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Abstract

This thesis presents a method for the modelling of quasi-resonant and multi-resonant

boost converters using the averaging technique.

The concept of characteristic functions is introduced, which allows the derivation of a
unified model of all classes of boost converters - multi-resonant, quasi-resonant and
pulse-width-modulated. The characteristic functions describe the average behaviour of
switching devices in a dc-dc converter. Quasi-resonant converters have one
characteristic function, which can be seen as the equivalent duty ratio of the converter,
and its analytic expression is determined. Multi-resonant converters have two

characteristic functions and a numerical method is developed to evaluate them.

The dc (steady-state) model of quasi-resonant and multi-resonant boost converters is
related to the conventional pulse-width-modulated boost converter. The expression of
the voltage conversion ratio of resonant boost converters is obtained from the pulse-
width-modulated converter by replacing the duty ratio with the characteristic function.

The dc models are verified by simulations using PSPICE and hardware implementation.

The small-signal model of resonant boost converters is obtained in circuit form. In this
model, the switching devices are represented by controlled voltage and current sources,
whose coefficients depend on the characteristic functions of the converters. The small-
signal control-to-output and line-to-output transfer functions of the quasi-resonant and
multi-resonant boost converters are derived. Their expressions are compared to the ones
of the pulse-width-modulated converter. It is shown that the resonant elements do not
increase the order of the small-signal model, therefore, the well-known methods for the
design of the feedback loop of pulse-width-modulated converters can be applied to

resonant converters.

This approach is extended to the buck and buck-boost converters and a general unified

method for the modelling of quasi-resonant and multi-resonant dc-dc converters is

presented.
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1. Introduction

1.1. Overview of the Subject Area

The trend in today's electrical and electronics industry is one of miniaturisation. With
the advancement of Very Large Scale Integration (VLSI), the size of control and
information-processing electronics is shrinking tremendously. But the power supplies
used in computers, telecommunications and instrumentation applications are still bulky,
making them incompatible with microelectronics chips. Therefore, the designers of
power converters focus their research and development efforts increasingly on

producing small-size and light-weight converters of high efficiency [1-8].

There are three major directions which are currently being explored in the pursuit of

higher power conversion densities. These are:
(1) higher switching frequencies;
(i1) higher levels of circuit integration;

(ii1) improved thermal performance.

The relative portions of space [9] consumed in a square-wave switching dc-dc converter

are:

-heatsink 42%
-energy storage components 17%
-PC board 10%
-power semiconductors 5.5%
-control circuits 5.5%
-drive circuits 1%

-unusable volume 19%

(1) The primary motivation for progressing to higher switching frequencies [10] is to
reduce the size of the energy storage capacitors and inductors and of the transformers.

Significant reductions in the size of these components are achieved when the switching
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frequency is increased from tens of kHz to hundreds ofkHz. The shift from hundreds of
kHz to the megahertz range yields less significant size reductions, but other advantages
become evident. In the megahertz range, the component values required for capacitances
and inductances are comparable to parasitic elements such as leakage inductances of
transformers, inductances of pcb tracks and intrinsic capacitances of switching devices.
If these parasitic elements can be adequately controlled during the manufacturing
process, they can be used in the design of a circuit, thereby replacing discrete

components.

Current research in this area is focused on resonant, quasi-resonant and multi-resonant

circuits, which convert power at frequencies up to several MHz or even more.

The belief that as frequency goes up, size goes down is approximately true up to
frequencies of about 500 kHz [10]. However, beyond this frequency, phenomena not
previously important become so, and size may well begin to increase. For instance,
while the required value of capacitors goes down with increasing frequency, the ability
of these smaller capacitors to handle currents also goes down, often resulting in a net
increase in physical size. Also, capacitor types having a low equivalent series resistance
and inductance are required for the operation at high switching frequencies. At some
frequency the loss density in magnetic materials increases faster than inductance
decreases, requiring larger cores to reduce flux density and loss. Skin and proximity
effects are no longer negligible. By using new materials and processes, size reduction
can be anticipated. Furthermore, these new materials and processes can result in

manufacturing techniques that are reliable, efficient and mass production oriented.

(i) The power semiconductors, control circuits and drive circuits account for only 12%
of the total volume. This is a relatively small portion of the total converter volume
because of the application of integration techniques. A second, more recent step, is the
use of hybrid integrated circuits. These hybrid ICs incorporate the power semiconductor
devices, control circuit and protection circuit. High voltage and high current capabilities
are combined with low power electronics into a single monolithic silicon integrated

circuit. One of the difficulties which have been encountered in integrating different



semiconductor technologies into a single silicon chip is that the power dissipated in the
high voltage/high current section of the chip raises the temperature and thus lowers the
reliability of the low power circuitry. However, significant progress is being made in

this new technology [11,12].

(iii) The largest area is occupied by the heatsink. There are two factors in the design of
the converter which can make a significant difference to the size of the heatsink
required. The first is efficiency and the second is the thermal impedance between the
power dissipating devices and their heatsinks. The power losses in the switches can be
split into two components: the switching losses and the conduction losses. As switching
frequency increases, switching losses also increase because the fixed amount of power
dissipated during each cycle is repeated more frequently. Switching losses can be
virtually eliminated when using quasi-resonant or multi-resonant converters. The
conduction losses can be made smaller by reducing the on-state resistance of the power
MOSFETs, which are frequently used as the power switch in high-frequency

applications.

When using resonant converters a higher power density is achieved by increasing the
switching frequency and improving the thermal dissipation by eliminating the switching
losses. Further reduction in size and weight is achieved when incorporating the power

semiconductors, control and protection circuit on the same chip.

A vast amount of circuit technology for resonant converters has been generated in the
past decade and reported in numerous technical journals, conference proceedings and
trade magazines. The large class of resonant power converters [13] falls within the

following classification scheme:

- Conventional resonant converters are often referred to as series resonant converters or
parallel resonant converters and their derivations [14]. They are controlled using the

frequency modulation technique and can be operated either below or above the resonant

frequency.
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- Quasi-resonant converters (QRCs) [15-38] can be considered as a hybrid of pulse-
width-modulated (PWM) converters and resonant converters. While the underlying
power conversion principle of QRCs is the same as for PWM converters, a resonant
network is employed to shape the current or voltage waveforms of the switch so that it
is either operating under zero-current-switching (ZCS) or zero-voltage-switching (ZVS)
conditions. The QRCs are suitable for operating at high switching frequencies due to the
reduced switching losses. The ZCS quasi-resonant converters were first reported in 1984

and the ZVS quasi-resonant converters in 1986.

- Multi-resonant converters (MRCs) [39-62] can offer a wider load range and have a
lower peak voltage across or peak current through the switching devices compared to
quasi-resonant converters. MRCs are considered most desirable for high-frequency
power conversion. Employing the ZVS multi-resonant technique, all semiconductor
components in a converter can be operated under ZVS conditions. The multi-resonant

converters were first reported in 1988.

1.2. Objectives and Motivations for the Present Work

The objective of this thesis is to present the modelling of quasi-resonant and multi-
resonant converters. It is split into two major parts:

- steady-state (dc) modelling;

- small-signal (ac) modelling.

The investigation is carried out using the boost converter and is extended to the buck

and buck-boost converters.

The steady-state modelling is based on the research into quasi-resonant and multi-
resonant converters by a research group at Virginia Power Electronics Centre, USA, led
by Professor Fred C. Lee. The dc model and steady-state characteristics are necessary
for the design of the power stage of the converter. The most striking feature of the
resonant converters is the wide variety of topologies available. However, there is no

general approach that is applicable to the modelling of all classes of converters.
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To design the control system and feedback loop, the small-signal model and ac
characteristics are necessary. The feedback loop is critical. Feedback can speed up the
transient response of a system, improve the recovery from unanticipated disturbances
and make performance less sensitive to system variations. However, a system that is
stable and insensitive to perturbations in open loop could become sensitive, slow to
recover or even completely unstable in closed loop, if the controller reacts
inappropiately to the feedback signals. The controller's actions could aggravate
deviations from nominal operation instead of rapidly restoring nominal operation. In
other words, to obtain the advantages of feedback control, the feedback loop has to be
designed and implemented carefully. The first step in closing the loop is to determine

the small-signal control-to-output transfer function.

The small-signal modelling is based on the research work carried out by Steve Freeland,
R.D. Middlebrook and Slobodan Cuk from California Institute of Technology, USA.
They present a method where the averaged model of a dc-dc converter is used to derive
its small-signal model in circuit form. However, the expressions for the transfer
functions of quasi-resonant converters are not derived. To the knowledge of the author,
the derivation of the small-signal transfer functions of the buck, boost or buck-boost
multi-resonant converters has not been reported so far. Moreover, there is no general
unified method presented for the small-signal modelling of all dc-dc converters (the
method is general if it can be applied to buck, boost and buck-boost converters; the
method is unified if it can be applied to PWM, quasi-resonant and multi-resonant

converters).

1.3. Major Results

The following points are believed to be original contributions to the advancement of

knowledge in this field of study.

(i) The concept of characteristic functions is introduced, which describe the average
behaviour of the switching devices in a converter. The use of characteristic functions

allows the derivation ofa general unified model of dc-dc converters.
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(i1) A numerical method is described for the steady-state analysis and for the derivation
of the characteristic functions of boost zero-voltage-switching multi-resonant

converters. The algorithm is implemented in the C programming language.

(ii1)) A unified dc model describing all classes of boost converters is presented. The
mathematical model is verified by simulations using PSPICE and experimental

measurements.

(1iv) A unified method for the small-signal modelling of boost quasi-resonant and multi-
resonant converters is developed. The control-to-output and line-to-output transfer
functions are derived. It is shown that the resonant elements do not increase the order of
the small-signal model. Therefore, the large amount of knowledge for PWM converters

can be applied to quasi-resonant and multi-resonant converters.
(v) The steady-state and small-signal modelling techniques are extended from the boost
converter to the buck and buck-boost converters. Therefore, the mathematical models of

all classes (ZCS-QRC, ZVS-QRC, ZVS-MRC) of buck, boost and buck-boost

converters can be obtained by using the method proposed in this thesis.

1.4. Outline of the Thesis

This thesis consists of seven chapters, a list of references and seven appendices.

Chapter 1 presents a short overview of the subject area, the objectives and motivations

for the present work and the major results obtained.

In chapter 2 the fundamentals of the pulse-width-modulated, quasi-resonant and multi-

resonant power converters are described.

Chapter 3 presents the steady-state operation, the dc modelling and the derivation ofthe

characteristic functions of boost converters. Analytical results are obtained for quasi-
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resonant converters. A numeric method is also described for the analysis of boost multi-

resonant converters.

Chapter 4 describes a method for the small-signal modelling of the boost converters,
which is based on the averaging technique. The small-signal models in circuit form are

obtained and the control-to-output and iine-to-output transfer functions are derived.

In chapter 5 the simulation techniques are described, as well as the hardware
implementation. The theoretical models are verified by simulation and experimental

measurements.

Chapter 6 extends the modelling method to the buck and buck-boost converters and

presents a generalised method for the modelling of dc-dc converters.

In chapter 7 the overall conclusions are stated and suggestions for further work are

given.

Appendix 1 presents the difference between the half-wave mode and full-wave mode of
operation of resonant boost converters. Appendices 2 and 3 show the derivation of the
voltage-conversion ratio and characteristic functions. Guidelines for the design of the
power converter and feedback loop are given in appendices 4 and 5. Appendix 6 lists the
C-program for the analysis of multi-resonant boost converters and appendix 7 presents

the list ofthe 13 published papers relating to this research project.
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2. Switched Mode Dc-Dc Power Converters

2.1. Introduction

Electronic power processing technology has evolved around two fundamentally
different circuit schemes: duty-cycle modulation, commonly known as Pulse-Width-

Modulation (PWM), and resonance.

The PWM technique processes power by interrupting the power flow and controlling the
duty cycle, thus, resulting in pulsating current and voltage. Due to circuit simplicity and
ease of control, the PWM technique has been used predominantly in today’s power

electronics industry.

With available devices and circuit technologies, PWM converters have been designed to
operate generally with a switching frequency up to 100kHz. In the frequency range of
30-50 kHz, the equipment is deemed optimal in weight, size, efficiency, reliability and
cost [24].

During turn-on and turn-off of the switches, the voltages and currents exhibit abrupt
increases and decreases of their values, and, therefore, the converters are referred to as

"hard-switching".

The resonant techniques process power in a sinusoidal form. The switches are
commutated at zero-current and/or zero-voltage. Therefore, resonant converters are
referred to as "soft-switching" converters. Compared with PWM converters, the

switching losses ofresonant converters are reduced.

Soft-switching converters are suitable for operation at high switching frequencies.
Numerous converters operating at frequencies in the MHz range have been reported in

the literature [18,24,39,63,64,65].
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This chapter presents the main classes of switched-mode dc-dc power converters: PWM,
quasi-resonant and multi-resonant converters. The rules to obtain the resonant
converters from their PWM counterparts are given and the theorems that are satisfied by

each family of converters are stated.

2.2. PWM Power Converters

The term "PWM" is used here as a means of distinguishing converters with quasi-
rectangular waveforms rather than to indicate any particular control scheme. The three
main categories of PWM dc-dc converters are: buck (or step-down), boost (step-up) and

buck-boost (step-down/step-up). Their circuit diagrams are shown in figures 2-1 to 2-3.

rrm
Ro
Figure 2-1: Buck converter.
D
+
Ro
Figure 2-2: Boost converter.
+)Vin C Ro

Figure 2-3: Buck-boost converter.
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The three different switching converters employ the same three elements: inductor L,
power switch S and diode D, but arranged in a different manner. The output capacitor C
is a filter element, not part of the switching circuit. Theoretically, there are three other
circuits possible using the same three elements with T configuration, but these are

simply mirror images of'the first three and couple power in the opposite direction [66],

One common principle that applies to all three topologies, regardless of operational
mode or control method is that, in steady-state operation, the voltage across the
inductor, averaged over each switching cycle, must be equal to zero. Otherwise, the

average inductor current would change, violating the steady-state premise.

Each of the three basic circuit families has a unique set of relationships between input
and output voltages, currents and duty cycle. The buck converter functions only with
output voltage Vaut less than the input voltage Vinand with the same polarity. The boost
converter requires a greater output voltage than Vin and with the same polarity. The
buck-boost converter functions with Vat either greater or less than Vin but with

opposite polarity.
A PWM converter always satisfies [22]:
Theorem 1: The power switch S, the diode D and a set of capacitors with total voltage

Voff form a loop. The source VH may also be included in the loop, with its voltage

included in Voff

Theorem 2: The power switch S, the diode D and a set of inductors with total current I

form a cut-set.
A number of components in a circuit form a cut-set if they have a common node and the

sum of the currents flowing into the common node is equal to the sum of all currents

flowing out ofthe same node.
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The quantities Voffand I are easy to find in any particular topology: Voffis the peak
voltage across and Imis the peak current through the switch S. The expressions for Voff

and 10 for the basic dc-dc converters are given in table 2-1.

Table 2-1: Expressions for Voffand Ionfor the three basic dc-dc converter topologies.

Vo "m
Buck Vin lout
Boost Vout Tin
Buck-Boost VintVat Kt ot

Application of Kirchhoffs laws to the loop and cut-set oftheorems 1 and 2 gives:

vs+vD=Voff and is+ iD= Il

2.3. Quasi-Resonant Power Converters

With the progress in power MOSFET manufacturing technology, switching times of
fractions of microseconds are now possible. When using PWM converters, the operation
at high switching frequencies is accompanied with increased switching losses due to the
simultaneous presence of high voltage and high current. On the other hand, when the
switch turns on at a high voltage level, the energy stored in the device's output
capacitance is dissipated internally. Furthermore, turn-on at high voltage levels induces
a severe switching noise through the Miller capacitor coupled into the drive circuit,
which leads to significant noise and instability in the drive circuit. The detrimental
effects of parasitic elements become more pronounced as the switching frequency is
increased. To improve switching behaviour of semiconductor devices in power
processing circuits, two techniques were proposed. The zero-current-switching (ZCS)
technique was introduced [15] in 1984 by Liu and Lee from Virginia Polytechnic
Institute and State University, USA, and the zero-voltage-switching (ZVS) technique

was introduced [18] in 1986 by the same authors.
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2.3.1. Resonant Switches

For a better understanding of quasi-resonant converters, the concept of resonant
switches is introduced. A resonant switch represents a subcircuit consisting of a
semiconductor switching device S and resonant elements Lr and Cr. For a zero-current
(ZC) resonant switch, as shown in figure 2-4, inductor Lris in series with the switch S to
achieve zero-current switching. In a zero-voltage (ZV) resonant switch, as shown in

figure 2-5, capacitor Cris in parallel with switch S to achieve zero-voltage switching.

Lr Lr
“mm 0 r
T -N Cr

Cr T

Figure 2-4: Zero-current resonant switches.

S Lr S Lr

cr T

Figure 2-5: Zero-voltage resonant switches.

Cr

Zero-Current resonant switches: 1f the ideal switch S is implemented by a
unidirectional switch, as in figure 2-6, the resonant switch is confined to operate in a
half-wave mode, in the sense that the switch current is permitted to resonate only in the
positive half cycle. On the other hand, if diode Dsis connected in antiparallel with Q as
shown in figure 2-7, the switch current can flow bidirectionally and the resonant switch

now operates infull-wave mode.
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Q 01 rrm. Q rrm
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Figure 2-6: Half-wave ZCS configurations.

Ds Ds
-KI- Lr
_rrm_
- V Q
Hh
Cr

Figure 2-7: Full-wave ZCS configurations.

Zero-Voltage resonant switches: As in the case of a ZC resonant switch, the structure of
S determines the operation mode of the ZV resonant switch. If an ideal switch S is
implemented by a transistor Q and an antiparallel diode Ds, as shown in figure 2-8, the
voltage across capacitor Cr is clamped by Ds at zero during the negative half of the
resonant cycle. The resonant switch is operating in half-wave mode. On the other hand,
if S is implemented by Q in series with Ds (figure 2-9) and the voltage across Cr can

oscillate freely, then the resonant switch is operating in a full-wave mode.

Y%

— KH
Ds

Hh
Cr

Figure 2-8: Half-wave ZVS configurations.

Q -E)VS- _nIITrm » 0o ~ Q N - lel:n .
VT :Cr

11-
Cr

Figure 2-9: Full-wave ZVS configurations.
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The switching trajectory [24] of PWM switching behaviour is shown as trajectory A in
figure 2-10. The switching device is subjected to simultaneous high voltage and high
current. The trajectory of a resonant switch is trajectory B. No simultaneous high
voltage and high current are exerted on the switch and the switching losses and stresses

are minimal.

ON

OFF VS

Figure 2-10: Switching trajectory: (A) conventional PWM switching; (B) resonant

switching.
2.3.2. Zero-Current-Switching Quasi-Resonant Converters

A ZCS converter is obtained by replacing the switch S in the conventional PWM
topology with a zero-current resonant switch, presented in section 2.3.1. The objective
of the auxiliary LC resonant elements is to shape the switching device's current
waveform during the on-time in order to create a zero-current condition for the device to
turn off. The switching losses created by the simultaneous presence of high voltage and
high current are eliminated, but turn-on losses due to the output capacitance discharge

are not eliminated. The ZCS boost converter topologies are shown in figure 2-11.

L D L D

- CD

Figure 2-11: ZCS boost converters.
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A ZCS converter can operate in a half-wave mode or full-wave mode, depending

whether the switch S is a half-wave switch or a full-wave switch.

The following two rules generate all zero-current-switching quasi-resonant topologies

[22]:

Rule 1: The resonant capacitor Cf must form a loop with the diode D and a (possibly

empty) set of "stiff capacitors and voltage sources.

Rule 2: The resonant inductor Lr must form a cut-set with the power switch S and a

(possibly empty) set of "stiff' inductors.

A "stiff capacitor or inductor is one with a small switching ripple. All non-resonant

capacitors and inductors are assumed "stiff, as in the original PWM converter.

For dc-to-dc converter applications, the zero-current-switching technique is very
effective up to 1 MHz, since it can eliminate the switching losses created by the
simultaneous presence of high voltage and current. However, to operate the
semiconductor switches above one megahertz, the capacitive turn-on loss associated
with the discharging of the energy stored in the parasitic junction capacitance of the
MOSFET becomes the primary limiting factor. The ZCS QRCs have another drawback
at high switching frequencies. The turn-on of the power MOSFET at high voltage levels
induces a severe dv/dt noise, which is coupled through the drain-to-gate capacitance to
the gate drive circuit. This effect, known as the switching Miller effect, can lead to
significant noise and instability in the drive circuit. Turning the switch on at zero

voltage eliminates this effect.
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2.3.3. Zero-Voltage-Switching Quasi-Resonant Converters

A ZVS converter is obtained by replacing the switch S in the conventional PWM
topology with a zero-voltage resonant switch, presented in section 2.3.1. The objective
of the auxiliary LC resonant elements is to shape the switching device's voltage
waveform during the off-time in order to create a zero-voltage condition for the device
to turn on. This technique eliminates the turn-on loss associated with the parasitic

junction capacitances. Figure 2-12 shows the ZVS boost topologies.

Lr D L D
nmn nmn— N_ JTTTL Ib
Lr
C MR ©Vin E—T :C MRo
Cr=p V
I 1

Figure 2-12: ZVS boost converters.
The switch S can be either a full-wave or a half-wave switch. Since ZCS and ZVS
converters have in their operation both resonant and non-resonant stages they are

referred to as quasi-resonant converters.

The following two rules generate all zero-voltage-switching quasi-resonant topologies
[22]:

Rule 3: The resonant inductor Lr must form a cut-set with the diode D and a (possibly

empty) set of "stiff inductors.

Rule 4: The resonant capacitor Cr must form a loop with the power switch S and a

(possibly empty) set of "stifflcapacitors and voltage sources.

Every quasi-resonant converter, if ZCS or ZVS, satisfies the following theorems:

29



Theorem 3: The elements S, D, Lr and the elements producing the voltage Vofftogether

form a loop.

Theorem 4: The elements S, D, Cr and the inductors producing I together form a cut-

set.

Parasitic capacitances and inductances can be absorbed into the LC resonant circuit.
These converters are the most suitable for high-frequency operation and it is shown [30]
how the greatest possible number of parasitic reactances are included harmlessly in the

resonant circuit.

2.4. Multi-Resonant Power Converters

In quasi-resonant converters a resonant switch with a two-element resonant network
(quasi-resonant switch) is used to achieve zero-current-switching or zero-voltage-
switching of the main semiconductor switching device. The quasi-resonant switch also
effects the switching waveforms of the passive switch [39]. In ZCS-QRCs, the passive
switch operates with zero-voltage-switching, while in ZVS-QRCs it operates with zero-
current-switching. The concept of multi-resonance explores the possibility of using a
resonant switch with a three element resonant network (multi-resonant switch) to
achieve either zero-voltage-switching of both the active and passive devices, or zero-

current-switching for both devices. There are two families of multi-resonant converters,

ZCS-MRCs and ZVS-MRCs.

