hood consistent transformation of plan coordinates between classical national
reference-systems (N,E)Ciass and the unique ITRF/ETRS89-datum (N,E)ITRF-

The so-called COPAG (Continuously Patched Georeferencing) transformation concept
[26] implies the improvement and homogenisation of the geometrical quality of existing
classical networks (such as e.g. the German DHDN network and datum, fig. 2.1; fig.
2.2) by the developed method of an ITRF/ETRS89 related georeferencing. So the
qualification of the old position data for a future utilization and the continuation of
existing databases are provided. Therefore also a high economic benefit as well as
signals for further innovative developments in the GIS-, GNSS- and LBS-sector are set
by the COPAG concept of transforming the old classical data to the GNSS consistent
ITRF/ETRS89 datum.

The COPAG concept is based on a strict three-dimensional similarity transformation
between the two concerned reference-systems. The equations of this transformation are
linearized under the realistic assumption of small rotation angles and the linearization
point of the geographical coordinates (B,L,h)i. This leads to the resulting part for the
plan component (B,L) of the three-dimensional similarity transformation in geographical
coordinates (B,L,h) reading [8], [9], [26]:

B: +v = Bj + 3B}(d) = Bj + 0Bi(u,v,wfx,ey,ez,Ain, Aa, Af) (2.1a)
—Bj+ -cos(L)-sin(B) . -sin(L)-sin(B) - cos(B) Lo
M+h 1 M+h 1 _M+h_
. h+N-W2 h+N-W2
sin(L) wy+  co<L) my to]- +
M+h M+h
- e2 *N ecos(s ) -sin(B)
*Am+AB(Aa,Af)
M +h
(2.1b)
L2 + v=1Lj + dLAd) = Li + 5L1(u,v,w,sx,8y,8z,Am, Aa, Af)
- sin(L .
-Li+ sin(L) m+ cosi(L) V+ [0]ew +
(N + h) «cos(B) (N + h) *cos(s)
-(h +(1- e2)*N -(h+ (- e )N
e @-eD N os@vsin®B) sv+ " P FATe) NGy esing
(N + h) *cos(s) w w (N + h) *cos(s)

+ Me8z + [0] *Am + AL(Aa, Af)

In the above formulas the following abbreviations were introduced:

AB(Aa,Af)=:Bl(al,f1)- B 1(a2,f2); AL(Aa,Af) = L1(alf1)-L 1(a2,f2) =°; (2.1¢c,d)
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As transformation parameters d (2.1a,b) three translations (u,v,w), three rotations
(ex,8y,82 and the parameter of a scale difference Am between the two reference systems
occur in the observation equations (2a,b). The corrections AB and AL (2.1c,d) are due to
the known changes (Aa, Af) in the ellipsoid dimensions a and f at the transition from
reference system 1 (e.g. DHDN in Germany) to reference system 2 (e.g. ETRS89). As
the transformation is concerning the plan component (B,L), and in general no heights for
the respective identical points, nor for the points to be transformed (e.g. cadastral
points, buildings etc.), are available in the different databases, the height component h -
taken as third observation equation - is only needed for a small number of three
dimensional identical points (e.g. points of a 1st order networks). The transformation
equation for the height component h reads:

h: +v="h] +0hj(d) =hj +5hi(u,v,w,sx,8y,8z,Am,Aa,Af) (2.1h)
=hj +[cos(L)-cos(b)],- u+ [cos(B)-sm (L)]j *v + [sin(B)]1.w +
[€2 N esin(B)*cos(b)esinw K 4 e2 N esin(B)ecos(B)-cos(L)]r ey
+[o]sez + [h+ W2+  +Am+ Ah(Aa,Af),

accordingly with Ah(Aa,Af) =hl(al,f1)-h 1(a2,fz). An advantage of the approach
(2.1a-h) is that the ellipsoidal heights hi (which are due to all classical network datum
close to the standard heights H) are only needed with a subordinate accuracy.
Therefore the height information hi can be taken from free available databases (e.g. the
digital terrain model database ETOP05 or ETOPO30).

2.2 COPAG and DFLBF Data Bases (DB) for Germany

Besides some solutions for different German states and city areas in Germany, two
nationwide databases for Germany were computed with the COPAG software, namely
the “(3-5)_cm_COPAG_DB Germany” (Fig. 2.2a) and the "(3-5)_cm DFLBFJDB Ger-
many” (fig. 2.2b) [28].

As the ETRS89 frame has one cm precision, e.g. all over Germany and the 1st Order
ITRF/ETRS89 of other states all over the world, the residuals shown in fig. 2.1 left mean
the deflection of the classical plan DHDN network coordinates x=(B,L)1 from its true
shape x . The residuals of the DHDN network of Germany West (fig. 2.1, left) reach the
range of £ 2.5 m.

The shape and amount of the deflections Vx = x - x are to be explained by the theory
of so-called “natural weak-forms” [4], [5], [6], [15] and eventually a second part of so-
called "stochastic weak-forms” [10], The “natural weak-forms” of classical geodetic
networks are related to the eigenvalue-problem

[C* -w1]-mi=0 e (2.2a)

of the covariance matrix of the adjusted network coordinates x .



The eigenvalue problem (2.2a) is part of the theory and concepts of spectral analysis
and optimization of geodetic networks [4], [7]. It is shown in [4], [5], [7], [15] and [9] that
the spectral components Vj

vi=AM *mi- 2-2b)

are the key for the prediction (comparing e.g. the 1989 prediction results for Baden-
Wurttemberg [6] with the real deflections for Baden-Wurttemberg presented 2000 in [9])
and theoretical understanding of deflections Vx of large networks from their true shape
X .

Hg 2.1, lefi: Residuals up to 2.5 m for the transformation of the German DHDNplan co-
ordinates to ETRS89 with only one nationwide set of transformation parameters d
Fg 2.1, night: Strict transformation with continuity conditions of the transformation para-
meters of the coordinates from German DHDNfo ITRF 9) under partition in 177
patches. This leads to a drastic reduction of the residuals to less than .02 m in average.

In case of an occurring shape deflection Vx - like shown for the plan German DHDN
network in fig. 2.1, left - the spectral components (2.2b), which are carried by the
eigenvectors mj (2.2a) and scaled by the square roots of the corresponding eigenva-
lues m (2.2a) give - in the descending order of the eigenvalue size p, - the probability

and amount of respective geometric deflection parts, which span up the total deflection
shape Vx (fig. 2.1,left). As large geodetic networks tend to have a number of high
dominant eigenvalues, the maximum spectral components (2.2b) (especially the

maximum component Vmax = Apmax *mmax) point out the quasi systematic shape
deflecttion Vx. In case that the covariance matrix c* is regarded with respect to the

assumed stochastical model of normal distributed observations, and the spectral
analysis is accordinly based on (2.2a,b), the essential main spectral components

Vj = op7 °*mj are called the “natural weak-forms” of a geodetic network [4], [15].



Another type and an additional amount of weak-form deflections Vx - namely the so-
called “stochastical weak forms” Vj stoch = » i,stoch mistoch already mentioned above -

occur due to neglections in the stochastic model of the observations of a geodetic net-
work adjustment [5], or a non over-determined parameter-computation x from a respec-

tive observation set. The spectral components Vj = Jpi *mi of the “stochastic weak
forms” are then related to a general eigenvalue problem, which is regarded in [10].

To manage the weak-form problem with respect to the plan transformation (2.1 a,b), the
transformation area has to be divided into so-called patches (fig. 2.1b) with individual
datum parameter sets & (accordingly the term COPAG = Continuously Patched
Georeferencing).

In the example of applying the COPAG concept to the plan German DHDN network, the
average residual was reduced from 0.33 m (only one patch and datum set d for the
whole area of Germany, fig. 2.1, left) to a range of less than 0.02 m by the division of
the transformation area into 177 patches with individual datum parameters & (fig. 2.1,
right). To achieve a continuous and homogenising transformation, appropriate continuity
conditions C(di,dj#1) - in analogy to these of the DFHRS concept (3.6f) - along the
borders of neighbouring patches j and (j+1) have to be set up as additional condition
equations concerning neighbouring parameter sets and d*H, in order to complete the
COPAG adjustment approach (2.1a,b,h) [26],

Fg 22a b
Lefi: DFLBF' DB for the tranjor%?mion from ETRS89 to a classical plan
reference system.
Right: COPAGIDB for the tramfon%%ré&ana classical plan reference
system to 9.

The present COPAG_DB and the DFLBF_DB (Digital Finite Element Plan Reference
System Transformation, in analogy to the term DFHBF, chap. 3) allow the strict and
neighbourhood consistent transformation from/to the classical German reference-



systems (e.g. DHDN in Western Germany presented in fig. 2.1 and RD83 in Eastern
Germany) to/from ETRS89 with a reproduction quality of (3-5) cm.

2.3 COPAG Software and COPAG/DFLBF DB A ccess Software

The COPAG approach (2.1a-h) was realized in the COPAG-Sofware ©Jager/Kalber,
which allows the computation of transformation parameters dj on dividing the whole
transformation area into an arbitrary number of irregular patches (fig. 2.1b) and
introducing the additional continuity conditions C(dj,djH) to achieve the continuity of the
total set of parameters and the homogenisation of the transformed configuration. The
quality control is - in addition to standards of statistical testing - performed by regarding
the quality measure of reproduction values. The two-dimensional reproduction values
are evaluated in the COPAG concept and software in analogy to these of the quality
control concept of DFHRS computation (see chapter 3.3.2).

As concerns software for a direct access to the COPAGJDB and DFLBF_DB produced

with the COPAG software, as well for the DFLBFJDB based computation of so-called
LSKS-files for Leica Geosystems GNSS equipment, it is referred to [28].

2.4 Outlook to the COPAG Concept and COPAG/DFLBF DB

The COPAG_DB provide the direct transformation (no identical points) of the classical
plan networks and related DB positions to the ETRS89 datum (fig. 2.2b), and the
DFLBF_DB (fig. 2.2a) are used vice-verse for the direct transformation (no identical
points) of ETRS89 related GNSS positions in SAPOS®- and ascos® GNSS positioning
to the classical plan datum systems.

The further development of the (3-5)_cm data bases, which is directed to the
computation of a “1__cm_COPAG_DB/DFLBF_DB for Germany” is merely a question of
the number and density of further identical points. This is to be concluded from
successful test computations for the area of Rheinland-Pfalz, Germany, where a
number of 2500 identical points was used to evaluate the respective continuous

transformation parameters sets { ' (i 1,...i},...01 ) enabling a mean reproduction quality
of 1_cm.

The weak-form problem (fig. 2.1, left) is of general nature, and it concerns all classical
networks all over Europe and the whole world respectively. So the COPAG concept can
be applied generally to solve the related transformation problems and to evaluate
precise and economic COPAG_DB and DFLBF_DB worldwide.

3 GNSS-Heighting - Precise Vertical Height Reference Sur-
face Representation by the Digital FEM Height Reference
Surface Concept (DFHRS) and DFHRS Data Bases

3.1 Motivation and Situation

Standard heights H are referring to different types of height reference surfaces (HRS).
The common root of all three relevant HRS-types is the idea, that the HRS should be
that equipotential surface of the earth’s gravity field with a potential W0, which coincides



with the normal potential U0 and the mean sea-level surface H=0 (fig. 3.1, fig. 3.2)1and
continues it outside the oceans. The datum of a height system is fixed by at least one
point with an assigned value WO and H=0. The height HP of any point P on the earths

surface (ES) is then defined as the curved distance between P and the respective HRS
(fig. 3.1; fig. 3.2).

Ellipsoid

Fg 3.1 (above): Formula ideal (la):
earth surface at position P(B,L),
ellipsoidal ~ GPs/GNSS  height  h
standwdhez ht H and a two-dimen-
sional HRS model NG.

Fg 3.2 (igh): In real world GNSS-
positioning the extended  formulas DFHRS(B,L,h)

(Ibc and a three-dimensional HRS E-ﬂ l. ]
modgl Ne(BLh) however have to be £
taken into account.

The two modern standard HRS-types are the geoid and the so called quasi-geoid. The
geoid HRS type realizes exactly the equipotential surface concept. The related so-called
orthometric heights Horth =(WO0- WP)/g or Horth=CP/g respectively are found, by

dividing the geopotential number CP (difference between W0 and the point P potential
wP) by the mean gravity value g between P and the HRS. A disadvantage of a HRS

type of a geoid and a related orthometric height system Hoarth is however due to the
fact, that density assumptions for the area of P are needed to evaluate g. The quasi-
geoid HRS and the respective so-called normal heights Hnormal=CP/y as an
alternative HRS and height systems H are found by dividing the geopotential number CP
by the mean gravity valuey taken from the normal potential between P and HRS. Here
the modern standard for the normal potential and Y is related to the GRS80. The value

Y (B,h) is free from any density hypothesis. Therefore the decision for the new HRS and

height type H for the European reference system EUREF was met for the quasi-geoid
and normal height type respectively (EUREF symposium, Ankara 1996, resolution No.
10, see [3].

The most precise way to determine the standard height of a point HP of the earth’s
surface (ES) is based on levelling, or better levelling and gravity measurements in

1 For the new Europe normal height system presently the Normaal Amsterdams Peils (NAP) [20]



higher order networks, meaning by the realization of the geopotential number CP as
Cp=Igi-Ani.

The recent adjustment of the normal height H related European Vertical Network - as
part of new European Vertical Reference System (EVRS) - was based on CP and is

ready on the continental level [20]. The accuracy as e.g. predicted to be 5 cm on
continental level [5] is kept. The short-wave precision of the adjusted height differences
AH of neighbouring points in the different European national networks of lower order is
of course better and represented in the low sub-cm range [20].

The GNSS-based determination of standard heights H on any accuracy level however
requires principally the transition of the ellipsoidal GNSS height hto the standard height
H. So a GNSS-based determination of standard height H makes it necessary to subtract
the height NG of the height reference surface (HRS) from the ellipsoidal GNSS height h
(fig. 3.1; fig. 3.2). Therefore the HRS must be represented relative to the ellipsoid
surface in terms of a two-dimensional HRS model NGB,L). The old term “geoid” and
‘geoid height” for the HRS model and NGB,L) (fig. 3.1) are getting properly replaced by
“HRS” and “height of the HRS (fig. 3.2, DFHRS)”, which is more convenient with respect
to the above mentioned different standard HRS and height types2.

The classical gravity related geoid or quasi-geoid models NGB,L), such as EGG97 [1],
EGM96 [13]) and the large number of local and regional geoid models are not fitted to
the HRS. This is for the reason, that the geometrical information of the identical points
(h,H) is in general not taken into account art of a "geoid-computation” approach. A
quasi-geoid for example is computed based on the Stokes formula as

NO@BL)= 3 Ag-SW-do (3.1a)

n -y(Bg a

(in practice of course in the so-called remove restore technique [1] and so due to a
basic gravity reference e.g. EGM96 [13]). The precise information of the type

NG(B,L)=(h-H)BL (3.1b)

remains however unused in most of all geoid approaches. So the ideal formula
H=h- NG(B,L) 3.2)

fig. 3.1 does not hold for the use of standard HRS in terms of “geoid-model” in GNSS-
based heighting. In spite of a however sufficient HRS shape representation in the short
wave range, HRS models represented by standard geoid models (3.1a) suffer from
medium and long waved systematic shape deflections. The reasons are again a big
amount of both types of ‘weak forms” (chap. 2). Also for locally and short waved precise
geoid models, e.g. the EGG97 [1], the ‘weak-form” deflections reach a “meter range”
over large areas e.g. for Europe (fig. 3.3).

Of course the HRS represented by the standard height system H and h (3.1b) is also
subjected to ‘weak-forms” in H and h, but their amount is much smaller. For H they
reach only in a “cm” range or a ‘few cm” range respectively in large areas [5], [15]. For
Europe and the EVRS, see [5]. Consequently “levelled heights” H, which were

2 For historical reasons even some types more exist, such as e.g. the NN-type of HRS and the respective
spheroidal normal heights (“NN-heights”) as precursor of the normal heights.



evaluated from geopotential numbers (levelling and gravity) and the respective precise
ellipsoidal heights h are representing by (3.1b) the precise and discrete control points
for the long and short-wave domain of the HRS shape, while geoid-models of standard
type NG(B,L) (3.1a) (fig. 3.3) can be used only as observations concerning the HRS
shape in the local short wave domain.

An additional reason why (3.2) is not valid, is because of a scale difference Am oc-
curring between the GPS/GNSS-heights h and the heights H of the standard height
system ([2], [3], [18], [19]). One reason for scale inconsistency Am is, that most existing
standard height systems H were not evaluated by the GRS80 normal gravity field y(B,h).
Other proved sources for scale effects Am are occurring due to neglected (hidden)
observation correlations and related stochastic weak-forms [5] and different systematic
error types in levelling ([5], [10]). All these systematics tend to imply a scale error Am.
So, all in all, the above formula ideal (3.2) has to be modified with respect to "real world
conditions”. In classical approaches ([2], [3]) and software packages like HEIDI2©Din-
ter/lliner/Jager [3], which use explicitly geoid models NG(B,L) (3.1a), the relation
between GNNS heights h and standards heights H reads:

=h-(NO(B,L)+ 5N(d|oca|) + NFEM(p B, L)} Amregoma, H (3.3a)
Uncontinuou s "3 component" HRS

The formula (3.3a) represents the so-called “geoid-refinement approach” [3], [11], [14],
Here the geoid model heights NG(B,L) are used both as observations and as unknowns.
So the geoid-model heights NG(B,L) become part of the HRS together with additional lo-

cal datum parts 5N(dlocai), d*ca =[u>>w,8x,sy,AmG] and an additional refinement
NFEM(p|B,L) component.

The refinement part NFEM(p|B,L), which is described theoretically in chap. 3.2, is based
on the same mathematical concept of a surface representation as in the DFHRS
concept. But it has a quite different meaning in the DFHRS concept than in the above
classical geoid-refinement approach (3.3a). With respect to the determination of new
points in the geoid-refinement approach (3.3a), the final HRS is to be considered as a
compound of 3 components - the original and unimproved geoid-model NGB,L), the
local datum-parts sN(dleca) and the refinement NFEM(p|B,L). The compound of a three

component HRS would be a badly portable and heterogeneous concept for a data base
in online GNSS heighting. Therefore the geoid refinement approach (3.3a) is in practice
a post-processing solution. Above this, the effect of the local datum-parts 3N (dlocal) of

the geoid-model(s) (3.3a) introduced in the total area (3.3a), reading explicitly [3]
<ING(d) = [cos(L) *cos(B)] *u + [cos(B) *sin(L)] v + [sin(B)] *w
+ [e2 *N(B) *sin(B)*cos(B)esin(L)]-sx + [-e2 *N(B) sin(B)*cos(B)-cos(L)]*8y

+[-N G]-AmG
is not controlled with respect to the continuity of the 3 component HRS model at the

borders of the local areas. These are some decisive disadvantages of the ‘“geoid
refinement” approach (3.3a).

In the DFHRS approach [11], [16], [17], [18], [21], [22], [23] and the computation of
DFHRSJDB [14], [26], [27], [28] for GNSS-based heighting, which are further treated as



main subject of chap. 3, however the role of the former 3-component HRS model (3.3a)
is completely taken over by the 1-component HRS model of a Digital Finite Element
Height Reference Surface (DFHRS). The DFHRS modelling the HRS is described
continuously by the surface NFEM(p|B,L).

Fg 3.3.: Long-waved deflections, to be declared as natural and
stochastic ‘Wealeforms’(chap. 1), inthe (dm- meter) range of the
EGGY7, which has above a cm-accuracy concerning the local shape
quality (EUREF series)

The two-dimensional Finite Element Model (FEM) NFEM(p|B,L) (3.5a) of the HRS takes
over the role of the HRS (fig. 3.1; fig. 3.2), and is represented in a continuous way by
mesh-wise sets of polynomial parameters p (3.5b). So we have for the DFHRS concept
the following basic relation between the ellipsoidal GNSS height h and the standard
height H (fig. 3.1; fig. 3.2):

H=h- NFEM(p |B,L) - Amregional *H
Continuous "1 component" HRS (3-4a)
In this way the continuous Finite Element Model NFEM(p|B,L) of the HRS is a two-

dimensional function of the plan position (B,L), and is accordingly called the “geoid-part”
of the so-called three-dimensional DFHRS correction. The part Amh is accordingly



called the “scale part” of the DFHRS correction. So three-dimensional DFHRS
correction DFHRS(B,L,h) (fig. 3.2), which has to be subtracted from the GNSS height h
in order to receive the standard height H, reads in total:

H=h-DFHRS(p,Am |B,L,h)=h- (NFEM(p |B,L) - Am *H) (3.4b)

The respective DFHRS data bases (DB) contain - as essential parts for HRS
representation and the scale parametrisation - the “DFHRS__DB parameters” p and
Am.

3.2 FEM representation of a Height Reference Surface (DFHRS)

The finite element representation NFEM(p|x,y) is carried by the base functions of biva-
riate polynomials of degree N, which are set up in regular or irregular meshes. If we
describe with p' the polynomial coefficients (alo, a™, a0i, a2q an, ao,...)' of the i-th
mesh, we have for the height NFEM(p'|x,y) of the HRS over the ellipsoid (fig. 3.1; fig.
3.2) inthe i-th mesh:

NFEM(pl1x,y) = f(x(B,L),y(B,L))-pi ;i=1,m; with (3.5a)
pl=(aoo0,a10,a0i,....)land f(x(B,L),y(B,L))=(l,x,y,x2Xxy,y2...) . (3.5b), (3.5¢)

The vector f means the so called Vandermond vector and contains the different powers
of the coordinates (x,y) according to the polynomial degree n. The total parameter
vector p consists of the coefficient sets p-tej.k)1 0-0*N; k=0,N) of all m meshes. The
plan position in (3.5a,c) is due to metric ellipsoidal coordinates (y(B,L)="“East” and x(B,L)
=‘North”) introduced e.g. as Mercator or Lambert coordinates, which are in any case
functions of the geographical coordinates (B,L).

