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Abstract: This paper investigates the effectiveness of a resonance avoidance concept for composite
rotor blades featuring extension–twist elastic coupling. The concept uses a tendon, attached to the tip
of the blade, to apply a proper amount of compressive force to tune the vibration behavior of the blade
actively. The tendon is simulated by applying a non-conservative axial compressive force applied
to the blade tip. The main load carrying part of the structure is the composite spar box, which has
an antisymmetric layup configuration. The nonlinear dynamic behavior of the composite blade is
modelled by using the geometrically exact fully intrinsic beam equations. The resulting nonlinear
differential equations are discretized using a time–space scheme, and the stationary and rotating
frequencies of the blade are obtained. It is observed that the proposed resonance avoidance mechanism
is effective for tuning the vibration behavior of composite blades. The applied compressive force
can shift the frequencies and the location at which the frequency veering take place. Furthermore,
the compressive force can also cause the composite blade to get unstable depending on the layup ply
angle. Finally, the results, highlighting the importance of compressive force and ply angle on the
dynamic behavior of composite blades, are presented and discussed.

Keywords: free vibration; composite blade; non-conservative force; stability; extension–twist
elastic couplings

1. Introduction

Vibration behavior of rotating blades is key in the design of such rotating structures. For example,
in horizontal-axis wind turbine blades, structural failure often happens due to the vibration of the
blades. Recently, it has been proposed that using an active tendon enables controlling the dynamic
behavior of rotating blades [1,2]. In this concept, an axial compressive force is applied to the blade
through a tendon which is attached to the tip of the blade. This compressive axial force had the
potential to influence the modal properties of the blade. The key idea behind this concept is that when
the blade starts to enter to the resonance domain, a proper amount of compressive force is applied to the
blade to shift the blade frequencies away from the critical zone. Dibble et al. [1] studied the effect of a
compressive load on the blade natural frequencies of a variable speed rotor. It was shown that by using
a compressive load, it was possible to separate the natural and excitation frequencies of the blade from
each other. This eliminated the possibility of blade resonance. The free vibration of a rotating beam
subjected to a compressive axial force was investigated by Ondra and Titurus [2]. They showed that the
tendon shifted the frequencies and the frequency veering of the blade. Although using a compressive
force could be a possible option for resonance avoidance, this could, however, result in an unstable
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structure. Therefore, a bulk of literature is dedicated to the effect of non-conservative (follower) forces
on the stability of structures. One of the first studies concerned with the stability of cantilevered
columns subjected to a follower force was considered by Beck [3]. In this study, a tangential follower
force was applied to the tip of the column. The column lost stability at a specific compressive force.
Hodges [4] studied the lateral-torsional flutter of a cantilever beam subjected to a non-conservative
force. It was highlighted that the critical follower force was dependent on various beam geometrical
and cross-sectional parameters. The stability of cantilever beams subjected to uniformly distributed
non-conservatives was investigated by Fazelzadeh and Kazemi-Lari [5]. Amoozgar and Shahverdi [6]
studied the effect of non-conservative forces on the dynamic stability of isotropic blades using exact
beam theory. They showed that the blade rotating speed and direction of the force significantly change
the dynamic behavior of the blade. More recently, Fazelzadeh et al. [7] determined the stability of elastic
columns subjected to various non-conservative forces using exact beam formulation. They showed
that various boundary conditions affect the stability region of the column. The effect of intermediate
support on the stability of cantilever beams subjected to non-conservative loading was studied by
Abdullatif and Mukherjee [8]. They showed that the critical follower force could jump due to the
frequency veering. It is noted that, to the best of the authors’ knowledge, the effect of non-conservative
force on the dynamic behavior of rotating composite blades has not been considered in the literature.

Due to their better damage tolerance, fatigue life, and strength to weight, nowadays, most of the
rotating high aspect ratio structures such as helicopter blades and wind turbine blades are manufactured
using composite materials. It was shown that in high aspect ratio blades, apart from geometrical
nonlinearities, accurate prediction of cross-sectional elastic couplings are the key in modelling the
dynamics of blades adequately [9]. Typically, a rotating blade is modelled using beam theory, and most
of the models used for composite blades were reviewed by [10]. One of the first studies concerning the
dynamics of composite blades was presented by Hong and Chopra [11]. They simulated the composite
blade using a moderate deflection beam theory. McGee and Chu [12] analyzed the 3D vibration of
rotating laminate composite blades. They highlighted the importance of nonlinear kinematic along with
the Coriolis acceleration terms in the dynamic analysis of blades. A refined theory for vibration analysis
of composite blades modelled by thin-walled beam theory was proposed by Song and Librescu [13].
It was shown that the ply orientation and rotating speed affect both flap-lag and twist-extension
coupled free vibrations. Oh et al. [14] addressed the vibration analysis of thin-walled pre-twisted
composite blades. It was shown that the extension–twist elastic coupling and the blade pre-twist
affect the dynamics of the composite blade. Vibration and aeroelastic stability of wind turbine blades
modelled using thin-walled composite beam theory were studied by Liu and Ren [15]. They showed
that the ply angle and blade pre-twist angle combined with the rotational speed influence the vibration
and stability of the composite blade. Bekhoucha et al. [16] considered the forced vibration of nonlinear
composite blades with uniform cross-section modelled using exact beam formulation. It was shown
that the angular speed of the blade significantly changed the dynamic response curves especially in
the presence of internal resonance. The vibration behavior of rotating composite blades modelled
by a shell theory was presented by Chen et al. [17]. They showed that the developed shell model
was capable of capturing the frequency loci veering and crossing phenomenon accurately. Recently,
Amoozgar et al. [18] and Amoozgar and Shahverdi [19] studied the vibration and aeroelastic behavior
of composite fully or partially curved blades using exact fully intrinsic beam equations. They considered
various layup configurations and showed that the blade curvature could affect the dynamics and
aeroelastic stability of the blade through introducing additional coupling to the system.