Multi-resonant converters have been introduced [40] in 1988 by Tabisz and Lee from

Virginia Polytechnic Institute and State University, USA.
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2.4.1. Multi-Resonant Switches

The zero-current multi-resonant switch is shown in figure 2-13. The resonant circuit is
formed in a T-network with resonant inductors Ls and LDin series with the switching
devices and resonant capacitor Cr.

The zero-voltage multi-resonant switch, shown in figure 2-14, is formed in a ri-network
with resonant capacitors Cs and CDconnected in parallel with the switching devices and

resonant inductor Lr.

Ls Ld D
JTTTL _mm. W
Cr

Figure 2-13: ZC multi-resonant switch.

Cs

JTVTL

Figure 2-14: ZV multi-resonant switch.

During operation of a MRC, three different resonant circuits can be formed, depending
on whether the active switch and diode are open or closed. This results in operation of
the converter with three resonant stages in one cycle of operation, hence the term

"multi-resonant".
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2.4.2. Zero-Current-Switching Multi-Resonant Converters

A ZCS-MRC is obtained by the addition of the zero-current multi-resonant network to
the related PWM converter. As an example, the boost ZCS multi-resonant converter is
shown in figure 2-15. For optimal operation, the parasitic capacitances of the switching
devices should be ideally zero. However, in practical high-frequency applications, these
capacitances cannot be reduced to negligible values and, as a result, oscillations are

present in the waveforms [43].

In ZCS-MRCs the on-time is maintained constant and the off-time is adjusted to obtain
regulation of the output. During the off-time of the power MOSFET a high-frequency
oscillation is superimposed to the voltage across the MOSFET due to the parasitic
capacitance of the device. When the MOSFET is turned on, the energy stored in its
output capacitance is dissipated, just as in PWM converters or ZCS-QRCs. During off-
time of the output diode D, an oscillation is superimposed on the voltage across the

diode. The oscillation occurs because of the parasitic capacitance ofthe diode.

Ld D
M

mm

Ro

Figure 2-15: ZCS multi-resonant boost converter.

This technique is not suitable for high-frequency applications. In fact, ZCS-MRCs
exhibit the major problems of both ZCS-QRCs (capacitive turn-on) and ZVS-QRCs
(parasitic oscillation ofthe diode voltage). However, the ZCS-MRC technique could be
useful in high-power high-current converters. In this thesis the ZCS-MRC technology is

not addressed in more detail.
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2.4.3. Zero-Voltage-Switching Multi-Resonant Converters

A ZVS-MRC is obtained by the addition of the zero-voltage multi-resonant network to
the corresponding PWM converter. As an example, the boost ZVS multi-resonant

converter is shown in figure 2-16.

The arrangement of the multi-resonant network results in the absorption in the resonant
circuit of all major parasitic components, including power MOSFET output capacitance,
diode junction capacitance and leakage inductances. This allows the multi-resonant
converters to operate at high frequencies with favourable switching conditions (zero-
voltage switching) for all semiconductor devices. If the converter is operated at a
sufficiently high switching frequency, the resonant elements can be formed exclusively

by the parasitic components [43].

In ZVS-MRCs the off-time is constant and the on-time is adjusted to regulate the

output.

L Lr D
-1rvi.
——1F--
(r)Vin Cs\ S Cd c Ro

Figure 2-16: ZVS multi-resonant boost converter.
The ZVS-MRCs can be operated in either a half-wave mode, with a diode connected in
antiparallel to the MOSFET, or a full-wave mode, with the diode in series with a

MOSFET.

ZVS-MRCs are superior to ZVS-QRCs due to reduced switch voltage stress and

improved load range. MRCs also eliminate the oscillations which appear in the ZVS
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QRCs when the output diode turns off. Its parasitic junction capacitance oscillates with
the resonant inductance. If damped, these oscillations cause significant power
dissipation at high frequencies; undamped, they adversely affect the voltage gain of the

converter and, thus, the stability ofthe closed-loop system [40].

Multi-resonant and quasi-resonant converters have one more advantage over PWM

converters - the electromagnetic interference is reduced due to soft-switching [67,68].
ZVS multi-resonant converters can be obtained from PWM converters by adding two
resonant capacitors Cs and CD and a resonant inductor Lr according to the following

three rules [52]:

Rule 5: The resonant capacitor Cs must form a loop with the power switch S and a

(possibly empty) set of "stiff' capacitors and voltage sources.

Rule 6: The resonant capacitor CDmust form a loop with the diode D and a (possibly

empty) set of "stiff capacitors and voltage sources.

Rule 7. The resonant inductor Lr must form a cut-set with the diode D, the capacitor CD

and a (possibly empty) set of "stiff inductors.

A MRC converter satisfies theorems 3 and 4a:

Theorem 4a\ The elements S, D, Cs, CDand the inductors producing Iontogether form a

cut-set.

2.5. Conclusions

To enable the operation of dc-dc converters at high switching frequencies and to reduce
the switching stresses and losses of PWM converters, the two-element resonant switch
is introduced and implemented in the forms of zero-current-switching and zero-voltage-

switching. By direct application of the resonant switches into PWM converters, the
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family of quasi-resonant converters is obtained. This family of converters allows
numerous topological variations. It can be divided into two classes, one class is referred
to as ZCS-QRCs, the other referred to as ZVS-QRCs. ZCS-QRCs and ZVS-QRCs again
can be subdivided into two categories: half-wave mode and full-wave mode, depending

upon whether the resonant switch is unidirectional or bidirectional.

The three-element multi-resonant switch is introduced and implemented in the forms of
zero-current-switching and zero-voltage-switching. By direct application of multi-
resonant switches into PWM converters, the family of multi-resonant converters is
obtained, which can be divided in ZCS-MRCs and ZVS-MRCs. ZCS-MRCs are not

used in high-frequency applications and will not be analysed further in this thesis.



3. Steady-State Modelling of Boost Converters

3.1. Introduction

To understand the operation of'a converter and to be able to obtain its dc characteristics,

the steady-state analysis has to be undertaken.

A switching cycle in the PWM boost converter is divided into two stages, depending on
the on-state and off-state of the switching devices. In quasi-resonant converters, for
which the resonant tank consists of two resonant elements, a switching cycle is divided
into four stages, three of which are linear and one is resonant. In multi-resonant
converters, for which the resonant tank consists of three resonant elements, a switching
cycle is divided in four stages as well, but only one is linear and the other three are

resonant.

This chapter presents the analysis of each of the stages of a switching cycle in steady-
state operation. The variation of the output voltage with respect to the switching

frequency is determined.

A method for the dc modelling of boost converters is presented. The dc modelling of
boost resonant converters is referred to the PWM converter. The averaging technique is
used, which proves to be a very efficient method for the modelling of dc-dc converters.
It allows the derivation of a general model to calculate the voltage conversion ratio of a

converter.

The new concept of characteristic function is defined, which describes the average
behaviour of a switch. For quasi-resonant converters, analytic expressions are obtained,
but for multi-resonant converters a numerical method has to be used. The duration of

one of'the operating stages ofthe MRC is obtained by solving a transcendental equation,

for which a numeric algorithm needs to be used.
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3.2. Steady-State Operation and DC Modelling of PWM Converters

The boost or step-up converter has an output that is always of the same polarity but
greater than the input voltage - hence the name "boost". One supply line must be
common to both input and output. This may be either the positive or negative line,

depending on the design.

The operation of'the boost converter can be divided into two stages, which are described

below. Figure 3-1 shows the equivalent circuit of each stage.

Stage 1: When the switch S turns on, the supply voltage is impressed across the input
inductor L. The current il, which flows from the source through the inductor, the switch,
and back around to the source, increases linearly. During this portion of the cycle the
inductor stores energy. Diode D is reverse-biased and not conducting. At the same time,
current flows from the output capacitor C into the load. Hence, capacitor C is

discharging.

Stage 2: When the switch S turns off, the current in L continues to flow in the same
direction, decaying linearly, and the voltage across the inductor reverses polarity. The
current path is from the source through the inductor, through the now forward-biased
diode, through the output capacitor in parallel with the load, and back to the source to
complete the path. During this portion of the cycle, the energy stored in the inductor is
transferred to the output capacitor and the load. This completes one cycle. At the start of
a new cycle, when the switch turns on, the diode is reverse biased, and the capacitor

alone must supply the current to the load.

L L
nmn jnrm

. 1
AV in x C Ro (%)Vin C Ro

Figure 3-1: Equivalent circuits of the two stages of a operating cycle ofa PWM boost

converter.
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The voltage conversion ratio x of a dc-dc converter is defined as the ratio of the output

voltage and input voltage,x = ~out . For the boost converter the voltage conversion
AMn

ratio is determined knowing that the average voltage across the inductor over one

complete cycle is zero. During on-time, the voltage across the inductor is Vinand during

off-time the voltage across L is equal to (Vin- Vat) and is negative.

Therefore,

Vi,,Ton+ (Vin- Vo) Toff= 0.
Ifthe duty ratio of a PWM converter is defined as d , the voltage conversion ratio

ofthe boost converter is

_ 1
1-d
Figure 3-2 shows the dependence ofx on the duty ratio d.

X

3.1)

PWM boost converter

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 3-2: Voltage conversion ratio of a PWM boost converter.
The static and dynamic behaviour of many classes of power circuits can be analysed by

using the averaging technique [69]. It represents a trade-off between accuracy and

simplicity, which no doubt accounts for its widespread adoption.
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The averaging technique has a solid mathematical basis. Averaged-circuit models have

traditionally been derived mainly for switched-mode dc-dc converters.

A variable x(t) can be averaged, for a fixed T, as follows:
X(t)y=1i Jx(T)dT.
1T

This average at any time is taken over the preceding interval of length T. An appropriate
choice of T is required and it is chosen to be equal to the shortest regular switching
interval associated with the operation of the converter. Where x(t) is periodic, the
averaging interval T is equal to the period. The function x(t) is smoother than x(t) and is
a continuous function oftime. It can be easily verified that the derivative ofthe average
of a variable equals the average of the derivative. Both Kirchoffs voltage and current

laws are valid for averaged quantities as well as for instantaneous ones.

The average equivalent circuit can be constructed as follows. All instantaneous voltages
and currents are replaced by their averages and all linear-time-invariant components
remain unchanged. Nonlinear or time-varying components in the original circuit,
however, do not map into the same components in the averaged circuit. For example,
switches in the original circuit become elements in the averaged circuit that
simultaneously have a nonzero (average) voltage and nonzero (average) current - and so

are no longer switches.

The assumptions that are made [69] to obtain an averaged model are:

- a small ripple assumption, namely, that the voltage across the capacitor C and the
current through the inductor L at time t are well approximated by their average values;

- a slow variation assumption, namely, that these two average values do not vary
significantly over any interval of length T, that is, they vary more slowly than one half
the switching frequency.

Both assumptions are satisfied in well-designed high-frequency switching converters

operating in continuous conduction.



The averaging technique is exemplified using a PWM boost converter. The average

values of the reverse voltage across the output diode vD and the current through the

power switch is are, respectively:

1
VD=7"1vD(t)dt and (3.2)
xs 0
1T
is =7jr] Is(t)d t> (3-3)
is )go s(t)

where Ts is the switching period value.

From the steady-state analysis it is calculated that:

vb dVout5 (3.4)

is = diin * (3.5)

Figure 3-3 presents the averaged circuit of a boost converter. Considering that

vs = Vout - vD and iD=1Iin - is, an equivalent averaged circuit is presented in figure

3-4.

m m

Vin

Figure 3-3: Averaged circuit ofa PWM boost converter.

Figure 3-4: Averaged circuit equivalent to the one in figure 3-3.
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Vout

Figure 3-5: Dc-dc converter model.

The PWM converter can be considered as a linear and time invariant network N
connected to the time varying devices switch and diode [22], as shown in figure 3-5.
The network N has three inputs - reverse voltage across the diode D, vIXt), current
through the switch S, is(t) and input voltage Vin- and a single output Vau, the voltage
across the load. Since the network N is linear, the average of its output can be found by
driving the network with only the averages of its inputs. Specifically, the voltage
conversion ratio x is unchanged if S and D are replaced with sources generating the
averages of is and vD. The averaged model of'a dc-dc PWM converter is shown in figure

3-6.

ijVin

Ro Vout

Figure 3-6: Average model of dc-dc converter.
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3.3. Steady-State Operation of Quasi-Resonant Converters

In order to simplify the steady-state analysis of the boost converters, the following
assumptions are made:

- the input inductor L is sufficiently large so that the input source can be treated
as a constant current source lin;

- the output capacitor C is sufficiently large so that the output load can be treated
as a constant voltage load Vau;

- the power switches and diodes are ideal (no forward voltage drops in the on-
state, no leakage currents in the off-state, no time delays at tum-on and turn-off, no
parasitic capacitances);

- the reactive elements ofthe tank circuit are ideal.

Since the circuit’s behaviour is largely determined by the values of the resonant

elements Lrand Cr, the following parameters are defined as:

- characteristic impedance: Zr —J\G ; (3.6)
1
- resonant angular frequency: Qr ~ /- ; 3.7
v LrCr
resonant frequency: fr= gl; (3.8)
zrT
. . Rn
normalised load resistance: r = — . (3.9
Zr

3.3.1. Zero-Current-Switching Boost Converters

In a zero-current-switching (ZCS) converter the switch uses auxiliary LC resonant
elements to shape the switching device’s current waveform during the on time in order
to create a zero-current condition for the switch to turn off. The on-time is therefore
determined by the natural frequency of'the resonant tank and is constant. To regulate the

output voltage against line and load variations, the off-time is varied. The switching
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losses created by the simultaneous presence of high voltage and high current are

eliminated.

jmm

Ro

Figure 3-7: Zero-current-switching quasi-resonant boost converter.

Figure 3-8: Simplified equivalent circuit.

The ZCS quasi-resonant boost converter is shown in figure 3-7 and the simplified
equivalent circuit is shown in figure 3-8. For the half-wave implementation, diode Ds is
connected in series with the power switch to provide reverse blocking capability, as
shown in figure 3-7. To implement a full-wave ZCS converter, diode Ds is connected in

anti-parallel with the power switch to provide reverse conduction capability.
In steady-state operation, a complete switching cycle can be divided into four stages

starting from the moment diode D turns on. Before the beginning of a commutation

cycle, the topological state ofthe circuit is as follows:
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- the output diode D is in the off state;
- the power switch S is in the off state;

- the resonant capacitor voltage is increasing to Vo,

[in O =rCr 5) Vout IinC§ =T |\/< (j Vout

Cr 3Lr Vout lin ) =0 Vout

Figure 3-9: Equivalent circuits ofthe four stages.

The following description summarises the circuit operation during each of the four

stages.

1. Energy Transfer Stage [T0, TJ:

Diode D is conducting and switch S is off. The input current Iin flows through D and
transfers energy to the load, represented by the constant voltage source Vaut. This stage
finishes at time Tj when switch S is turned on. The duration TOl of this stage is variable

and determines the output voltage.

2. First Linear Stage (Inductor-Charging Stage) [Tls TJ:
At t=T] the switch is turned on. The resonant inductor current ilrrises linearly and is

represented by the following equation:

Lr=V5utt (31Q)
Lr

This stage finishes at the time t=T2 when ilr=Iin The diode D is toned off and the

resonant stage begins. The duration T 12ofthe first linear stage is given by:

Ti2=— L. (3.11)
Vout
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3. Resonant Stage [T2, T3]:
The current ilr increases in a sinusoidal manner, reaches the maximum and then
decreases until zero. The resonant capacitor is discharged and it holds at the end of this

stage a negative value. The state equations are:

dvrr

Cr T7 —1lin —*Lr>
dt
dir .

Liir =Va-

The initial conditions are:
i,10)=li,, and vG(0)=Vau.

Solving the above system the following time solutions are obtained:

iLr(t) = Iin + - " 11sin(jDIt; (3.12)
Zr
Ver(t) “ VoutcOSrt . (3.13)
At time t=T3the current ilris equal to zero and S is turned off.
The duration of'this stage is T23=azs/(ar, (3.14)
where
R arcsin — . (3.15)
n Vout:

It is shown in appendix 1 that for half-wave mode

(]
azes = 71+ arcsﬂ(f)

and for full-wave mode
ac=2n -arcsi%@

4. Second Linear Stage (Capacitor Charging Stage) [T3, T4]:
At time t=T3the resonant capacitor is charged linearly by the input current In, the initial
condition being: vG(0)=Vatcos azs.

The state equation is:

3-10



cr dYEﬂ — 4
dt
The time solution is:

vCr(t) = V Outcosa2cs + ~ 't. (3.16)
Cr

This stage finishes at time t=T4 when the resonant capacitor voltage reaches the output
voltage and the diode D is turned on.

The duration of'this stage is:

T34=T ~!St(l-cosa zcs). 3.17)
Qr Zrlin

The equivalent circuits ofthe converter in the four stages are shown in figure 3-9.

The mathematical description ofthe four stages ofa operating cycle is summarised table

3-1. The voltages v and currents i are normalised as follows:

v o (3.18)
V,u,

] %=~ (3.19)
'out

The normalised input current is

a= 3 20)
A0t

and azcs = arcsin(-a) for ZCS converters.

Table 3-1: Normalised equations for the ZCS boost converter.

Stage 1 Stage 2 Stage 3 Stage 4
is(D 0 cort a =+ sin(cort) 0
in(t) a a-cort 0 0
Vs(t) 1 0 0 atort +cos(azcs)
Vo(t) 0 0 1- cos(cort) l-acort-cos(azcs)
duration Toi a Azcs _ (l-cos(azs)
r cor oor a
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The waveforms of the normalised currents and voltages are shown in figures 3-10 and

3-11.

1.6
normalised
current
0.8
0.6
04
0.2

time][|_is]

Figure 3-10: Current waveforms ofthe boost ZCS quasi-resonant converter.

normalised Q *
voltage

timers]

Figure 3-11: Voltage waveforms ofthe boost ZCS quasi-resonant converter.
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The steady-state behaviour of the ZCS converter can be obtained simply by solving the
state equations of the four stages in a switching cycle. The dc voltage conversion ratio
x=V¥Vin depends on the normalised load resistance and switching frequency. It is

shown in appendix 2 that for the half-wave ZCS boost converter:

4 =2 A - i (3.21)
fr X .
— + 7i+ arcsin
2r
ZCS quasi-resonant boost converter - halfwave configuration
5
r=25 r=10 r=5
4
3
2
1
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 3-12: Voltage conversion ratio versus normalised switching frequency for the

half-wave configuration.

For converters having a full-wave switch:

— =27 A

— + 2/E—arcsinl
2r

(3.22)

L’...

The dc voltage conversion ratio versus normalised switching frequency is plotted for
different loads in figure 3-12 for half-wave converters and in figure 3-13 for full-wave

converters.
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ZCS quasi-resonant boost converter - full wave configuration

r=5, .50

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
fsifr

Figure 3-13: Voltage conversion ratio versus normalised switching frequency for the

full-wave configuration.

Comparison of half-wave and full-wave mode quasi-resonant converter topologies is
based mainly on the sensitivity of the voltage conversion ratio (Vat'Vin) to load
variations. Full-wave mode topologies are less sensitive to load variations since they are
able to return excessive tank energy to the source. This results in a narrower frequency
range operation under varying line voltage and load. Half-wave converters, on the other
hand, operate with a wide frequency range since the voltage conversion ratio is sensitive

to load variations.

Half-wave ZCS-QRCs are usually operated at higher efficiencies than full-wave ZCS-
QRCs due to the additional circulating current in the full-wave operation. A practical
limitation [17] exists which makes the full-wave mode topologies rather unattractive for
high-frequency applications. The limitation is due to the reverse recovery characteristic
ofthe anti-parallel diode Ds which, in conjunction with the resonant inductor, gives rise
to a high voltage spike and oscillations. The spike causes severe stress and power
dissipation in the switch. The spike magnitude can be reduced by using a snubber across
the switch. However, this approach is not recommended since it results in a significant

drop in efficiency. The half-wave ZCS-QRCs do not suffer from the described problem.
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The peak current of the power switch is
ISpeak =Iin + ~ f or

/Spedde "out(x-3F) +
The peak voltage ofthe switch during off-state is V Speae=V L
The peak current through the output diode is lopeak”in-

The peak voltage of diode D is VDped=2 VAL

The load range is limited, from a minimum load resistance Rloadnir=xZrto a infinite load
resistance (open circuit). When the load current is increased beyond the limit set by

Ricadnin>the zero-current switching property will be lost.

3.3.2. Zero-Voltage-Switching Boost Converters

In a zero-voltage-switching (ZVS) converter the switch uses auxiliary LC resonant
elements to shape the switching device’s voltage waveform during off time in order to
create a zero-voltage condition for the device to turn on. The off-time is therefore
determined by the natural frequency ofthe resonant tank and is constant. To regulate the
output voltage against line and load variations the on-time is varied. The switching

losses, both at turn-on and turn-offare negligible.

Lr D
nmn nmn A

Cr\ S zpDs

Figure 3-14: Zero-voltage-switching quasi-resonant boost converter.
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Lr D
nmn— A

©Vout

Figure 3-15: Simplified equivalent circuit.

The ZVS quasi-resonant boost converter is shown in figure 3-14 and the simplified
equivalent circuit is shown in figure 3-15. For the half-wave implementation, diode Ds
is connected in anti-parallel with the power switch to provide reverse conduction
capability, as shown in figure 3-14. To implement a full-wave ZVS converter, diode Ds

is connected in series with the power switch to provide reverse blocking capability.

In steady-state operation, a complete switching cycle can be divided into four stages
starting from the moment the output diode D turns off. Before the beginning of a
commutation cycle, the topological state ofthe circuit is as follows:

- diode D is on;

- switch S is on;

- the current ilrthrough the resonant inductor drops until it reaches zero.

©Vout lin®© :Cr (1) Vout

Lr
nmn mm

D ="Cr ©; Vout lin®© ©Vout

Figure 3-16: Equivalent circuit of the four stages.
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The following description summarises the circuit operation during each of the four

stages.

1. Energy Transfer Stage [T0, TJ:
At time To, the entire input current Ijn flows through switch S until S is turned off again
at Tj. Diode D is off. The duration of this stage TOl is an independent variable and

determines the output voltage.

2. First Linear Stage (Capacitor Charging Stage) [T1} T2]:
At t=Tj the switch is turned off. The input current Iin flows into Crand the voltage vGit)
across Crrises linearly.
Initial condition:
VCr(0)=0.
State equation:

R
cr-Th L= lin-

The time solution is:
vCr(t) = | Lt. (3.23)

At time T2 vG reaches Vaut and diode D begins to conduct. The duration T 12 of this
stage can be determined from:

Ti2=C.— . (3.24)

Iin

3. Resonant Stage [T2T3]:
Diode D turns on at T2 and a portion of Iinstarts to flow into Vou.
Initial conditions:
iln(0) = 0 and vG(0) = VO
State equations:

diTr
Lr — VCr —Voutj

dt
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The state equations are solved, obtaining the time solutions:
iLr(t) = lin(I-coscDrt) ; (3.25)
vG (") ~Vout Zrlinsh® (3.26)
Normally, in the half wave mode of operation, switch S shall turn on after vG drops to
zero at T3 and before the current through Ds drops to zero. Otherwise, capacitor Cr will
begin to recharge and S will lose the opportunity to turn on under zero-voltage
conditions.