To imply a continuous surface NFEM(pjx.y), one set of continuity conditions of different
type CO0,12 has to be set up for the computation of NFEM(p|x,y) for each couple of neigh-
bouring meshes (fig. 3.4). The continuity type C0implies the same functional values, the
continuity type Ci implies the same tangential planes and the continuity type C2 the
same curvature along common mesh borders of the DFHRS as represented by
NFEM(p|x,y) (3.5a). The continuity conditions occur as additional observation equations
C(p)=0 to be added to the parametrization of NFEM(p|x,y). The condition equations
C(p)=0 are related to the polynomial sets of the coefficients (ajkmand (ajkyn of each
couple of neighbouring meshes m and n. To force e.g. Co-continuity, the difference
ANmn in the geoid height NG of any point S at the common border SA-SE of two
meshes m and n (see fig. 3.4; fig. 3.8) has to become zero. So the basic condition
equation for a polynomial representation of N-th degree reads [22]:

(@ik,n-aik,m)-(ySA+t-(ySA-ySE»i'(XSA+t{xSAXSE)ks 0 * (3.5d)

With(ySA,xSA,ysE,xSE)we introduce the plan metric coordinates of the nodal points SA
and SE of a mesh borderline. Equation (3.5d) represents a polynomial of n-th degree
parametrized in the border line parameter t(te[0,i]). The subset of (N+1) Co-continuity
condition equations C(p)=0 for the border between mesh m and n results in case of Co-
continuity from (3.5d) by setting all (N+1) coefficients related to t to zero ([22]).



The mesh size and mesh shape for the computation of the NFEM(p|x,y) - representing
the so called HRS or "geoid” part (3.3a) of the DFHRS correction and DB content - may
be chosen with an arbitrary shape. The best approximation of a HRS by NFEM(p|x,y)
results of course by introducing small meshes, e.g. in a range of 5 km to keep a 5 mm
range for any HRS shape approximation by a polynomial degree up to n=3.

A special advantage and characteristic of the NFEM(pjx(B,L), y(B,L)) representation
consists in the fact, that the nodal points of the FEM grid are totally independent of the
location of the geodetic observations and the geoid data points. In principle any type of
HRS and height related observation data can be used for the determination of the para-
meter vector p of NFEM(p|x,y), namely height observations (h,H,AH,Ah), the geoid-

model heights NGB,L), deflections of the vertical (%rj) and gravity anomalies Ag (see
chap. 3.3).

3.3 Digital FEM Height Reference Surface (DFHRS) Approach and
Computation

3.3.1 Mathematical Adjustment Model

The mathematical model of the so-called DFHRS data base production step reads in
the system of observation equations (functional model) and the corresponding
stochastic models of a least squares adjustment as follows:

Functional Model Observation Types and
Stochastic Models
h+v=H+heAm+f(X,y) *p, Uncorrelated observations of (3.6a)

ellipsoidal heights h Covariance

matrix Ch = diag(cr2 ).

with NFEM(p | X,y) = f(X, y) *p

_ . Correlated geoid height (3.6b)
NG@B,L)J + v=1f(X,y) *p + NG
(B,L) v y)ep (an observations. With a given real co-

variance matrix CNG or a CN,G
evaluated from an artificial covarian-
ce function.
A+v =-fB/M(B)*p + 3B(d*jT) Observations of vertical deflections (3.6¢)
(1,£). Pairwise correlated or uncor-
related among each other in case of (0.0d)
astronomical observations. Corre-
lated in case of being taken from a
gravity potential model.
H+v=H Uncorrelated standard height H (3.6e)
observations with covariance matrix

CH = diag(a2 .).

r,+v=_fL/(N(B) *cos(B))+p +3L(d")

C+v=C(p) Continuity condition equations (3.6f1)
(3.5d) introduced as wuncorrelated
so-called pseudo observations with
accordingly small variances and
high weights.

With fB and fL we introduce the partial derivatives of the Vandermonds' vector
f(x(B,L),y(B,L)) (3.6c) with respect to the geographical coordinates B and L. M(B) and



N(B) mean the radius of meridian and normal curvature at a position P(B,L) respective-
ly. The continuity of the resulting HRS NFEM(p|x,y)=f(x,y)p is automatically provided by
the continuity equations C(p) (3.6f).

A number of identical points (h, H) (3.1b) is introduced by the observation equations
(3.6a) and (3.6e). In the practice of DFHRS data base evaluation, also one or a number
of several geoid models NGB,L)j are used as additional observations to produce
DFHRS_DB in the least squares estimation (3.6a-g). To reduce the effect of medium or
long waved systematic shape deflections, namely the natural and stochastic ‘weak-
forms” (chap. 2) of geoid models NG (3.6b) (fig. 3.3), the geoid model heights
observations NG (3.6b) are parted to into a number of so-called “geoid-patches”
N G(B,L)j (3.6b) (see fig. 3.8). Each patch is set up, with individual datum-parameters dJ

which are introduced by the datum part 3NG(di) (3.3b) into (3.6b). It is of course also
possible to introduce by NGB,Ly - and a respective parametrization 3NG(dj) - (3.6b)
several patched or unpatched geoid models in the same area, and of course also geoid
models of a different type than the classical ones NG (3.1a) may be used.

With 3B(d5¥) and 3L(d|,f) we describe the datum parts concerning observation of the
type deflections of the vertical (¢,1)) respectively.

Observations form classical geoid models NG (3.6b) are to be introduced instead of the
original gravity observations Ag, which had been introduced for the computation of NG
In this case the correlated geoid models observations NG (3.6b) and original gravity
observations Ag lead to identical results for the HRS by the parameters p ([22], [23]). So
the use of observation type NG (3.6b) allows a more elegant data treatment than the
original gravity anomalies Ag (3.6g). Consequently observation equations for gravity
observations Ag

Functional Model Observation Types and Stochastic
Model
, _ . Vector of reduced gravity anomalies Ag in-
41rey(B) }]{'Ag S01)'do +v=1(x,y) *p troduced with covariance matrix Cg into (3.6g)

Stokes formula. The gravity anomalies Ag
in this way determine the DFHRS with
parameters p at position (x(B,L),y(B,L)).

=NFEM(p |x,y)

need to be set up in the DFHRS approach (3.6a-g), only if additional gravity obser-
vations Ag occur, which have not yet been used for the former computation of a geoid
model NG (3.6b).

The approach (3.6a-g) means all in all a new method and standard (fig. 4.1), both for
the over-determined boundary value problem (geoid-determination), and for the solution
of a direct and online GPS/DGNSS-heighting (fig. 4.1) by the use of DFHRS databases
and the DFHRS correction (3.4b).

3.3.2 DFHRS Software and Quality Control in DFHRSJ3B Computation

The DFHRS approach (3.6a-g) has been realized in the software DFHBF®©Ja-
ger/Schneid/Schwarzer. There the mathematical model of the DFHRS approach (6a-g)
is embedded in the quality control standards of a priori and a posteriori variance related
tests (datasnooping) and variance component estimations.
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Fig 3.4: Screen shot on the DFHRS sofiware, Continuity of the resulting HRS
along the mesh borders of two general meshes m and n is provided by the
continuity equations (3.6f). Idential points (3. 1b) in green.

The covariance matrix of the resulting DFHRS_DB parameters (p, A m) can be used to
compute and visualize the precision of the HRS and/or DFHRS correction surface (fig.
3.5).

An additional and valuable way to prove the “external accuracy” of the DFHRS_DB is to
compute a so-called to “reproduction quality” and point-wise reproduction values [16],
[17], [18]. The ‘“reproduction quality” and a number of n resulting ‘reproduction
values VHj“ - all over the DFHRS area - are simply defined by the values of differences:

VHj = Hj - Hj(DFHRSi(=: without H j)), with (3 7a)

Hj(DFHRS]j) = hj - DFHRSj(p,Am | (B,L,h)j)

For this quality proof no explicit “control measurements” are needed. We just have to
compute successively the "DFHRS-height" H(B,L,h,DFHRS)i of each of the n identical
standard height points Hi from hi, when using the individual data base DFHRSi, where Hj
was excluded from the respective DFHRS_DB production (3.6a-g) (‘new point™), which
was then evaluated with the rest of the (n-1) points.



The “reproduction values”VHj are much more objective and informative than the pure
least squares residuals j (3.6e). The reproduction values VHj are to be computed in

the unique DFHRS production step (3.6a-g) of the DFHRS adjustment. The respective
formula reads:

VHi=- M . (3.7b)
Hi

With vH.and gwe describe the correction and the redundancy part of H in equation
(3.6e).

FHg 3.5: Precision surface of the (2-?2%71 [ggjf-ﬂﬂg of the district Windhuk, Namibia

3.4 DFHRS DB Contents and DB A ccess Software

The essential adjustment unknowns of the mathematical model (3.6a-g) and parameters
of resulting DFHRS DB are p and Am. These represent the continuous model
NFEM(p|x(B,L),y(B,L)) of the HRS (fig. 3.1; fig. 3.2; fig. 3.7) and enable an additional
scale correction AmH. So these parameters provide the DFHRS correction
DFHRS(P,Am|B,L,h) (3.4b) for an online or post-processed GNSS heighting. So, below
the header (version name etc.), a DFHRS DB contains a second block with the mesh
design (coordinates of the mesh nodal points, mesh number and topological
description) and finally the block with the mesh-wise parameter sets p and Am.



3.5 Evaluation of the European HRS as part of the European Vertical
Reference System (EVRS)

3.5.1 Preliminary Notes

An essential and very precious characteristic of the embedded FEM principle is, that
any DFHRS_DB and its reproduction quality (3.7a,b) respectively, which was achieved
by using the DFHRS approach (3.6a-g) in a small area, is to be achieved - without loss
of accuracy - in a corresponding large area scene, only provided that the density of the
identical points (H,h) and the quality of the geoid information NGare kept!
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So it is clear, that a

m “<_1cm_DFHRS_DB Europe”, representing the “1cm_EVRS”

defined by a mean reproduction value VHj*icm (3.7a,b) over all statistically tested
identical points (3.1b), (3.6a), (3.6e) - is to be computed by the DFHRS approach and
the DFHRS software with a mesh size of 5 km, a density of about 50 identical points
(H, h) per (100 km x 100 km) area, and a (30 - 40) km geoid-model “patch” size.
Different “<1_cm_DFHBF_DB”, which represent the present ‘high end” quality type,



have already been computed [18]. They are available as official geo-data products of
different German state land service departments (Saarland, Baden-Wurttemberg,
Hessen, Rheinland-Pfalz, Bayern) [19], and they are used in SAPOS® and ascos®
GNSS services in these parts of Germany (fig. 3.5).

Above these German countries presented in fig. 3.6, another “4_cm_DFHRS_DB” was
computed for the region of Tallinn, Estonia, and a (2-3)_cm DFHRS_BD was computed
for the district of Windhuk, Namibia [24], [25] based on the EGM96 [13], (fig. 3.5).

The 2rd quality class of a
m “<_3cm_DFHRS_DB Europe”, representing the “3cm_EVRS”

is defined by mean reproduction value VH, <3cm (3.7a,b) over all tested identical
points.

FHg 3.7 Isolines of the HRS represented by the 3 cm DFHRS DB Germany”
fo% the European ngnml heightegystem by - -

A “<_3cm_DFHRS_DB Germany” was evaluated by a density of less than 10 identical
points (H, h) per (100 km x 100 km) area, a mesh size of 10 km, and a polynomial
degree N=3. The number of patches was 102 and the patch size was about 50 km. Fig.
3.7 shows the isolines of the corresponding HRS (fig. 3.1; fig. 3.2) NFEM(p|B,L) of the
‘<_3m_DFHRS_DB Germany”.

It is already related to the new European normal height system. For the former West
Germany another “<_3m_DFHRS_DB Germany” related to the classical NN-height
system was computed additionally. The “<_3_cm DFHRS_DB” is applied for GNSS



online and post-processing heighting by the users of SAPOS® and ascos® DGNSS
services [26], [27], [28].

3.5.2 EUREF requirement of a “1 _dm EVRS” - Real Data Studies and
a Rapid Solution on applying the DFHRS Approach

The IAG Subcommisson for Europe (EUREF) has met the decision to evaluate a
continuous “<,,10_cm European HRS”. This would mean an essential improvement of
the HRS accuracy compared to the presently best European HRS, namely the EGG97
[1], The EGG97 is continuous all over Europe, but it shows a high range of long-waved
‘weak-form” (chap. 1) deflections as shown in fig. 3.3. The respective EUREF
Resolution No. 4, met on EUREF-Symposium at Dubrovnik, 2001 reads;

sing the Fuiropean Verticdl GPS
ved dlipsoctl heights and levelled con
Vatical Reference System EVRS with
98, called EVRF2000,_considering - this inplicit pointwise redlj-
gmdmmt%mdhbdhmﬁ% - the existence of a
: D Tt oo
i
r%ead(bmmory 0

The required

m “1_dm DFHRS_DB Europe” representing the “dm_EVRS”,

may be computed in a short-term project, so to say “‘immediately”, by using the DFHRS
concept (3.6a-g) and the DFHRS software.

Fig. 3.8 shows the design of the (25 km x 25 km) meshes (thin blue lines) and 14
patches (thick blue lines) of the designed German part of the “1_dm_DFHRS_DB
Europe”.

The test computations for this design German part of the “1_dm DFHRSJDB Europe"
were performed with the DFHBF software using the 102 identical points of the 1% order
German ETRS89 reference network “DREF” and geoid-model observations NG of the
EGG97. These real-data results of the DFHRS computation showed, that the design
and number of the DREF identical points (h,H) (3.1b) are sufficient and provide even a
mean value of 3 cm and a span-width of less than 10 cm respectively, for the
reproduction values (3.7a,b) all over the German part of the “1_dm_EVRS”.

As 1st order ETRS89 reference networks like DREF exist all over Europe, there is no
doubt, that the required “1_dm EVRS”, is to be computed instantaneously using the
DFHRS concept and software.

3.5.3 Conclusions and Outlook

With regard to the corresponding densities for the identical points (h, H), which are
stated in 3.5.1, any quality class of a DFHRS_DB can be achieved with the DFHRS
approach (3.6a-g) in any size of area.



The DFHRS computation of the European HRS (EVRS) can be started, as soon as the
EUREF community supplies the data (H, h) of the readjustment of the European Vertical
Reference System EVRS [20] to the DFHRS team. The “1_dm_EVRS” proclaimed and
required by the IAG Subcommission for Europe (EUREF) can be provided by the
DFHRS concept in a short time project, based in general on the existing data (H, h) of
the respective 1s Order ETRS89 networks of the European nations.

Fig 3.8: Design of the meshes (thin blue lines) andpatches (thick blue lines) of the
(Jgemmm"tggft ‘1 dm D DBEuro) ’.’ﬁgmmbgrofthe ]02t'c£rmj'[ca/
points (green) of the German 18 ovder ETRS89 reference network "DREF” are more
than sufficient for the desired quality.

As concerns the further development of the European EVRS, the DFHRS concept
guaranties, that according to the ongoing densifications of the normal height network in
the different European countries, any quality for DFHRS_BD Europe representing the
EVRS (dm 3cm -> 1cm) can be provided. The respective high end class of the DFH-
RS_DB Europe can be updated and improved, respectively according to the rhythm of
the EVRS densifications. The use of geoid observations NG taken from the EGG97 [1]
shows a sufficient quality for a “1_cm HRS” quality all over in Europe. This is evident
from DFHRS computations in different European countries [8], [22], [23],

Additionally the DFHRS approach (3.6a-g) contributes an effective and synergetic use
and combination of the large number of existing geoid models NG cited in the above



EUREF resolution no. 4 for the evaluation of a 1_cm EVRS in a statistically controlled
manner. So the DFHRS approach is proposed as a potential and flexible candidate for
the controlled evaluation, continuation and improvement of the EVRS in the near future
work to the EUREF Technical Working Group [12].

4 Standardisation of DFLBF/COPAG and DFHRS Data Bases

For the implementation of a DFLBF/COPAG and a DFRHS_DB access respectively into
existing software packages (fig. 4.1), DFLBF/COPAG and DFHRS DB access software
have been realized as DLL (Dynamics Link Library) [27], [28],

Company Logo Software CoPaG DFHRS
DFLBF

ALLSAT
www.allsat.de C 2 I GART2000 - 0
GeoNav

DCTOOLS O
www.geonav.de 0
IBS ®
W ibeseiler.de OLGAPRO, USE3DIM O 1
LEICA Geosystems SKI-PRO
www.leica- SR530 Controller O O
geosystems.com Software
THALES THALES GART2000 O
www.thales- 5 OLGA PRO O

navigation.com
TRIMBLE (in prep.) Trimble Office

www.trimble.com E&ﬂ %lbl?» 5700 Controller Software 0 O

Fig 4.1: Growing acceptance and implementation of the DFHRS and DFLBF/COPAG
database standard by the GNSS industry

Above these the DFLBF/COPAG and DFHRS_DB access are implemented in the
Windows/CE software USE3DIM [28],

The growing acceptance and the different implementations of the DFLBF/COPAG and
DFHRS database standard into different GNSS equipments and software packages of
the GNSS industry are shown in fig. 4.1. Besides the GNSS domain, the DB and DB
access software is used and implemented into different GIS software packages. For
details it is referred to [27] and [28].
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Summary

The recent developments of nation-wide DGPS-Services (Differential Global Positioning
System) in Europe (e.g. SAPOS, ascos, SwiPos, SwePos) enable online GNSS/GPS
positioning with accuracy in the centimetre range. In recent years, there has been great
progress with the development of GPS equipment and related technical DGPS network
standards for ambiguity fixing, virtual reference stations and area correction parameters etc.,
so that real-time positioning can be very productive and accurate.

In contrast to the plan transformation problem, GPS height transformation involves a physical
element. GPS-based height, h, refers to the World Geodetic System 1984 (WGS84) ellipsoid,
while standard height, H, refers to a physically defined Height Reference Surface (HRS).
Therefore, a transformation of the ellipsoidal GPS height, h, to the standard height H is
needed. In theory, i.e. the new german height system of normal heights refers to the quasi-
geoid. However, in practice, the direct use of quasigeoid models like the European
Gravimetric Geoid 1997 (EGG97) or Earth Gravity Model (EGM96) is not possible. One
reason is, that (quasi-)geoid models have their own datum (especially when they were
developed without using identical points (h,H)) and suffer from long- and medium-waved
systematic effects. Besides this, scale terms accur between the height systems.

A better way to transform ellipsoidal GPS-heights, h, into standard heights, H, is the use of a
direct model ofthe Height Reference Surface (HRS) and a respective correction.

The concept of the Digital FEM (Finite Element Method) Height Reference Surface (DFHRS)
enables the strict adjustment of available observation types related to the HRS. These are
heights at identical points (h,H), gravity anomalies Ag, deflections of the vertical (£, rj) as
well as existing geoid models.

The resulting DFHRS data-base provides a correction DFHRS(B,L,h) to transform a GPS-
height h into a standard height H in a direct mode.

In this paper, the new Digital FEM Height Reference Surface for Germany is presented.
Further a mesh- or patching-design study is outlined for a so-called ‘Tight” dm solution for the
European Vertical Reference System - EVRS.

1. Objectives of the DFHRS Computation for Germany

In recent years, the devolopment of two DGNSS-Referencestation networks, namely SAPOS
and ascos took place in Germany. Both services provide a positioning quality in cm range in
an online mode. Parallel a big progress took place in the sector ofthe GPS equipments and the
related technical DGPS network standards (ambiguity fixing, virtual reference station or area
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correction parameters concept), so that real-time positioning has the capacity to be very
accurate and economic.

In relation to the high technical state of the art however, the number of DGPS-Service users
still is very small in total. A main reason is due to the fact, that in Germany a general
ETRS89-georeferencing has not been realized. So uneconomical transformations related to
identical points and fleld-calibration procedures are still a standard in DGPS applications.
Meanwhile approaches for the transformation of the old DHDN-Datum to ETRF89 are
[Jager,R., et al 2003a], implemented into respective software and tested out successfully. Data
bases for the transformation of DHDN to ETRS89 and ETRS89 to DHDN have recently been
evaluated.

In opposite to the plan transformation problem, the GPS-height transformation has a physical
nature, because GPS-based heights h refer to the ellipsoid, while standard heights H refer to
physically defined Height Reference Surfaces (HRS). Hence a transformation of the
ellipsoidal GPS-height h is needed (fig.l).

DFHRS (B,L,hJAm,p) <-> N

Ellipsoid . . ... i

Fig.X: Scheme ofthe GNSS-Height using DFHRS Databases

The DFHRS is modelled as a continuous HRS in arbitrary large areas by bivariate
polynomials over an irregular grid of Finite Element meshes (FEM) (Fig.2). (Quasi-)Geoid
height information No, deflections of the vertical (£,r|), gravity observations (Ag) and
identical points (h,H) are to be used as observations in a least squares DFHRS adjusment
concerning the DFHRS parameters p. Several geoid models may be introduced
simultaneously and geoid models may be parted into different “geoid-patches” [Jager, R. und
S. Kalber (2000)], to reduce the influence of their long-waved systematic errors on the DFHRS
result.

The resulting DFHRS parameters p represent the HRS and provide the DFHRS correction
DFHRS(B,L,h|Am,p) to transform by

H —h - DFHRS(B,L, h\Am,p) (1.1)
=h+Am *h- NFEM(B, L |p) 2)

ellipsoidal GNSS heights h into standard heights H. The correction DFHRS(B,L,h|Am,p)
consists of the FEM surface of the HRS ("geoid-part" NFEM(B,L|p)) as function of (B,L),
and an additional "scale part” Am-h, to provide a completely 3D correction (1.1 - 1.2).

The resulting accuracies of the DFHRS or the correction DFHRS(B,L,h|Am,p) respectively,
may be tuned by changing the meshsize. Related investigation showed, that a meshsize up to



5 km x S km is representing the HRS in a quality of < 5 mm. To produce a quality <2-3cm,
which is well balanced with the positioning or heighting quality respectively, in GNSS-
Networks, a meshsize of 10 km x 10 km is appropiate. Hence, different standards of quality
for a DFHRSDB may been defined, the so called < 1 cmJDFHRS DB and the
¢ 3 cm_DFHRS DB. The precise version of <lcm quality has been realized for several
federal states of Germany, e.g. Baden-Wurttemberg, Bayern, Hessen, Rheinland-Pfalz and
Saarland (Jager, R. and S. Schneid (2001a)). In cooperation with the respective state land
service departments the DFHRS Databases have been computed and are already used as new
geo-data products in practice. Several GNSS-Receiver-Hardware producers (i.e. Trimble,
Leica, Topcon and Thales) already implented interfaces to the DFHRS DB.

The DFHRS concept also allows computations of updates, i.e. when new identical points (h,
H) are available. These updates may also be computed by the state land service departments
with their own DFHRS production software.

The new DFHRS DB for Germany was realized in a < 3cm quality. This accuracy is
appropiate for online positioning in DGNSS-Networks. In the following chapters, the
evaluation and quality control of the Digital FEM Height Reference Surface is described and
approaches to produce national and international Databases in a 1cm up to a <10cm quality
are discussed.