The duration ofthis stage T23 is determined by setting vG(T23)=0 and is
T23=— . (3.27)
where

azvs = arcsin(- —-- ) = arcsin(- 5 . (3.28)
Zrlin X

It is shown in appendix 1 that for half-wave mode

azvs = I+ arcsin(xﬁ

and for hill-wave mode

r
azvs = 21C- arcsm(—).
X

4. Second Linear Stage (Inductor Discharging Stage) [T3, T4:
After time T3 current ilLr drops linearly and reaches zero at time T4.
Initial condition:

1L.r(0)=lin(I-COS a”).
State equation:

diT/r\
Lr—({t -Vout-

Time solution:

iLr(t) =--Y aLt+ Iin(I-cosazvs) (3.29)

The duration of'this stage is:

l-cosa™
T34~ Lrlin  ~ (3.30)
Vout
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The equivalent circuits of the zero-voltage-switching quasi-resonant boost converter for

the four stages are shown in figure 3-16.

2.5
normalised
current
0.5
-0.5

Figure 3-17: Current waveforms ofthe boost ZVS quasi-resonant converter.

2.5
2
1.5
normalised
voltage
1
0.5
0

Figure 3-18: Voltage waveforms ofthe boost ZVS quasi-resonant converter.
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The voltages are normalised by Vat and the currents are normalised by Vaw/Zr, as

shown in equations (3.18) and (3.19). Table 3-2 summarises the equations for the four

stages of'a operating cycle. The value of'the parameter a” is azvs = arcsin

Table 3-2: Normalised equations for the ZVS boost converter.

Stage 1 Stage 2 Stage 3 Stage 4

iSW a 0 0 cort +acos(azvs)
. 0 0 a-acos(cort) a - cort - a cos(azvs)
1 «
Vs(t) 0 acort 1+ asin(a)rt) 0

1 l-aa>rt 0 0
vD (0

duration TOI 1

azvs

— (l-cos(azvs))
Ccorex (Or ©r

The waveforms ofthe normalised currents and voltages are shown in figures 3-17 and 3-

18.

The steady-state circuit behaviour can be obtained by solving the state equations of the
four stages in a switching cycle. The dc voltage conversion ratio x=Vowt/Vinis a function
of load resistance and switching frequency. It is shown in appendix 2 that for the half-

wave implementation ofthe ZVS boost converter:



ZVS quasi-resonant boost converter - half wave configuration

4
3
2
1
r=0.1 r=0.25 r=0.75
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

fs/fr

Figure 3-19: Voltage conversion ratio versus normalised switching frequency for the

half-wave configuration.

For converters having a full-wave switch:

fs

Cor ) (3.32)

r . T X
— +2n - arcsm—+— 1-J1
X X T X

Z\V/S quasi-resonant boost converter - full wave configuration

0
0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 1.1
fs/fr

Figure 3-20: Voltage conversion ratio versus normalised switching frequency for the

full-wave configuration.
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The dc conversion ratio versus normalised switching frequency is plotted for different
loads in figure 3-19 for half-wave converters and in figure 3-20 for full-wave

converters..

The half-wave ZVS converter is sensitive to load variations, while the full-wave
implementation is almost insensitive to load variations. However, the full-wave
operation suffers from conduction losses due to the forward drop of the series diode. In
addition [39], the series diode hinders the resonant discharge of the output capacitance
of the power MOSFET, which no longer achieves a true zero-voltage-switching. This
problem can be alleviated by adding a capacitance across the series diode. This
additional capacitance will restore the zero-voltage-switching of the power MOSFET,
but will result in a resonant network of increased complexity. Due to the above reasons,
full-wave mode converters are rarely used. In this thesis only ZVS-MRCs operating in

half-wave mode are addressed in detail.

The peak current through the power switch is Ispeairin.

The peak voltage ofthe switch during off-state is V Speae=VU#HZdin
Of VSpeak- Vout( 1+X/T).

The peak current through the diode is IDpeak=21in

The peak voltage of diode D is VDped=VOLL

The load range is limited from zero load resistance (short circuit) to a maximum load
resistance equal to Rloadmx=xZr. When the load current is too small, the zero-voltage
switching property will be lost. For both ZCS and ZVS topologies, variations in line and

load are shown to have an adverse effect on stresses [27].
It should be noted that the value of the resonant capacitor must be significantly larger

than the parasitic junction capacitance across the output diode D. This parasitic

capacitance is a limiting factor in operating the converter at very high frequencies.
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3.4. DC Modelling of Quasi-Resonant Converters

The averaging technique is effective for modelling quasi-resonant and multi-resonant
dc-dc converters. It exploits the fact that the average voltage of the resonant inductor

and the average currents of the resonant capacitors are all zero.

The averaged circuits of the ZCS and ZVS boost converters obtained as described in

section 3.2 are presented in figure 3-21 and figure 3-22, respectively.

Figure 3-21: Averaged circuit of ZCS boost converter.

Figure 3-22: Averaged circuit of ZVS boost converter.
For the ZCS boost converter, the resonant capacitor Cr forms a loop with the voltage

sources representing diode D and the "stiff output capacitor C, which has a voltage

with a negligible switching ripple. The voltage across Cris determined by vD and Vat
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and, consequently, Cr has no effect on the model and can be removed. The resonant

inductor Lr is in series with the ideal current source is and the current through Lr is
determined by the current source. Therefore, the resonant inductor has no influence on
the averaged model and can be removed. The averaged equivalent circuit in figure 3-3 is

valid for ZCS boost converters as well as for PWM converters.

Applying the averaging procedure to the ZVS boost converter, it is seen that the
resonant capacitor Cr appears across an ideal voltage source vs = Vout- vD,
representing the average voltage across the power switch. The resonant capacitor has no

influence on the averaged model and can be removed. So can be the resonant inductor

Lr, which is in series with the current source iD= Iin - is. The circuit in figure 3-4 can
be considered as the averaged model. By manipulating the voltage and current sources
the equivalent model in figure 3-3 is obtained. It should be noted that this circuit is the

equivalent nonlinear averaged model for PWM, ZCS and ZVS boost converters. What is

different from topology to topology is the procedure of calculating the values of is and

veE-

in quasi-resonant converters one resonant capacitor and one inductor are included in
accord with rules 1 and 2 for ZCS converters and rules 3 and 4 for ZVS converters, rules
which are presented in section 2.3. A new linear network NQis obtained. The network
NQ of the quasi-resonant converter is the same as the PWM network N with the
exception of the addition of Lrin series and Crin parallel with the elements of N. At dc,
however, the networks N and NQare equivalent, because the average voltage across Lris
zero and the average current through Cr is also zero. The averaged model of a QRC is

shown in figure 3-23.
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)V in

Ro Vout

Figure 3-23: Average model of dc-dc quasi-resonant converter.
A function G(fs, Iin Var) is introduced which characterises the average values of the
switch waveforms over one switching period. This function G is referred to as

characteristicfunction ofthe converter.

Mathematically, the characteristic function of a boost quasi-resonant converter is

defined as follows:

vD=G(fs,li,,, VO VOUL. (3.33)
It is shown in appendix 3 that

is = G(fs,lin,VOW)Iin. (3.34)
By comparing equations (3.4) and (3.5) valid for the PWM boost converter with
equations (3.33) and (3.34) valid for quasi-resonant converters, it is noted that the

characteristic function G can be seen as the equivalent steady-state duty ratio of quasi-

resonant converters.

The derivation of G for both zero-current-switching and zero-voltage-switching boost

converters is done in appendix 3. It is obtained that:
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G zCsffs”in’Vout) -

. » A -
J_ls 7r1;n + 7+ aresm It + V out 1+ 1- rZrImnz
271 fr 2V gy Zrlin VVouty
GzVs(fs5lin»V0Ut)
. /,x \
:1__LIS V out w7t + arcsm V out Zrlm 1+ v 1 Vout
2tc fr 27z rijn Zeln'

L x Z1, - . .
Considering that — _r in, the characteristic functions can be written as:

r out
crcs - . 18 Xer e arcsinf Y+ — (3.35)
fr 2r o) X 14/~ %
1 r . I X
G A+ arcsm—+ — 3.36
Zvs m, 2x 7 (3.36)

The normalised switching frequency fnis defined as the ratio ofthe switching frequency

fc
fs and the resonant frequency fr, fn = 4 . The normalised input current is defined by

equation (3.20) as oc(Vout,Iin) Zriv

out

If the normalised variables a and fnare considered, the characteristic functions become,

respectively:

Gres(fn™®0 4 ;—b7t+arcsma+-afi\;rVT a (3.37)
Gzvs(fnj 1 f 1 +n +arcsm 1Jraf1+ = (3.38)
s(fnja)- I~—, fn — — o+ -1 = .

Avstmia) - =g I 2 a 1 1 a2

It is noted that the relationship between the characteristic functions ofthe ZCS and ZVS

boost quasi-resonant converters is the following one:
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Gzvs(fn>°0 “ 1~ G zcs(fn,a—) . (3.39)

The normalised switching frequency fn is always less than one, since the switching
frequency fs is lower than the resonant frequency fr. The normalised input current a is
less than one for ZCS converters and greater than one for ZVS converters. The value of
a is limited due to the limited load range of quasi-resonant converters, for which zero-

current-switching or zero-voltage-switching conditions are achieved.

The dc voltage conversion ratio of'the boost quasi-resonant converters can be referred to

the boost PWM converter.

Since the linear networks N and NQare equivalent at dc, PWM converters and QRCs
have the same voltage conversion ratio whenever the average values ofis and vDare the
same in both cases. Therefore, the voltage conversion ratio for QRCs is obtained from

equation (3.1) by replacing the duty ratio d with the characteristic function G.

For the ZCS boost converter,

X = . (3.40)
1” Gzcs(fn,0t)

For the ZVS boost converter,

X = — . (3.41)
1-G zvs(fn,a)

The assumption made above is validated by the theoretical steady-state analysis
undertaken in paragraphs 3.2.1 and 3.2.2 and by calculating the voltage conversion ratio
using equations (3.40) and (3.37) and comparing it to (3.21) for ZCS converters and
equation (3.41) and (3.38) compared to (3.31) for ZVS converters.
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3.5. Steady-State Operation of Multi-Resonant Converters

The multi-resonant converters operate with zero-voltage-switching for both switching
devices. During one cycle of operation of the MRC, three different resonant circuits are
formed compared to only one for QRCs. This results in operation of the converter with
three different resonant stages in one cycle of operation. Another significant difference
compared to quasi-resonant converters is that two modes of operation are possible due
to the more complicated structure of the multi-resonant network. The modes of
operation of a MRC are determined by the sequence of topological stages during one
cycle of circuit operation. During one ofthe resonant stages, both switch S and diode D
are in the off-state and the voltages across both devices are sinusoidal. The sequence of
topological stages and operating modes depends on which of the two voltages reduces

first to zero, as it is described below in this section.

To gain insight into the operation and performance of'the boost ZVS-MRC, a theoretical
steady-state analysis is undertaken. In order to simplify the analysis, the assumptions
stated in section 3.2. are made. Figure 3-24 shows the half-wave boost ZVS-MRC and

figure 3-25 its simplified equivalent circuit. The full-wave ZVS-MRCs have the same
problems as the ZVS-QRCs and will not be analysed in this thesis.

rrm rrm

Cs\ S zs Ds Ro

Figure 3-24: Half-wave ZVS-MRC.
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Cs\S iD s Cd vy vout

Figure 3-25: Simplified equivalent circuit for boost MRC.

The following parameters are defined as:

- resonant angular frequencies:

® D=~P =3
1
®s=~T=1i
mx/L"s
L cseD
I1CS+CD
resonant frequency: fr=-—-= = ;
21/L1Cs
characteristic impedance: z - | L.
r Jcs’
. . : Crk
- normalised ratio ofresonant capacitances: CN = s
S

(3-42)

(3-43)

(3.45)

(3.46)

(3.47)

The definion of the normalised load resistance in equation (3.9) is valid for multi-

resonant converters.

A complete switching cycle can be divided into four stages, starting from the moment

when the output diode D turns offand switch S is conducting.
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lin O -r Cs ©Vout

Figure 3-26: Equivalent circuit of the four stages in operation mode 1.

Stage 1 Stage 2
Cd Lr Cd Lr
rmn_ i rrm
©Vout lin0O wVout
Stage 4
mm mm

©Vout lin 0

Figure 3-27: Equivalent circuit of the four stages in operation mode 2.

1. First Resonant Stage [TQ T}
Switch S is conducting: vs(t)=0.
Initial conditions: ilx(0)=0, is(0)=Iubd vIX0)=0.

State equations: ilr +is = lins



Time expressions: vD(t) = Vou,(1-cos<BDt)
iLr(t) = -a>DCDVoutsin<oDt .

(3.48)
(3.49)

This stage ends when the switch S is turned off. The duration TOl ofthe stage is variable

and determines the output voltage.

2. Second Resonant Stage [T}, TJ
Both switch and diode are off.
Initial conditions: iln(0)=ILTi, vs(0)-0, vIX0)=V DIL

, , dvc )
State equations: iLr + Cs _dt_: En,

1%L Vs VDAV
iLi=-C D"at.
0

The parameter c is defined as ¢ = ——-— -— .
CS+CD

Time expressions: 1j°r(t) = "in + (ILTI - clin)cosoSDt+— ~—~"~sinosDt
p ]
ASDAr

vD(t)=cvDIl +(1- ¢)-vout- -iiL  t+ sino, SDt+
L-s+t-D “ SD-D

+H1—€)(VDTI1-V out) coso gj)t

VsWA-gVDTitcVouftr P t+clm ALTI sincoSDx +
A SDM S oy"

+c(VDxI-V Out)coscoSDt

(3.50)

(3.51)

(3.52)

(3.53)

Stage 2 ends when either vDreduces to zero and the output diode D turns on (operation

mode 1) or when vs reduces to zero and the antiparallel diode Ds of the switch turns on

and the switch S is turned on (operation mode 2).

The duration T 12 of'this stage is determined by setting either vIT 12=0 or vs(T12)-0 and

solving the corresponding nonlinear equation using the Newton-Raphson method.

3. Third Resonant Stage [T2 T3 - Operating Mode 1
Diode D is conducting: vIXt)=0.
Initial conditions: iLr(0)=ILI2>vs(0)=V SX2.



State equations: ilr +CS

Time expressions: iLr(t) = Iin+ (ILT2 ~ "in) coscost + sina)st (3.54)

VS(t) = Vout-a ) SLr(ILT2 “ Iin)sinf°St+ (VST2 “ Vout)COSG)St (3.55)

Stage 3 ends when the switch S is turned on (determined by the moment when the
voltage across the switch reaches zero). The duration T23 of this stage is calculated by

setting vs(T23)=0.

3. Third Resonant Stage [T2>T3 - Operating Mode 2
Switch S is conducting: vs(t)=0.
Initial conditions: iLr(0)=1LT2>vIX0)-V DI2

State equations:

Time expressions: iLr(t) = ILT2 coscoDt + (VDI2 - Vout)coDCDsincoDt , (3.56)

sincoDt + (VDI2 - Vout) cosco Dt (3.57)

Stage 3 ends when diode D is turned on (determined by the moment when the reverse

voltage across the diode reaches zero). The duration T23 of this stage is calculated by

setting vD(T23)=0.

4. Linear Stage [T3>T4

This stage is common to both modes of operation.

At time t=T3 switch S and diode D are conducting: vs(t)=0 and vIXt)=0.
Initial condition: iLr(0)=ILT3.
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State equation: Lr dt + Vout = 0.

V ¢
Time expressions: iLr(t) =ILT3 L * (3.58)
r

is(t)=r1in _ILI3 + ~~"¢.

This stage ends when ilrequals zero and diode D turns off.

The duration T34 of'this stage is:

T34= % A - (3-59)

'out

The sequences of topological states are presented in tables 3-3 and 3-4 and the
equivalent circuits for each stage in figures 3-26 and 3-27. The waveforms ofthe boost

MRC are shown in figures 3-28 to 3-31 for the two operation modes.

Table 3-3: Sequence oftopological states for operating mode 1.

1 2 3 4
S ON OFF OFF ON
D OFF OFF ON ON

Table 3-4: Sequence oftopological states for operating mode 2.

1 2 3 4
S ON OFF ON ON
D OFF OFF OFF ON
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Figure 3-28: Current waveforms of boost ZVS multi-resonant converter for operating

mode 1.

3.5
2.5
normalised
voltage
0.5

Ti

Figure 3-29: Voltage waveforms of boost ZVS multi-resonant converter for operating

mode 1.
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Figure 3-30: Current waveforms of boost ZVS multi-resonant converter for operating

mode 2.

2.5

normalised
voltage

0.5

To T!

Figure 3-31: Voltage waveforms ofboost ZVS multi-resonant converter for operating

mode 2.
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The normalised equations describing each stage of operation are obtained by the same

procedure as described in section 3.4 and are given below.

1. First Resonant Stage [TOTJ

vs(t) =0

v~ (t) =1-coscoDt

*LrO) — n sin(0D-

2. Second Resonant Stage [ThTJ

Vg(t)=-cVATI +¢c +aVe(l-c)coSDt +-7¢(ca"IL Ti)sin© SDX +
+c(VDrr1 -1)cos© SIx

vD(t) - cVDr1 +(l—c)—aVc(l—c)<»SD+A/c(ca—TLT])CN sincoSDt +
H1- c)(VDII-1) coscoSDx

i1 *
iLr(t) = ca + (ILXl -ca)cos(oSDt-i- ve(V DIl -1)sinco SDx

3A. Third Resonant Stage [T2T3 - Operating Mode 1

Vs(t)=1-(1r12-a)sinG)st+(VsT2 -1)coscost
VDW =0

ijLr(t)= ac+ (ILT2 -ot)coscost + (VsT2 -1)sina)st

3B. Third Resonant Stage [T2 T3 - Operating Mode 2

vs(t) =0

*

% %
Vp(t) = 1- ! sincoDt + (VpT2 - 1) coscolx

VCN
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(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)
(3.67)

(3.68)

(3.69)

(3.70)



ALrW = ILT2coscoDt '("DT2 “ VAN sin ® (3.71)

4. Linear Stage [T3 T4

vs(t) =0 (3.72)
vo(t) =0 (3.73)
iLi’00= LT3 (3.74)

Note that parameter ¢ defined in equation (3.50) can be expressed as a value of the

normalised capacitance CN

G

(3.75)
1+CN

3.6. DC Modelling of Multi-Resonant Converters

The averaged circuit of the boost ZVS-MRC is obtained as described in section 3.2 and

shown in figure 3-32.

iTeTrL rrm

Figure 3-32: Averaged circuit ofboost ZVS-MRC.
The resonant capacitor Cs appears across the ideal voltage source vs and has no

influence on the averaged circuit. Therefore, it can be removed. The voltage across the

resonant capacitor CD depends on the voltage across the "stiff capacitor C, which is
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assumed constant, and on the voltage source vs. The voltage across the resonant
inductor Lr is zero, because the above circuit is an averaged circuit and the average
voltage across an inductor is zero. Capacitor CDhas no influence on the averaged circuit

and can be removed. So can be inductor Lr, which is in series with the current source

ID *

The circuit in figure 3-32 is equivalent to the one in figure 3-4 and to the averaged
circuit in figure 3-3. Therefore, the circuit shown in figure 3-3 is the averaged circuit of

the boost ZVS-MRC.

In multi-resonant converters two resonant capacitors and one inductor are included in
accord with rules 5 to 7 presented in paragraph 2.4. A new linear network NM is
obtained, as shown in figure 3-33. The network NMof the multi-resonant converter is
the same as the PWM network N (as defined in paragraph 3.4.) with the exception ofthe
addition of Lr in series and Cs and CD in parallel with the elements of N. At dc,
however, the networks N and NMare equivalent, because the average voltage of Lr is

zero and the average currents of the resonant capacitors are also zero.

+)Vin

Vout

Figure 3-33: Average model of dc-dc multi-resonant converter.
To characterise the average behaviour of the switching devices, the characteristic
functions Gvand Gj of a multi-resonant boost converter are introduced. Mathematically,

they are defined as follows:

VD =G v(fs,lin,VOUt)VOUt; (3.76)
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is = G,(fs,Iin, VO Tin. (3.77)

If normalised quantities are used:

vD=G v(fn,a)V Ol (3.78)

Is-GjCf cOV (3.79)

The expressions of the characteristic functions of a boost MRC are derived in

appendix 3.

The voltage conversion ratio in the boost multi-resonant converter can be referred to the
related PWM converter. Since the linear networks N and NMare equivalent at dc, PWM
converters and MRCs have the same voltage conversion ratio whenever the average
values of the inputs are the same in both cases. Therefore, the voltage conversion ratio
for MRCs is obtained from equation (3.1) by replacing the duty ratio d with the

characteristic function Gv.

The voltage conversion ratio ofthe boost ZVS-MRC is:

T 1-Gv(a,fn)’ (3.80)

To determine the characteristic function Gv and the voltage conversion ratio x of the
multi-resonant converter, a numeric algorithm has to be used. This numeric procedure is
necessary because the duration of stage 2 for both operating modes is determined from
either equation (3.63) or (3.64), which are both transcendental equations ofthe type
Asincot + Bcoscot + Ct+ D = 0.

This type of equation is solved numerically by using the Newton-Raphson method.
The numerical algorithm uses the normalised equations ofthe MRC and the normalised

input current a as a free running parameter. The algorithm is implemented in the C-

programming language and the computer program is listed in appendix 6.
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The main steps ofthe numeric method are described below.

Step 1.

The input parameters are specified:
- resonant inductor Lr
- resonant capacitor Cs
- resonant capacitor CD
- normalised input current a
- duration of stage 1 TOl

Step 2.
The resonant angular frequencies -equations (3.42) to (3.44), resonant frequency -
equation (3.45), characteristic impedance - equation (3.46) and normalised capacitance -

equation (3.47) are calculated.

Step 3.

From equations (3.61) and (3.62) the values of VpTl and ILTI>which are the initial

conditions for stage 2, are determined by setting t-T Ol

Step 4.
The operating mode has to be determined by calculating which voltage (across the

switch, vs, or across the diode, vD) reaches first zero. From equation (3.63) the time
T’ modi after which v§ decreases to zero is determined. Similarly, from equation (3.64),

the time T 12k after which vD reaches zero is calculated. Both equations are solved
using the Newton-Raphson method.