2. The Digital FEM Height Reference Surface for Germany
Computation of the DFHRS DB

Due to the different types of the german height-systems, spheroidal-normal heights in
Western Germany and normal heights in Easter Germany three different version were
produced. One for Western Germany, one for Easter Germany and a third one related to the
new system of normal heights which has been derived on a continental European level
(EVRS).

The neccesary identical points (h, H) for the computation of the DFHRS DB Germany were
provided by the external DFHRS-project cooperation partner (IB Seiler, Lauf, Germany, see
www.ib-seiler.de). Another observation group were quasigeoid-heights No, derived from the
EGG97-quasigeoid.

The whole area was subdivided into a grid of regular FEM-meshes with 10km x 10km
meshsize. To reduce the datum-problems as well as the long- and mediumwaved systematics
a number of geoid-patches (i.e. 102 patches for whole Germany, see fig.2) were introduced,
each with its own set o f datum-parameters (1 shift, 2 rotations).

For the DFHRS DB Germany a number of 51923 unknowns in total had to be solved in a
least-squares adjustment. These were:

m 822 standard heights H (from identical points) in cm quality
* 1scale correction Am between the heights h and H

m 520 datum parameters (1 Shift, 2 Rotations) in 102 patches
m 50590 FEM - parameters (10 for each mesh)

The system o f observation equations for the used observation groups reads [Jager, R. (2001)]:
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H+v=H 2.1)

h+v=H - h- Am + NFEM(B, L |p) (2.2)
Ng(B,L)j +v=NFEM(B, L |p)+dN(dJ) (2.3)
C+v=C(p) (2.4)

With <IN(tf) (2.3) the datum part of the geoid heights in the j-th geoid-patch is introduced. In
(2.4) a set of C-continuity conditions is introduced as observations at common borders of
neighbouring FEM meshes. The derivation of these continuity conditions is treated in
[Schneid, S. (2001)].

The observations (2.1-2.4) were set up in a common least-squares adjustment with the usual
standards of quality control, data-snooping to detect cross errors and variance component
estimation. The resulting DFHRS (Fig.3) is stored in a comprimized database and may be
placed on a usual GNSS-Receiver for an online GNSS-Heighting using (1.1) or (1.2)
respectively. The needed disk-storage is 552 KB.

Fig-2 FEM-meshing with 102 geoid-patches of the DFHRS-Germany.

Quality control

The DFHRS production includes a statistical quality control. Besides the standards of data-
snooping to detect cross errors and variance component estimation, another very simple, but
effective control is the computation of the so-called reproduction- or “Repro-value” of each
identical point i



Vtf, - Hlkwown HiDFHRS (2.5)

=-X (2.6)

where Vj and 7' mean the residual and the part of redundancy respectively.

This value vHj gives a measure for the change in the resulting DFHRS if the point Hj"nown
would not have been used in the adjustment. In case of a not significant test statistic, a big
Repro-Value VHj at the same time with a big part of redundancy (rj > 30 %) indicates either
inaccurate identical points or a wrong modelling of the DFHRS (i.e. meshsize to big). In case
of a not significant test statistic, a big Repro-Value vHj, together with a small part of
redundancy (n < 30 %) points to a too small number of identical points in this area. The target
in the computation of the DFHRS Germany, was to keep the Repro-Value in the range of less
than Scm.

In addition to a DFHRS correction DFHRS(B, L, h Am, p) the standard-deviation spruRrs(s, L,
H cAmp) is provided by the co-variance matrix of the DFHRS parameters for further analysis.

Fig.3 Visualisation of the Digital FEM Height Reference Surface for Germany

The best and most independent control of a database of course would be measurements at any
point of the related area. To simulate this at least in some places or regions (south-western
Germany) respectively, available points from the database of the University of Applied
Sciences Karlsruhe were used to test the external quality of the computed Databases. These
points were not used in the computation of the database. They had a quality of 3 cm. So this
control points have been recomputed using the DFHRS Database of Western Germany in the
old system of normal-orthometric heights(“NN-Heights”).

In Fig.4 the differences between the known “NN-Heights” Hknown and the Heights HpruRrs



resulting from the transformation by means of the DFHRS correction DFHRS(B, L, h| Am,p),
are shown as a histogram. It documents, that only at 16 points of 3243 (maximum standard
deviation CiH= 3cm), thus only about 0.5 %, showed a difference of more than 5 cm.

Histogramm

600

% 400
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.....

Fig-4: left: Histogram of the differences between known control points Hknown which were
recomputed by means of the < 3cm DFHRS DB. right: Distribution o f the treated 3243
control points.

The differences (2.5) between the known height H and the heights Hprurs transformed by
means ofthe DFHRS DB

VH,=H llmw,-(h,-DFHRS(B,LJi|Am,p). (2.7)

From (2.7) a standard deviation of sHDFHRS = +1,8 cm can be evaluated using the 3243

control points. This value is representing the accuracy of the resulting heights H prurs- Hence
the standard deviation of the DFHRS correction DFHRS(B, L, h|Am,p) sDFHRS < 1,8cm and

can be approximated with

SDFHRS = ~ SH,DFHRS * SH,known + Sh ' (2-8)

In Fig.5,lefit the estimated co-variance matrix C prars of Western Germany is visualised as a
surface plot. It shows an accuracy of < 2,0 cm in most parts of the surface, which is in
accurance with the estimation (2.8) using the control points.

The quality control of the DFHRS germany showed, that the principle aim of the project, to
compute a database in a quality of < 3 cm has been reached and has been surpassed. In this
accuracy the database is a well balanced tool for an online heighting in GNSS-networks. It
can be improved by updating the computation, when new observations, i.e. identical points (h,
H), are available.
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Fig-5: Visualisation of the estimated accuracy of the DFHRS western (left) as well as
eastern (right) Germany.

3. Theoretical aspects and further development

Using a (quasi-) geoidmodel instead of gravity observations Ag

The identity of using a correlated (quasi-) geoidmodel NG instead of the original gravity
values Ag was first derived in [Jager, R. (2001)]. So the DFHRS concept realizes a rigorous 2-
step least-squares adjustment with respect to original gravity observation Ag.

If a a priori co-variance matrix CNG is available, ie. an estimation resulting from an
adjustment or an appropriate co-variance function, the (quasi-)geoid heights NQ are set up in a
least-squares adjustment, together with any other height related observation 1Q with its co-
variance matrix CG The FEM parameters p are estimated as:

p=(ATC *A) 'ATC ‘1=F 1, and (3.3)
C6=(ATC 1A)-1 (3.4)
where
A=ANG,c: N NG and 1:NG

A, Cc. L.

As often an a priori co-variance matrix CNG for (quasi-)geoidheights N G is not available, a
neglect of &CNG in stochastical model is made. In this way the stochastical model

OGN —Cap ACAs ie Cliag —£7 | (3.5)

is used instead of the correct co-variance matrix CNG- The respective estimation reads:



But nevertheless the result p is also an unbiased estimation. This can be prooved in the
following way (Jager. R, et. al. 2003):

E(p)=E(F s )=F cE() =FcAep=p=E(p)=F<E(l)=FcAep=p (3.8)
with p = true parameters, F see (3.3) and F see (3.6).

So in spite of the neglect in (3.5), the adjusted DFHRS is representing the Height Reference
Surface.

So an imprecise stochastical model in the least-squares adjustement only imply an
decrease in the resulting stochasical model Cp (Jager,R. et.al. 2003). But this suboptimality
should be small, because the neglect CNG -c¢x21 is only due to the off-diagonal elements. To
improve the accuracy of the results, the neclect Acng should be minimized. Related

investigations with appropriate correlation functions are currently running at Fachhochschule
Karlsruhe University of Applied Sciences.

In the quality control of the DFHRS DB for Germany by a number of 3243 recomputed
independent control points, the standard deviation sprFHRsS was approximated as <1,8 cm
(chapter 2). This large number of points (see Fig. 4) should be representative. For comparison
with this external accurcay, the surface of accuracies, derived from the co-variance is printed
in Fig.5. The accuracies provided by the co-variance matrix indicate a standard deviation of
<2,0 cm for most parts of'the area.

Deflections of the vertical as additional observation group

The DFHRS concept of the representation of the HRS by its Taylor-series, derived as a
bivariate polynomial in each mesh links to any kind of height- or HRS- related observation.
One group of observation that is available, but still unused for online GNSS heighting are
deflection of'the vertical (£,ri). They may either result from astronomical observations or may
just be taken from gravity potential models (EGM96, EGG97). The observation group Ag
could be the transformed to vertical deflections using the Venning-Meinesz formula

(3.9)

Starting with the FEM representation NFEM(B,Ljp) is first written as inner product

.VFEM(E,/|p)-F(B,L}—p (3.10)
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With the partial derivatives FBand FL in latitude and longitude and the standard formulars for
the differential way increment ds on the ellipsoid

_a/V\B_ =M(B) and L = N(B) *cos(B)

we get the following observation equation for the deflections £ and 7|

€+v=-F* /M(B)p+af(d”) (3.13)
tv=-r1/(N(B)-cos(B))-p +drj(dgJ)) (3.14)

M(B) and N(B) mean the meridian and normal radius of curvature respectively. With df, and

dr\ a set ofdatum parameters is introduced with
P cos(Z) *sin(R) s "SI =(sin(R) . cos(R) , (3.15)
M +h M +h M +h
. h+N-W* h+N-W2
+ sin(Z + - Z . .
(2) Mo h KRY% cos(Z) Mo £y + [°K
e -N-cos(g)esin(g)
+ Am + AB (Ao,
MR (Ao, Af)
and
. (3.16
sin(Z) - cos(L) L 0] w )
(N s h)cos(B) (N+h)'COS(B)
-(/i+(1-e2)-AT
+ (/i+(l-e2) cos(L) *sin(B)
drj(d) = (N +h) *cos(Z?) cos(B)
~(h+(\-e2)-
g (e 2N G (Z) esin(s)
(NJ’_I/)‘(US(EI
+Pl-*z

It is evident, that using the additional observations (3.13) and (3.14) will increase the
accuracy and reliability of DFHRS databases.

4. Design ofa < 10__cm_DFHRS i.e. for Europe
The possibility, to produce DFHRS-Databases in different qualities was first discussed in

[Jager, R. (1998)]. Editing the meshsize, the size of the geoid-patches as well as the number
and quality of the identical points (h, H) are design parameters to control the resulting



accuracy ofthe computed DFHRS Database. The resulting accuracy is only depending on the
design parameters and not depending on the size ofthe computed area.

EUREF Symposium 2001,16-18 May, Dubrovnik
Resolution No. 4

The IAG Subcommission for Europe (EUREF)

Recognising - the European Vertical GPS Reference Network (EUVN) with its GPS-
derived ellipsoidal heights and levelled connections to UELN,-the definition of the
European Vertical Reference System EVRS with its first realisation UELN 95/98,
called EVRF2000,

Considering - this implicit pointwise realisation of a European geoid consistent with
both ETRS89 and EVRS,,- the existence of a large number of regional and local
geoids in Europe,- the urgent need by the navigation community for a height
reference surface,

asks its Technical Working Group and the European Sub-commission of the IAG
IGGC (International Gravity and Geoid Commission) to take all necessary steps to
generate a European geoid model of decimetre accuracy consistent with ETRS89
and EVRS.

So one way to fulfill the EUREF Resolution Nr. 4 / 2001 (see quoation above), to produce a
european Height Reference Surface in decimetre accuracy consistent with ETRS89 and
EVRS, would be the computation of a DFHRS Europe. In an example project, based on a
FEM - Meshing for Europe in a size ofi.e. 35 km x 35 km meshsize (fig.6, left) the resulting
DFHRS DB provides a respectice correction in an accurcay < 1 dm.

Representative for the DFHRS Europe design studies were performed in the area of Germany
was computed with this meshsize. A small number of 31 identical points (see fig.6, right)
allowed the definition of 6 patches. This number of identical points is representative all over
europe. In addition to the points from the EVRS campaign only 10 more identical points (h,
H) have been introduced to the adjustment together with geoidheights N ¢, derived from the
EGG97 quasigeoid. For quality control, a number of 177 known control points, that were not
used as identical point in the DFHRS computation and are distributed all over Germany (fig.7,
left), were recomputed. The resulting differences are shown in the histogram in fig.7. The
recomputation led to a standard deviation ofthe recomputed heights Hprurs of+ 4,1cm.

In another control, the differences ofthe DFHRS corrections DFHRS(B, L, hj Am, p) all over
Germany, using the DFHRS DB with 35km x 35km meshsize and the < 3 ecm DFHRS DB
for Germany, were computed. The accuracy of < 3cm ofthe DFHRS Germany is shown in a
statistical quality control as well as in measurements (chapter 3), so it is used as a reference
forthe dOcm DFHRS DB.

The large number of scanned points -20.000 and the derived differences respectively, led to
an standard deviation of +4,6 cm. The differences between the DFHRS correction of both
DFHRS DB is visualized as a surface plot in fig. 8. It shows, that differences of more than 10
cm are only reached in mountainous areas. Hence the borderlength of a mesh in this areas
should not be more than -20 km to guarantee a HRS-representation ofless than 10 cm [Jager,
R .etal. 2003b].

In contrast to a DFHRS based on 10km x 10 km meshsize (or even S5km x 5km) the short-
waved accuracies may generally represented with a 35km borderlength for the FEM meshing.
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Fig.6: left: Scheme ofa 35km x 35km FEM Meshing for Europe. Right: 35km x 35km FEM
meshing for Germany with 31 identical points (h, H) for the computation ofa « 10 cm
DFHRS.

A < 10 _cm DFHRS DM based on 35km meshes is appropriate i.e.for the use in GIS or
navigation, as the resulting database only needs a small storage ofless than 1 MB.
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s §dad " & <
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Fig.6. Distrubution ofthe 177 points used for control (left) and differences between known
heights H and height derived by means ofthe DFHRS-correction.

5. Conclusions

DGNSS-networks like SAPOS or ascos in Germany, provide RTK-corrections that enable an
online positioning in an accuracy of cm-range. But in spite ofthese developments, the number



ofusers still is very small in total, because a ETRS/EVRS based reference system has not yet
been introduced.

The DFHRS DB for Germany provides a correction DFHRS(B,L,h|JAm,p) that enables a
direct conversion of ellipsoidal height h into standard heights H, without any uneconomical
measurements on identical points (h, H). The DFHRS DB for Germany in the realized quality
of «3cm is a well balanced tool for online GNSS based heighting using DGNSS-services
like SAPOS or ascos. The quality of «3cm has been prooved in a statistical quality control
as well as with independent measurements. The results show a indicate a quality of « 3cm
all over Germany. (Measurments in Western Germany led to a quality of < 1,8 cm).

The DFHRS concept allows the production of DFHRS databases in different qualities and
according to the FEM theory in different sizes. So it has the capacity to fulfill the EUREF
Resolution to produce a HRS in a dm-quality. Hence, an example a <l10cm DFHRS for
Germany has been computed vicarious for whole Europe with a meshsize of 35km x 35km.
An accuracy of ~5 cm has been reached using 31 identical points (h, H).

Fig.8 .: Differece between the DFHRS DB based on 35 km meshes and the
< 3 cm DFHBF DE.An average accuracy of < 5cm has been reached in total.
To guarantee differences <10 cm in mountainous areas, a meshsize ~20km
is to be used finally [Jager,R. et al. 2003b].

Many GNSS receiver manufactors (e.g. Leica, Trimble, Topcon, Thales) have already
implemented an interface to the DFHRS DB in their software-products. In all propability, the
availability ofthe DFHRS DB will increase the number ofusers of DGNSS services.
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Summary

Online GPS-heighting with the concept of a Digital Finite Element Height Reference Surface (DFHRS)
is based on the representation of the Height Reference Surfarce (HRS) by bivariate polynomials over
an irregular grid in arbitrary large areas. Geoid information (geoid heights N, deflections of the vertical
(£ 7)). gravity anomalies (Ag), if necessary, and identical points (h,H) as observations in a least

squares adjustment enable the statistically controlled DFHRS computation in the right datum of the
HRS. After this so called production step, the resulting DFHRS database may be used for the direct
conversion of ellipsoidal heights h, resulting from DGPS measurements, into standard heights H.

To compute DFHRS databases and for their application in online GPS-heighting several software
packages have been developed at Fachhochschule Karlsruhe - University of Applied Sciences. Besi-
des some useful graphical and visualization tools a powerful least squares adjustment including a sta-
tistically quality control and assurance is implemented into the so-called DFHRS production software.
The application of DFHRS databases enable by means of the so-called DFHRS correction
DFHBF(p,Am | B,L,h) the direct conversion of the ellipsoidal GPS height h to the standard height H by
H=h-DFHBF(p,Am f B,L,h). With p and Am we describe the DFHRS polynomial parameters and the
scale parameter(s) Am between ellipsoid heights H and standard heights H, respectively. The DFHRS
data base access is realised twice. Once by means of a Dynamic Link Library (DLL), which can be
easily implemented into any standard RTK-software and once as a Windows application, that is also
able to handle the covariance matrix of the DFHRS, resulting from the least squares adjustment.

The practicability of the DFHRS concept is shown in two examples, namely Saarland and Baden-WQrt-
temberg (federal states of Germany), which installed the DFHRS and the respective use of DFHRS
data bases as official Height Reference Surface for a direct GPS-heighting without identical points and
field calibration in DGPS networks like SAPOS ®. The mean accuracy of 1 cm for the DFHRS correc-
tion DFHBF(p,Am | B,L,h) is statistically assured and proved, and it has been demonstrated in practi-
cal control measurements.

1. Computation and Application of DFHRS databases
1.1 DFHRS Production

In this step the DFHRS is modelled as a continuous Height Reference Surface (HRS) over an arbitrary
large area. The HRS is carried over an irregular grid of finite elements by the base function of bivariate
polynomials. In this way the DFHRS concept provides - by the subdivision of the whole area of any
size into finite elements with a continuous transition in between neighbouring meshes - a continuous
HRS in the total area. Presently geoid information (height N and deflections of the vertical (£,7) ) are

introduced to a common adjustment with identical points, giving the information of the ellipsoidal height
h and the information of the standard height system H.

The mathematical model for the introduction of additional gravity observations, and the mathematical
proof that the use of the correlated geoid height information NGB,L) in (1.2) is equivalent to the use of
the original gravity information are given in [JSger, 2001, these proceedings].
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The respective system of observation equations reads:

h+v=H —h*Am + f(x,y)-p (1-1)
NG(B,L)j +v=1(je,y) *p+dN(dj) (1.2)
Z+v=-fB/M(B)-p +dB(d"n) (1.3)
1+ V=-tL/(N(B) *cos(B)) *p+dL(d ™) (1.4)
H+v=H (1.5)
C+v=C(p) 1.6)

With SNfrf) (1.2) and with 3B(d*n) and 9L(d*il) (1.3, 1.4) we introduce the datum part of the geoid
height of any geoid model or of single “geoid patches” (fig.3, left) and the datum parts of the deflec-
tions of the vertical (£,7) respectively (JAGER, 1999). With fBand fLwe introduce the partial deriva-

tives of the Vandermonds’ vector f(x(B,L), y(B,L)) = (1, x, ¥y, X2 xy, y2 ...) with respect to the
geographical coordinates B and L M(B) and N(B) mean the radius of meridian and normal curvature
at a point P(B,L) respectively. The parameters of bivariate polynomial are introduced as p' = (aoo, a10,
aoi1 820, an, ao2, ...). The expression f(x,y) p means the finite element model (FEM) of the Height
Reference Surface over the ellipsoid (the so called "geoid part" N). It is equivalent to the usual
representation of a bivariate polynomial as a double indexed sum as written explicitly by formula (3 .1).
In the following the formula f(x,y) p will be replaced by the abbreviation NFEM (p | x,y).
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Fig.1: Left: Visualisation of meshes (blue), identical points (green) and geoid information (grey).
Right: Optional displaying of residuals

Besides several tools to visualize the observation types and the residuals, the DFHRS production
software offers an automatic meshing with respect to a square grid. The grid can be edited and

modified afterwards manually. In this context the shape of the meshes is not restricted to a square and
each polygon shape is allowed.

To choose the right mesh-size, some pre-analysis with the real data is generally to be recommended.
Experiences up to now show that a size of 5 km x 5 km enables the representation of any geoid sur-
face by bivariate polynomial of 2rd degree in a mean accuracy about 5 mm. The mesh-size may be
chosen bigger in areas of less geoid roughness. Another condition of the mesh-size is that in case of
using polynomials of 2rd degree s unknowns need to be solved. So for an adjustment at least 7
observations (e.g. geoid heights NGB,L) (1.2)) are needed in one mesh.

The adjusted polynomials are representing the HRS for each mesh in a sufficient accuracy, e.g. with a
5 mm accuracy as mentioned above. But the quality of the whole DFHBF is also depending on the
continuity at the transition between neighbouring meshes (fig.1). For that reason, the system of
observation equations is enlarged by continuity conditions (1.6). So the quality assurance in this case
becomes an additive part of the functional model. The derivation of the condition equations (1.6) is
described in chapter 3.



1.2 DFHRS Application

The application of DFHRS databases is realised twice. For the use in a direct online GPS-heighting
without identical points and field calibration, the DFHRS data base access is done by a Dynamic Link
Library (DLL). The DLL can easily be implemented in any usual RTK software. Concerning companies,
which already supply the DFHRS interface, we refer to the DFHRS-homepage (www.dfhbf.de). For the
use in postprocessing applications a standard Windows software is provided. Besides the direct
transformation of GPS heights h into standard heights H, this version enables the access to the cova-
riance matrix of the polynomial parameters, and in this way the computation of the final accuracy of
the transformed height H.

The three dimensional DFHRS-correction DFHRS(p,Am | B,L,h), that converts an ellipsoidal GPS
height h to the standard height H is - with regard to (1.1) - depending both on to the plan position
(B,L) and the ellipsoidal height h itself, and we get:

H=h-DFHBF(p, Am|B,L,h)
=h~NFEM('p\B,L)-Am-h

The 3-dimensional correction DFHRS(p,Am | B,L,h) is composed by the 2D “geoid part”, namely
NFEM(p | B,L) and a 1D ‘scale part” Am-h. The "geoid-part" NFEM(p|B,L) computed from (1.1)-(1.6) is
high accurate and above this already provided in the correct datum (a first condition for a direct height
conversion), and it is above this equivalent to the usual (2D) "geoid-grid". The ‘“scale part” Amh
resulting from (1.1)-(1.6) is modelling the (mostly highly) significant scale between the GPS-heights h
and the standard heights H. Thus the DFHRS-correction DFHRS(p,Am | B,L,h) is all in all a 3-dimen-
sional quantity, as it is basically necessary for the problem of a GPS-height integration (Dinter et al.,
1997). With respect to the fact, that the scale difference Am may reach a size of 10'4 (1cm per 100 m
height h) the DFHRS concept and DFHRS data bases respectively are the only ones to solve the
basic 3D problem of GPS-heighting, and can provide directly a "lcm'" height H or better.