If T 2nfdi is tess than T 2nod2, then the converter operates in mode 1.

If T 12nod is greater than T 12nod2 then the converter operates in mode 2.

The duration T 2of stage 2 is T 2= rnin(T 12nodl, T 2nod2).
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Step 5 - operating mode 1.

The initial values for stage 3, V§X2 and ILX2, are calculated using equations (3.63) and
(3.65) witht=T 12

The duration T23 of the third resonant stage is determined stage from equation (3.66) by
setting vs(t)=0. The solution T23 can be obtained either in an analytic form or the using

the Newton-Raphson method. The second method is adopted for the present program.

The value of ILT3 is calculated from equation (3.68).

Step 5 - operating mode 2.

The initial values for stage 3, VﬁTZ and If(l“z >are calculated using equations (3.64) and
(3.65) with t=T12

The duration T23 of the third resonant stage is determined stage from equation (3.70) by
setting vI(t)=0. The solution T23 can be obtained either in an analytic form or the using

the Newton-Raphson method. The second method is adopted for the present program.

The value of ILX3 is calculated from equation (3.71).

Step 6 (optional).
The peak values of the voltages across switch S and diode D are reached during the
second operating stage of'the converter. The maximum value occurs when the derivative

ofthe voltage with respect to time equals zero.

i
The procedure to obtain the peak normalised voltage Vsmax across switch S in
operating mode 1 is described below. To obtain the peak voltage across the output diode
D in mode 1 and both peak voltages in mode 2, a similar procedure to the one described

is used.
The value of Vgnux is obtained as follows:

- the derivative with respect to time of Vg is calculated from equation (3.63);

- the time tv§ax for which the maximum value occurs is calculated using the Newton-
. dvo
Raphson method for equation _dt_: 0;

- the peak voltage is calculated from (3.63), VSnax = Vch(‘[VSI’m.X) .
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Step 7.

This step is common for both operating modes, since stage 4 of operation is common.

The duration of stage 4 is easily determined from (3.74) by setting i]IE(t) =0.

Step 8.

The duration of all stages is known and the value ofthe switching period is determined,
TS=TI1+ T2+ T3+ T4

The switching frequency is

fs=1/Ts.

The normalised switching frequency is friefs/fr.

Step 9.
The characteristic function Gv is determined using the expressions presented in

appendix 3. It can be calculated from either oftwo equations,

vD = GvVoulor vs =(1-G v)VOUL

Optional, the characteristic function Gi is determined using the expressions in appendix

3. It can be calculated from one ofthe following equations:

i$ —Gjljn or ip —1—Gj)ljn or i*. —(1—Gj)ljn .

Step 10.

The voltage conversion ratio is determined from equation (3.80).

Step 11.
The normalised load resistance is calculated, r = i.

a

The characteristic function Gvofa boost ZVS-MRC is shown in figures 3-34 and 3-35.
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Figure 3-34: Characteristic function Gvofa MRC for a value ofthe normalised input

current of a=3.
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Figure 3-35: Characteristic function Gvofa MRC for a value ofthe normalised

switching frequency of fi=0.5.

The graphical representation of the voltage conversion ratio x=VO¥Vin versus the
normalised switching frequency fr=fs/fr with the normalised input current as running

parameter and CN=3 is shown in figure 3-36.
For the design ofthe converter the dependence ofx to the normalised load resistance r is

useful. It is shown in figure 3-37 for CN=3 and r as running parameter and in figure 3-38

for the constant value of r=0.5 and CNas running parameter.
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Figure 3-36: Voltage conversion ratio for boost ZVS MRC, CN=3.

4.5

3.5

25

1.5

0.2

Figure 3-37: Voltage conversion ratio for boost ZVS MRC, CN=3.
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Figure 3-38: Voltage conversion ratio for boost MRC, r=0.5.
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The peak voltage across the power switch S is shown in figure 3-39 for CN=3 and r as a

running parameter and in figure 3-40 for r=0.5 and CNas a mnning parameter.
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Figure 3-39: Peak switch voltage for boost ZVS MRC, CN=3.
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Figure 3-40: Peak switch voltage for r=0.5.

Note that the load range is improved compared to the boost ZVS-QRC. As the value of
CN increases, the peak switch voltage increases while the voltage conversion ratio
decreases. A low CNwill produce a reduced voltage stress on the switching device. On
the other side, the operating range in terms of voltage conversion ratio is more reduced

with a low value of CN.
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Considerations on the values ofthe peak diode voltage and peak currents through D and

S are made by Tabisz [41]. It is shown that for the boost ZVS-MRC,

"Dpeak —2Vout ?

T < v iT. o

+ Speak — 7 vout ¥ 1in»
Z,x

“Dpeak * Vout + 2Tin ¢

Interesting operating conditions exist when a=1, CN=l and fr=0.5. Both active and
passive switches operate with both zero-current-switching and zero-voltage-switching.
These switching conditions can be considered ideal. However, this type of operation
does not seem to be suitable for practical applications due to the high sensitivity to

operating conditions [43].

3.7. Conclusions

The steady-state analysis of boost quasi-resonant converters is undertaken and the major
characteristics of the zero-current-switching and zero-voltage-switching techniques are

summarised in table 3-5.

A numeric method for the steady-state analysis of the boost ZVS-MRCs is described.
The voltage waveforms of both switching devices are quasi-sinusoidal and the current
waveforms are quasi-square waveforms. The voltage stress on the main switch is higher
than in PWM converters, but reduced compared to QRCs. The voltage conversion ratio
decreases with the increase of the switching frequency. The ZVS-MRCs operate with
constant off-time and variable on-time. The load range of MRCs is improved compared

to QRCs.

The dc modelling of QRCs and MRCs is undertaken. The averaging technique is used
and the concept of characteristic functions is introduced, which describe the average

behaviour ofthe switching devices. The characteristic functions Gvand G; are calculated
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using a numeric algorithm for MRCs. For QRCs, the two characteristic functions are

equal, Gv=Gi=G, and the expression of G is analytically determined.

It is shown that the average equivalent circuit of all classes of boost converters is the

one presented in figure 3-3. But the values of the voltage source vD and current source

is are different and depend on the characteristic function.

The voltage conversion ratio of the boost resonant converters is referred to the one of

the PWM converter and is determined by replacing the duty ratio in the expression of

the conversion ratio ofthe PWM converter with the characteristic function.

Table 3-5: A comparative analysis of ZCS and ZVS quasi-resonant converters.

Switch's current waveform
Switch's voltage waveform
Diode's current waveform
Diode's voltage waveform

Current stress on switch

Voltage stress on switch

Voltage conversion ratio

vs. switching frequency

Regulation scheme

Load range

Sensitivity of output

voltage to load variations

ZCS
quasi-sinusoidal waveform
quasi-square waveform
quasi-square waveform
quasi-sinusoidal waveform
higher than corresponding
PWM converter
same as corresponding
PWM converter
increasing the switching
frequency increases the
voltage-conversion ratio
constant on-time;
variable off-time
ROmnto oo
sensitive in half-wave
mode of operation;
insensitive in the full-wave

mode of operation
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ZVS
quasi-square waveform
quasi-sinusoidal waveform
quasi-sinusoidal waveform
quasi-square waveform
same as in corresponding
PWM converter.
higher than corresponding
PWM converter
increasing the switching
frequency decreases the
voltage-conversion ratio
constant off-time;
variable on-time
0 tO Romax
sensitive in half-wave
mode of operation;
insensitive in the full-wave

mode of operation



4. Small-Signal Modelling of Boost Converters

4.1. Introduction

Quasi-resonant and multi-resonant converters are controlled by varying the switching
frequency. Closed-loop regulation is most commonly achieved by feedback of the

output voltage through an error-amplifier circuit and voltage-controlled-oscillator.

To design a stable and high-performance feedback control loop for a dc-dc converter, it
is important to know the frequency responses of its power stage due to excitations at the
control and source inputs. The open loop control-to-output transfer function is used for
the analytical design of the control circuit to obtain the desired dynamic performance
and system stability. To study the influence of the perturbations in the input voltage, the
line-to-output transfer function, also referred to as audio susceptibility transfer function,

is required.

Depending on the complexity of the converter power stage, these frequency responses
(or transfer functions) may be obtained experimentally, numerically or analytically.
Experimental measurements of the converter frequency responses become necessary
when the converter power stage is known as a black box. If'the circuit topology as well
as the control technique of the converter are known, the power stage responses can be
simulated numerically, thus avoiding the costly construction of the converter power
stage. However, due to highly intensive computations, this method is time consuming.
Hence, it is worthwhile to derive the analytical solutions so that excessive time and
expense in the experimental approach can be avoided. It is more efficient to use
analytical solutions for the power stage responses in the systematic design of a control

circuit.

The previous chapter presents the dc or steady-state analysis of QRCs and MRCs. When
evaluating a converter for an application, not only the dc design must be considered, but

also the small-signal ac characteristics. The small-signal design affects the control loop



configuration and dynamic specifications and is a key parameter for feedback control

implementation.

This chapter presents a review of small-signal modelling techniques for dc-dc switching
converters. The averaging technique is used to derive the small-signal model of quasi-
resonant and multi-resonant boost converters. It is first exemplified for the PWM boost
converter and then extended to QRCs and MRCs. A general expression of the control-

to-output and line-to-output transfer function of boost converters is given.

4.2. Small-Signal Modelling Techniques

Several techniques are described in the literature for the small-signal modelling of dc-dc
switching converters, namely:

- the averaging technique;

- the sampled-data modelling technique;

- the harmonic balance technique;

- the time-varying transfer function technique;

- the extended describing function technique;

- the Volterra series modelling technique;

- empirical small-signal modelling technique using PSPICE.

4.2.1. The Averaging Technique

The averaging technique is a popular approach to model switching converters. It is
valuable because it provides a method of analysing both the dc and ac behaviour of a
large number of converters in a systematic manner. This method was originally
proposed to model PWM converters [70-72]. Extensions of the method from hard-
switching PWM converters to those employing various soft-switching techniques are
proposed [73-79]. These methods use similar mathematical principles and share a

common theoretical basis [80-87].
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First the averaged models are obtained by replacing the instantaneous values of all state
and control variables by their one-cycle averages. Using the perturbation and
linearisation theory, the small-signal equivalent circuit is obtained and the control-to-
output and line-to-output transfer functions are derived. The form of circuit models of
QRCs and MRCs thus obtained is quite different from that of the PWM circuits.
However, the end results of the analysis, the transfer functions of QRCs and MRCs, are
similar to the PWM converters and suggest that all classes of converters can be analysed
using a unified method. The properties of QRCs and MRCs can be linked to the
properties of their related PWM converters. Therefore, the primary advantage of the
averaging technique is that it permits a systematic and unified analysis of MRCs, QRCs
and PWM converters and the large body of existing knowledge concerning PWM
converters can be extended to QRCs and MRCs.

4.2.2. The Sampled-Data Modelling Technique

The sampled-data technique is one of the most mathematically detailed techniques for
the small-signal modelling of converters [88]. One of the main assumptions is that the
steady-state topological evolution of the converter may be represented by a sequence of
piece-wise linear differential equations. On this basis the state-vector at the end of the
(k+D)th cycle, XkH, may be expressed in terms of the state-vector at the end of the

previous cycle, Xk:

XkH = F(Uk, TR Xk+ G(UkTKk), 4.1
where:

Uk are the converter inputs at the end ofthe k cycle;

Tk is a vector of transition times, the instants in the cycle at which the converter

switches from one configuration to the next;

F and G are functions ofthe vectors Ukand Tk
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The large signal, non-linear, discrete time representation of the converter in equation
(4.1) is linearised by introducing small perturbations in all variables including the
transition times, expanding the equation using a Taylor series and then neglecting the
nonlinear terms. A small-signal discrete-time model results. Standard techniques may
then be used to transform the discrete-time model into the continuous-time frequency

domain for comparison with measurements.

To derive the small-signal sampled-data model, the converter steady-state operating
conditions must be known accurately. The derivation procedure summarised above may
then be undertaken. The complexity of the equations usually prevents explicit

expressions being determined and the model must be calculated by computer.

Sampled data models have the shortcomings of discrete-time modelling. It is more
desirable to have a continuous-time model, which is more adequate for designing an
analogue compensator (fast, simple and low cost). A discrete time model is
inconvenient because it has to be handled with z transformations and the model

prediction is not directly supported by the measurements of a network analyser.

4.2.3. The Harmonic Balance Technique

The harmonic balance method [89,90] imitates the approach of a network analyser when
measuring the transfer function of a real circuit. The piece-wise linear time-domain
equations describing the system operation are first transformed into the frequency
domain as a set of nonlinear equations that describe the harmonics of the system,
typically one equation for each harmonic considered. This system representation is
called the method of harmonic balance. A set of linearised, small-signal, frequency
domain equations may be found by perturbing the set of nonlinear equations. The set of
small-signal equations describe the harmonics of the system response to a periodic
small-signal input. A laboratory network analyser emits a small-signal stimulus, and
displays a ratio of two measurements that have been bandpass filtered, with the
bandpass being very narrow and centred around the stimulus frequency. Thus, we may

solve this set of small-signal equations for the harmonics of the response, select the
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harmonics at the frequency ofthe stimulus, compute the appropriate ratios, and have the

desired transfer functions.

4.2.4. The Time-Varying Transfer Function Technique

The time-varying transfer function technique [91,92] is similar to the harmonic balance
method. It combines the time domain and frequency domain techniques. First, it is
investigated how the injected control signal influences the duration of each stage, then it
is evaluated how the perturbed waveforms propagate. Finally the spectral component of

the output which has the same frequency with the injected signal is calculated.

Both methods can predict small-signal frequency response accurately up to one-half of
the switching frequency. These methods can be applied to any piece-wise linear circuit
and there is no theoretical limitation to apply them to resonant type converters. But so
far only examples of PWM converters have been reported. One disadvantage is the fact
that they cannot provide a unified small-signal model but only Bode plots. Therefore it
is difficult to evaluate the closed-loop small-signal behaviour of the circuit. The main

disadvantage is that they present an increased complexity even for simple circuits.

4.2.5. The Extended Describing Function Technique

The extended describing function method [93-96] is a general approach for modelling
switching converters. Continuous small-signal models are derived, which can be
employed in the control-loop design of converters. The derivation of models starts from
the non-linear differential equations of the converter. The nonlinear terms are
approximated either by the fundamental component terms (for example for the resonant
tank waveforms) or by the dc terms. This step is called harmonic approximation and the
extended describing functions are defined. They are functions of the operating
conditions and the harmonic coefficients of the state variables and can be calculated by
making Fourier expansions of the nonlinear terms. A new system of nonlinear

equations, called modulation equations is obtained. It is a nonlinear large-signal model
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of the converter power stage. Under steady-state conditions, the new state variables of
the modulation equations do not change with time. For a given operating point, the
steady-state solution is obtained, which provides the results of the dc analysis. By
perturbing the large-signal model around the operating point and by making
linearisation under the small-signal assumption, an analytical model is obtained. Using

controlled-sources the small-signal equivalent circuit is derived.

The extended describing function method proved to be very efficient for load resonant
converters [97,98], like the series and parallel resonant converters and their derivations,

but has never been applied to quasi-resonant converters.

4.2.6. The Volterra Series Modelling Technique

The Volterra series method for obtaining the nonlinear control-to-output response is
applied for PWM [99] and quasi-resonant [100] converters. A multi-input system is
considered which facilitates the examination of the output distortion due to both supply
voltage and duty ratio disturbances. The expressions for the Volterra kernels are
calculated, the perturbed nonlinear state-space model is obtained and the spectral
components of the converter output waveform are predicted. The small-signal model

developed using this technique is more complex than using other methods.

4.2.7. Empirical Small-Signal Modelling Technique Using PSPICE

A method for the empirical small-signal modelling of switching converters using
PSPICE has been developed [101]. It adopts an input-output data analysis point of
view. It presumably treats any converter as a black box and identifies the unknown
small-signal model based on its input-output response. The approach is accurate up to
one half of the switching frequency and suitable for identification of various types of
converters. The small-signal procedure consists of three steps. Firstly, the converter is
modelled using PSPICE for data generation. Secondly, an algorithm is performed on the

data to approximate the equivalent auotregressive moving average model. Finally, the
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conversion to small-signal transfer function is performed. The method is difficult to
apply and complicated since the data obtained from the PSPICE simulation has to be

transferred into MATLAB for the identification ofthe small-signal transfer functions.

4.3. Small-Signal Modelling of PWM Converters

The averaging technique is employed for the small-signal modelling of boost
converters. The first step in obtaining the small-signal model of a converter is to derive
the nonlinear circuit that describes the average behaviour of the power circuit, as

described in section 3.4.

The averaged models of switching power electronic circuits are nonlinear. Assessing
stability and designing or evaluating controllers with nonlinear models is usually
difficult. The most common and generally successful approach to this task is
linearisation. It yields linear models that approximately describe small deviations or
perturbations from nominal operation of a system. Linearised models, also called small-
signal models, are crucial to evaluating the stability of a system at nominal operating

condition.

The small-signal model of a dc-dc converter is obtained by applying the perturbation

theory [69]. The steady-state duty ratio d of the boost converter is pertubed by d . The
corresponding perturbations in the output voltage Vout and average diode voltage vD are
vout and vD, respectively. For any variable x of the averaged model ofthe converter it
can be written that

x=X+x,

where

x is the averaged value;

X is the dc steady-state value;

x is the ac small-signal perturbation.
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The superposition theorem is applied and the small-signal equivalent circuit of a boost

converter is given in figure 4-1.

rrm

Figure 4-1: Equivalent small-signal circuit of a boost converter.

As aresult ofthe perturbation, equation (3.4) becomes
vD+vD=(d +d)(VOi+ vout) or

~Np =dVOU + dvout + dVoul +dvout.

The small signal approximations are made, namely that the departures from the steady-
state values are small compared to the steady-state values themselves and nonlinear
terms such as the second order or higher terms due to the product of two or more ac

perturbations are neglected.

The dc and ac components are separated and the term dvout is neglected. It is obtained

that:

vD =3fVOUt+d v OUL (4.2)

Similarly by perturbing equation (3.5) it is calculated that

%= dlin+d\n. (4.3)

Kirclihoffs laws are satisfied for ac and dc quantities. The reason is that the derivations
from nominal (or ac quantities) are obtained by taking the difference between two sets

of voltages or currents - the perturbed set and the nominal set - that each satisfy the
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same linear equations. Kirchhoffs laws for the equivalent small-signal circuit of a boost

converter are:

vin=L *~ -v D+ Vou 4.4)

M + + 4.5)

Equations (4.4) and (4.5) consist of ac perturbations in the time domain. They are

transformed into the s-domain by using the Laplace transformation.

vk =SL 4 -v D+ vO0i (4.6)

X>= %+ sCvOUtF A - . 4.7

For control design purposes, the transfer function from perturbation d in the duty cycle,
which constitutes the control input, to perturbation vout in the output voltage for a
constant input voltage Vin must be known. This function, called control-to-output

transfer function, is obtained by a straightforward computation setting vin = 0 and is:

a-d)Vo,,t
vout(s) _ (iuj Lijn___ (4.8)
d(s) IcJ] |, 1 o a-d)2'
S n Sn
ROC LC

The transfer function from a perturbation in the input voltage to the output voltage for a

constant duty ratio d is called line-to-output transfer function and is determined by

setting d = 0:
1-d
yout(s) LC
Vins) s 4+A s+ (1-d) 2 (4-9)
ROC LC
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Figure 4-2 and figure 4-3 show the Bode plots ofthe small-signal transfer functions ofa

PWM boost converter.

10 ID 1000 10000 10000 10 100 1000 10000 10000
Frequency [Hz] Frequency [Hz]

Figure 4-2: Bode plots ofthe control-to-output transfer function.
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Figure 4-3: Bode plots of'the line-to-output transfer function.

Equation (4.6) shows that a right-half-plane (RHP) zero appears in the small-signal
control-to-output transfer function of the boost converter. A Bode plot of the RHP zero
has the characteristic of a rising 20 dB/decade gain with 90 degrees phase lag instead of
the more usual phase lead. This characteristic is difficult to compensate and the 90
degree phase lag severely constrains the loop gain crossover to a frequency much lower
than the RHP zero. It limits the dynamic performance ofthe converter and it is difficult
to obtain a good stability margin and a good transient response from a boost converter

operating in continuous conduction mode.

Systems which have a RHP zero are referred to as non-minimum phase systems. RHP

zeros do not usually give rise to instability, but they do give rise to responses which
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initially tend to go in the opposite direction in the steady-state response, as shown in

figure 4-4.
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Figure 4-4: Transient response of boost converter.

In simple terms, the right-half-plane zero is best explained by considering the transient
action of a PWM boost converter operating in continuous conduction mode. When a
sudden decrease ofthe load occurs, the load current increases and the capacitor voltage
immediately starts to drop. The resulting error voltage temporarily increases the duty
cycle d, causing the inductor current to rise to accommodate the increased load current.
However, it may take many cycles for the inductor current to complete its rise. During
this time, increased d makes (1-d) smaller. Since I0U#=Iin(l-d), the output current is
temporarily decreased, the opposite of what is desired. This additional lag because of
the right-half-plane zero inevitably forces the loop gain crossover frequency to be much

lower than otherwise desired.

It would seem that the only cure for this effect is to change the pulse width slowly over
a large number of cycles, so that the inductor current can follow the change. Under these
conditions, the dynamic output reversal does not occur; however, the transient response

is rather poor. There is in addition a large signal problem with continuous mode circuits:



the inability to rapidly slew the inductor current as desired with large step changes in

load. This is because ofthe large inductor values used in continuous mode circuits.

The right-half-plane zero never occurs in circuits of the buck family because the output
current equals the inductor current. It is encountered only in boost and buck-boost
circuits, and then only when these circuits are operated in the continuous conduction

mode.

4.4. Small-Signal Modelling of Quasi-Resonant Converters

The small-signal model of a boost quasi-resonant converter is obtained by linearising
the equivalent averaged circuit of the converter, which is shown in figure 3-3, around a
steady-state operating point. If a perturbation is applied to the averaged circuit, as
shown in section 4.3., the circuit in figure 4-1 is obtained. But, unlike for the PWM

converter, this circuit is nonlinear for quasi-resonant boost converters because the

voltage source vD and the current source is are nonlinear. The average values of the
diode voltage and switch current are given by equations (3.33) and (3.34). The
characteristic function G(fs,linVI{) depends nonlinearly on the switching frequency fs,

the input current Iinand the output voltage Vout.

To linearise a nonlinear equation around a static operating point, the Taylor series for a
multi-variable function is used and the second and higher order terms are neglected. If
f(x,y,z) is the multi-variable function which is linearised around the static point

(x0,y0,20), it can be written that
Sf
f(x,y,z) = {(x0,y0,z0) + — (x- x0)+— (y- yO)+—(z- z,,). (4.10)
ox oy dz

All partial derivatives are calculated for the static point (x0,y0,z0).
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Each of the equations (3.33) and (3.34) are expanded asa function of thesmall-signal

variation of'the quantities iin, vout and fs, where~signifies thesmall-signal variation
ofa quantity as defined before.

The variation of'the diode voltage vD is:

VD=-"E .\n+-"B_vout+*2 .fs. 4.11)
o Slin° 9VaE 3fs

The small-signal variation ofthe switch current is is given by:

k=-~1,+-"-v out+ % fs. (4.12)
Slin = SVOl 3fs

Calculating the partial derivatives in (4.11) and (4.12), it is obtained:
kvv=|~ =G(fn,a )-a " M ;
5Vout 5a

~5v~_ 3G(fn,a).
vi  3lin r 3a ’

k =2Xp =Vt 8G(fn’a) . (4.13)
5fs fr 5fn

Voo S5is .. 1 U25G(fn,a);
S5VOat Z, 3a

i Sis . 3G(f,,,a)

k11=A3I~jr-1=G(fn.a)+a o -

8ls  Ijn 3G(fn,a)
If 5fs fr 3f,

All partial derivatives, or k-parameters, are expressed as a function of the normalised
Zrl:,,

input current a, which is defined by equation (3.20) as a(Iin, Vout)
Vout

The units of each k-parameter can be found by imagining a fraction bar (/) between the

two subscripts.

By taking into account equation (4.11) each term can be represented by a controlled

voltage source of a value given by the appropriate k-parameter. These three sources
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replace the diode D. Similarly from equation (4.12), the switch S can be replaced by

three current sources. The equivalent small-signal model of the converter is shown in

figure 4-5.
ege #
kvilin kivkt kf’s

OVin O kii*inOkiwat © kiff c Do

Figure 4-5: Small-signal linear equivalent circuits for boost QRCs.

The expressions ofthe characteristic function Gzcs ofthe ZCS boost converter and Gzvs

ofthe ZVS boost converter are given by equations (3.37) and (3.38), respectively:

Gzes(fn>a) “ To.fn +n +arcsina +—"N+V 1-a2]

1 e 1 147 !
Gzvs(fn>a)-1- — fn — t71tarcsin—+a_1+] ~

( ) 2n " 2a a I V ay
The partial derivatives ofthe characteristic functions Gzcs and Gzvs are:

dGzcs(fn,a) _ I 1+ Vl1-a2 (4.14)
Sa 271 2_ a ’

dGzCs(fn>a) _ 1 +7t+arcsina+—\+Vl1-a2) (4.15)
5tn 271



Considering the relationship between Gzcs and Gzvs given by equation (3.39), the

relationship between their partial derivatives is:

9Gzvs(f,,a>_ 1 5Gzcs(fn,a )_

. (4.18)
a a
S()
dszsr(fn,a) rLQZCS ‘f;f”l\*)* (4.19)
ou n a

Kirchhoffs laws are satisfied for small-perturbations and equations (4.4) to (4.7) are
valid. In equation (4.6) vD is replaced by vD=kviijn+kvvvout + kvffs and in equation

(4.7) is is replaced by ig=kiiin+kivvout+kiffs. The control-to-output transfer

function is obtained by considering the input voltage constant or vin=0:

1
m[M(1-")+ "]
Vout _ k-if Lks¢

(4.20)

$2+s Mo (ki) (1-kw) -k ivk,,  BL
VROC C LC Rf

The line-to-output transfer function is obtained by considering the switching frequency

constant or fs = 0:

V’Ollt 1 - k u 1
) LC i i
in 2+ kv kw

vROC+ C

4.21)
+ - - - ki i _ kvl
(1- ku)(- kwv)- kivkwvi

For the voltage-mode control of QRCs, the voltage-controlled-oscillator can be
modelled by a constant gain block [22]. Ifthe voltage-controlled-oscillator is considered

in the control-to-output transfer function, it becomes:

out _ Vout
=k vco
v control

(4.22)
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It should be noted that for QRCs the control quantity is the switching frequency fs, since
they operate with variable frequency, and for PWM converters the control quantity is
the duty ratio d, since they operate with constant switching frequency. There is a
similarity between the transfer functions of boost QRCs and PWM converters. All
transfer functions are second order and the control-to-output transfer functions have a

right-half-plane zero.

The transfer functions (4.8) and (4.9) of PWM converters can be obtained from
equations (4.20) and (4.21), respectively, by replacing the switching frequency fs with
the duty ratio d and knowing that the characteristic function uniquely depends on d and
has the expression G(d)=d. The k-parameters of the boost PWM converter will be the

following:



4.5. Small-Signal Modelling of Multi-Resonant Converters

The small-signal equivalent circuit presented infigure 4-5 isvalid for boost MRCs as

well as for boost QRCs. The evaluation of thek-parameters isdifferent for the boost
MRC.

The average values ofthe diode voltage and ofthe switch current are given by equations
(3.76) and (3.77):

= Vout)*out»

Is = Gj(fg,lin>Vout)lin.

They are expanded as a function of the small-signal variation of the quantities

v,,ut,,,and fs:

vD =k vvvout + kvii:n+ krffs ; (4.24)

% =kivVout + M n + kiffs- (4-25)

The expressions of the k-coefficients are as follows:

kw =" =Gv(fn.a )-a "~ p O ;
5VOoy da
- 9Gy(fn.«) .
Kvi- %fm - "  8a 3
V.  .5?P - Vout 9Gv(fn.«). (4.26)
vi afs fr 3fn ’
k. 87s 1 a25Gj(fn.«).
Y OVout zZr da

kii = | §- =Gi(fn,a) +a aC}* ",a)
olmn da

k fin dGj(fn,a)
If 9fs fr 0fn '
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It is shown in section 3.6. that the characteristic functions Gvand Gj are determined by
using a numeric algorithm. To calculate the derivatives of Gvand Gj with respect to the
normalised switching frequency fnand normalised input current a, a numeric procedure
has to be used as well. The partial derivative of Gvwith respect to a is calculated from

5GV Gv(a+Aa,fn)- Gv(a,fn)

4.27
da Aa 4.27)
where Aa is as small as possible.
The partial derivative of Gvwith respect to fnis calculated from
dGv _ Gv(a,fn+ Afn)-G v(a,fn) (4.28)

dfn Af,,

where Afnis as small as possible.

The partial derivatives ofthe second characteristic function Gj are calculated in a similar

manner.

The mathematical expressions of the control-to-output and line-to-output transfer
functions of the boost ZVS-MRC are the same as for the boost QRC and are given by
equations (4.20) and (4.21).

4.6. Conclusions

This chapter presents a method based on the averaging technique for the small-signal
modelling of boost resonant converters. The small-signal equivalent circuits are
obtained and the mathematical expressions of the control-to-output and line-to-output

transfer functions are derived.

The boost QRCs and MRCs have the same small-signal equivalent model and the same
mathematical expressions for the transfer functions. Although the equivalent small-
signal circuit of resonant boost converters is different from the one of the PWM

converter, the transfer functions of all classes of boost converters have the same order -



second order. The control-to-output transfer function has a right-half-plane zero, which

restricts the dynamic performance ofthe converters.

The resonant elements do not increase the order of the model. Therefore, the existing
knowledge for the design of the feedback loop of PWM converters can be applied to

quasi-resonant and multi-resonant converters.



5. Simulation, Hardware Implementation and Experimental Results

5.1. Introduction

A power electronic system consists of two main parts: the power converter and the
control system. The power converter consists of passive components (inductors,
capacitors, resistors) and solid state switches. Accurate simulation of the power
converter in the time domain is a necessity for minimising costly repetitions of designs
and breadboarding. There are many benefits of simulation [102-104], some of which are

listed below.

(i) The understanding of'the circuit is improved.

(i) The overall design process is shortened, since it is easier to study the influence of a
parameter on the system behaviour in simulation, as compared to accomplishing the
same in the laboratory on a hardware breadboard.

(ii1) A simulation can discover possible problems and determine optimal parameters.

(iv) Simulated waveforms at different places in the circuit can be easily monitored
without the hardware hindrance of measurement noise. As switching frequencies

increase, the problem of laboratory measurement becomes more and more difficult.

For the design of the control system, the frequency-domain analysis is necessary. A
linear equivalent circuit of the power processor or the frequency-domain transfer
function needs to be available. Small-signal perturbations, for which the assumption of
linearity is valid, are applied and the stability and dynamic performance of the overall
system is analysed. It allows well-established control theory techniques to be used.
Simulation capability in the frequency domain is now a standard feature of almost all

general-purpose simulation packages.

After an electronic system has been designed and successfully simulated, it can be built

and tested.
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This chapter describes simulation techniques that can be used for quasi-resonant and
multi-resonant converters. It also presents the hardware implementation of quasi-
resonant and multi-resonant converters and shows the experimental results that have

been obtained.

5.2. Simulation of Quasi-Resonant and Multi-Resonant Converters

For the present research project, two types of simulations need to be carried out:
- open-loop, large-signal simulations, and

- small-signal modelling and simulation.

The main software package used is MicroSim Design Center version 5.3. It consists of
three programs: Schematics for entering the circuit diagram, PSpice to perform the
actual simulations and Probe to view the simulated waveforms. Both time-domain and

frequency-domain analysis can be undertaken.

5.2.1. Large-Signal Simulation

In order to get a better understanding of the behaviour of a system, the power converter
is simulated with prespecified control signals. The objective of the simulation is to
obtain various voltage and current waveforms of the converter and to verify that the
circuit behaves properly, as predicted by the analytical calculations. This step provides

the designer with a choice of circuit topology and the component values.

This simulation includes each switch opening and closing, and the simulation is carried
out over a large number of switching cycles to reach steady-state. No benefit is gained
by including very detailed models of the circuit components. Therefore, the switching
devices should be represented by simple, idealised models. Because the design of the
controller still remains to be carried out, it is not represented. Therefore, the simulation

is called open-loop simulation.
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The power switch S of the converters is modelled as a two-valued resistor: a low-
resistance in the on-state and a high-resistance in the off-state. If an ideal switch is used
(short circuit in its on-state and open-circuit in the off-state), there can be numerical
problems in the simulation. The internal system of equations of the simulator will easily
end up as a singular system, that is, a system with no solution. Accurate models of
solid-state switches are usually not available, very difficult to obtain and increase the
simulation time considerably (because they incorporate controlled sources or nonlinear

capacitors).

Because only the steady-state waveforms are of interest, initial conditions are specified

at the start of the simulation.

Two approaches are used to simulate QRCs and MRCs. The difference consists in the

way the main switch S is controlled.

For the first method, a voltage pulse generator is used to directly control the switch S.
No zero-current or zero-voltage detection is implemented. The advantage ofthis method
is that the simulation is fast. The disadvantage is that either the on-time for ZCS
converters or off-time for ZVS converters has to be accurately calculated before the start
of the simulation. If the value of the on-time or off-time is different from the one

required, the converter will not operate with zero-current or zero-voltage conditions.

The second method takes advantage of the mixed-mode simulation capability of PSpice
5.3. True zero-detection is achieved, but with the cost of an increased simulation time.
For ZCS converters, a low-value resistor is connected in series with switch S to enable
the detection of the moment when the current reaches zero. The signal proportional to
the current is fed into a comparator. To consider the propagation delay between the
instant the zero-value is sensed and the instant the switch is actually turned on, an offset
voltage in the range 0.1...0.5 V is connected to the other input of the comparator. The
output of the comparator is connected to a monostable multivibrator digital circuit,

which is triggered on the falling edge of the comparator. The width of the pulse

5-3



generated by the monostable circuit is equal to the off-time of the switch, which in a

practical circuit is variable and controlled by the voltage controlled oscillator.

A similar circuit is used for the simulation of ZVS converters, for which the voltage
across the switch is fed to the comparator through a resistive divider. The width of the
pulse generated by the monostable circuit is equal to the on-time ofthe switch, which in

a practical circuit is variable and controlled by the VCO.

Guidelines for the design of quasi-resonant and multi-resonant converters are given in

appendix 4 and will not be presented in this chapter.

The following converters are simulated:

(1) boost ZCS-QRC;
(i1) boost ZVS-QRC;
(ii1) boost ZVS-MRC.

The component values, operating conditions and simulated waveforms of these

converters are given below.

(1) Boost ZCS-QRC

The resonant elements are Lr=3pH, Cr=30nF, the resonant frequency is fr=500kHz and
the characteristic impedance Zr=10{. The load resistance is RO0=100Q and the
normalised load resistance is r=10. The input inductor and output capacitor have the

values of L=330pH and C=22pF, respectively.
Figures 5-1 and 5-2 show the simulated circuit of the boost ZCS-QRC for both methods

described above. The waveforms for an input voltage Vi=20V and a switching

frequency fs=200 kHz are shown in figure 5-3.
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Figure 5-1: Simulation circuit ofthe boost ZCS-QRC.
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Figure 5-2: Simulation circuit ofboost ZCS-QRC using zero-current detection.
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Figure 5-3: Simulated waveforms ofboost ZCS-QRC: input inductor current I(L);
switch current T(Switch); output voltage V(out); voltage across output diode V(out)-

V(switch).
(i) Boost ZVS-QRC

The resonant elements are Lr=47pH, Cr=13.3nF, the resonant frequency is fi=200kHz
and the characteristic impedance Zr=60Q. The load resistance is R0=30Q and the
normalised load resistance is r=0.5. The input inductor and output capacitor have the

values of L=390pH and C=22pF, respectively.
Figures 5-4 and 5-5 show the simulated circuit of the boost ZVS-QRC for both methods

described above. The waveforms for an input voltage Vire15V and a switching frequency

fs=100kFIz are shown in figure 5-6.
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Figure 5-4: Simulation circuit ofboost ZVS-QRC.
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Figure 5-5: Simulation circuit of boost ZVS-QRC using zero-voltage detection.
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Figure 5-6: Simulated waveforms ofboost ZVS-QRC: input inductor current I(L);
output diode current I[(Dout); output voltage V(out); voltage across main switch

V(switch).

(iii) Boost ZVS-MRC

The resonant elements are L=47p.H, Cs=13.3nF, CD=39.8nF the resonant frequency is
fi=200kHz and the characteristic impedance Z.-60Q. The load resistance is R0=30Q and
the normalised load resistance is r=0.5. The input inductor and output capacitor have the

values of L=330pH and C=22pF, respectively.
Figures 5-7 and 5-8 show the simulated circuit of the boost ZVS-MRC for both methods

described above. The waveforms for an input voltage V,,,=15V and a switching frequency

fs=100kHz are shown in figure 5-9.
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Figure 5-7: Simulation circuit ofboost ZVS-MRC.
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Figure 5-8: Simulation circuit of boost ZVS-MRC using zero-voltage detection.

5-9



120U -

o
L

665us 670US 675us 680us 685us 690us
o U(out) * U(switch) U(out)—U(diode)
Time

Figure 5-9: Simulated waveforms ofboost ZVS-MRC: output voltage V(out); voltage

across main switch V(switch); voltage across output diode V(out)-V(diode).

5.2.2. Small-Signal Simulation

With a chosen circuit topology and the component values calculated previously, the
small-signal model of the converter needs to be developed as shown in chapter 4. The
important item to note is that in such a model, the switches are represented by their
averaged characteristics. Once the small-signal model is available, there are well-known
methods from control theory for designing the feedback loop to ensure stability and the

desired dynamic response. Appendix 5 describes the design of'the feedback loop ofa dc-

dc converter.

The transfer function of a QRC or MRC can be obtained either from the simulation of
the small-signal equivalent circuit of the converter shown in figure 4-5 or by directly

calculating its expression using equations (4.21) and (4.22).
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As an example, the boost ZVS-QRC described in section 5.2.1. is considered. The first
step is to calculate the k-parameters of the converter using equations (4-13). The

following values are obtained:

k= -0.157 kw= 0.696
kiv=0.021 Q' kvi= -8.821 Q
kif=-12.709 A/MHz kvE= -262.937 V/MHz.

The value of the gain kVco °f the voltage-controlled-oscillator is calculated as described

in [112] and is 43.1 kHz/V.

The equivalent circuit of figure 4-5 is implemented in PSpice. The output diode D of'the
boost QRC is represented by three voltage sources connected in series: the voltage-
controlled voltage sources Edvat and EdfS and the current-controlled voltage source Hdin

The voltage source Edvat represents the term k VWOl in figure 4-5. It is controlled by

the output voltage vout. The voltage source EdS represents the term kvffs. It is
controlled by the independent voltage source V1§ whose coefficient is kvf. In order to
include the voltage-controlled-oscillator in the transfer function, as shown by equation

(4.22), the coefficient kvfofthe source Vfis multiplied by kvco. The voltage source Hdn

represents the term kv iin and is controlled by the input current iin.

The power switch S is represented by three current sources connected in parallel: the
voltage-controlled current sources Gsvot and Gsfs and the current-controlled current

source Fsin The current source Gswat represents the term kivvout in figure 4-5. It is

controlled by the output voltage vout. The current source Gsfs represents the term kiffs .

It is controlled by the independent voltage source V15, whose coefficient is kif. In order
to include the voltage-controlled-oscillator in the transfer function, as shown by

equation (4.22), the coefficient kif of the source V15 is multiplied by kvcx> The current

source Fsinrepresents the term kjj ijn and is controlled by the input current iin.
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The simulation circuit is given in figure 5-10. Simulations in the frequency domain are
undertaken by applying a small-signal perturbation to the source Vfto obtain the Bode
plots of the control-to-output transfer function and a perturbation to the input voltage
Vin to obtain the line-to-output transfer function. Both transfer functions are shown in

figure 5-11 and figure 5-12, respectively.

FSh Vout

Hdin Edfs

=£ 22u Ro

Figure 5-10: Simulation circuit for determining the transfer functions of'a boost ZVS-

QRC.
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10HZ
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Figure 5-11: Control-to-output transfer function ofboost ZVS-QRC.
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Figure 5-12: Line-to-output transfer function ofboost ZVS-QRC.

The same frequency responses are obtained if equations (4.21) and (4.22) are used to

calculate the analytic expressions of the transfer functions. The Bode diagrams can be

plotted using Matlab or Gnuplot.

For the ZCS-QRC having the component values and operating conditions described in
section 5.2.1., the Bode diagrams can be plotted using either of the two methods
described above - frequency domain simulation in PSpice or analytic calculation of

transfer function and Matlab or Gnuplot. They are shown in figure 5-13 and figure 5-14.
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Figure 5-13: Control-to-output transfer function ofboost ZCS-QRC.
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Figure 5-14: Line-to-output transfer function ofboost ZCS-QRC.



For the multi-resonant converter described in the previous section, the characteristic
functions are determined by the numeric algorithm presented in section 3.6 and are
Gv=0.3401 and GfO.2014. The partial derivatives of the characteristic functions are

calculated from equations (4.27) and (4.28) and have the following values:

Ny o= 064 n =-6.9; A =-0.56; N — 6.
5a 5fn da 5fn

The k-parameters are calculated from equations (4.26):
kw=2.26; kvi=-38.04 Q ; kvf= -771.23 V/MHz;
kiv=84.79 mQ"1, kjj = -1.48; kif=-34.02 A/MHz.

Considering a gain ofthe VCO ofkVco=43.1 kHz/V, the small-signal transfer functions
are plotted using equations (4.21) and (4.22) and are shown in figures 5-15 and 5-16,

respectively.
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Figure 5-15: Control-to-output transfer function ofboost ZVS-MRC.
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Figure 5-16: Line-to-output transfer function of boost ZVS-MRC.

The same Bode diagrams are obtained by simulating the equivalent small-signal circuit

in PSPICE with the k-parameters as coefficients of the controlled voltage and current

sources.
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5.3. Hardware Implementation

Since 1986, when the quasi-resonant ZCS converter has been first developed, interest in
resonant mode power conversion has been continuously increasing. Integrated circuit
(IC) manufacturers have been quick to respond with offers of control ICs. The resonant
mode power supply controllers can be split into two main categories, depending whether

or not they incorporate or not a zero wave-crossing detector.

Resonant mode power supply controllers are optimised either for zero-current-switching
applications, which require a constant on-time of the switch, or for zero-voltage-
switching applications requiring constant off-time of the switch. Examples of resonant
power supply controllers operating in constant on-time mode are UC3860 from
Unitrode [105,106], MC33066 from Motorola [107] and CS-360 from Cherry
Semiconductor [108]. For operation in constant off-time mode, controllers like
MC33067 [109] or CS-161 [110] are available. None of the ICs mentioned above

incorporate zero-detection.

The Unitrode UC3861-3868 family of ICs [111,112], optimised for the control of ZCS
and ZVS quasi-resonant converters, includes a zero-wave detection comparator. By
sensing the zero-crossing of the resonant waveform, the control circuit adapts to

different resonant component values and varying line/load conditions.

A zero-voltage-switching quasi-resonant boost converter has been designed, built and
tested. The resonant elements are Lr=47pH and Cr=13.3nF, giving rise to a resonant
frequency of 200kHz and having a characteristic impedance of Zr-60Q. The load

resistance R0is 30Q and the normalised load resistance r=0.5.

A power MOSFET (IRF740) is used as the main switching device S. Resonant
converters generally employ power MOSFETs as switching devices due to their
capability of operating at high switching frequencies (over 100 kHz). In certain
applications, especially for converters operating with high currents, insulated gate

bipolar transistors (IGBTs) can be used.
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The control system of the converter is designed around Unitrode's resonant-mode power
supply controller UC3864. Figure 5-17 shows the schematic ofthe quasi-resonant boost

converter and its control system.

For ZVS converters, a decrease in frequency corresponds to an increase in output
voltage. For these applications the error amplifier's inverting input is connected to a
reference voltage, while the output voltage is fed back to the non-inverting input. The
output of'the error amplifier is fed to the VCO. The frequency of the clock generated by
the VCO depends on the error amplifier's output voltage. The zero detect comparator
senses the instant when the zero pin goes below 0.5V. This offset is selected to
accommodate propagation delays between the instant the threshold is sensed and the
instant that the switch is actually turned on. Although brief, these delays can become
significant in high frequency applications, and if left unaccounted, can cause nonzero

switching transitions.

The Soft-Refpin serves the functions of system reference and soft-start. It is used as the
input reference for the error amplifier. By ramping the reference from zero during soft-
start, the converter output will follow the ramp up under closed loop control. This

technique allows controlled starts with no significant overshoot.

The paralleled outputs are connected to the MOSFET gate with a small-value resistor. A
diode parallels the output pins to protect the chip from negative voltage spikes that
might result from parasitic ringing in the gate circuit, A pnp is used to clamp the zero

voltage to prevent damage to the chip.