2. Quality control during the DFHRS computation

The DFHRS production software also provides a statistically quality control. A basic quantity in sta-
tistical testing, reliability of tests and variance component estimation is the so-called redundancy ma-
trix R, which carries the individual redundancy parts of the observations n on its diagonal and reads:

R =QW'P 2.

With Qw and P we describe the cofactor matrix of the residuals and the weight matrix of the
observations respectively. To analyse and compare each observation group with respect to the
common a priori variance factor s(2 the so called variance component of any observation group j is
computed as:

(vTPv)j al
si = V =7v=r-r~ » 2-2)

With Vj and Pj we describe the vector of observation corrections of the j-th observations group and the
weight matrix of the respective observation group and with Qj the residual sum of squares belonging to
this group. The a-priori variance related single observations test Nvj, known also as Baarda's data
snooping, is realised in the DFHRS production software once for uncorrelated single observations
(e.g. the height observations H or h) reading
iv,|
Ivion~ NVt - — 7= ~ N(0,1) ,uncorrelated observation 2.3)
e Vr/
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and for the second for correlated single observations (e.g. GPS baselines Ah correlated within as
session adjustment, or respective correlated absolute GPS heights h or correlated geoid height
observations NGB,L)) and reads

fPvl
Option= NVi ~ ir — t-~ 7(0,1) . correlated observation . (2.4)

The a-posteriori variance related so called Student t-test holding for single observations reads for
uncorrelated observations

Pv

Post FIrl=tr! , s o ,uncorrelated observations (2.5)

and for correlated observations

vIPv- [P>V]-
, rpvl , rpo P ,
iPost - —— ~Flrdi=tr1, §2=--eeeeem--——— _correlated observations (2.6)
s'2-VIPQwPj,, 1-1

The above tests (2.3 - 2.6) are performed as a sophisticated standard in the DFHRS production with
respect to detection of gross errors. In case of a significance test, the quantity of the respective gross
error is estimated and the influence on the relative and absolute network quality is computed. For the
respective quantities and formulas see (Miner and Jager, 1993).

To prove the so called "reproduction quality” of the DFHRS database parameters (P, Am) we compute
the DFHRS height Hi(DFHRS.hi) of each identical point (H,h)j successively for the case that the
respective database DFHRS, was produced in (1.1-1.6) under exclusion of (H,h)j, and we compare
Hi(DFHRS.hj) to the independently known height Hj. The reproduction quality measure VH| is then
simply given by the value of difference

VHj =Hj -HjCDFHRSjhj) . (2.7)

It can be shown, that for the identical points (H,h)j , where Hi is introduced as stochastic point
observation, the above "reproduction quality” VHj can be evaluated as

VH, , (2.8)

in the final DFHRS production step, where all identical points (H,h)i are used.

3. Modelling the continuity conditions of the DFHRS

Like mentioned above, a bivariate polynomial is able to represent the surface of any geoid, or better
the Height Reference Surface HRS in the small area of a mesh (fig, 1), for the reason (in the mathe-
matical sense), that the bivariate polynomial is to be assumed as a local Taylor series expansion of
the HRS in the small mesh area. In practice a mesh extension of few kilometers keeps a HRS
approximation quality of few millimetres. The quality of a the complete Height Reference Surface,
based on this concept of polynomials in an irregular grid is however to be kept additionally by requiring
a continuous transition of the HRS between neighbouring meshes. Because of the principal accuracy
of “few mm”, these continuity conditions do not need to be “strong”. Therefore they are formulated as
observations with an a-priori variance of again ‘few mm” (1.6) implying a respective weight in the



common adjustment of DFHRS production given by the observation equations (1.1 -1.6).

The modelling of the continuity conditions for CO-continuity means same functional value at the
common border straight line and is described in the following. With X' and x1l we describe two
independent point positions of a HRS point, situated in mesh | and in mesh Il respectively, and we get:

y and x 11 =

=0 k=0

According to the DFHRS concept the "z-component” is replaced by the polynomial function N(x,y) of
the bivariate polynomial aikas a function of the plan position (x,y). Both independent surface points

introduced by (3.1) are now restricted to run along the common border straight line AE (fig. 2) of both
meshes.

Mesh I Mesh B

Fig.2: Scheme of two neighbouring meshes | and Il, where a continuous transition
at the common border straight line AE has to be forced

For this reason, the next step requires to describe the straight line AE in its parametric expression for
both meshes | and Il and we get

xa+Kxe-xa)

ya+t(ye-ya)

(3.2a)
J 1S aU s(xa+t(e-*«))'(ya+t(ye-ya)f
i=0 k=0
and
xa +Kxe~xa)
xt = ya+Kye-ya) (3.2b)
y 5] aHk '(xa +t(xe ~xa»* 0O 'a+*0*, ~ya)Y
i=0 k-0
with

xe,y e = plan coordinates of point E,
xa,y a = plan coordinates of point A

t e [0,1] = parameter of straight line position within AE



It is easy to see that both vectors x and x can only differ with respect to the space and degrees of
freedom supplied by the number of the two sets different polynomial coefficients akland aikHrespec-
tively. So both surfaces are C0- continuous, only if the functions N*x.y.aiK) and Nn(x,y aiK’) are restric-
ted to the same values along the border AE , meaning that the functions difference becomes zero.
With the abbreviations

Aik=al “aik> dx=xe-xa,dy=ye-y £ (3.3a)

we get for the difference vector

0 '0'
R =0 (3.3b)
AN®._ 2 S dam + (yo+{(dyyk 0
0 =0

While the difference in the plan position components (x,y) becomes automatically zero by the
restriction to the common straight line AE, the difference

AN(t)=NI(x,y,ail,t)-NIli(x,y aik',t) (3.3c)

leads to an univariate polynomial in t of nth degree. Requiring the difference AN(t) to become zero is
equivalent to the requirement of a so called CO-continuity (in the FEM terminology), meaning the same
DFHRS functional values along the common border.

With e.g. n=2 and setting the corresponding difference AN(t) (3.3b) to zero, we get a polynomial in t of
2rd degree. After a separation with respect to the different powers of the free parameter t we get the
following structure and coefficients A,B,C for the polynomial in t:

A(aL>a«{»xe>a>ye»ya) ‘t2+ B(aik,aH(,xe,xa,ye,ya)*t + C(ajik,alk,xe,xa,ye,ya) =0 (3.4)

The constant coefficients A,B and C are depending on the polynomial coefficients and the nodal point
position A and E. As (3.4) has to be valid for all t e[0,1] to force Co-continuity, we have to require

A(a[k,a?kJxe,xa,ye,ya) =0, B(alk,aSk?xe,xa,ye,ya)=0? C(afk,a|[,xe,xa,yeS5ya)=0 .(3.5)

We finally get in details for n=2 the following C0O-continuity restrictions

A- da02dy2 + dal}dxdy + da20dx2 - 0 (3.6a)
B - da0}dy+2da02yady+dalOdx+da2lxady +dal}dxya+2da20Oxadx-0 (3.6b)
C=da00 +da0lya +da®lya2 + dalOxa +dau xaya +da20x 2=0 (3.6¢c)

which are set up in the DFHRS production adjustment (1.1)-(1.6) with respect to each common border
line AE of the mesh grid (fig.2) as pseudo-observations C(p) as given in (1.6).



4. Examples

After demonstrating the practical suitability of the DFHRS concept in pilot-projects (e.g.
Tallinn/Estonia), several computation of DFHRS databases have been performed or are presently
running respectively. The first DFHRS databases that were installed as official Height Reference Sur-
faces by the respective State Land Service Department, e.g. for a SAPOS®-based direct online GPS-
heighting, were those of Saarland and Baden-WOrttemberg (federal states of Germany). The
computational designs of these DFHRS network and the results of the quality control are shown in this
chapter.

4.1 DFHRS of Baden-Wurttemberg

To compute the Digital Finite Element Height Reference Surface 130 so called BWRef points (precise
identical points h, H in the ETRS89 datum) where provided by the State Land Service Department.
Additional identical points were provided by the neighbouring states, so there was a complete humber
of 192 identical points taking part in the DFHRS data base production, namely the adjustment
represented by (1.1) - (1.6).

As a first base for the computation a regular grid of 7 km x 7 km mesh-size was generated by the
respective tool of the DFHRS software, which was slightly modified during different computation
designs (fig. 3 left). To reduce the well known long-waved systematic errors, the surface of the used
EGG97 (quasi geoid) (DENKER and TORGE, 1997) was subdivided into 28 rgeoid-patches”, each
with its own set of datum parameters SNfd9 (1.2).

The basic and essential result was the fact, that the aspired mean " < 1cm-DFHRS" database was
achieved, as the average reproduction value (2.7), (2.8) was 9,7 mm (JAGER et al. 2001, MEICHLE,
2001).
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Fig. 3: left: DFHRS meshing (blue), “geoid patching” (thick blue) and the 192 identical points (green) of
Baden-Wurttemberg. Right: Histogram of the ‘“reproduction-values” (2.7), (2.8)

According to the theory of the Gauss normal distribution (being demonstrated again) 68 % (88 of the
130 BWRef points) were within "one sigma", meaning that they had a reproduction value less than 1
cm. The scale parameter Amwas -1110 s - meaning 1,1 cm / 100 m. This shows, that the "scale
correction part” Amh (1.7) is - besides the pure "geoid-part” NFEM (p|B,L) and a generally not
sufficient standard formula H = h -N - absolutely necessary for a direct online GPS-heighting.



4.2 DFHRS of Saarland

The basic mesh design for the computation of the DFHRS database in Saarland was a 5 km x 5 km
mesh size. The total area was subdivided in s “patches” to reduce the long-waved geoid model errors.
The EGG97 as a set of (2 x 2) km geoid grid observations (1.2) and a rather big number of 474
identical points (h, H) were used as observations.

The quality control was done in the described way and the reproduction quality (2.7), (2.8) for an
aspired "< 1 cm-DFHRS" data base was to be verified by the respective mean reproduction value of
9.3 mm, which was for the 474 identical points again smaller than 1 cm.

Both, the DFHRS database of Saarland as well as the DFHRS database of Baden-Wurttemberg are
already used in practice for online GPS-heighting in the SAPOS® network. So the suitability of the
DFHRS concept is no more theory.
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Fig 4.: left: DFHRS meshing and the 474 identical points in Saarland.
Right: Histogram of the “reproduction values” (2.7), (2.8)

5. Conclusions

The suitability of the DFHRS concept in online GPS-heighting e.g. by SAPOS®, is shown by the
examples of Baden-Wurttemberg and Saarland, both federal states of Germany. The mean accuracy
of both DFHRS databases was proved to be better than 1 cm by the concept of quality assurance ba-
sed on the computation of the so called “reproduction values”. Both DFHRS databases are meanwhile
installed as official Digital Height Reference Surfaces (DFHRS) by the respective State Land Service
Departments.

The concept consists of the common adjustment of geoid information (height N and deflections of the
vertical (£,7) and identical points (h, H)). The DFHRS approach allows the common adjustment of

several geoid models as well as the subdividing of any geoid model into single so called “geoid
patches” with own sets of datum parameters, to reduce the influence of long-waved systematic errors
in geoid models.

So by the use of the concept, there are no limits to introduce the available national geoid models into
a common adjustment of any Digital Finite Element Height Reference Surface (DFHRS) together with
international geoid models (e.g. EGG97, EGM96).

The DFHRS software development at the Fachhochschule Karlsruhe - University of Applied sciences
is continued and the flexibility and power of the DFHRS software is accordingly growing. Presently the
DFHRS data bases production for 3 other states of the Federal Republic of Germany is running,
namely Bavaria, Hessen and Niedersachsen. The focus of the DFHRS project is set on the realisation
of the adjustment (1.1 - 1.6) and a respective quality control and assurance, as well as the introduction
of a innovative standard for a ™ cm" online GPS-heighting. So DFHRS data bases enable a
respective conversion of the GPS height h to the standard height H by the so called DFHRS-
correction, which reads in total H=h-NFEM(p| B,L)-Am h. It is clearly proved that a 2D

correction referring purely to the "geoid-part” NFEM(p |B,L) (or generally any datum adapted or

fitted "2D geoid grid") is not sufficient for this accuracy level, and the additional "scale correction part"
Amh provided the DFHRS-correction is necessary.



The DFHRS data base software interface is realised as a Dynamic Link Library (DLL) and has already
been implemented into usual RTK software equipments (for the present state, see www.dfhbf.de).
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Summary

The contribution discusses the state of the art, aspects and present developments in a GNSS-based (Global
Navigation Satellite Systems, e.g. GPS, GLONASS, GALILEO, etc.) height determination. Introductory an
overview is given on classical GNSS-based height determination approaches, which are both used in field-
calibration procedures and in post-processing. These require both identical points in the application step and
geoid information. In the classical case the geoid information is poorly unexploited, namely only at the discrete
identical and the new points, and remains above also uncontrolled with respect to the determination of new
points. The target and the main part of this article is dealing with a direct online GNSS height-determination,
meaning that no identical points are needed in the application step. The concept and realization of the so-called
Digitale Finite-Elemente Hdhen-Bezugs-FISche (DFHBF) - Digital Finite Element Height Reference Surface
(DFHRS) in English - provides in GNSS the direct online conversion of ellipsoidal heights h into standard
heights H referring to the height reference surface (HRS), of orthometric, normal-orthometric or normal height
systems. The DFHRS is modelled as a continuous HRS in arbitrary large areas by bivariate polynomials with
parameters p over an irregular grid of the respective Finite Element Model (FEM) meshes. Geoid information
(geoid heights NG vertical deflections £,ri), gravity anomalies Ag and identical points (h, H) are to be used as ob-
servations in a least squares DFHRS computation. It is shown that the correlated geoid heights NGof a geoid
model (e.g. EGM96, EGGY7) provide the same DFHRS parameters, than the introduction of the original gravity
anomalies Ag used for the evaluation 0 fNG Several geoid models may be introduced simultaneously, and geoid
models may be parted into different “geoid-patches” with individual datum-parameters to reduce the effect of
different long-waved systematic errors. Additionally a scale Am between the height systems h and H is part of
DFHRS parameter estimation. So the resulting DFHRS represents the HRS in the correct datum, and provides by
the 3-dimensional DFHRS-correction DFHRS(p,Am|B,L,h) - which depends both on plan position (B,L) and the
height h - the direct transformation o f an ellipsoidal GNNS height h into the standard height H. The complete 3D
DFHRS-correction consists oftwo different parts. The first correction is the FEM o f the HRS, described as a 2D
function of the plan position (B,L) by the formula abbreviation NFEM(p|B,L). This correction is accordingly cal-
led "geoid-part". The second correction, described as a ID function of the height h, and appearing as Amh, is ac-
cordingly called "scale-part". Proceeding scientific work and examples have been presented on symposia of FIG
Commission 5, IAG and IAG Subcommission for Europe (EUREF). The DFHRS concept has also been propo-
sed as a potential and flexible candidate for the evaluation of the DFHRS for Europe (EU_DFHRS) for the
GNSS user community. Meanwhile DFHRS data bases have become official products in different countries and
the DFHRS data base access is provided by different receiver manufacturers. The accuracy of the DFHRS is
controlled by the mesh size, and a one-cm accuracy for the online correction DFHRS(p,Am|B,L,h) is a proved
standard, e.g. for SAPOS® DGPS, while also dm ("'rapid/light'') DFHRS are requested by e.g. GIS/Navigation
users. The basic ideas and the mathematical model of DFHRS computation and quality controls are discussed
theoretically and finally referred to some DFHRS project examples.

1. Einftihrung und allgemelne Betrachtungen

Der Einzug neuer Sensorik, Mess- und Navigationstechniken und die mit Ausbau des satelliten- und
referenzstationsnetz gestutzten International Terrestrial Reference Frame (ITRF) einsetzende Globali-
sierung des Raumbezugs wirken als essentieller Motor fur die wirtschaftlichen Wachstumsfelder der
kommenden Jahre. GNSS (Global Navigation Satellite Systems) - wie GPS, GLONASS, GALILEO u.
a. - leisten eine Positionsbestimmung, Standordinformation und Richtungsempfehlung mit einheitli-
chem ITRF-Bezug und gelten als wichtiger Taktgeber fur innovative Wirtschaftsbereiche in den Sek-
toren Dienstleistungen, LBS, Fahrzeugindustrie und Mobiltatskommunikation. Im weiteren wird im
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Kontext mit Satellitenvermessung bzw.~ Navigation und der Systemvielfalt gleich der allgemeine Be-
griff "GNSS" anstelle des speziellen Systems "GPS" verwendet.

In Verbindung mit dem weltweit zu beobachtenden Trend, die alten derzeit noch prasenten klassi-
schen nationalen Datumssysteme (z.B. DHDN in Deutschland) zugunsten ITRF-basierter Daturns-
systeme (z.B. ETRS89) und entsprechender GNSS-Referenzstationsnetze wie SAPOS® zu ersetzen,
wird das Datumsproblem in Bezug auf die Lagekomponente (B,L) zugunsten einer damit passpunkt-
ffeien online GNSS-Lagepositionierung nach und nach keine Rolle mehr spielen. Dagegen erfordert
die GNSS-basierte Hohenbestimmung aus physikalischen Grtinden stets eine Bezugsflachentransfor-
mation der ellipsoidischen GNSS-Hohen h in Landeshohen H, da sich letztere auf eine in Definition
und Realisierung potentialtheoretisch fundierte Hohenbezugsflache (HBF) - NN-Flache (NN-Hohen),
Quasigeoid (Normalhdhen) oder Geoid (orthometrische Hohen) - beziehen (Abb. 1). Die gerade auch
im Kontext mit der GNSS-basierten Hohenbestimmung und der entsprechenden Nutzung von Geoid-
modellen wie das EGG97 (Denker and Torge, 1997) oder das EGM96 (Lemoine et al., 1998) lehr-
buchmaBig angefuhrte und in Abb. 1 dargestellte Standardformel

H=h-NG(B,L) , (la)

erweist sich im Hinblick aufpraktische Anwendungen als nicht ausreichend modelliertes Ideal. Als er-
ster Grund dafur ist anzufuhren, dass Geoidmodellen NQ zum einen ein eigenes lokales bzw. regiona-
les Datum zu unterstellen ist (Dinter et al., 1997; Dinter and Illner, 2001), und dass sie dariiber hinaus
mit mittel- und langwelligen systematischen Formabweichungen sog. Schwachformen (Jager, 1988;
Jager and Kaltenbach, 1990; Schmitt, 1997) behaftet sind. Auch die per "Nivellement und Schwere"
realisierten Hohenbezugsflachen (HBF) bzw. die Hohensysteme H weisen, wenn auch in geringerer
Auspragung, mittel- und langwellige geometrische Defizite in Form von Schwachformen auf (Jager
1990a,b; Jager and Leinen, 1992; Jager und Kalber, 2000).

EOF

HBF

Ellipsoid No

Abb. 1: Darstellung der Formelideals(la): Erdoberflache (EOF) am Ort P(B,L,h), ellipsoidische GNSS-Hohe h,
Landeshohe H und Hohenbezugsflache (HBF) im Kontext mit dem ideal eines Geoidmodells Nec .
Unter "Real World Conditions" ist davon abweichend jedoch die Beziehung (1b) mafigeblich.

Beide o.g. Formabweichungen bzw. die damit bestehende Flachendiskrepanz kann im Sinne einer si-
multanen Flachenanpassung mit einem dem sog. Datumsanteil SN(d) (2¢) modelliert und getilgt wer-
den. Ein dritter Anteil von Inkonsistenzen bei (la) beruht in der MaBstabsdifferenz Am zwischen den
ellipsoidischen GNSS-Hohen h und den Hohen H des Landessystems (Dinter et al., 1997; Dinter and
Illner, 2001; Schneid, 2001), wobei ein separater Maflstab des Geoidmodells bereits im Anteil der Da-
tumsparameter d (2e) zu beriicksichtigen ist (Jager, 1999c). Die Ursachen fur die MaBstabsdifferenz
Am sind vielschichtig. Zu nennen waren die mit dem topographischen Profll gehenden Mafistabseffek-
te infolge vemachlassigter zufalliger und systematischer Fehleranteile beim Nivellement (Jager, 1990a)
sowie die Inkonsistenzen der Georeferenzierung des Normalschwerefeldes klassischer Hohennetze
bzw. Geoidmodelle gegenuber dem WGS84-Niveuellipsoid. Daher ist das obige Formelideal (la) in
Bezug auf "Real World Conditions" entsprechend zu modifizieren und lautet schlieBlich:

H=h-(NG(B,L)+dN(d) + Amh) (1b)
NFEM(p [B,L)



In dem diesem Beitrag schwerpunktmaBig gegenstandlichen DFHBF Konzept, wird die Rolle der in
Bezug auf das GNSS-Datum (z.B. ETRS89) angepaBten und von systematischen Fehlern befreite Di-
gitate Finite Elemente Hohenbezugsflache (DFHBF) vom 2D Finite Element Modell (FEM) der HBF
ubemommen. Diese wird in (1b) entsprechend als NFEM(p|B,L) - auch "Geoid-Anteil", -genannt. Das
mathematische Modell des DFHBF-Ansatzes zur Berechnung von sogenannten DFHBF-Datenbanken
findet sich in (4a) -(4g).