The boost ZVS-QRC is operated at a switching frequency of 100 kHz and an input
voltage of 15 V. The waveforms of the voltage across the power MOSFET and of the
control signal are shown in figure 5-18 for three operating cycles and figure 5-19 for one

single cycle, respectively.
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Figure 5-17: Boost ZVS-QRC and its control system.
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Figure 5-18: Waveforms ofthe drain-to-source (channel 1) and gate-to-source

(channel 2) voltages of the power MOSFET of'the boost ZVS-QRC for three cycles.
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Figure 5-19: Waveforms ofthe drain-to-source (channel 1) and gate-to-source

(channel 2) voltages of the power MOSFET of'the boost ZVS-QRC for one cycle.
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Figure 5-20 shows the voltages across the power MOSFET, which operates under zero-
voltage-switching conditions, and across the output diode of the quasi-resonant

converter.

Tek Run: 20MS/S Sample

Figure 5-20: Voltage waveforms across the power MOSFET (channel 1) and output
diode (channel 2) ofthe boost ZVS-QRC.

When the output diode D turns off, the voltage across the diode is oscillatory. The
oscillations [48] are due to the parasitic junction capacitance of D, which forms a series
resonant circuit with the resonant inductor Lr. This effect becomes more pronounced
with the increase of the switching frequency. The oscillations are damped by the
parasitic resistances of the components and cause power dissipation at high frequencies

[40].

A zero-voltage-switching multi-resonant boost converter has been designed, built and
tested. The resonant elements are Lr=47pH, Cs=13.3nF and CD=39.8nF, giving rise to a
resonant frequency of 200kHz and having a characteristic impedance of Z=60Q. The

load resistance RQis 30Q and the normalised load resistance r=0.5.
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The control system of the boost multi-resonant converter is designed in a similar way to
the one of the quasi-resonant converter using Unitrode's power supply controller
UC3864.

The boost ZVS-MRC is operated at a switching frequency of 100kHz and an input

voltage of 15 V. The waveforms are shown in figures 5-21 and 5-22.

Tek Run: 20MS/s Sample

Figure 5-21: Waveforms of the drain-to-source (channel 1) and gate-to-source

(channel 2) voltages of the power MOSFET ofthe boost ZVS-MRC.

Both power MOSFET and output diode operate under zero-voltage-switching
conditions. There are no parasitic oscillations because the junction capacitance of the

diode D is incorporated in the resonant capacitance CD,
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Figure 5-22: Voltage waveforms across the power MOSFET (channel 1) and output
diode (channel 2) ofthe boost ZVS-MRC.

5.4. Comparison of Results

The theoretical steady-state modelling of the boost zero-voltage-switching quasi-
resonant converters is presented in chapter 3. The voltage conversion ratio is determined
from equation (3.41),
1
1~ Gzvs(fn,ot)
where Gzvs is the characteristic function and its expression is given by equation (3.38).
The parameter a is equal to the ratio of the voltage conversion ratio x and normalised

load resistance r, a=x/r.

To verify the theoretical steady-state modelling, the voltage conversion ratio is
determined using experimental measurements and computer simulations and is
compared to the mathematical calculations. With an input voltage ViE15V, the
switching frequency is varied between 48 kHz and 145 kHz, corresponding to a

normalised switching frequency range of 0.24 to 0.72. The output voltage is measured
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and the voltage conversion ratio Vat/'Vin is determined. The experimental results are
plotted in figure 5-23 together with the simulation results using PSPICE and the

theoretical calculations.
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Figure 5-23: Comparison of experimental, simulation and theoretical results for a boost

ZVS-QRC having r=0.5.
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Figure 5-24: Measured efficiency ofboost ZVS-QRC.

The simulation results are in close agreement with the theoretical calculations. The

small deviation between simulation and theoretical results is due to the voltage drop
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during the on-state of the output diode and to the on-resistance of the switch S, which

has a value of 1 mQ for the simulated converters.

The deviation between the experimental and theoretical results can be explained by the
occurrence of power losses in the experimental converter. The main types of losses in a

resonant dc-dc boost converter are the following:

(i) Losses ofthe power MOSFET:

- conduction losses due to the on-state drain-to-source resistance, which is RI5=0.55Q
for the IRF 740 power MOSFET;

- drive power losses (power dissipated in the gate structure ofthe MOSFET);

- power losses due to drain-source leakage current when the device is off;

- MOSFET output capacitance losses.

(i1) Losses in the output diode:
- conduction losses of the diode during the on-state;

- reverse recovery (turn-off) losses ofthe diode.

(iii) Losses of passive elements due to the equivalent series resistance (ESR) of the

input inductor, output capacitor, resonant inductor and resonant capacitors.

The efficiency of the boost ZVS-QRC is measured. Figure 5-24 shows the variation of

efficiency with the normalised switching frequency.

A detailed analysis of losses in quasi-resonant converters is undertaken by Tatakis and
Polyzos [35-38]. At a operating frequency of around 100kHz, the main losses are the
conduction losses of the power MOSFET and the losses in the output diode. The other
types of losses are small and can be neglected. It is shown [35-38] that the diode losses
do not vary significantly with the switching frequency. But the conduction losses of'the
power MOSFET increase significantly with the decrease of the switching frequency.
When the switching frequency decreases, since the off-time of the zero-voltage-

switching converters is constant, the on-time increases and, therefore, conduction losses
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increase. The fact that the deviation between the theoretical and experimental steady-
state characteristics in figure 5-23 increases and the efficiency of the converter

decreases at lower frequency is due to higher conduction losses.

To further verify the steady-state mathematical model of the boost ZVS-QRC, the
voltage conversion ratio is determined using experimental measurements and
simulations for two other different load values. The first set of results is obtained for a
load resistance R=12Q, corresponding to a normalised load resistance r=0.2. The
second set of results is obtained for a load resistance R=42H, or a normalised load
resistance r=0.7. The theoretical, simulation and experimental characteristics of the

converter are plotted in figure 5-25.
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Figure 5-25: Steady-state characteristics of the boost ZVS-QRC for different loads.

The theoretical steady-state characteristics of the zero-voltage-switching multi-resonant
boost converter are determined in chapter 3. The voltage conversion ratio is determined

using equation (3.80),
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1
1-G v(a,fn)’
where the characteristic function Gv is determined using a numeric procedure. The

theoretical results are verified by experimental measurements and simulations using

PSPICE.

The experimental results obtained for the boost ZVS multi-resonant converter are
plotted in figure 5-26 together with the simulation results and theoretical calculations.
The experimental and simulated voltage conversion ratios are measured at an input
voltage of 15 V and frequencies between 72 kHz and 148 kHz, corresponding to a

normalised switching frequency range of 0.36 to 0.74.
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Figure 5-26: Comparison of experimental, simulation and theoretical results for a boost

ZVS-MRC having 1=0.5.

There is a deviation between the three sets of results, which can be explained by the
power losses in the converter. As the switching frequency decreases, the conduction
losses of the power MOSFET increase and the efficiency of the converter decreases.

The experimentally measured efficiency is shown in figure 5-27.
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Figure 5-27: Measured efficiency of boost ZVS-MRC.

The characteristics of the multi-resonant converter are determined for other two load
resistances, R=12Q or i"0.2 and R=60Q or r=1. The experimental, simulation and
theoretical results are shown in figure 5-28. Figure 5-29 shows the steady-state

characteristics for different values of the normalised ratio of resonant capacitances.
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Figure 5-28: Steady-state characteristics of the boost ZVS-MRC for CN=3 and different

load values.
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Figure 5-29: Steady-state characteristics of the boost ZVS-MRC for two different

normalised ratios of resonant capacitances CN.

5.5. Conclusions

The simulation and hardware implementation of boost quasi-resonant and multi-

resonant converters are presented in this chapter.

Microsim's Design Center software package is used to undertake both time-domain and
frequency-domain simulations. To verify the theoretical steady-state characteristics of
the resonant boost converters, open-loop simulations are carried out. Two approaches
can be used to simulate resonant converters. For the first approach, no zero detection is
implemented. The simulation is fast but the off-time (for ZVS converters) or on-time
(for ZCS converters) has to be accurately determined before the simulation is started.
The second approach implements a true zero-detection, but since a mixed-mode
analogue-digital simulation is carried out, the simulation time is long. The simulated
waveforms and the voltage conversion ratio are in close agreement with the theoretical

waveforms and calculations.
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The Bode plots of the transfer functions of the boost converters are obtained by
undertaking a frequency-domain simulation ofthe equivalent small-signal circuit of the
converters. The same Bode plots are obtained by calculating the analytical expression of

the transfer functions using the models derived in chapter 4.

The steady-state models of the zero-voltage-switching quasi-resonant and multi-
resonant converters are verified by experimental measurements. Two converters
operating at frequencies between 50 kHz and 150 kHz have been designed, built and
tested. The experimental results are in agreement with the theoretical calculations. There
is a deviation between the two sets of results which is due to the power losses in the
experimental converters. The deviation increases with the decrease of the switching
frequency because the on-time increases and the conduction losses of the power

MOSFET become higher and the efficiency ofthe converter decreases.
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6. A General Approach to the Modelling of Dc-Dc Converters

6.1. Introduction

Quasi-resonant and multi-resonant converters are recently introduced families of single-
switch converters featuring zero-current or zero-voltage switching. The most striking
feature ofthe new converters is the wide variety oftopologies available. Different quasi-
resonant converters [19] and multi-resonant converters [40] are illustrated in the

literature.

Recognition of the topological structure uniting these converters and PWM converters
on which they are based leads to the theorems and rules presented in chapter 2. This

makes possible the derivation of general models oftheir dc and ac behaviour.

This chapter extends the modelling of the boost QRCs and MRCs to the other dc-dc
resonant converters and presents a general method that can be applied to the modelling
of the dc-dc converters. The concept of characteristic functions introduced in chapter 3
is generalised. An expression is derived that yields the dc conversion ratio ofa QRC and
MRC from the one ofthe underlying PWM converter. Small-signal dynamic models are
also developed and the order of the model of resonant converters is compared to that of

the corresponding PWM converters.

6.2. DC Modelling

The quantities Voffand Ionare defined in section 2.2 as the peak voltage across the diode
D and the peak current through the main switch S, respectively. The peak values are
determined for PWM converters. Figure 6-1 shows the diode voltage and switch current

waveforms in any PWM converter.
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Figure 6-1: Diode voltage and switch current waveforms in any PWM converter.

The average values of vD and is can be easily determined and are, respectively:

vD =dVofr; (6.1)

‘S = dlon- (6.2)

The function xP which represents the voltage conversion ratio of a PWM converter is
defined. It uniquely depends on the duty ratio d and its expression is given below for

each basic dc-dc converter:

- buck converter: xp(d)=d; (6.3)

- boost converter: . (6.4)
Xp(d)=i-d;

- buck-boost converter: Xp(d)=1_d. (6.5)

The definition of the characteristic functions Gwv(fna) and Gj(fn, a) given for multi-
resonant and quasi-resonant dc-dc boost converters is generalised. Gvand Gj are defined

for a dc-dc QRC or MRC as follows:
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VQ ~ Gy (fn,CX)V QIf, (6.6)

is = M(*n»a )i-on * (6.7)

For multi-resonant converters, GvW(fna) and Gj(fnna) have different values. The
characterisitc functions Gv and Gj are independent of the considered converter type and

are determined numerically using the algorithm presented in section 3.

For quasi-resonant converters, the characteristic functions are equal,

GVG}=G (fnot) (6.8)
and the expression of G is analytically determined from the steady-state analysis of
quasi-resonant converters. Its expression is independent of the converter type and is

given by equations (3.35) and (3.36) for ZCS and ZVS converters, respectively.

The voltage conversion ratio x of a multi-resonant or quasi-resonant converter is

obtained by replacing d in equations (6.3) to (6.5) by the characteristic function Gv:

x =xP(Gv(fn,a)) (6.9)

As an example, figure 6-2 shows the voltage conversion ratio of a buck ZVS-QRC. The

mathematical expression and graph are similar to those presented in [21].
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Figure 6-2: Voltage conversion ratio ofbuck ZVS-QRC.
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6.3. Small-Signal Modelling

To obtain the small-signal model of a multi-resonant or quasi-resonant converter,
equations (6.6) and (6.7) are perturbed and linearised around a static point. The small-

signal variations of the average values of the voltage vD across the diode and of the
current is through the power switch, respectively, are expanded as a function of the

small-signal variation of the quantities voff, \,nand fs:

vD = kwvOff + kviX,, + k vffs ; (6.10)

ig = kjvvOff+kjj ion+ kjf~ . (6.11)

The k-parameters are determined by calculating the partial derivatives of the average

values and have the expressions given below:

kVV:J/\:GV(faeaa)_a/\/\);

o VgEE u
v _ 7 dGy(fn,a)
vi — AT >
Sion ga
kvf= = V°ff 8S'~ Ja); @.12)
Sfs  fr 5f,,

i 2SG”fn.q).
kk= = la 4
%/ off Zal‘

kii=-8i% = Gi(fn.a) +a >0 (IHa)
olOn

da

k Sis  Ion 5Gj(fn,a)
S Sfs fr Stn

The small-signal equivalent circuits of the converters are derived using a similar
procedure to the one described in chapter 4 for the boost converter. Kirchhoffs laws for

small-signal perturbations are written and are transformed into the s-domain by using

the Laplace transformation. The quantities vD and is are replaced by their expressions
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in equations (6.10) and (6.11) and the transfer functions of the buck, boost and buck-

boost converters are determined.

(1) Buck Converter.

The small-signal equivalent circuit of quasi-resonant and multi-resonant buck converters

is shown in figure 6-3 .

m m
S) kvi'out

+) kw Vjn ic Yy Ro
5  kvffs

Figure 6-3: Small-signal equivalent circuit of resonant buck converters.

Kirchhoffs laws in the s-domain are:

vD = sLiL + vout;

The control-to-output transfer function is:

! (6.13)

! LC s2+s

The line-to-output transfer function is:



(i1) Boost Converter.

The small-signal equivalent circuit of quasi-resonant and multi-resonant boost

converters is shown in figure 4-5.

Kirchhoffs laws in the s-domain are:

Vin =sLIL-v D+ vOU

1 = %+sCvli+ YE“

The control-to-output transfer function is:

1
P kvf(1~k §i) + kviki
Voot kif Lki, Leviti~k fl
(6.15)
2+4s|-L +ra KM 4 (i-knxi-kw)-kivkvi- | i

ROC C LC KO
The line-to-output transfer function is:
vout _ Aiéﬁ ‘ (6.16)

in s s LK kM L i kw) - Kivki-
Re C L LC KO

(iii)) Buck-Boost Converter.

The small-signal equivalent circuit of quasi-resonant and multi-resonant buck-boost

converters is shown in figure 6-4.

Kirchhoffs laws in the s-domain are:
vD =sUL+vout;

“out

o N
iL= 18 +sCv0l’d R

The control-to-output transfer function is:
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Vout _ Kif 1 ) \Eki‘f (6.17)
2 i \'s L - M
S +s + o= (1—ku)(1- kw)- kivk,,
Seroc e 1 be TRk
The line-to-output transfer function is:
. § - [kw(l ~kjj) +kvikiv]
out 999 ) (6.18)
in C 2, 1 kiv ki
vROC+ C LC Rn
'
Kivroff kviTon kyyVoft kyffs
kif fs
Vin© -0 - ic MRO

Figure 6-4: Small-signal equivalent circuit of resonant buck-boost converters.

The same technique can be applied for PWM converters. The characteristic functions

are equal and uniquely depend on the duty ratio d, Gv~=Gj=d.
Since PWM operate with constant frequency and variable duty ratio, fs in the equations

(6.12) must be replaced with the duty ratio d. The values of the k-parameters of PWM

converters are given below:

kvf = = Votf> (6.19)
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The control-to-output and line-to-output transfer functions ofthe PWM buck, boost and

buck-boost converters are given below.

(i) Buck Converter:

vout(s) _ “in A

3(8) LCs2+ L s+—
ROC

LC
Vout(s) d L
vta(s) LCs2+J  s+]J '
R,,C LC

(i1)) Boost Converter:

(I-d)V,,,It
~out (") _ Ain LL”
3(8 Cys+ 1 s+d-d)
ROC LC
1-d
vout¢s) _ _ LC
Vo, (S) " s2+J _ s+ (l-d)
RnC LC
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(i11) Buck-Boost Converter:

Vi,
VputO) _ TAL LI (6.24)
d(s) 24 1 s+£11 —d)*
ROc LC
vout(s) d(I-d) (6.25)

vin(s) LC g4 1 gpa-dy

RnC LC

The general expressions for the control-to-output and line-to-output transfer functions

are, respectively:

1
lout. _ A gZC (626)
& C..1s ( ‘2
+——= +'
Q o0  Va;
o
7L (6.27)

1

1

115y
Q00 W
The coefficients are given below for each topology.

(i) Buck converter:

kr= "

.

Ro

ke - W
\ T w

Rn
©zc = °°
00zl - 00;
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(i1) Boost converter:

JVvEO - M) kyjkgf
(1-"0(1- kw)- kivkvi - ’
Ko
kL - 1~ .
(i-kiixi-kw)-k ikvi- ~
Ko

m___kvf —2-ii) Avitif .
0T — kit >

©ZL = 00 »

©o = (1- kjj)(1- kvv)- kivkvi- h 1
Ko.

%]= 1 Aolv nvl' ’

ROC C L
(iii) Buck-boost converter:

ke, cdzi, ©o and Q are the same as for the boost converter;



6.4. Conclusions

This chapter presents a general method for the dc and small-signal modelling of quasi-
resonant and multi-resonant converters. The voltage conversion ratio of a QRC and
MRC is related to its PWM counterpart. The small-signal control-to-output and line-to-
output transfer functions are determined for each of the buck, boost and buck-boost
converters. It is shown that the small-signal dynamic behaviour of the converters is
characterised by a second-order system. Both families of boost and buck-boost

converters possess a finite zero in the right half ofthe s-plane.

The small-signal models of resonant converters are compared to the ones of PWM
converters.The resonant elements do not increase the order of small-signal model. Since
the small-signal control-to-output transfer functions of QRCs and MRCs are similar to
PWM converters, all classes of converters can be analysed using a unified method.
Therefore, the large body of existing knowledge concerning PWM converters can be

extended to QRCs and MRCs.

The line-to-output transfer functions of the resonant buck and boost converters are
similar to the ones of PWM converters. However, the buck-boost QRCs and MRCs have
a finite right-halfplane zero in their line-to-output transfer function. This property does
not appear in the conventional PWM buck-boost converters. This zero brings the reverse
response of the output voltage when the input voltage has a steep variation, like a step

input.
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7. Conclusions and Further Work

7.1. Overall Conclusions

In recent years, quasi-resonant and multi-resonant converter topologies have been
introduced aiming at more compact and more efficient power conversion. The
technological innovation brings a strong desire to develop a generalised mathematical

method for the modelling of switched-mode converters.

This thesis presents the steady-state and small-signal modelling of quasi-resonant and
multi-resonant boost converters and extends the proposed method to buck and buck-
boost converters. The modelling presented provides a considerable body of knowledge

which is applied to the analysis and design of QRCs and MRCs.

To obtain a unified model of resonant boost converters, the concept of characteristic
functions is introduced. The characteristic functions of a boost converter are defined by

the following equations:

VD —Grv(fn,0c)Voy

is “ GiCfn-®)1!!-

The characteristic functions Gv and Gj describe the average behaviour of the switching
devices and their expressions depend on the normalised switching frequency fn and the

normalised inductor current a.

Quasi-resonant converters operate with variable switching frequency and an operating
cycle is divided into four stages. The steady-state analysis of both zero-current-
switching and zero-voltage-switching quasi-resonant boost converters is undertaken.
The duration of each stage is calculated and the dependence of the voltage conversion
ratio on the switching frequency and load is determined. It is shown that QRCs have a

limited load range for which zero-current or zero-voltage operation is achieved. The
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voltage conversion ratio is load dependent for the half-wave mode of operation. The
analytic expressions of the characteristic functions are determined and it is shown that
these are equal, GvGj=G. Quasi-resonant converters are described by a single

characteristic function, which can be seen as the equivalent duty ratio ofthe QRCs.

Multi-resonant converters, similarly to quasi-resonant converters, operate with variable
switching frequency and the operating cycle is divided into four stages. However, due to
the increased complexity ofthe resonant network, two modes of operation are possible,
depending on the operating conditions. The duration of one of the resonant stages in an
operating cycle is obtained from a transcendental equation and, therefore, a numeric
method has to be used to calculate the duration. A numeric algorithm for the analysis
and modelling of multi-resonant converters is developed and implemented in the C-
programming language. The characteristic functions are calculated using this algorithm
and it is found that they have different values. Unlike quasi-resonant converters, multi-
resonant converters are described by two characteristic functions, which are calculated
numerically. The voltage conversion ratio of the multi-resonant boost converter is

determined. It is shown that the load range of MRCs is improved compared to QRCs.

A unified dc model for quasi-resonant and multi-resonant boost converters is derived
using the characteristic functions. The voltage conversion ratio of a resonant boost
converter is obtained by replacing the duty ratio with the characteristic function Gv in
the mathematical expression for the voltage conversion ratio of the boost PWM
converter. The following equation represents the mathematical dc (steady-state) model

for quasi-resonant and multi-resonant boost converters:

1
1 -G v(<x,fn)

The mathematical model is verified by computer simulations and hardware
implementation for the zero-voltage-switching quasi-resonant and multi-resonant boost
converters. The measured and simulated voltage conversion ratio is compared to the

theoretical ratio for different load values and over a wide operating frequency range.
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The experimental and simulation results are in agreement with the theoretical
calculations. There is a small deviation between the experimental and theoretical results,

which is explained by the power losses in the experimental converter.

To derive the small-signal models for the converters, the averaging technique is applied.
The averaged model of the boost converter is derived. The switching devices are
replaced by voltage and current sources whose values depend on the characteristic
functions of the boost converter. This approach allows the undertaking of a unified
small-signal analysis and modelling for both quasi-resonant and multi-resonant boost

converters.

The average model of a resonant boost converter is nonlinear because the characteristic
functions are nonlinear. To obtain a linear circuit model, a small-signal perturbation is
applied to the averaged circuit of the boost converter. By neglecting the higher order
terms and separating the steady-state and perturbed components, the equivalent small-
signal model of the converter in circuit form is obtained. In this model, which is valid
for both quasi-resonant and multi-resonant boost converters, the switching devices are
represented by controlled voltage and current sources, whose coefficients depend on the
characteristic functions. By using this linear circuit model, the small-signal control-to-
output and line-to-output transfer functions are obtained. Although the small-signal
equivalent circuit of resonant boost converters is different from the one of the PWM
boost converter, the small-signal transfer functions are similar. The control-to-output
transfer functions are of second order and have a zero in the right-half of the s-plane.
The resonant elements do not increase the order of the transfer functions. Therefore, the
conventional methods that are used to design the feedback loop of the PWM boost

converter can be applied to the quasi-resonant and multi-resonant boost converters.

The transfer function below represents the mathematical small-signal model of a quasi-

resonant and multi-resonant converter:
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All k-parameters depend o1 the characteristic functions and on the steady-state
operating point. The control-to-output transfer function of the power converter is used
for the design of the feedback loop of the converter in order to achieve the desired
dynamic performance and stability. The line-to-output transfer function of resonant
boost converters, which is also determined, is used to establish the effect on the output

voltage of a perturbation in the input.