2. Datumsubergang und klassische Ansatze zur GNSS-Hohenintegration

Das mathematische Modell des umfassenden derzeitigen Standard Postprocessing Ansatzes zur
GNSS-Hohenintegration wurde bereits vor einigen Jahren entwickelt und im Softwarepaket HEIDI2©
Dinter/Illner/Jager implementiert (Dinter et al., 1997). Dieser sogenannte “Geoidverfeinerungsansatz”
stellt sich im System der Verbesserungsgleichungen wie folgt dar:

h+v=m-H+NG (2a)
NG(B,L)+v=NG+5NG(d) + NFEM(p [x,y) (2b)
H+v=H (2¢)
Cp=0 . (2d)

Mit NG(B,L) werden die aus einer entsprechenden Geoidmodell-Datenbank entnommenen Geoidhohen
bezeichnet. Die Parametrisierung des Datumsubergangs 6N({d) fur das betreffende Geoidmodell
lautet (Jager, 1999c):

SNG(d) = [cos(L) *cos(B)] *u +[cos(B) *sin(L)} *v +[sin(B)] *w
+ [€2 *N(B) +sin(B) «cos(B) «sin(L)] <e x + [-€2 «N(B) «sin(B) «cos(B) «cos(L)] -e y + [-NG] +AmG. n

Zusatzlich konnen gemaB (2b) die Hohen NB,L) des Geoidmodells durch ein sogenanntes Finites
Element Model NFEM(p|x,y) verfeinert werden, welches im Detail in Kap. 3 beschrieben wird. Im
0.g. "Geoidverfeinerungsansatz" (2a-d) wirkt das Modell NFEM(p|x,y) so als zusatzliches "Overlay"
(als "Fliefispachtel") einer im mittel- und langwelligen Bereich angesiedelten Formverbesserung des
Geoidmodells NGB,L). Ein Finite Elemente Modell NFEM(p|x,y) kann ebenso auch zur kompletten
Representation der Hohenbezugsflache HBF in Ansatz gebracht werden. Aufdiese Idee und der damit
verbundenen Behandlung von Geoidinformation NEB,L) beruht das diesem Beitrag schwerpunkt-
maBig gegenstandliche DFHBF-Konzept (Kap. 4). Mit N(B) (2¢) wird der Normalkriimmungsradius
des Bezugsellipsoids am Ort P(B,L) bezeichnet. Die Datumsparameter d umfassen drei Translationen
(u,v,w), zwei Rotationen (ex ey) und eine MaBstabsdifferenz AmGin der Geoidhohe NG

Was weitere Einzelheiten zum Datumsproblem bzw. Datumsubergang (2b,e) und zur Verfeinerung
NFEM(p[x,y) sowie die Diskussion und Behandlung der Sonderfalle des o.g. klassischen Standardan-
satzes der GNSS-Hohenintegration - namlich dem “Reinen Geoid-Ansatz” und dem “Reinen FEM-
Ansatz” - anbelangt, so wird auf Dinter et al. (1997) and Jager (1999c) verwiesen. Die mathemati-
schen Grundlagen des machtigen Tools des Finite Element Modells NFEM(p|x,y), zugleich auch der
zentrale Kern des DFHBF-Konzepts, werden in Kap. 3 behandelt.

Als Nachteil des obigen Standardansatzes (2a-d) gilt, dass es sich in seinem vollen Umfang um einen
typischen Postprocessingansatz handelt. Da identische Punkte (H, h) benotigt werden, bedeutet der
Ansatz ein zu unwirtschaftliches (zeitaufwendige sog. Fieldcalibration sowie Kosten fiir Passpunkte)
Verfahren zur online GNSS-Hohenbestimmung in GNSS-Referenzstationsnetzen (Abb. 3). Aufgrmid
der Tatsache, dass Geoidmodelle N(3B,L) iiber einen Datumsanteil SN(d) immer nur regional
einpassbar sind (siehe auch "Patching", Kap. 5; Ab.4), ware zwar ein landesweites Vorhalten regional
ermittelter Datumsparameter d auf einer Datenbank denkbar, nachteilig ware bei diesem Vorgehen
aber, dass auf diese Weise keine Stetigkeit von Region zu Region besteht. Daruber hinaus bliebe die
mit einem Geoidmodell eigentlich zur Verfugung stehende Information nahezu vollkommen
unausgeschopft, da die Geoidhdheninformation mit NB,L) im Ansatz (2a-d) nur am diskreten Ort
(B,L) der mit GNSS bestimmten Punkte einflieBt. Der (ibrige Informationsgehalt des Geoidmodells
bzw. der Geoiddatenbank bleiben ungenutzt bzw. im weiteren auch geometrisch unverbessert. Auch
die seitens Geoidmodellen zur Verfugung stehende Lotabweichungsinformation (£,r|) sowie Schwere-



anomalien Ag finden keinen Eingang im Standardansatz (2a-d). SchlieBlich erfordert seine
Anwendung im Postprocessing- bzw. auch im Onlinemodus der Fieldcalibration imrner noch
geodatisches Expertenwissen, so dass der Ansatz (2a-d) nicht fur das breite Spektrum der GNSS-An-
wender ftir eine online GNSS-Hohenbestimmung geeignet ist. Aufgrund der o.g. Nachteile ist der
klassische Standardansatz (2a-d) suboptimal im Vergleich zum modemen und umfassenden DFHBF-
Konzept einer online oder postprocessing-basierten GNSS-Hohenbestimmung (Kap. 3-6).

An dieser Stelle sei angemerkt, dass die fachliehe Grundsteinlegung bzw. Premiere des DFHBF-Kon-

zeptes und auch Vorbereitung der Fachwelt bereits auf dem 1. SAPOSt®-Symposium in 1998 (Jager,

1998) sowie unmittelbar danach in intemationalen FIGAAG Symposien stattfand (Jager, 1999c¢). Die
theoretischen Erweiterungen und Realisierungsschritte, die nach der Entwicklung der DFHBF-Basis-

software (Schwarzer, 2000) im Rahmen des gleichnamigen vom Bundesministerium fur Bildung,

Wissenschaft und Technologie unterstutzten Forschungs- und Entwicklungsprojektes zu DFHBF als

neuem wissenschaftlich-technologischen Standard beitragen haben, wurden in groBem MaBe auch

durch die Mitwirkung der unmittelbaren Projektpartner, dem Landesvermessungsamt Baden-Wiirttem-

berg und IBS (www.ib-seiler.de) sowie daruber hinaus dem Hessischen Landesvermessung und der

Firma Leica Geosystems getragen.

3. Finite Elemente Modell (FEM) Representation von Hohcnbezugsflachen (HBF)

Ein machtiges Tool, welches bereits im Rahmen des Standardansatzes (2a-d) der GNSS-basierten Be-
stimmung von Landeshohen Einsatz findet und zugleich das zentrale Tool des DFHBF-Ansatzes (Kap.
4) ist, besteht in der Hohenbezugsflachen-Reprasentation durch ein sogenanntes Digitales Finite Ele-
ment Modell NFEM(p|x,y). Als Tragerfunktionen fur das Modell NFEM(p|x,y) der Hohenbezugsfla-
che (HBF) werden bivariate Polynome verwendet, welche iiber den Maschen eines regelmaBigen oder
unregelmaBigen Finite Elemente Maschennetzes (Abb. 2, Abb. 5) in Ansatz gebracht werden. Mit pl
werden die der i-ten Masche zugeordneten Polynomkoeffizienten (aoo, aiQ, aoi, aX), an, ac2...)‘ bezeich-
net. Unter der Pramisse der Beschreibung der kompletten HBF bzw. des "Geoids” NG(Abb. 1) als Fi-
nites Elemente Modell (FEM) stellt sich "NGFEM" - im weiteren entsprechend mit NFEM(px,y) be-
zeichnet - innerhalb der i-ten Masche wie folgt dar:

NFEM(p‘ | x,y) =f(x(B,L),y(B,L))-p1l;i=I,m; mit (3a)
pl=(alo,al0,a0is...),and f(x(B,L),y(B,L)) =(L,x,y,x2xy,y2...) . (3b), (3¢c)

Mit f wird der sogenannte Vandermond'sche Vektor bezeichet, der dem Polynomgrad n entsprechend
die verschiedenen bivariaten Terme und Potenzen der Lagekoordinaten (x,y) enthalt. Der Parameter-
vektor p besteht insgesamt aus den Satzen der Maschenkoeffizienten pl= (ajjk)', G=0,n; k=0,n) aller m
Maschen. Mit y(B,L)="“East” und x(B,L) - North”) werden in (3a,c) die kartesischen Lagekoordinaten
z.B. in Form von UTM-, Mercator oder Lambertkoordinaten, jeweils Funktionen der geographischen
Koordinaten (B,L), eingefuhrt.

Um die Stetigkeit der Finiten Element Modell NFEM(p|x,y) beschriebenen HBF zu erreichen, ist dem
mathematischen Modell zur Berechnung von NFEM(p|x,y) daruber hinaus ein Satz von Stetigkeitsbe-
dingungen (siche (4f)) unterschiedlichen Typs CQi2 fiir jede Kante von benachbarten Maschen (Abb.
2) hinzuzuftigen. Stetigkeitsbedingungen vom Typ COimplizieren die selben Funktionswerte, Ci - Ste-
tigkeiten die selben Tangentialeben und C2-Stetigkeiten die selbe Kriimmung entlang der Kanten be-
nachbarter Maschen der in (4a) insgesamt stetig reprasentierten Hohenbezugsflache NFEM(p[x,y).
Die Stetigkeitsbedingungen treten als Bedingungsgleichungen C(p)=0 zur Parametrisierung
NFEM(p)x,y) hinzu, und beziehen sich satzweise auf die Koeffizienten (ajkymand (ajkin von Nachbar-
maschen m and n.

Die Bedingungsgleichungen konnen gemaB (4f) auch als fingierte Bedingungsgleichungen mit
variablen Gewicht eingefuhrt werden. Um z. B. CO-Stetigkeit an beliebiger Stelle entlang der Kante
SA-SE zweier Maschen m and n (siche Abb.2) zu erzielen, muss die Differenz ANirnder "Geoidhohe"
NG- besser der Hohe der HBF-Reprasentation NFEM(p|x,y) - entlang der kompletten Kante SA-SE
Null werden. Ftir das bivariate Polynom n-ten Gerade lautet die Ausgangsbeziechung fur CO-Stetigkeit
entsprechend (Schneid 2001):


http://www.ib-seiler.de

AN nW~2j1=07k="i) ‘jkn _ajk,mHysA +t'<ySA “ ~SEA (XSA +t (xSAxSEA'
(3d)

Mit (ySA,x SA,y SE x SE) werden die Lagekoordinaten der Knotenpunkte SA und SE (Abb. 2) eingefuhrt,
ftir den Geradenparameter t zur Kante SA-SE gilt als Wertbereich das geschlossene Intervall
(t e[0,1]). Die Untermenge der (n+1) CO-Stetigkeitsbedingungen C(p)=0 zur allgemeinen Kante SA-
SE der Maschen m und n (Abb. 2) geht im Fall der mit (3d) gefordertem C(-Stetigkeit schlieBlich
hervor, indem dort alle (n+1) auf die Variable t bezogenen Polynomkoeffizienten einzeln zu Null
gesetzt werden.
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ADbb. 2: Screenshot auf DFHBF-Produktionssoftware. UnregelmSBiges FEM-Maschennetz und verschiedene
Beobachtungstypen: Geoiddatenraster dargestellt als graue Horizontalstriche mit Residuen; identische
Punkte (H,h) dargestellt als Dreiecke. Beispiel zur Berechnung der DFHBF DB Tallinn, Estland im
NormalhOhensystem.

Die MaschengroBe und die Maschenform zur Berechnung der HBF-Reprasentation NFEM(p|x,y) - im
Kontext mit dem DFHBF-Konzept (Kap. 3-6) und der entsprechenden DFHBF-Datenbanken auch als
"Geoid-Anteil" (7c) bezeichnet - sind gerade auch, was deren Erzeugung und Gestaltung in der
DFHBF-Produktionssoftware (Schwarzer, 2000; Schneid, 2001) beliebig (Abb. 2, Abb. 5). Die Ap-
proximationsqualitat einer Hohenbezugsflaeche durch das Modell NFEM(p|x,y) hangt hinsichtlich der
Auflosung von Kleinformen sowohl von der MaschengroBe als auch dem Polynomgrad ab. Aus ver-
schiedenen Untersuchungen gilt als Richtwert fur eine HBF-Auflosung besser als 5 mm eine Vier-
ecksmaschengroBe von 5 km bei einem Polynomgrad n=3.

Ein spezieller Vorteil und Charakteristik der Finite Element Representation NFEM(p|x,y) besteht im
Vergleich zu anderen Ansatzen (z.B. sonstigen Standards wie der Vermaschung, Berechnung und Re-
presentation von topographischen Hohenmodelle) darin, dass die Knotenpunkte des unregelmeBigen
FEM-Netzes (Abb. 2) von der Lage und Topologie der in die NFEM(p|x,y)-Berechnung einflieBenden
geodetischen Beobachtungen bzw. dem geodetischen Netzdesign (z.B. gerade auch von der Lage
""Passpunkte" (H,h) ) vollkommen entkoppelt sind. De facto kann so jeder beliebige HBF-bezogene
Beobachtungstyp an jedem Ort in die Bestimmung der Parameter |} des NFEM(p|x,y) Modells sowie
zusetzlicher MaBstabsparameter Am in die uberbestimmte und damit kontrollierte Berechnung von
DFHBF DB cinflieBen (4a-g). Zu nennen weren als Beobachtungstypen zur DFHBF DB-Berechnung
absolute und relative ellipsoidische bzw. Landeshoheninformation (h, H, AH, Ah), satellitengeodati-



sche bzw. gravimetrische Geoidhohen N(AB,L) und Lotabweichungsinformation aus entspre-
chenden Datenbanken oder aus astrogeodatischen Messungen sowie Schwereanomalien Ag.

4. Konzept der Digitalen Finite Elemente Hohenbezugsflache (DFHBF)

Das DFHBF Konzept zielt aufeine direkte passpunktfreie GNSS-basierte Hohenbestimmung ab, wo-
bei im ersten Schritt, der sogenannten DFHBF-Produktion (4a-g), eine iiberstimmte statistisch kon-
trollierte Berechnung der Parameter einer sogenannten DFHBF-Datenbank, kurz DFHBFDB, bei
optimaler und maximal effizienter Ausschopfung aller verfiigbaren Datenquellen erfolgt. Damit stellt
sich das alle theoretischen und praxisrevelanten Optimalitatskriterien auf sich vereinigende DFHBF-
Konzept im Profil der passpunktffeien GNSS-basierten online oder im Postprocessing erfolgenden
Bestimmung von Landeshohen H - d.h. im Schritt der DFHBF DB Nutzung - wie folgt dar:

Im Zugriff auf die DFHBF-DB soli die am Ort (B,L,h) bestimmte ellipsoidische GNSS Hohe h in
Form einer von der Position (B,L,h) abhangigen sogenannten DFHBF-Korrektur DFHBF(p,Am|B,L,h)
(7a-c) direkt in die Landeshohe H zu konvertieren sein.

Der Schritt der DFHBFJDB-Nutzung ist, insbesondere mit Bliek auf eine passpunktfreie GNSS-ba-
sierte online Hohenbestimmung bei GNSS-Referenzstations- bzw. Korrekturdatendiensten wie
SAPOS® (Abb. 3) auf zweierlei Ait denkbar: Zum einen kann die DFHBF-Korrektur bei unidirektio-
naler Verbindung im Referenzstationensnetz im Zugriff auf die im Feld mitgefithrte DFHBF DB er-
mittelt werden. Vorteilhaft ist hier der, verglichen mit klassischen "Geoid"-Datenbanken, geringe
Speicherbedarf fur DFHBF DB, z.B. nur ca. 90KB fur die "l cm DFHBF DB Baden-Wurttemberg"
(Kap. 6). Zum zweiten konnte die DFHBF-Korrektur bei bidirektionaler Kommunikation (wie im Fall
virtueller Referenzstationen), z.B. als Bestandteil der RTCM-Korrektur (z.B. in Message 59), durch
den GNSS-Korrekturdatendienst versendet werden.

4.1 DFHBF_DB Produktion

Das mathematische Modell zur DFHBF DB Produktion stellt sich im System der Verbesserungsglei-
chungen der verschiedenen Beobachtungstypen (funktionales Modell) und der entsprechenden sto-
chastischen Modell einer Kleinsten-Quadrate-Ausgleichung wie folg dar:

Funktional Modelle Beobachtungstypen nnd Stochastische Modelle

h+v=H+h+Am+f(x v)*D Korrelierte oder unkorrelierte ellipsoidische Hohen h. Kovari-  (4a)
anzmatrix Ch

mit NFEM(p (x,y) = f(x,y) *p
NG(B,L)j+v =f(x,y)-p + ING(d-" Konelierte GeoidhohenbMb”htongen NO. Gegebene reale (4b)
1 uv / oder einer aus geeigneter Kovarianzrunktion entwickelte syn-
thetische Kovarianzmatrix Ch,g ¢

N+ v =—FB/M(B) *p +<3B(dj ) Lotabweichungsbeobachtungen (rj,"). Korreliert flir den Fall  (4c¢)
der Entnahme aus Schwerpotential basierten Datenbank. Kor- (4"
q+V=- fL/(N(B) «COS(B)) 'p + SL(dAjﬂ) reliert oder unkorreliert im Fall astrogeodatischer Beobachtun-
gen. Kovarianzmatrix

H+V=H Unkorrelierte Landeshohen H. Kovarianzmatrix (4e)
CH=diag(a".)
C+v= C(p) Stetigkeitsbedingungen (3d) eingefuhrt als unkorrelierte Pseu-  (4f)

dobeobachtungen mit entsprechend kleinen Varianzen und

hohen GewiehtenCce = diag(ac.)

Mit ON({d) (4b) wird der in (2¢) formelmaBig dargestellten Datumsiibergange der "Geoid'-HohenNQ
des dem HBF-Typ entsprechenden j-ten Geoid- oder Quasigeoidmodells bzw. auch das Datum des
einzelnen j-ten sogenannten Geoid-"Patches" ("Patching”, siche Kap. 5) bezeichnet. Mit dB(d”n) bzw.
SL(d™I) (4c,d) werden die Datumsiibergange einer Lotabweichungsgruppe (|,q) eingefuhrt. Explizite
Formeln ftir 5B(d"tl) und dL(d™) finden sich in Jager and Schneid (2001a). Mit fBund fL (4c,d) wer-
den die partiellen Ableitungen des Vandermondschen Vectors f(x(B,L),y(B,L)) (3c) nach den geogra-



phischen Koordinaten B und L bezeichnet. M(B) und N(B) bedeuten in diesem Kontext den Meridian-
bzw. Normalhalbmesser des Bezugsellipsoids an der Stelle (B,L). Prinzipiell ware analog zu (2b) auch
in (4b) ein zusatzlicher FEM-basierter Verfeinerungsterm ftir das Geoidmodell NG in (4b) in Ansatz
zu bringen. Schwereanamalien Ag sind im DFHBF-Konzept als zusatzliche Beobachtungsgruppe uber
das Theorem von Stokes einzufiihren. Es gilt damit:

Funktionales Modell Beobachtungstyp und Stochastisches Modell
a ffAg do 1v = VvV D Vektor der reduzierten Schwereanomalien Ag, einzufiihren mit  (4g)
41y(B) ‘(l,! ’ (er Kovarianzmatrix C,, via Theorem von Stokes. Damit be-

steht die Beziehung zwischen den Beobachtungen Ag und dem
= NFEM(p | x,y) pEM-Modell NFEM(p|B,L) der HBF .

Die Berechnung von DFHBF DB erfolgt im Standard uber identische Punkte (H, h) bzw. Hohenunter-
schiede (AH, Ah) als Mindestanforderung, und dariiber hinaus uber ein oder mehrere als Beobachtun-
gen in die Kleinste-Quadrate-Ausgleichung (4a-g) einzufuhrende Geoidmodelle N GB,L)i. Die raster-
artig eingefuhrten Geoidhohenbeobachtungen (Abb. 2) der Geoidmodelle N@B,Ly werden so unter
optimal suffizienter Ausschopfung deren geometrischer Information in das zweidimensionale und mit
(41) explizit stetige Finite Element Modell NFEM (p|x,y) der HBF abgebildet (" Geoid-Mapping"). Da-
bei werden die Datumsanteile SN(JdJ entfernt und regionale MaBstabsdifferenzen Am beriicksichtigt.
Im Zuge des "Geoid-Patching" - der Flickenteppich-artigen Aufteilung der Geoidmodelle (Kap. 5) -
werden zur Tilgung regionaler systematischer Fehler von Geoidmodellen auch entsprechend regionale
Datumsanteile SN*dH) bzw. Datumsparameter tf vergeben.

Die zur Konvertierung von h nach H nach (7a-¢) im Zugriff auf die DFHBF DB zu ermittelnden
DFHBF-Korrektur DFHBF(p,Am|B,L,h) erfolgt im DFHBF DB-Produktionsschritt (4a-g) unter
Einbettung in die Qualitatskontrollstandards sowie weiterer spezifischer QualitStsmaBe (Kap. 4.3)
einer Kleinsten Quadrate Ausgleichung (Schwarzer, 2000; Schneid, 2001).

Bei Einfuhrung eines Geoidmodells NG (4b) anstelle der eraeuten Einfuhrung der dessen Berechnung
verwendeten originaren Schwereanomalien Ag (4g) liefert der DFHBF-Ansatz (4a-g) ein dazu aqui-
valentes Ergebnis im Sinne einer strengen zweistufigen Ausgleichung. Der DFHBF-Ansatz leistet
damit zugleich eine formverbessemde und datumsanpassende Neuberechnung von Geoidmodellen NG
(4b), die sich im Beitrag ihrer entsprechenden Teilinformation dann in Gestalt des neuen Produkts des
Finite Elemente Modells NFEM(p|x,y) der Hohenbezugsflache HBF (zugleich der 2D '"Geoidanteil"
der 3D DFHBF-Korrektur (7a-c)) wiederfinden. Dem o.g. Aquivalenzaspekt und dessem mathemati-
schen Beweis widmet sich das nachfolgende Kap. 4.2.

4.2 Aquivalenz von "Geoidmodell NG” und "originaren Schwereanomalien Ag"

Der klassische Ansatz der gravimetrischen Geoidbestimmung (4g) laBt sich in Uquivalenter Form auch
dem funktionalen Modell einer Kleinste Quadrate Ausgleichung zuordnen, die 0.B.d.A. nicht uberbe-
stimmte wie tiberbestimmte Berechnung einschlieBt (so wie z.B. die Berechnung eines einfachen
nichtlinearen Bogenschnitts auch als linearisierte Ausgleichungsaufgabe erfolgen kann). Wir erhalten
vor diesem Hintergrund bzgl. (4g) formal den folgenden Ansatz:

* Kiassische gravimetrische "Geoid"-Bestimmung Nn als Ausgleichnngsansatz
Funktionales Modell Beobachtungstyp und Stochastisches Modell

E(Agst)= AG °*NG Mit Agst wird der "schwerbezogene Beobachtungs- (5a)
typ" wie er z.B. nach Stokes (4g) als

As* =: ft ‘s(v) edey
a

zur Bestimmung der "Geoid"-HS5he NGeingefuhrt
wird. Mit Ag und Cgwerden die zugehorige Design
matrix (Ag= I inbegriffen) und Kovarianzmatrizen
bezeichnet.

Ergebnis der Kleinste Quadrate Ausgleichung
NG = (4-C?-Aor 1-4-C-"-Ags und (5b)



Wir gehen nun zuruck zum DFHBF-Ansatz (4a-g). Wir fuhren die dort nun die Geoidhohen N G(5b)
zusammen mit ihrer Kovarianzmatrix Cn,g (5b) ein, und wir subsumieren mit '"I” alle iibrigen
Beobachtungen, mit Ausnahme eben der in die Berechung von N Gbereits eingeflossenen Schwereano-
malien Ag (4g). Auf diese Weise erhalten wir das mathematische Modell (5¢,d). Daraus gehen die
Parameter p des - vorteilhaft im DFHBF-Ansatz berechneten - neuen Geoidmodells nun in Gestalt des
Finite Elemente Modells NFEM(p|x,y) der Hohenbezugsflache HBF nach (Se) hervor.

e Ublicher DFHBF Ansatz: Geoidbeobachtimgen Nn anstelle von Schwereanomalien Ag

Funktionales Modell Beobachtungstypen und stochastisches Modell
E(Ng)= An p (entsprechend4areduziert, Kovarianzmatrix(Sb) CNG =(Aj -Cgl*AG)_1 (Sc>
aufParameter p)

E()- Ajep Restliche Beobachtungen 1, Ausnahme Ag. Kova- (5d)
rianzmatrix Q

Ergebnis der Kleinste-Quadrate-Schatzung der Geoidparameter p

P=(An-Cnl*An + A” *Cjl*Aj) 1-(A*A’Cj/*NG+A*-Cjl-I)

Wir gehen nun wieder zuruck zum DFHBF-Ausgangsansatz (4a-g). Nun fuhren wir dort die originaren
Schwereanamalien Ag und ihre Kovarianzmatrix Cgein, die nach (5a,b) zur Berechnung des urspriing-
lichen Geoidmodells NG(4b) verwendet wurden. Wir subsumieren wieder die iibrigen Beobachtungen,
nun mit Ausnahme des Geoidmodells NG im Vektor '"1". Mit Bezug zu (4a) und (5c) verifizieren wir
die Parametertransformation N GGANp>mit f(x,y)=:AN zwischen Geoidhohen NGund den DFHBF-be-
zogenen Geoidparametem p. Auf diese Weise erhalten wir das mathematische Modell (5f-h). Im
DFHBF-Ansatz (4a-g) und der entsprechenden Kleinste Quadrate Ausgleichung gehen hieraus die
NFEM- bzw. "Geoid"-Parameter p nach (Sh) hervor. Durch Einfuhrung der Beziehungen (5b) und (5f)
in (5h) erhalten wir schlieBlich (5i).

e Alternative DFHBF-Losung: Originare Schweranomalie Ag anstelle der Geoidhohen NG

Funktionales Modell Beobachtungstypen und Stochastische Modelle
E(AgSt)=Ag *Ng Originare Schwereanomalien Ag$ (5a),originare Kova- (5f)
rianzmatrix Cg Designmatrix bzgl. Geoidhohen NG
W Parametertransformation zwischen den Geoidhohen NG und
(5¢) Ng =AN'P den DFHBF-Parametem p
E(Agst)- A G*AN *p
E() =Aj *p Restliche Beobachtungen, Ausnahme der Geoidmodellhohen (5g)

Ng, mit Kovarianzmatrix Q

Ergebnis der Kleinste-Quadrate-Schatzung der Geoidparameter p

P=An’ « -C" ... ..., + +ANC|1-1)
(5h)
Q ,siehe (5b) CYyo'N,

mit AgSt=A"-NG (5/)

A P-(A>j-CN -AN + A7*-Cjl*Aj) 1-(A*-C* -NG+A*-Cjl-1) = p(5e)
q.e.d
Das Ergebnis (5i) beweist, dass die Parameter p des in Gestalt des neuen Produkts Finite Elemente
Modells NFEM(p|x,y) der Hohenbezugsflache HBF mit entsprechenden Beitrag auftretenden Geoid-
modelle im DFHBF-Ansatz (4a-g) in aquivalenter Form wahlweise entweder mit den originaren
Schwereanomalien Ag (4g) oder mit dem entsprechend daraus vorausgehend zustande gekommenen



"alten" Geoidmodells NG (2b) berechnet werden konnen. Fur die Praxis der DFHBF_DB-Berechnung
bedeutet diese Aquivalenz, dass der Geoidmodell-Input in der Form N G(4b) insofern und o0.B.d.A. be-
vorzugt wird, als dass dieser - ohne Verlust an Information und geometrischer Qualitat - eine einfache-
re und kompaktere Datenbehandlung als die originaren Schwereanomalien Ag (4g) erlaubt. Entspre-
chend sind die Verbesserungsgleichungen fur Schwereanomalien Ag (4g) im DFHBF-Konzept (4a-g)
nur dann in Ansatz zur bringen, wenn zusatzliche Schwereanomalien Ag vorliegen, die (noch) nicht in
die Berechung des/der vorliegenden Geoidmodelle N G(4b) eingeflossen waren. Die Betrachtungen
bzw. der Beweis (5a-i) zeigen, dass das DFHBF-Konzept und der Ansatz (4a-g) ein

e strenges zweistufige Ausgleichungsverfahren zur

e optimalen Verbesserung der Geometrie klassischer Geoidmodelle NG (hiernach anteilmaBig re-
prasentiert im Finite Elemente Modell NFEM(p|B,L) (4a) der HBF) und damit zur

* Reduktion der geometrischer Defekte in Form mittel- und langwelliger Geoidmodell-Schwachfor-
men, zu deren

e gleichzeitiger Anpassung an die gegebene HBF-Geometrie und schlieBlich zur

* erforderlichen Schatzung der regionalen MaBstabsdifferenzen Am (4a)

beinhalten. Auf diese Weise definiert ich mit dem DFHBF-Ansatz (4a-g) insgesamt eine neue Metho-
de bzw. ein neuer Standard sowohl zur Losung des iiberbestimmten RWP der Geoidbestimmung als
auch zur Losung des Problems einer direkten GNSS-basierten Landeshohenbestimmung im online
(z.B. S!4POA®-HEPS) oder im Postprocessing Modus unter Einsatz entsprechender DFHBF-Daten-
banken und der daraus hervorgehenden 3D DFHBF-Korrekturen DFHBF(p,Am|B,L,h) (7a-c).

4.3 Qualitatskontrolle bei der Produktion von DFHBF DB

Uber die bei DFHBF DB-Berechnungen im DFHBF-Ansatz (4a-g) und den in der DFHBF-Software
realisierten Qualitatssicherungsstandards (Datasnooping, Varianzkomponentenschatzung etc.) der
Netzausgleichung (Schwarzer, 2000; Schneid, 2001) hinaus, wurde als aussagekraftiges MaB zur
Qualitatsbemessung der DFHBF-Korrektur DFHBF(p,Am|B,L,h) (7a-¢) der sogenannte
Reproduktionswert, kurz '"Repro-Wert", entwickelt und implementiert. Der fxir jeden in die
Berechnung einer DFHBF DB nach (4a~g) einflieBendes PaBpunktepaar (h,H), zu ermittelnden Repro-
Wert definiert sich uber als Differenz VHj,

VHi =Hj -Hi(hi, DFHBF(p,A|B,L,h)n.1) = Hi -H u .1(7a,b,c). (62)

aus dessen vorliegender Landeshohe H; und der aus hi iiber die DFFCBF-Korrektur DFH-
BF(p,Am|B,L,h)ni zu ermittelende Landeshohe Hi>ni. Dabei soil der betreffenden DFHBF-Korrektur
DFHBF(p,Am|B,L,h)ni jeweils jene i-te individuelle DFHBF_DB zugrunde liegen, an deren Berech-
nung (4a-g) der betreffende identische Punkt (h,H)j ausgeschlossen war. Die Repro-Werte VHj aus
der Klasse '"genauer" PaBpunkte (h,H)j liefem so eine - unmittelbar aufdie DFHBF DB bzw. einer da-
raus zu erhaltenen DFHBF-Korrektur beziehbare - objektive globale wie auch landesweit lokal anzu-
gebende Qualitat des DFHBF DB-Produktes. Es lasst sich zeigen, dass die Repro-Werte VHj (6a)

im Zuge der DFHBF_DB Berechnung nach (4a-g) auch in einem Guss, namlich in der Form
VHj = - . (6b)
rHi
zu ermitteln sind. Mit v Hi und rH.werden die Verbesserung bzw. der Redundanzanteil der in die
DFHBF DB nach (4e) eingehenden Landeshohe Hj bezeichnet.

4.4 DFHBFDB in der Anwendungspraxis

Die Ausgangsbeziehung zur Berechnung der dreidimensionalen DFHBF-Korrektur (siehe auch Jager,
1998) geht bereits unmittelbar aus der Verbesserungsgleichung (4a) der DFHBF_DB Produktion her-
vor, Unter direkter Umstellung dieser berechnet sich die 3-dimensionale DFHBF-Korrektur
DFHBF(p,Am|B,L,h) und das Ergebnis H der positionsabhangigen Konvertierung der ellipsoidischen
Hohe h in die Landeshohe H sofort als:



H =h - DFHBF{p, Am | B,L,h) ()
=h-i(x(B,L),y(B,L))*p -h-Am (7b)
= h- NFEM(p | x(B,L),y(B,L)) - h-Am. 7e)

Dabei hangt die DFHBF-Korrektur DFHBF(p,Am|B,L,h) (7a) sowohl von der Lage (B,L) als auch der
ellipsoidischen Hohe h ab. Der zweidimensionale von der Lage (B,L) abhangige Korrekturanteil
NFEM (p|B,L) wird in seiner Eigenschaft als Finite Elemente Modell NFEM (p|x,y) der Hohenbezugs-
flache HBF (Abb. 3, links) auch als "Geoid-Anteil" bezeichnet. Der eindimensionale zusatzliche Kor-
rekturanteil Am-h wird geometrischen Bedeutung entsprechend als '""MaBstabs-Anteil" bezeichnet.
GemaB dem Korrekturschema (7a-c) umfassen DFHBF DB neben den Angaben zur Topologie der
FEM-Vermaschung (Abb. 2) die Polynomkoeffizienten p und die zugehorigen MaBstabsterme Am.
Die Abb. 3 zeigt die Anwendung einer DFHBF DB bei der online GNSS-basierten Bestimmung von
Landeshohen in Referenzstationsnetzen wie SAPOS®.

Mobile Phone
- Radio

Reference Station

Mobile Station Reference Station

Abb. 3: DFHBF_DB symbolisiert durch den "Geoid"-Anteil NFEM(p|B,L) des Finite Element Modells der
HBF (links) und Anwendungsszene der online GNSS-Hfthenbestimmung z.B. mit SAPOS® (rechts).

Fur groBe Gebiete bzw. kompakte DFHRSD B, welche sich Uber mehrere Lander erstrecken, ist im
Zuge der DFHBF-Berechnung (4a-g) die Schatzung mehrerer regionaler MaBstabsfaktoren Am in (4a)
vorzusehen. Bei den bisherigen DFHF DB Berechnungen (Kap. 6) hat sich gezeigt, dass auch Lander
in der GroBe von Baden-Wurttemberg (Abb. 5) mitunter mit einem MaBstabsfaktor Am auskommen.
Das DFHBF-Korrekturschema (7a,b,c) erfullt alle fur das Anforderungsprofil einer direkten online
oder Postprocessing-basierten maBgeblichen Erfordemisse (1b).

5 Spezielle Anforderungen und Techniken zum Mathematischen Modell des DFHBF
Konzeptes

Wie in Kap. 4.2 gezeigt, leistet der DHBF-Ansatz (4a-g) bei Einfuhrung eines Geoidmodells N G mit
originaren Kovarianzmatrix oder eines adaquaten Ersatzes Crpg (5b) prinzipiell eine strenge zwei-
stufige Ausgleichung und sichert so die Aquivalenz zur wiederholten Einfuhrung der originaren
Schwereanomalien Ag, welche zur Berechnung des Geoidmodells NG beigetragen haben. Die durch
den Anteil der bekannten zufalligen Beobachtungsfehler Cgder Schwereanomalien Ag (5a) induzierten
und als geometrische Formabeichungen auftretenden naturlichen Schwachformen (Jager, 1990a,b;
Jager and Leinen 1992; Schmitt, 1997) der Geoidmodelle NG (Dinter et al., 1997) werden auf diese
Weise durch die geometrischen Information aller zusatzlichen Beobachtungstypen - z.B. die der iden-
tischen Punkte (h,H) - im Ergebnis der DFHBF-Berechnung (4a-d) reduziert. Analog dazu sind auch
den Hohennetzen H und h entsprechende Schwachformen zu unterstellen, die jedoch im Vergleich zu
den Schwachformen der Geoidmodelle No (Jager, 1999¢; Dinter et. al., 1997) von geringerem Umfang
sind. In Bezug auf Untersuchungen und Quantifizierungen der Schwachformen von Hohennetzen H,
z.B. auch zum europaischen Hohennetz, wird aufJager (1990a) verwiesen.



Ein zweiter mittel- und langwelliger Schwachformenanteil, der sowohl die Geoidform N G(wie analog
wenn auch in geringerem Umfang durch die Form der mit den Hohen H reprasentierten HBF), entsteht
durch zusatzliche Anteile von Kkorrelierten Beobachtungsfehlern in Ag. Auch dieser Typ tritt in
Hohennetzen H und h auf und fiihrt hier zu entsprechenden Aufbiegungen, wenn auch geringeren
Umfangs. SchlieBlich kommt ein dritter Typ und Anteil mittel- und langwelliger Schwachformen
durch unterschiedliche Typen latent systematischer Fehler zustande. Die Theorie und Beispiele ftir alle
drei der o.g. Klassen von Beobachtungsfehlern und den entsprechend induzierten Schwachformen
finden sich fur Landes- und GPS-Hohennetze in Jager (1990a,b) sowie Jager und Leinen (1992).

Den im Vergleich gering ausfallenden Schwachformen der Hohennetze H und h sowie dem negativen
EinfluB der beiden letztgenannten Typen der Schwachformen bei Geoidmodellen NG auf das
DHBF DB Ergebnis wird bei der Berechnung von DFHBF DB konzeptionell durch die spezielle
Technik des "Geoid-Patching" entgegengewirkt. Die nachfolgend zu beschreibende Technik des Geo-
id-Patching ist auch fur die natiirlichen Schwachformen von Geoidmodellen NG infolge zufalliger
Fehleranteile dann relevant, wenn die Geoidbeobachtungen N G(4b) - abweichend von CNG(4b) - als
unkorrelierte Beobachtungen behandelt werden.

Abb. 4: Effekt des “Patching” am Beispiel Baden-Wiirttemberg: GroBe Residuen in den identischen Punkten
und damit in der DFHBF bei nur einen Satz von Datumsparametera (links), weitaus kleinere Residuen
bei exemplarisch 7 Patches mit individuellen Datumanteilen <3N)(dP) (rechts).

Das "Patching" wird als MaBnahme eingefiihrt, um uber die o.g. strenge stochastische Modellwahl hi-
naus einer negativen EinfluBnahme der o.g. mittel- bzw. langwelligen systematischen Schwachformen
auf die Qualitat der DFHBF entgegenzuwirken. Es definiert sich in Verbindung mit dem DFHBF-An-
satz (4a-g) bzw. der DFHBF-Software iiber die Moglichkeit, das FEM-Maschennetz (Abb. 2) bzw. die
einzelnen Geoidmodelle NGin eine Anzahl sogenannter “Patches” (Abb. 4, Abb. 5) aufzuteilen, fur
welche jeweils ein individueller Satz von Datumsparametern dP uber SN({dj) (4b) eingefuhrt werden
kann (Jager und Kalber, 2000; Schneid, 2001). Die Stetigkeit des mit "Patching" signfikant zu ver-
bessernden DFHBFDB-Resultats bleibt wegen (4f) durch das "Patching" unberiihrt.

Die Abb. 4 zeigt die Residuen bzw. mittel- und langwelligen systematischen Fehleranteile in den iden-
tischen Punkten H fur unterschiedliche DFHBF-Testrechnungen mit dem EGG97 ftir Baden-Wurttem-
berg. Abb. 4, links zeigt die verbleibenden mittel- und langwelligen systematischen Fehleranteile ftir
den Fall, dass Datumsparametersatz d ftir das Gesamtgebiet eingefiihrt wird. Wie Abb. 4, rechts am
Beispiel von 7 Patches mit individuellen Datumsparametern dP zeigt, leistet das "Patching" eine deut-
liche Reduktion der in der resultierenden DFHBF verbleibenden systematischen Fehleranteile.

6. DFHBF-Softwareprofll und DFHBFJDB Standards und Bespielc

Zur Berechnung von DFHBF DB (Datenbanken Digitaler Finite Element Hohenbezugsflachen wurde
in der Programmsprache C++ die DFHBF-Produktionssoftware entwickelt (Schwarzer, 2000; Schneid,



2001). Neben verschiedenen Features zur Visualisierung (Datentypen, Kartenhintergrund, Residuen,
Vermaschung, siche Abb. 2) und Werkzeugen zur automatischen und manuellen Vermaschung wurde
das mathematischen Modell (4a-g) als Kleinste-Quadrate-Ausgleichung mit alien Standards der sta-
tistischer Qualitatssicherung implementiert. Die DFHBF-Produktionssoftware leistet daruber hinaus
die Erstellung der DFHBF DB in einem komprimierten Format und ermoglicht zur gleichen Zeit die
Implementierung eines auf die DFHBFDB-Zugriffssoftware abgestimmten Kopier- und Datenzu-
griffsschutzes.

Der Dateninhalt der DFHBF DB besteht aus einem ersten Datenblock zur Topologie der Verma-
schung (Abb. 2, Abb. 5), einem zweiten Block mit den DFHBF-Parametem p and Am (7a-c) und
optional einem dritten Datenblock mit deren Kovarianzmatrix. Die DFHBF DB-Zugriffssoftware
steht in Form einer Dynamic Link Library (DLL) zur Implementierung in GNSS Onlinesoftware (Abb.
3) oder auch Postprocessing Software zur Verfugung.

Eine erste DFHBF DB wurde fur das (40 x 40) km Gebiet von Tallinn, Estland berechnet (Abb. 2)
(Jager, 1999¢; Schwarzer, 2000; Jager and Schneid, 2001a). Dabei wurden das EGG97 Quasigeoidmo-
dell NG (Denker and Torge, 1997) und 23 identische Punkte (H,h) verwendet. Der durchschnittliche
bzw. maximale Repro-Wert (6a, b) und die Qualitat der DFHBF-Korrektur (7a-c) liegen hier bei 4
mm bzw. bei 10 mm.

Auch im Fall der das Landesgebiet von (250 x 350) km umfassenden DFHBF DB Baden-Wiirttem-
berg (Abb. 5) konnte ein durchschnittlicher Repro-Wert VHj (6a,b) unter 1 cm erreicht werden (sie
auch Meichle, 2001). Die Charakteristika des Berechnungsdesigns zur "<_1 ecm_DFHBF_DB Baden-
Wurttemberg'" sind 1013 Maschen mit Kantenlange von ca. 7 km, 192 identische Punkte (H,h) und 28
Patches (Schneid, 2001).
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Abb. 5: DFHBF DB Produktion ftir das Land Baden-Wlirttemberg, GebietsgroBe 250 km x 350 km. Nahezu
regelmSBige Vierecksmaschen mit durchschnittlicher Kantenlange 7 km, 28 Patches, 1013 Maschen
und 192 identischen Punkten (h,H).



Das DFHBF-Konzept ist mit der Berechnung landesweiter "<lem DFHBF DB" als derzeitiges "High-
End" Produkt der passpunktfreien Hohenbestimmung - auch schon allein im Hinblick auf den Geoid-
Anteil NFEM(p|B,L) (7¢) - unerreicht.

Die gegenwartig High-End Klasse der "<lem DFHBF DB" ist durch einen

e mittleren Repro-Wert VHj (6a,b) bzw. eine entsprechend Qualitat in der auBeren Genauigkeit
der DFHBF-Korrektur DFHBF(p,Am|B,L,h) (7a-c) von weniger als 1 cm und eine
¢ landesweite Spannweite der Repro-Werte im Intervall[-3 cm, +3 cm]

charakterisiert.

Die "<lcm_DFHBF_DB" der Lander decken das gesamte SAPOSf” Spektrum ab und werden mittel-
fristig im Aufgabenfeld des klassischen Nivellements Einzug halten. Hierfur bietet das DFHBF-
Konzept die Moglichkeit der Fortfuhrung mit der o.g. DFHBF-Produktionssoftware und eignet sich so
zur stetigen Verbesserung der HBF-Reprasentation durch Einfuhrung neuer Daten in den betreffenden
Landem.

Fur die zuletzt im Auftrag des Hessischen Landesvermessungsamtes berechnete DFHBF DB fur Hes-
sen wurde die o.g. Qualitatscharakterista einer "<lecm_DFHBF_DB Hessen" bereits vorab vertraglich
zugesichert und auch erreicht. Die Abb. 6 zeigt das Histogramm der Reprowerte der insgesamt 67 im
Landesgebiet von Hessen gelegenen HREF-Punkte sowie weiterer 6, im Rahmen der mit der Berech-
nung der "<l _cm_DFHBF_DB Hessen" befassten Diplomarbeit (Ludwig, 2002) bestimmten,
identischen Punkte (H,h).

1 Histogramm dor HRef-Punkte

x 5 5 5
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Abb. 6: Histogramm der Reprowerte VHj der "<lem DFHBF_ DB Hessen" mit absoluten HSufigkeiten. Mittle-
rer Repro-Wert bzw. Qualitat der DFHBF-Korrektur unter 1cm. Spannweite der Repro-Werte [-3cm,
+3 cm].

Seitens des DFHBF-Teams Karlsruhe wird daruber hinaus vorgeschlagen bzw. die entsprechende Be-
reitschaft signalisert, eine bundesweite "<l cm DFHBF_ DB Deutschland" (NN-Hohen oder Normal-
hohen) unter Zusammenschluss und Vervollstandigung der bisherigen "<_1 cm" Landerlosungen zu
bearbeiten.