The above model can be applied to PWM converters as well, noting that the switching
frequency has to be replaced by the duty ratio. For QRCs and MRCs, the control
quantity is the switching frequency since these converters operate with variable
frequency, and for PWM converters the control quantity is the duty ratio, since these
operate with constant switching frequency. The characteristic functions of PWM

converters are equal and uniquely depend on the duty ratio.

The proposed method for the steady-state and small-signal modelling of boost
converters is extended to the other main types of dc-dc converters, buck and buck-boost.
The expressions of the characteristic functions of buck and buck-boost converters are

the same as for the boost converter.

By defining the quantities Voff and I as the peak voltage and current of the switching
devices of a PWM converter and by using the concept of characteristic functions, a
general dc model applicable to all types (buck, boost, buck-boost) and all families
(quasi-resonant and multi-resonant) of converters is given. The definition of the

characteristic functions is extended as follows:

VD=Gv(fn>«)VOff
is =Gi(f,,,a)lon.
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The voltage conversion ratio of a resonant converter is related to the one of the
corresponding PWM converter. The duty ratio is replaced with the characteristic
function Gv in the mathematical expression xP(d) for the conversion ratio of the PWM
converter. The mathematical dc (steady-state) model for a resonant dc-dc converter is

given by the expression:

x =xP(Gv(a,fn)).

The expressions for the small-signal control-to-output and line-to-output transfer
functions of each converter type are derived. The transfer functions of resonant
converters are compared to the transfer functions of PWM converters. The small-signal
control-to-output transfer functions of resonant converters have the same order as the
conventional PWM converters and, therefore, the well-known methods for the design of
the control system of PWM converters can be applied to resonant converters. The

control-to-output transfer function of a resonant dc-dc converter is:

‘out C)ZC

Its coefficients are determined for each converter type. The line-to-output transfer
functions of the buck and boost QRCs and MRCs have the same order as the PWM
converters. The only difference in the line-to-output transfer functions occurs for the
buck-boost converter, for which a right-half-plane zero appears in the resonant

topologies, which is not present in the PWM converter.

The author considers that the present thesis significantly contributes to knowledge in the
area of dc-dc multi-resonant and quasi-resonant converters. The novel concept of
characteristic functions is used to derive unified models for dc-dc converters, which, to

the knowledge of'the author, were not previously available. The derivation of'the small-



signal transfer functions for multi-resonant converters has not been reported in the
literature. It is hoped that the time and effort for the design of multi-resonant and quasi-

resonant converters will be reduced by applying the models presented in this thesis.

7.2. Further Work

The further work relating to this project can be split into three categories:

(1) the analysis and modelling of ZCS-MRC:s;

(i1) the analysis of multi-loop control of quasi-resonant and multi-resonant converters.

(i) The analysis and modelling of ZCS-MRCs.

Although the zero-current-switching multi-resonant technique is not used for high-
frequency applications, it could be applied in high-power high-current converters. The
analysis and modelling of ZCS-MRCs has not been undertaken, but similar principles as
for the analysis and modelling of ZVS-MRCs can be applied. A numerical method for
the calculation of'the characteristic function has to be developed. It is expected that the
mathematical dc model of a ZCS-MRC will be x =xP(Gj(a,fn)) and the small-signal
model will be the same as for the ZVS-MRC.

(i1) The analysis of multi-loop control of quasi-resonant and multi-resonant converters.

This thesis presents the small-signal modelling of QRCs and MRCs for single-loop
control or voltage-mode control. Closed-loop regulation is achieved by feedback of the
output voltage through an error-amplifier circuit and a voltage-controlled-oscillator.
Sometimes it can be quite difficult to achieve a good closed-loop response with single-
loop control, especially for boost and buck-boost derived circuits with right-half-plane

zeros in their control-to-output transfer function.
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Multi-loop control or current-mode control offers improvements in closed-loop response
of PWM converters [113-116]. A similar scheme for the control of quasi-resonant
converters has also been implemented [117-119] and is referred to as current-sense
frequency modulation (CSFM). A signal proportional to the inductor current is
compared with an error voltage signal to modulate the switching frequency. This control
scheme offers all of the small-signal benefits expected from current-mode control. The
control-to-output and line-to-output transfer functions have first-order characteristics
and the voltage compensation is therefore simpler to design and optimise. The VCO,
which can be difficult to implement at higher frequencies, is replaced with a
comparator. The dynamic performance and stability of quasi-resonant converters is

improved by using current-mode control [120].

A unified modelling technique for current-mode controlled dc-dc PWM converters is
presented in [115]. There is no unified method for the analysis of quasi-resonant multi-
loop converters and, to the knowledge of the author, the study of multi-resonant multi-
loop control has not been reported in the literature. The study ofboth topics could be the

object of a future research project.
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Appendix 1: Half-Wave and Full-Wave Operation of Resonant

Converters

The resonant switches operate in two modes, half-wave and full-wave, depending on the
structure of the switch, as described in section 2.3.1. This appendix presents in more
detail the difference between the two operating modes for both ZCS and ZVS boost

quasi-resonant converters.

A l.l. Boost Zero-Current-Switching Quasi-Resonant Converters

For a ZCS-QRC, the implementation of the zero-current resonant switch is shown in
figures 2-6 and 2-7. The difference between half-wave and full-wave mode consists in
the moment in time when the resonant stage (stage 3 of operation of'the converter) ends.

The current through the resonant inductor is given by equation (3.12),

iLr(t) =Tin +/ f !lsina>rt.
Zr

Current [A] 2

3h

0 1 2 3 4 5 6 7 8 9 10
Time Os]

Figure Al-1: Current waveform ofa ZCS-QRC during the resonant stage.

Notice that the waveform of the current ilr contains a dc component Iin and an ac
component with the amplitude Vaw/Zr. In order to achieve zero-current-switching, the ac

component needs to be larger than the dc component,



A"L>1. or
.lij«

r>X.

The waveform of ilr during the resonant stage is shown in figure Al-1. In half-wave
mode ofoperation, when ilr drops to zero at T3h it is prevented by the series diode Ds to
become negative. In full-wave mode of operation, ilLr continues to oscillate to a negative
value and returns to zero at time T3f For the half-wave mode, the end of this stage is

T3k for full-wave mode, it is T3f

The duration T23 of the resonant stage is determined by setting iln(T23)=0 and is

1 . X x,
X3 = — arcsin(— ) or
cor

. X
where azcs = arcsin(— ) .
r

The equation iLr(T23)=0 has two solutions, one corresponding to the half-wave mode for

which
3n
7t<a)r1r23< y
and the other one corresponding to the full-wave mode,
3 .
3 <<BrT23<27i.
Therefore, for half-wave converters

31t
T<azs and

azcs = Tr+arcsin( p )s
for full-wave converters

A &zcs < and

azes ~ 2T - arcsin(—)
r



A1l.2. Boost Zero-Voltage-Switching Quasi-Resonant Converters

For a ZVS-QRC, the implementation of the zero-voltage resonant switch is shown in
figures 2-8 and 2-9. The difference between half-wave and full-wave mode consists in
the moment in time when the resonant stage (stage 3 of operation of the converter) ends.
The voltage across the resonant capacitor is given by equation (3.26),

v(Gr(t) = Voutt Zrlinsino rt.

Notice that the voltage waveform of v(G contains a dc component Vat and an ac
component with the amplitude Zdin In order to achieve zero-voltage-switching, the ac
component needs to be larger than the dc component,

Min” Vot 01

r<xX.

140
120
100

Voltage [V] 60 out

40
20

0 1 2 3 4 5 6 7 8 9 10

Time [|is]

Figure Al-2: Voltage waveform ofa ZVS-QRC during the resonant stage.

The waveform of vG during the resonant stage is shown in figure Al-2. In half-wave
mode of operation, when vG drops to zero at T3h it is clamped at zero by the anti-
parallel diode Ds, which carries the reverse current. In full-wave mode of operation, vG
continues to oscillate to a negative value and returns to zero at time T3f For the half-

wave mode, the end of'this stage is T3h; for full-wave mode, it is T3f.



The duration T23 ofthe resonant stage is determined by setting vG(T23)=0 and is

1 r
T23 = — arcsm(— ) or
cor X

T azvs
23 =~ 5
©r

where azvs = arcsin(-—).
X

The equation vG(T23)=0 has two solutions, one corresponding to the half-wave mode for
which

n <rarTz3 <—
and the other one corresponding to the full-wave mode,
y<<DrT23<27t.

Therefore, for half-wave converters

3n

Tt<azvs<y 7

3

azvs = /[+arcsin(— ;
X

for full-wave converters



Appendix 2: Voltage-Conversion Ratio of Boost Quasi-Resonant

Converters

A2.1. Zero-Current-Switching Boost Converters

The dc voltage conversion ratio x=V0l/Vin as a function of normalised load resistance
and switching frequency can be derived by equating the input energy per cycle Einand

the output energy per cycle Eaut.

The input energy per cycle is:

The output energy per cycle is:
i\

Eout= Vout Jioutdf j
(0]

Eout ~ Vout lioUtdt+Vout liout"t 5
To

From equations (3.11), (3.14) and (3.17),



For half-wave ZCS converters:

=n+ arcsingﬂl ;

cosazs J1 ~r2 e

For full-wave ZCS converters:
azcs = 2 n- arcsi, .
m ,

cosazcs Jhl~ ~ ¥

By equating Einand Eout:

Vout Ts ,
V- “ Tol+"~ 7
X = Ts

- =1-2 -(2 +T23+T34);
X Te 2

(x-D - (JL+arcsKZ:f)l}‘-. (I cosadd .

X 27tfr V2r

By rearranging the above equations it is found:

- for the half-wave ZCS boost converter



for the full-wave ZCS boost converter

AN=2n(x-1) 1
fr X X + 2tc - arcsr'n’fXA +£(1- .JIl—X22)S
21 v x

A2.2. Zero-Voltage-Switching Boost Converters

The dc voltage conversion ratio x=Vol#Vin as a function of normalised load resistance

and switching frequency can be derived by equating the input energy per cycle Ein and

the output energy per cycle E out.

The input energy per cycle is:

Ein= VinlinTS.

The output energy per cycle is:

T3 T&
Eout ~ Vout Jiudt T Vout JiLrdt
T2 T3
Tz T Y
Eout ~ Vout fljn Cl-cosco”~t + Vout f (lin-'linCosazvs— P]iAO dt;
0 0 -
/
Eout ~ Volllin T23 +— smazws+1iT 34(l-cosazvs) .
v r 2 J

From equations (3.24), (3.27) and (3.30),
Tor=Ts-Tiz-Ta -T3H4;

W=t
Cor X
-t a
a23 ™
@

Toa = | X(l-cosazvs);

b

azvs = arcsinl
vV X



For half-wave ZVS converters:

lzys - 71 T arcsin—

cosazvs— J1 7 e

For full-wave ZVS converters:

azvs =2n- arcsin!&

It is found that for the half-wave implementation ofthe ZVS boost converter:

fs ( !
fr VX

) T X
h7n+arcsm—+— 1+J1 ¢
2X X T

For converters having a full-wave switch:

fs=[z2% 1

fr Vx

L +271 - arcs'mr—JrX— 1-J1

2X X T X
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Appendix 3: Characteristic Functions

A3.1. Boost Zero-Current-Switching Quasi-Resonant Converters

The average value ofthe switch current is:
1 P

is =Tf-Jis(t)dt;
LS 0

IS=7- /is(t)dt + - Jis(t)dt;

IS T, IS T,
) 1 T*V * 1 . Vox
1s J~dtH h -2 J (Iim+—"-sincort)dt
AS 0 Lr IS 0
is-1j | fs X~+n+arcsfnf"—>l+L 1+JT *-
2n fr or vr/ X r2,

The average value of'the voltage across the diode is:

1 Ts
vD="-JvD(t)dt;

AS 0
113 y T4

VD= -zt yva (t)dt+  JvD(t)dt;
XS T, AS T,

L.
T I (Vout V)utcoscort)dt+"1 J (Vout Voutcosazes t)dt,

Ts o Ts o
X (X1 E
— +7i+arcsm(—+ 1+31 =
V° ~ " out 2T \rJ x r2,

A3.2. Boost Zero-Voltage-Switching Quasi-Resonant Converters

The average value of the switch current is:

T

is = T is(t)dt;

AS 0



is=J AsWdt+] As(t)dt;

AS TO AS T,

. 1 Ta 1 2%9%( A% A
18" Tp- Jlindt + Jlint-4 t-1 in(I-cosa) dt;
AS 0 AS 0 V i-r J
. / NN
r . T X
is -ij l_LfS hn +arcsm—+— [+f~ ~ 2
2tc ferx X r, v X

The average value of'the voltage across the diode is:

1 T*
VD=qAES-gVD(t)dt;

vD=J JvD(t)d*+J /vD(t)dt;

AS TO AS T,

1 1 AR J.
vD=rr JV0Udt+- T (Vout--fLt)dt;

AS 0 AS 0 r
\\
V .V x
vD=V ¢ tIT+ arcsin—+— 1+ JT
2tc I 2X X r X J)

A3.3. Boost Zero-Voltage-Switching Multi-Resonant Converters

The average values of the normalised voltages across the switching devices for a boost

ZVS-MRC are given below for both operating modes.

(i) Operation Mode 1:

vD=+r Toi sincoDTo1 +cVDXiTi2 + (1-¢) T 12 +—aV ¢(1-¢)coSDT12 -
1q ®D 2

V]c(ca - I“Tti )—‘I—(coscosdle -1) +—I (1~ C)(V];Tl -1) sina>SDT];,

G)sp Vi ®sp



B 1

vs = -eVAITR+cTj2 +—ot-Ve(l—e)g>sdTA - TII2(COSOSDTI2_i) +
A

SD

L e(Vdti “ 1) sinOSDT12 +T23 +/yn  a (coscDsT2s -1) +- st2  15in©sTe3
©s

©s

(i) Operation Mode 2:

Tor sincoDTo1 +¢cV;tiTiz +(1-¢)Tiz+1ia”(1-¢)<B SDI'» -
©D

(1—e)(Vdti -1 )sincoSDTi2 +T23 +

Vc(ca-11X)---—-(cos©SDli2 -1) +
®SD CN

«SD

+—"LI—ucos©dTz3 -1) + —-sin© D23
©D-"cy oD

1

vs=AL - CVDTITR2+CTR2+—aV c(l-¢)© SDT2 (COBQOIX 12 ~1) +

®SD
ASD

The average values ofthe normalised currents are given below.

(i) Operation mode 1:

ID ~ ("LTz2 ~a ) sin©OsTz3 +aT23 (Vst2 - I)(cos©sTa3 -1) +
Teca ©s ©s

+ILT3T34 ~ 2035~ 4

d a/TN(coscon Tol —1)—ha(T01 +T34) -11t3T34 +—OsT34 )
w 2
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1 1 1
m“zg VcN"(cos<DDTO01 —I) + caT|2 4 (ILTI —ca)sin®sDTi2
s a coD ® SD

Jc (Vori -1)(cos©SDT2 -1) +aT2s H _ (I1t2 “ a)sin®sT23 «
©sDh ©s

«— (VS -l)(cosa,sTz3 -1) + I BT34- Js T 2
»S 2

(1) Operation mode 2:

ls w
11 1t
A A
ID ~ 13734 Yoo 4
T*_ 1 1 1 1 X . I k .
*s . m v”~n (coscodToi “ 1)+ ooToi +T23 +T34) [LT2 sin©DT>23
Tsa ob @D

+  “(Vpra2- 1 )" (COS©AT23 —1)—ILT:Ts4 +7T@3 Tz,
©D

T J i | (A (cos©DTor -1) +caTi +-J—(1lti -ca)sin© SDT12 -
Tc a ©OD 8D

NC(VDT1-1)(C0S©SDT12“ 1)4 ILT2sin®Dp 23
®SD ©D

(Vpr2 -1)*"CN(cos©DpT123-1) +ILT3T34 ©sT2
©p



Appendix 4: Design of Resonant Boost Converters

The design procedure [121,122] for a dc-dc boost converter assumes the following input

data:

- V inmin 1s the minimum input voltage;

- Vinnex is the maximum input voltage;

- Vot is the output voltage;

“Jotnax is the maximum output current;
- laymn is the minimum output current;
- AVt is the output voltage ripple;

- Alinis the input current ripple.

As the output load and input voltage vary, the control circuit adjusts the switching

frequency to maintain a constant output voltage Vout.

For a boost ZCS-QRC operating with a fixed on-time, the maximum switching
frequency fSnax will occur at low line Vinmin and full load Toujnex. The constraint that
zero-current-switching is maintained for the whole operating range is

Zr<"mta (A41)

t out,max

For a boost ZVS-QRC operating with a fixed off-time, the maximum switching
frequency fsnax will occur at high line Vinnax and light load Iautyri* The constraint that
zero-voltage-switching is maintained for the whole operating range is

Zf>Vuv”? (A4-2)

Aout,min

The topology coefficients [123] kj and k2 are defined. The first coefficient kt equals the

maximum switching frequency divided by the resonant tank frequency ft,



AS.max ~ifr. (A4'3)

i practice, the topology coefficient kj is determined from the steady-state

characteristics ofthe converter, shown in figures 3-12 and 3-19.

The second coefficient k2 is defined from the following equations:

y. .
- for ZCS converters Zr = k2ZCS —mmn ; (A4-4)

| out,max

in,max

- for ZVS converters Zr = k2 zvs (A4-5)

In ZCS-QRCs, it is desirable to select maximum Zr to minimise the peak resonant
current and, consequently, minimise the current stress on the switching device. In
practice [39] it is sufficient to make Zr slightly lower (e.g. 10-20%) than the maximum

possible value given by equation (A4-1) and a value ofk22CS= 0.8...0.9 is used.

In ZVS-QRCs, a minimum value of Zris selected to minimise the peak resonant voltage
and, consequently, minimise the voltage stress on the switching device. In practice it is
sufficient to make Zr slightly higher (e.g. 10-20%) than the minimum value calculated
from equation (A4-2) and a value ofk2ZVS= 1.1... 1.2 is used.

The design procedure for a quasi-resonant boost converter is the following [23,34,123]:

- Selection ofthe maximum switching frequency fsnax

- Determination of the resonant frequency and of the characteristic impedance Zr using
the topology coefficients kj and k2 and equations (A4-3) to (A4-5).

- Calculation of the resonant tank component values Lr and Cr considering equations
(3.6) and (3.7).

- Selection of switches and rectifier diodes. [123]

- Calculation of input inductance and output capacitor based on the current and voltage

ripples, respectively.



A detailed description of the design procedure of a ZVS-MRC is given by Tabisz
[41,43]. The three resonant elements are calculated from equations (3.45) to (3.47) after
CN Zr and fr are determined. The maximum switching frequency is selected and the
values of the resonant frequency, characteristic impedance and normalised capacitance

are chosen from the graphs presented in figures 3-37 to 3-40.



Appendix 5: Design of the Feedback Loop of a Dc-Dc Converter

AS.1. Stability of the Feedback System

Most control systems are feedback systems and a feature of dynamic feedback systems
is that they can sometimes sustain self-excited oscillations and therefore become
unstable. At a certain frequency, the additional phase shift from reactive components
and time delays comes back in phase with the original signal. If the total of all
amplitude gains and losses around the loop is one or greater than one at this frequency,
then the error signal is self-perpetuating and the circuit becomes an oscillator. The
object of the stability analysis is to find a way to keep the system from reaching the

critical state which causes instability.

In the following paragraphs the Bode plots are used. The critical point on the Bode
diagrams are 0 dB gain and -180° phase. The difference between the actual phase shift
when the gain is unity (0 dB) and 180 degrees is called phase margin. The amount of
gain below unity when the phase shift reaches 180 degrees is called gain margin. Bode
plots are an excellent vehicle for designing closed loop systems. They provide good
visibility into the gain/phase characteristics of the various loop elements. Calculation of

the overall loop is made simple by adding gain in dB and phase in degrees.

gain phase
[dB] [deg]
gain
phase
0 -180
gain marg

Figure AS5-1: Gain and phase margins.



It is possible to stabilise a loop just by reducing the gain of the amplifier until loop
cross-over occurs at a frequency faws well below that where phase shifts from reactive
components start to become significant. The problem with this approach is that the
response time of the loop to a transient disturbance is slowed down to the point where it
is usually unacceptable. In any high-performance loop, the object is to cross over at as
high a frequency as possible, while maintaining a good phase margin. This is
accomplished by tailoring the frequency response of the error amplifier to compensate

for some ofthe modulator (power circuit) phase shift in the region of cross-over.

AS.2. Compensation of the Feedback Loop

The task of designing the compensation network in the feedback loop is to define the
characteristics of the compensator to achieve good dynamic response, line and load
regulations and stability [14,124-129]. In the closed-loop feedback system shown in
figure A5-2, the overall open-loop transfer function is:

Tol(s)=T 1(s).T c(s),

where T"s) is the transfer function of the boost converter and switching controller and

Tc(s) is the transfer function ofthe compensated error amplifier.

T1(s)
Tc(s) Tm(s) Tp(s)
o Vout
Compensated Switching Boost
Error Amplifier Controller Converter

Figure A5-2: Linearised feedback control system.

For a given Ti(s), the transfer function ofthe compensated error amplifier Tc(s) must be
properly tailored so that TOL(s) meets the performance requirements expected of the
power circuit. The desired characteristics ofthe open loop transfer function TOL(s) are as

follows:



(1) High gain at low frequencies and small gain at high frequencies.

If the dc gain is increased, the transient response improves (the system becomes more
responsive) and the steady-state error in the converter output decreases. However, the
overshoot increases (the response becomes more oscillatory). If the gain is made too
high, the system may be either unstable or it may become very difficult to control. If the
gain is reduced to a very low value, the system may become too sluggish.

High gain at high frequencies is undesirable as thin, high-frequency noise spikes would
be transmitted at large amplitudes to the output. Thus gain should be permitted to fall

off at high frequencies.

(i1) The crossover frequency should be as high as possible.

Crossover frequency is a measure of bandwidth, so of speed of response. The higher the
crossover frequency, the better the dynamic response.

The crossover frequency is limited by two factors: switching frequency and RHP zero.
Sampling theory shows that the crossover frequency must be less than halfthe switching
frequency. But, to avoid large-amplitude switching frequency ripple at the output, faos
should be less than one-fifth the switching frequency.

The RHP zero has the same positive gain slope as the conventional (left-half plane)
zero, but the phase slope is negative, like a single pole. Above RHP zero corner
frequency, loop gain is held up, yet more phase lag is added. This makes it virtually

impossible to achieve an open loop crossover frequency above the RHP zero frequency

(ii1) The phase margin should be as high as possible.

The higher the phase margin, the better the stability of the closed-loop system. A low
phase margin is unacceptable, as a small deviation in system parameters or small

unmodelled lags or delays in the system could readily cause instability.