Die Moglichkeit, durch eine weniger enge Vermaschung bzw. weniger PaBpunkte gezielt und flexibel
verschiedene DFHBF-Leistungsstandards zu schaffen, wurde auf der fachlichen Premiere des
DFHBF-Konzeptes, dem S/IPOS*-Symposium 1998 inhaltlich dargelegt (Jager, 1998). Nach vollstan-
diger Vernetzung der SA POS* - Stationen wird der HEPS - Dienst erwartungsgemaB Genauigkeiten
von 1 bis 2 cm in der Lage und 2 bis 4 cm in der Hohe bereitstellen. Die in Bearbeitung befindliche
“< 3cmJDFHBF-DB Deutschland" wird durch einen

* mittleren Repro-Wert VHj (6a,b) bzw. eine entsprechend Qualitat in der auBeren Genauigkeit
der DFHBF-Korrektur DFHBF(p,Am|B,L,h) (7a-c) von weniger als 3 cm und eine

* landesweite Spannweite der Repro-Werte im Intervall [-5 cm, + 5 cm]



charakterisiert. Sie erschlieBt den Bedarf einer dieser Genauigkeitsklasse entsprechenden pass-
punktfreien online GNSS-basierte Bestimmung von Landeshohen. Es ist ferner zu erwarten, dass die
"< 3cm_DFHBF Deutschland" die Nutzung des SAPOS® - Dienstes weiter ankurbeln wird. Die
Koexistenz der "<lem_DFHBF_DB" der Lander und der "< 3cm_DFHBF_DB Deutschland" stellen

vor den o.g. Hintergriinden somit eine Bereicherung in der passpunktfireien online Hohenpo-
sitionierung dar.

Deutschland
Baden-Wurttemberg Hessen
Saarland Bayern (in Entwicklung)

Rheinland-Pfalz (in Entwicklung)

Europaische Lander

Lettland (ausgeschrieben) | Estland (geplant)
Afrika
Bezirk Windhuk
USA

California (geplant)
Tab. 1: Verftlgbare sowie geplante "< lem DFHBF DB'". Stand M&rz 2002

Die Berechnung der "< 3cm DFHBF DB Deutschland4t (Abb. 6) erfolgt im Auftrag des Ingenieur-
biiros Seiler (IBS), Lauf(www.ib-seiler.de).

T . sqjfif lisc.fl
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Abb. 7: Vermaschungsschema der "<3cm DFHBF DB Deutschland" (konkrete MaschengroBe ist 10 km).

Neben der den komplett bzw. zu verschiedenen Testzwecken bisher bereits erfolgten bzw. anlaufenden
Berechnungen von DFHBF-DB fur verschiedene europaische (Deutschland, Baltische Staaten, N.N.)
und auBereuropaische Staaten (Namibia, Venezuela, N.N.) strebt das DFHBF Team Karlsruhe
mittelfristig die Berechnung der "<l dm_DFHBF_DB Europa" im Sinne der Resolution No. 4,
EUREF-Symposium 2001, Dubrovnik an (sieche www.dfhbf.de) an.


http://www.ib-seiler.de
http://www.dfhbf.de

Firma Software

IBS (www.ib-seiler.de) J OLGAPRO

IngenieurbUro Sﬁ" .....

, /

ALLSAT (www.allsat.de) GART2000
GeoNav (www.geonav.de) DCTOOLS
LEICA Geosystems SKI-PRO
(www.leica-geosystems.com) feix M . SR530 Controller Software
TRIMBLE (in preparation) 0 Trimble Office
(www.trimble.com). S Tl'lIIlble 5700 Controller Software

ADDING VALLE 1O (S
Tab. 2: Firmen und Software mit DFHBF DB Schnittstelle. Stand Marz 2002

Tab. 2 zeigt mit Blick auf Firmen und die entsprechenden Softwareprodukte, welche bereits den
Zugriff auf DFHBF DB leisten, dass das DFHBF-Konzept und das Produkt entsprechender DFH-
BF DB gegenwartig zu einem intemationalen Standard im GNSS-Technologiebereich avanciert.
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Online and Postprocessed GPS-heighting based on the
Concept of a Digital Height Reference Surface (DFHRS)
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Abstract. The DFHRS (Digital-Finite-Element-
Height-Reference-Surface) project aims at the con-
version of ellipsoidal GPS-heights h into heights H
of a standard height system (e.g. orthometric or
normal height system) in an online or postprocessed
GPS-heighting. The DFHRS is modeled as a conti-
nuous surface called NFEM(p,x,y) in an arbitrary
large area by bivariate polynomials over an irregu-
lar finite element mesh grid. With p we describe the
total set of all polynomial coefficients in the mes-
hes, and with x=x(B,L) and y=y(B,L) the metric
plan position on the ellipsoid. The continuity of the
DFHRS namely its Finite Element Model
NFEM(p,x,y) along the borders of neighbouring
meshes is provided by condition equations C(p). In
opposite to e.g. digital terrain models, the nodes of
the finite element mesh of NFEM(p,x,y) may differ
from the position of the observation data used for
the determination of p. The parameters p of the
DFHRS are computed in an adjustment procedure
based on the observations of geoid heights NG de-
flections of the vertical (£,ri), terrestrial heights H
or height differences AH, and ellipsoidal GPS
heights h or height differences Ah. Geoid models
are adapted by datum parameters d to the DFHRS
(“geoid mapping”) and above this they may be
subdivided into different parts with individual da-
tum parameters (“geoid patching”), in order to
reduce their typical long-waved systematic errors.
The computed DFHRS data base is to be set up in a
direct GPS-based online heighting in DGPS net-
works. No identical points or further transfor-
mations are needed. The DFHRS data base provides
directly a correction A=A(B,L,h) to convert the
GPS-height h into the standard height H. Examples
for computation and use of DFHRS data-bases in
DGPS-networks (e.g. SAPOS, Germany) are
presented.

Keywords. GPS online heighting, digital height re-
ference surface, geoid datum, geoid mapping, geoid
patching.

1. Introduction

With the trend towards replacing the former still
present national datum systems in favour of ITRF-
related datum systems and respective DGPS refe-
rence station systems (like e.g. SAPOS in Germa-
ny), the datum problem for the plan position com-
ponent (B,L) in DGPS-based positioning applica-
tions will vanish by and by. For the reason of a phy-
sically different height reference surface HRS for
the standard heights H (fig. 1) however, which are
defined by geopotential numbers, the problem of a
transition of the ellipsoidal GPS-heights h to the
standard heights F referring to a HRS (geoid for an
orthometric height system, quasi-geoid for a normal
height system) will remain. Using directly geoid
models such as EGG97 (Denker and Torge, 1997)
or EGM96 (Lemoine et al., 1998) the ideal formula

H- h- NG(B,L) (1)

as represented in fig.l, does not hold. The reason
is, that geoid models have their own datum and
suffer from at least long-waved systematic effects
(Dinter et al.,, 1997; Jager 1999, 2000; Jager and
Kalber, 2000). Besides this the precision of the
standard height H resulting from a GPS height is
mostly restricted additionally by a poor short-wa-
ved accuracy of geoid models. The observation
equation for the powerful standard approach for
GPS-height integration, which was developed and
implemented in the software package HEIDI2 some
years ago (Dinter et al., 1997) and has meanwhile
been applied by many DGPS users. The so called
“geoid refinement approach” reads in the system of
observation equations:

h+v-m-H + NG (2a)
Na(B,L)+» =Ng +dN(d)+ NFEM(p,ic.y) (2b)
H+v=H Q2¢)
Cp)=0 . Qd

The standard approach (2a-d) holds, if geoid heights
NG(B,L) from a respective geoid model are avail-
able. The parametrization of a datum change 9IN(d)
reads (Jager 1999, 2000):


mailto:dfhbf@fh-karlsruhe.de

3N(d) = [cos(L) *cos(B)] m1 + [cos(B) *sin(L)]
ev+ [sin(B)] *w + [e2 *N(B) *sin(B) ¢
cos(B) esin(L)] *EX +[-e2 *N(B) (2e)
sin(B) ¢cos(B) *cos(L)] *ey
+E-NO ]-Amo

In (2a-d) the height NGB,L) of a geoid model is re-
fined by a so called Finite Element Model
NFEM(p,x,y). N(B) means the radius of normal
curvature of the ellipsoid at a point P(B,L). The da-
tum parameters d comprise three translations
(u,v,w), two rotations (ex, ey) and the scale change
Am0 of the geoid height NG The NFEM(p,x,y) acts
as an additional overlay for a middle- and short-
waved shape improvement of the geoid heights
NG(B,L).

For more details concerning the datum transition
problem (2b,e) and the refinement NFEM(p,x,y), as
well as for the discussion of the special cases of the
standard approach - namely the “pure geoid-
approach” and the “pure FEM-approach” - it is
referred to Dinter et al. (1997) and Jhger (1999,
2000). The mathematical background of the
powerful tool of the Finite Element Model
NFEM(x,y,p), which will become also the central
core ofthe DFHRS concept, is treated in chap. 2.

ES

HRS

Ellipsoid NG

Fig. 1: Ellipsoidal GPS height h, standerd height H, height
reference surface HRS, its ellipsoidal height NG and earth surface
ES ata point P(B,L)

A disadvantage of the above standard approach (2a-
d) is, that it is in its full power a typical post-proces-
sing application. As identical points (H,h) are nee-
ded, the approach is not very economical for an on-
line GPS heighting in DGPS networks (fig.3). Fur-
theron the geoid model heights NGB,L) are only
used at discrete points and so the complete geoid
height information NGB,L) is neglected. Besides
this also the vertical deflection information (*,rj),
e.g. available from geoid models, remains totally

unused. The application of the standard approach
(2 a-d) requires experts knowledge, so that it is not
adequate for “any” DGPS user. Because of all
above mentioned reasons the standard approach
(> a-d) remains suboptimal compared to the new
DFHRS-concept presented in chap. 3.

2. FEM Representation of Height Reference
Surfaces

A powerful tool used already within the standard
GPS height integration approach (chap. 2) and a
central tool of the DFHRS approach (chap. 3) as
well, consists in the representation of the height re-
ference surface HRS or its additional refinement by
a finite element surface called NFEM(p,x,y).
NFEM(p,x,y) is carried by the base functions of bi-
variate polynomials which are set up in the meshes.
If we describe with p' the polynomial coefficients
(ao0, al0, so1, a20, au, a*,..)' of the i-th mesh, we
have for the height NFEM(p',x,y) of the HRS over
the ellipsoid (fig. 1) in the i-th mesh:

NFEM(p',x,y) = f(x(B,L),y(B,L)) pj 32>

i=lL,m
Pl-faoo”~io”0i*—)l1 3"
f(x(B,L),y(B,L)) = (1,x,y,Xx2,Xy,y2...) (3¢)

The vector f means the so called Vandermond vec-
tor and contains the different powers of the coordi-
nates (x,y) according to the polynomial degree n.
The total parameter vector p consists of the coeffi-
cient sets p'= (aj%', 0 =0 ,n; k=0 ,n), of all m meshes.
The plan position in (3a,c) is due to the metric ellip-
soidal coordinates (y(B,L)=“East” and x(B,L)
- “North”) introduced e.g. as UTM or Lambert coor-
dinates, which are functions of the geographical co-
ordinates (B,L).

To imply a continuous surface NFEM(p,x,y)
one set of continuity conditions of different type
Cojiz has to be set up in the computation of
NFEM(p,x,y) for each couple of neighbouring mes-
hes. The continuity type Co implies the same
functional values, the continuity type Q implies the
same tangential planes and the continuity type C:
the same curvature along common mesh borders of
the DFHRS NFEM(p,x,y). The continuity con-
ditions occur as additional observation equations
C(p)=0 to be added to the parametrization of
NFEM(p,x,y). The condition equations C(p)=0 are
related to the polynomial sets of the coefficients
(ajdm and (ajkyn of each couple of neighbouring
meshes m and n. To force e.g. Co-continuity, the
difference ANmz, in the geoid height N Gof any point



S at the common border SA-SE of two meshes m
and n (fig.2) has to become zero. So the basic con-
dition equation for a polynomial representation of
n-th degree reads (Dinter et. al., 1997)

C&4+ *W(xF! ~ %L ))*

=0

(3d)

With(ySA,xSA,y SE xSE) we introduce the plan me-

tric coordinates of the nodal points SA and SE (fig.
2). Equation (3d) represents a polynomial of n-th
degree parametrized in the border line parameter
t(t € (0,1)). The subset of (n+1) CO-continuity con-
dition equations C(p)=0 for the border between
mesh m and n results in case of C0-continuity from
(3d) by setting all (n+1) coefficients related to t to
zero.

37732400108

Identical Points (H, h) Continuity conditions (C(p))
Geoid Heights (No) and  eflections ofthe vertical (£,r])

Fig. 2: DFHRS mesh grid and different observation types

The mesh size and shape for the computation o f the
DFHRS NFEM(p,x,y) may be chosen arbitrary (fig.
2). The best approximation of a HRS by
NFEM(p,X,y) results of course by introducing small
meshes, e.g. (5 x 5) km in order to keep a Smm
range for any HRS shape approximation by a
polynomial degree up to n=3. A special advantage
and characteristic of the NFEM(p,x,y) represen-
tation consists in the fact, that the nodal points of
the FEM grid are totally independent of the geode-
tic network and data points. Observation data which
are presently used for the determination of the
parameter vector p of NFEM(p,x,y) are height ob-
servations (h, H, AH, Ah), the geoid height ob-

servations NG(B,L) and the deflections of the
vertical observations (£,r|).

3. Digital Finite Element Height Reference
Surface (DFHRS)

3.1. Basic Ideas of the DFHRS Concept

The DFHRS concept aims at a direct online or post-
processed GPS heighting with an optimum and
simultaneous use of all available data sources.
Within this aim the profile of an online (or also
postprocessed) GPS-heighting is easy to formulate:
An ellipsoidal GPS-height h, determined at a plan
position x(B,L) and y(B,L) is to be made conver-
table directly to the height H of the standard height
system. The converted height H should result online
on applying a respective correction to h, and the
resulting H should not suffer with a quality-de-
crease compared to the heights H resulting from a
postprocessed GPS height integration.

In the following the general so called DFHRS
concept is presented, which fulfils all above
requests and shows besides this even some more
positive aspects. The concept is to produce in a first
step in a controlled way a new kind of data base
product. This step is called the DFHRS data base
production step.

The second step is to make this data base acces-
sible for an online DGPS-heighting. This is called
the application step. The use of the DFHRS in a
postprocessing mode (e.g. in GIS) is of course in-
cluded in the concept. In the application step either
the DGPS user has the DFHRS at his disposal on
his field equipment or the DGPS service exclusively
uses the DFHRS for the evaluation of a correction
A=A(B,L,h) to convert a GPS height h into the
height H of the standard height system (principle,
see fig. 3).

3.2. DFHRS Data Base Production Step

The DFHRS data base production step reads in the
system of observation equations as follows:

h+v=H - i>Am+ f(x,j)-p (4a)
NG(B,L)J +v=1(*,y)-p+dN{dJ) (4b)
4+v=-fB/M(B) sp+dB(d") (4¢)
y+v=-fL/(N(B) *cos(B)) mp + SL(d¢ ,,) (4d)
H+v=H (4e>
C+v=C(p) (41)



With dN(d’) (2d) and with 3B(d*=) and SL(d",,) we
introduce the datum part of the geoid heights of any
geoid model or of single “geoid patches” (see chap.
3.3) and the datum parts of the deflections of the
vertical (£,,!)) respectively. Explicit formulas for
3B(d”*n) and 3L(d*"T) are given in Jager (2000).
With fB and fLwe introduce the partial derivatives
of the Vandermonds' vector f(x(B,L),y(B,L)) (3d)
with respect to the geographical coordinates B and
L. M(B) and N(B) mean the radius of meridian and
normal curvature at a point P(B,L) respectively.

50-70 km

Mobile Phone
- Radio

Reference Station

Mob;!e Staton Reference Station

50-70 km -

Fig. 3 : DFHRS data base application for an online GPS-
heighting

Identical points (H, h) and if available, one or a
number of geoid models Ng(BJL)’ are used as obser-
vations to produce the DFHRS by a least squares
estimation related to (4a-f). The DFHRS on the
right side is, except of the scale part Ame+h (4a),
represented completely by the finite element model
NFEM(p,x,y)=f(x,y)p, while the continuity is pro-
vided by the continuity equations C(p) (4f) below.
This means that the geoid model input of any
geoid model NG(B,Ly or “geoid patch” is “mapped”
to the DFHRS by removing the datum part SN(cf).

An additional NFEM-refinement term may be set
up in (4b). The production step of the DFHRS (4a-
f) is embedded in a statistical quality control con-
cept of a least squares estimation, so that any
observation component - including the input of
“mapped” and datum-adapted geoid-model - is well
controlled (Jager and Schneid, 2001a).

Fig. 4: Visualisation of a DFHRS represented by NFEM(p.x,y)
for Baden-Wurttemberg (Germany) about 150x150km.

3.3. DFHRS Application Step

The decisive components and formula parts of the
production step, which are afterwards needed in the
application step - namely in an online GPS-
heighting - are contained in (4a). Equation (4a)
leads to the following correction scheme, which has
to be applied to the GPS height h in an online appli-
cation of the DFHRS data base with respect to
convert h into the standard height H:

H=h+ A(B,L,h) = h+ corr\ +corr2 (5a)
= h-f(x(B, L)y(B) L)) -D +h-Am (Sb)
=h- NFEM(p,x(B, L),y(B, L)) +hwdm. (5c¢)

The first correction part “corrl=corrl(B,L)” is due
to the Finite Element Model part
NFEM(p,x(B,L),y(B,L)) of the DFHRS data base
(“geoid correction”), and the second “corr2 =
corr2(h)” is due to the scale Am between the GPS
heights h and those of the standard height system H
("'scale correction').

3.4. Special Requests and Advantages

To reduce the effect of long-waved systematic er-
rors of geoid models as well as those of the standard
HRS (Dinter et al., 1997; Jager, 1990) the mathema-
tical model of the DFHRS-concept (4a-f) and the



DFHRS software respectively allow to subdivide
any given geoid height model NGB,L) into a num-
ber of so called “geoid-patches” (fig. 5), each with
an own set of datum-parameters SN(cf). Fig. 5
shows the residuals of two different DFHRS adjust-
ments for the country of Baden-Wilrttemberg (Ger-
many). Fig. 5. (left) shows long-waved systematic
errors, which occur on introducing only one datum
parameter set d for the whole area, meaning without
""patching". The result of the “geoid-patching” on
the right shows the benefit of the patching with re-
spect to reduce the influence of systematic errors by
the subdivision of the geoid model into a number of
different patches with individual datum parameters
d* (Jager and Kalber, 2000). Patching also improves
the resulting DFHRS significantly.

Fig. 5: Effect of a “geoid-patching” at the example of Baden-
Wiirttemberg. Only one set of datum parameters (left) and 7
patches with individual datum sets (right).

The continuity equations (4f) are introduced as
additional observation equations with variable
weights. So the dimension of the normal equation
matrix is not blown up due to the conditions C(p)
and the approach is kept very flexible: The
continuity conditions can be introduced '"hard" or
"soft", according to a prescribed weight, and they
can also be statistically tested.

4. DFHRS Software and Examples

To compute Digital-Finite-Element Height Refe-
rence Surfaces, a special C++ software (“DFHRS-
production software”) was developed at FH Karls-
ruhe - University of Applied Sciences (Schwarzer,
2000). Several functions for visualisation and utili-
ties for an automatic and a manual meshing and a
powerful least-squares adjustment have been imple-
mented into the DFHRS production software. It en-
ables the mathematical model (4a-f) including gross
error detection and variance component estimation
for all observations and observation groups respec-
tively, and it sets up the DFHRS data base in a com-
pressed format. The date base consists of a block of

meshgrid information, a block with the DFHRS pa-
rameters p and Am and optionally a third block with
the covariance matrix ofthe DFHRS parameters.

A simple but very effective way to test the ex-
ternal accuracy (“reproduction quality”) of the re-
sulting DFHRS data base is to compute known stan-
dard heights H of some representative identical
points (h,H), which were not introduced into the
DFHRS production (4a-f).

In a first pilot project a DFHRS was computed
for the (40 x 40) km area of Tallinn/Estonia with a
mesh size of 5 km (Jager and Schneid, 2001b).
Using the EGG97 geoid model (Denker and
Torge,1997) and 23 identical points, the average
reproduction quality of the standard heights H
evaluated from GPS heights h was in the range of 4
mm (max. 10 mm). The "reproduction quality" of
the (100 x 100) km of the Saarland (part of
Germany) DFHRS produced recently using
identical points, EGG97 and a mesh size of 5 km
was better than 1cm in the average (2.5 ¢cm max.).

Fig. 6 : DFHRS-meshgrid and residuals in Venezuela
(500 x 700) km area

This DFHRS data base is already used as standard
in the practice of DGPS heighting in the SAPOS®
DGPS network of Saarland.

A third series of test computations was perfor-
med for a (500 x 700) km area in Venezuela, which
was meshed according to fig. 6. Only 22 identical
points and geoid heights Nc from the EGM96 were
used for the DFHRS production. Even the large size
of meshes (about 70-80km) and the less accurate
EGMY96 provided a DFHRS with an average repro-
duction quality of 15 cm for the standard heights H.



5. Conclusions

The DFHRS (Digital Finite Element Height Refe-
rence Surface) concept provides a new standard for
an online GPS heighting in DGPS networks. The
approach is based on the representation of the
Height Reference Surface (HRS) by the base
functions of bivariate polynomials. These are are set
up in the area over a grid of arbitrary shaped finite
element meshes. To imply a continuous HRS, a set
of continuity conditions is introduced for each
border of neighbouring meshes. The DFHRS data
base, computed in the DFHRS production step,
provides any DGPS user in the DFHRS application
step with a correction A=A(B,L,h), which converts
the ellipsoidal height h directly to the standard
height H. Identical points and transformations are
not needed any more in the application step. So
geodetic expert knowledge is needed only in the
production step, while GPS heighting becomes as
simple and economic as it can be.

The production step allows to use all above
observation type simultaneously. The whole geome-
trical information, namely identical points and
height differences (h,Ah,H,AH) as well as geoid
model heights NG and deflections of the vertical
(£,rj) are set up in a strict least squares adjustment,
which becomes most efficient in this way with re-
spect to the resulting DFHRS. The extension of the
DFHRS approach (4a-f) with respect to gravity
observations is intended. The production step simul-
taneously enables the statistical quality control of
the DFFERS. In the sense of a two step adjustment
the other observation groups enable the control and
improvement of the geoid model input, which is
simultaneously "mapped" to the new DFHRS
product. To reduce the influence of long-waved
systematic errors, geoid models may be devided
into continuous “geoid-patches”. The resulting data
base is stored together with its covariance matrix
and may be implemented by a DFHRS Dynamic
Link Library (DLL) in any GPS-RTK-software for
online GPS-heighting or in postprocessing software.