To meet the requirements stated above simultaneously, a general error amplifier is

shown in figure A5-3, where the amplifier can be assumed to be ideal.

Zf

Zi
Vout'

'Vcontrol
Vref—

Figure A5-3: A general compensated error amplifier.

One of the inputs to the amplifier is the output voltage Vout of the converter, the other
input is the desired (reference) value Vrefof Vout. The output ofthe error amplifier is the
control voltage vc. In terms of Zxand Zf; the transfer function between the input and the
output perturbations can be obtained as:

ve(s) Z£(s)
VoutO) Z,(S)

-Tc(s).

The error amplifier compensation circuit to be used is shown in figure A5-4. This
amplifier, together with a mathematical concept called the k factor, allows the circuit
designer to choose the desired result, i.e., a particular loop crossover frequency and
phase margin, and then determine the necessary component values to achieve these

results from a few straight-forward algebraic equations [127].

This amplifier, also known as type 3 amplifier, has a pole at the origin and two zero-
pole pairs. The two zeros are coincident and the two poles are coincident. Type 3

amplifiers have the most phase boost of any practical amplifier configuration.

C2
R3 C3

-Vcontrol
Vref

Figure A5-4: Error amplifier compensation circuit.



The transfer function is:

)
)

or

(stcoz) (s+ ©Oz)
T(s) —kGeo gpges ,
s (stcop) (s+(Op)
where:
® cross cross’

cocross= crossover frequency in rad/s,

falss= crossover frequency in Hz,

G = required amplifier gain at crossover (expressed as a ratio, not as dB),

k = factor which describes the required separation of double poles and zeros to

accomplish the desired phase boost,

cross — (double zero),

cross” K (double pole).

When using the k-factor-method to design the compensation network, the following

steps are necessary:

1. Determination ofthe Bode Plots of the power circuit.

2. Choice of'the crossover frequency feross.

3. Choice ofthe desired phase margin.

4. Determination ofthe required amplifier gain G at cross-over (G is dimensionless):

amplifier gain G = l/power circuit gain.
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If the gain is expressed in dB, then the amplifier gain is simply the negative of the

modulator gain.
5. Calculation of'the amount ofphase boost required
boost=M - P - 90,
where M = desired phase margin (degrees)
P = power circuit phase shift (degrees)

6. Choice ofthe value of Rb the input resisstor to the amplifier.

7. The following equations apply:

boost

Cross

C,=C2(k-1);

cross'll

1

27xfGoss VKR-3



Appendix 6: Listing of the C-Program for Analysis of Multi-Resonant
Boost Converter

/* Steady-State Analysis of Boost Multi-Resonant Converters */

/* Normalised equations are used.
Automatic selection of operation modes 1 and 2.
The peak voltages across the switch and diodes are calculated.
The characteristic functions Gv and Gi are determined. */

# include <stdio.h>
# include <math.h>
# include <conio.h>

float newraphl (float, float, float, float);
float newraph2 (float, float, float);

void stagel (void);

void stage_4(void);

void opmod_I(void);

void opmod_2(void);

void det_Gvl(void);

void det_Gv2(void);

void detGil(void);

void det_Gi2(void);

float In, Vout, Vin, Lr, Cs, Cd, Cn, c;
float wd, ws, wsd, Zr, f, Gvs, Gvd, Gil, Gid, Gis, x, r;

float TO1, T12, T23, T34, Ts, fs, fr;
float Vdtl, Iltl, Vst2, Vdt2, 11t2,1113;

float vd, vs, vsmax, vdmayx, il, time, timet, tstep, tvdmax, tvsmax;
float anr, bnr, cnr, dnr, sol;

FILE *fvd, *fvs, *fil;

void main(void)

{

float T12modl, T12mod2;

/* Input parameters */

Li“47; /* resonant inductor in uH */

Cs=13; /* resonant capacitors in nF */
Cd=39;

In=3; /* normalised input current */
T01-1.693; /* duration of stage 1inus %

fvs=fopen("c:\\programc\\vswitch.dat","wb');
fvd=fopen("c:\\programc\\vdiode.dat”,"wb');
fil=fopen("c:\\programc\\il.dat","'wb");

clrserQ;
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/* Resonant frequencies in MHz */
wd=100/sqrt(10*Lr* Cd);
ws=100/sqrt(10*Lr*Cs);
wsd=100/sqrt(10*Lr*Cs*Cd/(Cd+Cs));

fi-ws/2/M _PI;
printf("ff=%5.4f ".fr); getch();

/* Characteristic impedance */

Zr=sqrt(1000*Lr/Cs);
printf(" Zr=%>5.4f\n",Zr);

printf("In=%5.4f TOI=%5.4f\n",In,T01);

/* Normalised ratio of the resonant capacitances */
Cn=Cd/Cs;

¢=Cd/(Cs+Cd);

/* Stage 1 ¥/

stage_1();

/* Stage 2 - opmod 1 */

anr = c*vdtl + (1-¢);

bnr = -In*sqrt(c)*(1-c);

cnr = (c*In-1t)*sqrt(c)/Cn;

dnr = (I-¢)*(Vdtl-1);

printf("a=%4.2f b=%4.2f ¢c=%4.2f d=%4.2f\n" ,anr,bnr,cnr,dnr);

sol*newraph 1(anr,bnr,cnr,dnr);
T12mod 1=sol/wsd;

/* Stage 2 - opmod 2 */

ant*m - c*Vdtl + c;

bnr = In*sqrt(c)*(I-c);

cnr = (c*In-Iltl)*sqrt(c);

dnr = c*(Vdtl-1);

prmtf("a=%4.2f b=%4.2f c=%4.2f d=%4.2f\n" ,anr,bnr,cnr,dnr);

sol=newraphl (anr,bnr,cnr,dnr);
T12mod2=sol/wsd;

getch();

getch();

printf("\nT12Zmodl=%5.4f T12mod2=%5.4\n",T12modl, T12mod2);

if (T12modl <T12mod2) {
printf(" Operation mode I\n");
T12=T12modl;
opmodlQ;

}

else
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printf(" Operation mode 2\n");
T12=T12mod2;
opmod_2();

stage_4();
/* Determination ofthe switching frequency */

Ts=T01+T12+T23+T34;
fs-1/Ts;

printf("Ts=%5.4f fs=%S5.4f »,Ts,fs);
getch();

/* Normalised switching frequency */
f=fs/fr;
printf("'f=%5.4f\n",f); getch();
fclose(fvd);
fclose(fvs);
fclose(fil);
/* Determination of function G */
if (T12modl < T12mod2) {
printf("Operation mode I\n");

det Gvl();
det Gil();

else
printf(""Operation mode 2\n");
det_ Gv2();
det_Gi2();

/* Voltage conversion ratio */

x=1/(1-Gvd);
printf("'Voltage conversion ratio x=%35.4f\n" ,x); getch();

/* Normalised load resistance */

I-x/Iny
printf('""Normalised load resistance i-%5.4f\n",r); getch();

return;

/* Stage 1 */

void stage l(void)

{
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tstep=T01/50;
vs=0;

for (time=0; time<T01; time=time+tstep) {

vd = l-cos(wd*time);
il ~ -sqrt(Cn)*sin(wd*time);

fprintf(fvs," %\t %f\n" time,vs);

fprintf(fvd," %\t %f\n" time,vd);
fprintf(fil," % f\t %f\n" time,il);

}

Vdtl = l-cos(wd*T01);
I1tl = -sqrt(Cn)*sin(wd*T01);

return;

}

/* Stages 2 and 3 - operation mode 1 */

void opmodl (void)
{

Vst2 = - ¢*Vdtl + ¢ + In*sqrt(c)*(I-c)*wsd*T12;
Vst2 - Vst2 + (c*In-Iltl)*sqrt(c)*sin(wsd*T12);
Vst2 = Vst2 + c*(Vdtl-1)*cos(wsd*TI12);

Iit2 = ¢*In + (Iltl-c*In)*cos(wsd*T12);
1t2 = 12 + sqrt(c)*(Vdtl-1)*sin(wsd*T12);

printf("\nStage 2: T12=%5.4f\n",T12);
getch();

tstep=T12/100;

for (time=0; time<T12; time=time+tstep) {

vs = - ¢*Vdtl + ¢ + In*sqrt(c)*(I-c)*wsd*time;
vs = vs + (c*In-Iltl)*sqrt(c)*sin(wsd*time);

vs = vs + c*(Vdtl-l)*cos(wsd*time);

vd = ¢*Vdtl + (1-¢) - In*sqrt(c)*(I-c)*wsd*time;
vd = vd + (c*In‘“IItl)*sqrt(c)/Cn*sin(wsd*time);

vd = vd + (I-¢)*(Vdtl-l)*cos(wsd*time);

il = c¢*In + (Iltl-c*In)*cos(wsd*time);
il = il + sqrt(c)*(Vdtl-)*sin(wsd*time);

timet=time+T01;
fprintf(fvs," %\t %f\n" timet,vs);

fjprintf(fvd," %\t %f\n" ,timet,vd);
fprintf(fil," %\t %of\nMimet,il);



/* Determination of the peak switch voltage during stage 2 - opmod 1 */

anr = In*sqrt(c)*(I-c);
bnr = -wsd*c*(Vdtl-l);
cnr= (c*In-Ilt)*sqrt(c)*wsd;

tvsmax=newraph2(anr,bnr,cnr);
tvsmax=tvsmax/wsd;

vsmax = - ¢*Vdtl + ¢ + In*sqrt(c)*(I-c)*wsd*tvsmax;
vsmax = vsmax + (c*In-Iltl)*sqrt(c)*sin(wsd*tvsmax);
vsmax = vsmax + ¢*(Vdt1-1)* cos(wsd*tvsmax);

printf("a=%4.2f b=%4.2f ¢c=%4.2f\n" ,anr,bnr,cnr);
printf("Vsmax=%5.4f tsmax=%5.4f\n",vsmax,tvsmax);

/* Determination of the peak diode voltage during stage 2 -opmod 1 */
anr = -In*sqrt(c)*(1l-c);
bnr = -wsd* (1-¢)* (Vdt1-1);

cnr = (c*In-Ilth)*sqrt(c)/Cn*wsd;

tvdmax=newraph2(anr,bnr,cnr);
tvdmax=tvdmax/wsd;

vdmax - ¢*Vdtl + (1-¢) - In*sqrt(c)*(I-c)*wsd*tvdmax;
vdmax = vdmax + (c*In-Iltl)*sqrt(c)/Cn*sin(wsd*tvdmax);
vdmax = vdmax + (I-¢)*(Vdtl-1)*cos(wsd*tvdmax);
printf("a=%4.2f b=%4.2f ¢c=%4.2f\n" ,aur,bnr,cnr);
printf("Vdmax=%>5.4f tdmax=%>5.4f\n",vdmax,tvdmax);

/* Stage 3 - opmod 1 */

anr = 1;
bnr = -(11t2-In);
cnr = Vst2-1;

printf("a=%4.2f b=%4.2f c¢=%4.2f\n",anr,bnr,cnr); getch();

sol=newraph2(anr,bnr,cnr);
T23=sol/ws;

IIt3 = In + (Ilt2~In)*cos(ws*T23) + (Vst2-1)*sin(ws*T23);
printf(''Stage 3: T23=%5.4fui",T23); getch();

tstep=T23/100;
vd=0;

for (time=0; time<T23; time=time+tstep) {

il = In + (Ilt2-In)*cos(ws*time) + (Vst2-1)*sin(ws*time);
vs= 1-(1lt2-In)*sin(ws*time) + (Vst2-1)*cos(ws*time);



timet=time+TO 1+T 12;
fprintf(fvs," %\t %f\n" timet,vs);

fprintf(fVd," %\t %f\n"" ,timet,vd);
fprintf(fil," %\t %f\n" timet,il);

return;

/* Stages 2 and 3 - operation mode 2 */

void opmod_2 (void)

{

Vdt2 - ¢*Vdtl + 1-c¢ - In*sqrt(c)*(I-c)*wsd*T12;
Vdt2 = Vdt2 + (c* In-lit1)* sqrt(c)/Cn *sin(wsd*T 12);
Vdt2 = vVdt2 + (I-¢)*(Vdtl-)*cos(wsd*T12);

11t2 = ¢*In + (Iltl-c*In)*cos(wsd*T12);
1t2 = 11t2 + (Vdtl-)*sqrt(c)*sin(wsd*T12);

printf('""\nStage 2: T12=%5.4\n"5I'12);
getch();

tstep=T12/100;

for (time=0; time<T12; time=time+tstep) {

vs = - ¢*Vdtl + ¢ + In*sqrt(c)*(I-c)*wsd*time;
vs = vs + (c*In-Iltl)*sqrt(c)*sin(wsd*time);

vs = vs + ¢*(Vdtl-)*cos(wsd*time);

vd = c¢*Vdtl + (1-¢) - In*sqrt(c)*(I-c)*wsd*time;
vd = vd + (c*In-IIt)*sqrt(c)/Cn*sin(wsd*time);

vd = vd + (I-¢)*(Vdtl-)*cos(wsd*time);

il = ¢*In + (Iltl-c*In)*cos(wsd*time);
il = il + sqrt(c)*(Vdtl-l)*sin(wsd*time);

timet=time+TO01;
fprintf(fvs," % \t%f\n" timet,vs);

fprintf(fvd," %\t %f\n" timet,vd);
fprintf(fil," %o\t %f\n" timet,il);

}
/* Determination of the peak switch voltage during stage 2 - opmode 2*1
anr = In*sqrt(c)*(l-c);
bnr = -wsd*c*(Vdtl-1);

cml= (c*In-IIt)*sqrt(c)*wsd;

tvsmax=newraph2(anr,bnr,cnr);
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tvsmax=tvsmax/wsd;

vsmax - - ¢*Vdtl + ¢ + In*sqrt(c)*(I-c)*wsd*tvsmax;
vsmax = vsmax + (c*In-Ilt)*sqrt(c)*sin(wsd*tvsmax);
vsmax = vsmax + c*(Vdtl-l)*cos(wsd*tvsmax);

printf("a=%4.2f b=%4.2f ¢=%4.2f\n" ,anr,bnr,cnr);
printf("Vsmax=%5.4f tsmax=%5.4f\n",vsmax,tvsmax);

/* Determination of the peak diode voltage during stage 2 - opmode 2 */
anr - -In*sqrt(c)*(I-c);

bnr = -wsd*(1-¢)*(Vdtl-1);

cnr = (c*In-Iltl)*sqrt(c)/Cn*wsd;

tvdmax=newraph2(anr,bnr,cnr);
tvdmax=tvdmax/wsd;

vdmax = ¢*Vdtl + (1-¢) - hi*sqrt(c)*(I-c)*wsd*tvdmax;
vdmax = vdmax + (c*hi-Iltl)*sqrt(c)/Cn*sin(wsd*tvdmax);
vdmax = vdmax + (1-¢)*(Vdt1-1)*cos(wsd* tvdmax);
printf("a=%4.2f b=%4.2f ¢=%4.2f\n" ,anr,bnr,cnr);
printf("Vdmax=%5.4f tdmax=%5.4f\n" ,vdmax,tvdmax);

/* Stage 3 - opmode 2 */

anr = 1;
bnr = -11t2/sqrt(Cn);
cnr = Vdt2-1;

printf("a=%4.2f b=%4.2f ¢=%4.2f\n",anr,bnr,cnr); getch();
sol=newraph2(anr,bnr,cnr);

T23=sol/wd;

11t3 = 11t2*cos(wd*T23) + (Vdt2-1)*sqrt(Cn)*sin(wd*T23);
printf(''Stage 3: T23=%5.4\n",T23); getch();

tstep=T23/100;
vs=0;

for (time=0; time<T23; time=time+tstep) {

il = l1t2*cos(wd*time) + (Vdt2-)*sqrt(Cn)*sin(wd*time);
vd = 1 - It2/sqrt(Cn)*sin(wd*time) + (Vdt2~l)*cos(wd*time);

timet=time+TO 1+T12;
fjprintf(fvs," %N\t%f\n" ,timet,vs);

fprintf(fvd," %\t %f\n" timet,vd);
fprintf(fil," % f\t %f\n" ,timet,il);

return;
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/* Stage 4 */

void stage_4(void)

{

T34 = Ilt3/ws;
printf("'Stage 4: T34=%5.4f\n", T34); getch();

tstep=T34/50;
vs=0; vd=0;

for (time=0; time<T34; time=time-+tstep) {
il = IIt3 - ws*time;

timet-time+TO 1+T12+T23;

fprintf(fvs," % \t%f\n" ,timet,vs);

fprintf(fvd," %f\t %f\n" timet,vd);
fprintf(fil," %\t %f\n" timet,il);

return;

/* Determination of function Gv for operation mode 1 */

void det_Gvl(void)

/* Average value ofvd - mode 1 */

Gvd = TO01 - I/wd*sin(wd*TO01) + c*Vdtl*T12 + (1-¢)*T12;
Gvd = Gvd + 112*In*sqrt(c)*(I-¢)*wsd*T12*T12 H
Gvd = Gvd - sqrt(c)/wsd/Cn*(c*In-Iltl)*(cos(wsd*T12)-1) ;
Gvd = Gvd + I/wsd*(I-¢)*(Vdtl-l)*sin(wsd*T12);

Gvd = Gvd/Ts;

/* Average value of vs - mode 1 */

Gvs - -c*Vdtl*T12 + ¢*T12 + 12*In*sqrt(c)*(I-¢)*wsd*T12*T12;
Gvs = Gvs - sqrt(c)*(c*In-Ilt 1)/wsd*(cos(wsd*T12)-1);

Gvs = Gvs + c¢*(Vdtl-1)/wsd*sin(wsd¥T12) + (Vst2-1)/ws*sin(ws*T23);
Gvs = Gvs + T23 + (11t2-In)/ws*(cos(ws*T23)-1);

Gvs = Gvs/Ts;

printf(" Gvd=%75.4f Gvs=%5.41\n",Gvd,Gvs);
return;
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/* Determination of Gi for operation mode 1 */

void det_Gil(void)

{

/* Average value of il for operation mode 1 */

Gil = sqrt(Cn)*(cos(wd*TO 1)-1)/wd + ¢*In*T12 - ws*T34*T34/2;
Gil = Gil + (IItl-c*In)*sin(wsd*T12)/wsd +In*T23 ;

Gil = Gil - sqrt(c)*(Vdtl-1)*(cos(wsd*T12)-1)/wsd + 11t3*T34;

Gil = Gil + (Ilt2-In)* sin(ws *T23)/ws -(Vst2-1)*(cos(ws*T23)-1)/ws;
Gil = Gil/Ts/In;

/* Average value of id for operation mode 1 */

Gid = - ws*T34%T34/2 + In*T23 + 11t3*T34;
Gid = Gid + (I1t2-In)*sin(ws*T23)/ws -(Vst2-1)*(cos(ws*T23)-1)/ws;
Gid - Gid/Ts/In;

/* Average value of is for operation mode 1 */

Gis = sqrt(Cn)*(cos(wd*T01)-1)/wd + 11t3*T34 - ws*T34*T34/2;
Gis = In*(T01+T34) - Gis;
Gis = Gis/Ts/In;

printf(" Gis=%5.4f Gid=%5.4f Gil=%5.4f\n",Gis,Gid,Gil);
return;

/* Determination of Gi for operation mode 2 ¥

void det_Gi2(void)
{

/* Average value of il for operation mode 2 */

Gil = sqrt(Cn)*(cos(wd*TO 1)-1)/wd + c*In*T12 - ws*T34*T34/2;

Gil = Gil + (Iltl-c*In)*sin(wsd*T12)Avsd;

Gil = Gil - sqrt(c)*(Vdt1-1)*(cos(wsd*T12)-1)/wsd + 11t3*T34;

Gil = Gil + It2*sin(wd*T23)/wd - sqrt(Cn)*(Vdt2-1)*(cos(wd*T23)-1)/wd;
Gil = Gil/Ts/In;

/* Average value of id for operation mode 2 */

Gid = I1t3*T34 - ws*T34*T34/2;
Gid = Gid/Ts;
Gid = Gid/In;

/* Average value of is for operation mode 2 */

Gis = sqrt(Cn)*(cos(wd*TO 1)-1)/wd - ws*T34%T34/2;

Gis - Gis + 11t3*T34;

Gis = Gis + IIt2*sin(wd*T23)/wd - sqrt(Cn)*(Vdt2-1)*(cos(wd*T23)-1)/wd;
Gis = In*(T01+T23+T34) - Gis;

Gis = Gis/Ts/In;



printf(" Gis=%5.4f Gid=%S5.4f Gil=%S5.4\n",Gis,Gid,Gil);
return;

}

/* Determination of function Gv for operation mode 2 */
void det_Gv2(void)
/* Average value of vd - mode 2 */

Gvd = T01 - /wd*sin(wd*TO01) + c¢*Vdtl*T12 + (I-¢)*T12;

Gvd = Gvd + 12*In*sqrt(c)*(I-c)*wsd*T12*T12 H

Gvd = Gvd - sqrt(c)/wsd/Cn*(c*In-Iltl)*(cos(wsd*T12)-1) ;

Gvd = Gvd + 1Avsd*(I-¢)*(Vdtl-l)*sin(wsd*T12) + T23;

Gvd = Gvd + IIt2/wd/sqrt(Cn)*(cos(wd*T23)-1) + (Vdt2-1)/wd*sin(wd*T23);
Gvd = Gvd/Ts;

/* Average value of vs - mode 2 */

Gvs = -c*Vdtl*T12 + ¢*T12 + 1/2*In*sqrt(c)*(I-c)*wsd*T12*T12;
Gvs = Gvs - sqrt(c)*(c*In-1Itl)/wsd*(cos(wsd*T12)-1);

Gvs = Gvs + ¢c*(Vdtl-1)/wsd*sin(wsd*T12);

Gvs = Gvs/Ts;

printf(" Gvd=%5.4f Gvs=%>5.4\n",Gvd,Gvs);
return;

/* solve a+b*x+c*sin(x)+d*cos(x)=0 */
float newraphl (float a, float b, float c, float d)

float soli=1,solf=3,func,funcder,err=0.0001;
while ( fabs(solf-soli) > err)

soli=solf;
func=a+b*soli+c*sin(soli)+d*cos(soli);
funcder=b+ckcos(soli)-d*sin(soli);
solf=soli-func/funcder;

printf("'soli-%5.4f solf=%>5.4f\n" ,soli,solf);
getch();

return solf;

}

/* solve at+b*sin(x)+c*cos(x)=0 */
float newraph2 (float a, float b, float c¢)

float soli=0,s0lf=0.5,func,funcder,err=0.0001;
while ( fabs(solf-soli) > err)

soli=solf;

func=a+b *sin(soli)+c*cos(soli);
funcder=b*cos(soli)-c*sin(soli);
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}

solf=soli-func/funcder;
printf("'soli=%5.4f solf=%5.4f\n"" Soli,solf);
getch();

return solf;
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