The DFHRS-concept has been tested in several
pilot-projects and is already used in pratice. The re-
sults indicate accuracies less than 1cm for the repro-
duction of standard heights H from ellipsoidal
heights h.
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Online and Postprocessed GPS-heighting based on the Concept of a
Digital Height Reference Surface (DFHRS)

R. Jager, S.Schneid]l

Summary

The DFHRS (Digital-Finite-Element-Height-Reference-
Surface) research and development project is funded by
the German Ministry of Education and Research. It aims
at the conversion of ellipsoidal GPS-heights h in an on-
line or postprocessed GPS-heighting into the standard
heights H, which refer to the height reference surface
(HRS) of an orthometric, NN- or normal standard height
system. The DFHRS is modelled as a continuous HRS
in aibitrary laige areas by bivariate polynomials over an
irregular grid. Geoid information (geoid heights N, de-
flections of the vertical £,t|) provided with a HRS datum
adoption parametrization and identical points (h,H) as
observations in a least squares procedure enable the sta-
tistically controlled DFHRS computation. Several geoid
models may be introduced simultaneously and any
geoid model may be splitted into different “geoid-
patches” with individual datum-parameters and continu-
ity requirements along the patch borders. The resulting
DFHRS data-base provides a correction A=A(B,L,h) to
transform an ellipsoidal GPS-height h directly and on-
line into a standard height H. Examples for the conpu-
tation and use of DFHRS data-bases in DGPS-networks
(e.g. SAPOS, Germany) are presented for different
countries.

1 Introduction

With the trend towards replacing the former still present
national datum systems in favour of ITRF-related datum
systems and respective DGPS reference station systems
(like e.g. SAPOS in Germany), the datum problem for
the plan position component (B,L) in DGPS-based
positioning applications will vanish by and by. For the
reason of a physically different height reference surface
HRS for the standard heights H (fig. 1) however, which
are defined by geopotential numbers, the problem of a
transition of the ellipsoidal GPS-heights h to the stan-
dard heights Hreferring to a HRS (geoid for an ortho-
metric height system, quasi-geoid for a normal height
system) will remain. Using directly geoid mo dels such
as EGGY97 (Denker and Torge, 1997) or EGM96 (LE-
MOINE et al., 1998) the ideal formula

H=h- NQ(B,L) , 1)
represented in fig.l, does not hold. The reason is, that

geoid models have their own datum and additionally
suffer from at least long-waved systematic effects

(DINTER et al., 1997; JAGER 1999, 2000; JAGER and
KALBER, 2000). Besides this the precision of the stan-
dard height H resulting from a GPS height is mostly res-
tricted additionally by a poor short-waved accuracy of
geoid models. The observation equation for the
powerful standard approach for GPS-height integration,
which was developed and implemented in the software

package HEIDI2 some years ago (DINTER et al., 1997)

and has meanwhile been applied by many DGPS users.
The so called “geoid refinement approach” reads in the
system o f observation equations:

h+v=m-H +NG (2a)

NG(B,L)tv=NG+cNG(d) (2b)
+ NFEM(p, x,y)

H+v=H 2¢)

CcCP)=0 . (2d)

The standard approach (2a-d) holds, if geoid heights
NQ(B,L) from a respective geoid model are available.

The parametrization of a datum change dNo(d) reads
(JAGER, 1999,2000):

aNG(d) =
[cos(L) -cos(B)]-u+[cos(B)-sin(L)]* v
+[sin(B)]-w

+[e2 iN(B) *sin(B) -cos(B)- sin(L)] *8X
+[-e2 iN(B) *sin(B) *cos(B) *cos(L)] *By
+[-N G]-AmG . (2e)

In (2a-d) the height NQ(B,L) of a geoid model is refined
by a so called Finite Element Model NFEM(p,x,y)
described in chap. 2. In (2¢) N(B) means the radius of
normal curvature of the ellipsoid at a point P(B,L). The
datum parameters d comprise three translations (u,v,w),
two rotations (ewey) and the scale change Amo of the
geoid height NG The NFEM(p,x,y) acts as an additional

overlay for a middle- and short-waved shape improve-
ment o fthe geoid heights NQ(B,L).

For more details concerning the datum transition prob-
lem (2b,e) and the refinement NFEM(p,x,y), as well as
for the dis cussion of the special cases of the standard
approach - namely the “pure geoid-approach” and the
“pure FEM-approach” - it is referred to DINTER et al.

1 Reiner Jager, Sascha Schneid: Fachhochschule Karlsruhe - University of Applied Sciences, Moltkestrassse 30,
D-76133 Karlsruhe,Germany. Tel: ++49 721 9252620, Fax: ++49 721 9252591.
EMail: dthbf@fli-karlsruhe.de. URL: www.dfhbf.de.
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(1997) and JAGER (1999, 2000). The mathematical
background of the powerful tool of the Finite Element
Model NFEM(x,y,p), which will become also the
central core ofthe DFHRS concept, is treated in chap. 2.

ES

HRS

Ellipsoid N*

Fig. 1: Ellipsoidal GPS height h, standerd height H,
height reference surface HRS, its ellipsoidal height Ho
and earth surface ES at a point P(B,L)

A disadvantage of the above standard approach (2a-d)
is, that it is in its full power a typical post-processing
application. As identical points (H,h) are needed, the
approach is not very economical for an online GPS
heighting in DGPS networks (fig.3). Furtheron the
geoid model heights NG(B,L) are only used at discrete
points (as "direct observations') and so the complete
geoid height information NQ(B,L) is neglected and
remains unused. Besides this also the vertical deflection
information (£,r|), e.g. available from geoid models, re-
mains totally unused. The application of the standard
approach (2a-d) still requires ejperts knowledge, so that
it is not adequate for “any” DGPS user. Because of the
above mentioned disadvantages the standard approach
(2a-d) remains suboptimal compared to the new DFH-
RS-concept presented in chap. 3.

2 FEM Representation of Height Re-
ferenceSurfaees

A powerful tool used already within the standard GPS
height integration approach (chap. 1) and a central tool
of the DFHRS approach (chap. 3) as well, consists in
the representation of the height reference surface HRS
or its additional refinement by a finite element surface
called NFEM(p,x,y). NFEM(p,x,y) is carried by the
base functions o fbivariate polynomials which are set up
in regular or irregular the meshes (fig. 2, fig. 5). If we
describe with pl the polynomial coefficients (a0o, aio, aoi,
a0>aiu aw,-)' °f the i-th mesh, we have for the height
NFEM(p\x,y) of the HRS over the ellipsoid (fig. 1) in
the i-th mesh:

NFEM(pLx,y)= (32)
f(x(B,L),y(B,L» -p1 ;i=1,m

p1% (a00>a10>a 01>*".)1 (3b)
f(x(B,L),y(B,L)) = (1,X,y,X2xy,y2...)  (3¢)

The vector f means the so called Vandermond vector
and contains the different powers of the coordinates
(x,y) according to the polynomial degree n. The total
parameter vector p consists of the coefficient sets pl=
(ays)I*(j=0>n; k=0,n), of all m meshes. The plan position
in (3a,c) is due to the metric ellipsoidal coordinates
(y(B,L)=“Easf’ and x(B,L) =*“North”) introduced e.g. as
UTM or Lambert coordinates, which are functions of
the geographical coordinates (B,L).

To imply a continuous surface NFEM(p,x,y) one set of
continuity conditions of different type Co,i,2 has to be set
up in the computation of NFEM(p,x,y) for each couple
ofneighbouring meshes. The continuity type Co implies
the same functional values, the continuity type Q im-
plies the same tangential planes and the continuity type
(2 the same curvature along common mesh borders of
the DFHRS as represented by NFEM(p,x,y) (4a). The
continuity conditions occur as additional observation
equations C(p)=0 to be added to the parametrization of
NFEM(p,x,y). The condition equations C(p)=0 are rela-
ted to the polynomial sets of the coefficients (ajk)mand
(ajknof each couple of neighbouring meshes m and n.
To force e.g. Co-continuity, the difference ANnz, in the
geoid height NQ of any point S at the common border
SA-SE of two meshes m and n (see fig.2) has to be-
come zero. So the basic condition equation for a poly-
nomial representation ofn-th degree reads (DINTER et.
al., 1997):

“m,n 0-)="j=0S ki (ajk,n —ajkm)
(YSA +t*(ysA-ysE))j -

(XSA + ¢ *(XSA ” XSE))k (3d)
=0

With(ySA,xSA)ySE,xSE)we introduce the plan metric

coordinates of the nodal points SA and SE (fig. 2). E-
quation (3d) represents a polynomial of n-th degree
parametrized in the border line parameter t(te (0,1)).

The subset of (n+1) Q-continuity condition equations
C(p)=0 for the border between mesh m and n results in
case of Q-continuity from (3d) by setting all (n+1)
coefficients related to t to zero.

The mesh size and shape for the computation of the
NFEM(p,x,y) representing the so called '"geoid part"
(see 5a,b,c) of the DFHRS data base by may be chosen
arbitrary (fig. 2, fig. 5). The best approximation of a
HRS by NFEM(p,x,y) results of course by introducing
small meshes, e.g. in the range of 5 km in order to keep
a 5 mm range for any HRS shape approximation by a
polynomial degree up to n=3.

A special advantage and characteristic of the
NFEM(p,x,y) representation consists in the fact, that the
nodal points ofthe FEM grid are totally independent of
the location of the geodetic observations and the geoid
data points. Observation data which are presently used
for the determination of the parameter vector p of
NFEM(p,x,y) are height observations (h, H, AH, Ah),



the geoid height observations NG(B,L) and the

deflections of the vertical observations (£,ri).
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Fig. 2: Irregular mesh grid and different observation ty-
pes (geoid data grid; triangles meaning identical points
(H,h)). Example of DFHRS data base computation of
Tallinn, Estonia with DFHRS production software.

3 Digital Finite Element Height Refe-
rence Surface (DFHRS) - Basic
Ideas of the Concept

The DFHRS concept aims at a direct online or postpro-
cessed GPS heighting with an optimum and simul-
taneous use of all available data sources. Within this
aim the profile of a GPS-heighting is easy to formulate:
An ellipsoidal GPS-height h, determined at a plan
position x(B,L) and y(B,L) is to be made convertable
directly to the height H of the standard height system.
The converted height H should result online on applying
a respective correction to h, and the resulting H should
not suffer with a quality-decrease compared to the
heights H resulting from a postprocessed GPS height
integration.

In the following the general so called DFHRS concept is
presented, which fulfils all above requests and shows
besides this even some more positive aspects. The
concept is to produce in a first step in a controlled way a
new kind of data base product. This step is called the
DFHRS data base production step.

The second step is to make this data base accessible for
an online DGPS-heighting. This is called the application
step. The use of the DFHRS in a postprocessing mode
(e.g. in GIS) is of course included in the concept. In the
application step either the DGPS user has the DFHRS at
his disposal on his field equipment or the DGPS service
exclusively uses the DFHRS for the evaluation of a cor-
rection A=A(B,L,h) to convert a GPS height h into the
height H of the standard height system (principle, see
fig. 3).

3.1 DFHRS Data Base Production

The DFHRS data base production step reads in the
system of observation equations as follows:

h+v=H+h sAm+f(x,y) *p, Ha)
with NFEM( p, x, y) =: f(x,y) *p

N G(B,L)j+v =f(x,y)-p+oNG(dj) (4b)
A+v=-fB/M(B)-p + aB(d" Tl (40
T+v=-fL/(N(B)+cos(B)) sp+0L(d") (4d)
— (40)
C+v=C(p) ()]

With 3N di) (2d) and with SB(d*n) and 5L(d"n) we in-
troduce the datum part of the geoid heights of any geoid
model or of single “geoid patches” (see chap. 4) and the
datum parts of the deflections of the vertical re-
spectively. Explicit formulas for 5B(d"n) and dL"T,)
are given in JAGER (2000). With fBand fL.we introduce
the partial derivatives of the Vandermondsl vector
f(x(B,L),y(B,L)) (3c) with respect to the geographical
coordinates B and L. M(B) and N(B) mean the radius of
meridian and normal curvature at a point P(B,L) respec-
tively.

Identical points (H, h) and if available, one or a number
of geoid models H}(B,Ly are used as observations to
produce the DFHRS by a least squares estimation re-
lated to (4a-f). The DFHRS on the right side is, ejcept
of the scale part Am *h (4a), represented completely
by the finite element model NFEM(p,x,y)=f(x,y}p, and
the continuity is provided by the continuity equations
C(p) (4f) below.

This means that the geoid model input of any geoid mo-
del NGB,Ly or “geoid patch” is “mapped” to the DFH-
RS by removing the datum part SNGrf). An additional
NFEM-refinement term may be set up in (4b). The pro-
duction step of the DFHRS (4a-f) is embedded in a sta-
tistical quality control concept of a least squares estima-
tion, so that any observation component - including the
input of “mapped” and datum-adapted geoid-model - is
well controlled (JAGER and SCHNEID, 2001a). With
respect to geoid models NQi (4b) the DFHRS approach
is to be regarded as the second step of a two step adjust-
ment, which improves geoid models in terms of the
new product NFEM(p,x,y) representing the "geoid part"
(see 5a) of the DFHRS.

The most valuable way to check the ertemal accuracy
(“reproduction quality”) of the DFHRS data base para-
meters (p, A m) (4a-f) is to compute successively the

DFHRS-height H dfhrs of each identical point H from
hj when using the individual data base DFHRS], where
Hj was excluded from the respective production (4a-f).

The reproduction quality measure VH j is then simply
given by the value of the difference

VHj = Hj - H(B,L,h, DFHRSJ
= H] 'Hj(saabac) . 94g)

The computation of all VHj can be performed how-
ever in the unique production step, where all identical



points (HiJii) are used. The respective formula reads:

v Hi
rHj

With VHj and T we describe the correction and the

VH: =- (4h)

redundancy part of the observation Hi in equation (4e).

3.2 DFHRS Data Base Application

The decisive components and formula parts of the
production step, which are afterwards needed in the
application step - namely in an online GPS-heighting -
are contained in (4a).
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Fig. 3 : DFHRS data base symbolized by the Finite Ele-

ment Model NFEM(p) of the HRS (above) and "appli-
cation scenery" of an online GPS-heighting (below).

Equation (4a) leads to the following correction scheme,
which has to be applied to the GPS height h in an online
(or postprocessing) use of the DFHRS data base in order
to convert h into the standard height H:

H=h - AB,L,h) =h- corrl - corr2 (5a)
=h -f(x(B,L)y(B,L)) p -h-Am (5b)
=h - NFEM (p, x(B,L),y(B,L» - h

In opposite to the limitations concerning the use of con-
ventional geoid models NG by formula (1), the "DFH-
RS-correction" A(B,L,h) in the corresponding formula
(5a) holds. The first correction part “corrl=corrl(B,L)”
is due to the FEM part NFEM(p,x(B,L),y(B,L)) (fig. 3,
above) of the DFHRS data base (“geoid correction”).

*Am .(5c¢)

The second correction “corr2 = corr2(h)” is due to the
scale Am between the GPS heights h and those of the
standard height system H ("'scale correction').

4 Special Requests and Advantages

To reduce the effect of long-waved systematic errors of
geoid models as well as those of the standard HRS
(DINTER et al,, 1997; JAGER, 1990) the mathematical
model of the DFHRS-concept (4a-f), and the DFHRS
software respectively, allow to subdivide any given
geoid height model bfc(B,L) into a number of so called
“geoid-patches” (fig. 5), each with an own set of datum-
parameters d by SNG(df) (4b). Fig. 4 shows the resi-
duals oftwo different DFHRS adjustments for the coun-
try of Baden-Wiirttemberg, Geimany (see also fig. 5).
Fig. 4 (left) shows long-waved systematic errors, which
occur on introducing only one datum parameter set d for
the whole area, meaning without "patching'. The result
of the “geoid-patching” on the right shows the benefit of
the patching with respect to reduce the influence of
systematic errors by the subdivision of the geoid mo del
Ng(B,L) into a number of different patches with indivi-
dual datum parameters d (JAGER and KALBER,
2000). Geoid-patching significantly irrproves the accu-
racy ofthe resulting DFHRS .

Fig. 4: Effect of a “geoid-patching” at the example of
Baden-Wiirttembeig: Large residuals in identical points
with only one set of datum parameters (left) and much
smaller residuals with 7 patches with individual datum
sets oNQdf) (right).

It is of course also possible to introduce by bb(BftV
(4b) different (patched or unpatched) geoid models,
even concerning the same area.

The continuity equations (4f) are introduced as additio-
nal observation equations with variable weights. So the
dimension of the normal equation matrix is not blown
up due to the conditions C(p) and the approach is kept
veiy flexible: The continuity conditions can be in-
troduced "hard" or "soft", according to a prescribed
weight, and they can also be statistically tested.

5 DFHRS Software and Examples

For the computation of Digital-Finite-Element Height
Reference Surfaces a special C++ software (“ DFHRS-
production software”! has been developed at FH Karls-
ruhe - University of Applied Sciences within the run-
ning research and development project DFHRS (URL:
www.dfhbf.de). Several fiinctions for visualisation and
utilities for an automatic and a manual meshing and a
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powerful least-squares adjustment have been implemen-
ted. The DFHRS production software enables the
mathematical model (4a-f) including gross error detec-
tion and variance component estimation for all observa-
tions and observation groups respectively, and it sets up
the DFHRS data base in a compressed format, enabling
at the same time a copy protection key. The DFHRS
data base consists of a block of mesh-grid information, a
block with the DFHRS parameters p and Am, and optio-
nally a third block with their covariance matrix. The
DFHRS data base access software is available as Dyna-
mic Link Library (DLL) for an implementation in any
DGPS online software.

A first DFHRS data base was computed for the (40 x
40) km area of Tallinn/Estonia (fig. 2) (JAGER and
SCHNE1D, 2001lb,c). Using the EGG97 geoid model
(DENKER and TORGE, 1997) and 23 identical points,
the average reproduction quality (4g,h) of the standard
heights H evaluated from GPS heights h was in the
range of 4 mm (max. 10 mm). The reproduction quality
of the (250 x 350) km of DFHRS Baden-WUrttemberg
(fig. 5) was also better than 1 cm using 192 identical
points, 1013 meshes with a mesh size of 7 km, and 28
EGGY7 patches.

++

Fig. 5: DFHRS production for the country of Baden-
Wiirttemberg, Germany. Area size 250 km x 350 km.
Almost regular meshes with an average size of 7 km, 28
geoid-patches, 1013 meshes and 192 identical points.

DFHRS data bases are already available and used res-
pectively as standard in the practice of DGPS heighting
in the SAPOS® DGPS networks of Saarland, Hessen,
Baden-WUrttemberg and Bavaria.

A third series of test computations was performed for a
(500 x 700) km area in Venezuela (JAGER and
SCHNEI1D, 2001c). Only 22 identical points and geoid
heights No from the EGM96 were used for the DFHRS
production. Even the large size of meshes (about 70-80
km) and the less accurate EGM96 provided a DFHRS

with an average reproduction quality of 15 cm for the
standard heights H.

6 Conclusions

The DFHRS (Digital Finite Element Height Reference
Surface) concept provides a new standard for an online
GPS heighting in DGPS networks. The approach is ba-
sed on the representation of the Height Reference Sur-
face (HRS) by the base functions of bivariate polynomi-
als. These are are set up in the area over a grid of aibi-
trary shaped finite element meshes. To imply a conti-
nuous HRS, a set of continuity conditions is introduced
for each border of neighbouring meshes. With respect to
geoid models NG the DFHRS approach is to be
regarded as second step of a two step adjustment, which
improves any geoid model H}J in terms of the resulting
DFHRS. The DFHRS data base, conputed in the
DFHRS production step, provides any DGPS user in the
DFHRS application step with a correction A=A(B,L,h),
which converts the ellipsoidal height h directly to the
standard height H. Identical points and transformations
are not needed any more in the application step. So
geodetic expert knowledge is reduced to the production
step, while GPS heighting becomes as simple and eco-
nomic as it can be.

The production step allows to use all above observation
type simultaneously. The whole geometrical informa-
tion, namely identical points and height differences (h,
Ah, H, AH) as well as geoid model heights Nc and de-
flections of the vertical (£,r|) are set up in a strict least
squares adjustment, which becomes most efficient in
this way with respect to the resulting DFHRS. The ex-
tension of the DFHRS approach (4a-f) with respect to
gravity observations is intended. The production step si-
multaneously enables the statistical quality control of
the DFHRS. In the sense of a two step adjustment the
other observation groups enable the control and impro-
vement of the geoid model input, which is simul-
taneously '"mapped" to the new DFHRS product. To re-
duce the influence of long-waved systematic errors,
geoid models may be devided into continuous “geoid-
patches”. The resulting DFHRS data base is stored
optionally together with its covariance matrix. The
DFHRS data base access software is ready to be imple-
mented as a DFHRS Dynamic Link Library (DLL) in
any GPS-RTK-software for online GPS-heighting or in
postprocessing software, e.g. for GIS.

7 Evaluation of the European Height
Reference Surface (E HRS)

The DFHRS concept has successfully been introduced
in practice. DFHRS data bases have become an official
sales product of state land survey agencies and also pri-
vate companies in different countries. The approach (4a-
f) is presently also used for the evaluation of the Height
Reference Surfaces (HRS) of laige scale areas such as
Venezuela (JAGER and SCHNEID, 2001c) and Ger-
many. The results of DFHRS conputations (see chap. 5)
prove accuracies better than 1cm. Another topic of inte-
rest and external requests is directed to the production



of DFHRS databases for "GIS and navigation'" on a (5-
50) cm accuracy level. Such "rapid" or "light" DFHRS
data bases are easy to compute, simply by enlarging the
mesh size without a need of change in the data blocks.
So the DFHRS concept is all in all best prepared both
for producing different accuracy levels of DFHRS data
bases, as well as for using different data sources (e.g.
several geoid models). The detection and reduction of
systematic errors in big networks is enabled, and the
DFHRS approach (4a-f) is inplemented in a powerful
software with graphic tools. So the authors offer the
DFHRS concept and software as potential and flexible
candidate for the controlled evaluation of the HRS of
Europe (EHRS) in the near future work of EUREF
TWG.
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