This paper investigates the performance of a vibration reduction method for composite blades
featuring extension–twist coupling. The vibration is reduced by applying a compressive force using a
tendon attached to the tip of the blade. The effect of tendon compressive force is simulated using a
non-conservative force applied at the tip of the blade. The nonlinear dynamics of the composite blade
are simulated using the geometrically exact fully intrinsic beam equations [20]. This formulation has
been used for several beam-like structures [21–23], and it has been demonstrated to be an accurate
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tool especially for high aspect ratio structures. Finally, the effects of ply angle and non-conservative
compressive force on the vibration and stability of rotating composite blades are investigated.

2. Problem Statement

A composite blade rotating along an x3 axis, shown in Figure 1, is considered. The blade length
and rotating speed are denoted by L and Ωb respectively. It is assumed that the main load carrying
part of the structure is the composite spar which is a rectangular box (Figure 1c). The spar box width,
height, and thickness are denoted by ws, hs, and ts, respectively. It is assumed that a tendon is attached
between the root and the tip of the blade and exactly lies on the elastic axis of the blade. This tendon is
actuated using a proper mechanism at the root to provide the required compressive axial load. In this
study, the tendon compressive force is simulated using a non-conservative axial force applied at the
shear center of the blade tip (Figure 1b). It should be noted that the effect of tendon’s dynamics is
not considered.
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3. Formulation

Due to the high aspect ratio of the blade, it can be modelled using 1D beam equations. The nonlinear
structural dynamics of the rotating composite blade are simulated using the geometrically exact fully
intrinsic beam equations [20], as follows:

P,t + Ω̃P− F,1 − κ̃F− P = 0
H,t + Ω̃H + ṼP−M,1 − κ̃M− (̃e1 + κ̃)F = 0

γ,t −V,1 − κ̃V− (̃e1 + γ̃)Ω = 0
κ,t −Ω,1 − κ̃Ω = 0

(1)

where (•,1) and (•,t) are the arc length (x1) and temporal (t) derivatives respectively, and (̃•) is the
tilde operator (skew symmetric). Furthermore, the internal force, moment, linear velocity, and angular
velocity are denoted by F, M, V, and Ω, respectively. P is a vector storing all the external forces applied
on the blade, which in this case is the non-conservative force. It must be noted that all the variables in
Equation (1) are defined in the deformed reference frame. Furthermore, e1 is a vector which is defined
as follows:

e1 =
[

1 0 0
]T

(2)

Moreover, P and H are the generalized linear and angular momenta vectors which can be obtained
using the linear and angular velocities as follows:[

P
H

]
=

[
µ∆ 0∆
0∆ I

][
V
Ω

]
(3)

where µ and I are the mass per unit length and the mass moment of inertial matrix, respectively, and ∆
is an identity matrix. In this study, the center of mass and reference axis are assumed to be coincident.

Furthermore, the internal force and moment vectors can be obtained using the strain measures
(γ, κ) using the following relationship:

F1

F2

F3

M1

M2

M3


=



S11 S12 S13 S14 S15 S16

S12 S22 S23 S24 S25 S26

S13 S23 S33 S34 S35 S36

S14 S24 S34 S44 S45 S46

S15 S25 S35 S45 S55 S56

S16 S26 S36 S46 S56 S66





γ11

2γ12

2γ13

κ1

κ2

κ3


(4)

where S is the stiffness matrix of the composite cross-section. It should be noted that, in this paper,
the effect of extension–twist elastic coupling (S14) on the dynamics of the blade is considered.

Finally, the resulting dynamic equations are discretized using a time–space scheme presented by
Hodges [20]. To analyze the free vibration of the blade, first the nonlinear steady-state condition of
the system is obtained by eliminating all the time derivatives terms from the discretized equations.
Then, the equations are linearized about this nonlinear steady-state condition, and the eigenvalues of
the linearized system are determined. Finally, the stability of the system is assessed by checking the
real part of the eigenvalues. The blade enters into unstable region if the sign of the real part of any
eigenvalue changes from negative to positive.

4. Numerical Results

In order to check the validity of the developed code, first the free vibration of a rotating blade
with a composite rectangular cross-section is determined. Table 1 shows the comparison of the various
frequencies of the blade with those determined by detailed FE analysis [24]. In this case, the outer
width of the rectangular box is ws = 24.2 mm, the outer height is hs = 13.5 mm, and the thickness is
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ts = 0.762 mm. The rectangular box consists of 6 layers to make a symmetric layup ([15]6, [15/−15]6).
It is clear that the obtained results are in very good agreement with the detailed FEM results reported
in [24].

Table 1. The rotating frequencies of the composite rectangular box blade with symmetric layup
(Ωb = 1002 rpm).

Mode Present Smith and Chopra [24] Differences (%)

1st Flap (Hz) 35.4 36.0 −1.7
2nd Flap (Hz) 195.5 197.3 −0.9
1st Lag (Hz) 56.7 57.1 −0.7
2nd Lag (Hz) 351.1 349.3 0.5

1st Torsion (Hz) 713.7 714.9 −0.2

To validate the results for beams subjected to non-conservative forces, the frequency variation
of an isotropic beam under a compressive axial non-conservative force is determined. The obtained
results for a flapping condition are compared with those reported by Simitses and Hodges [25] and
shown in Figure 2. It should be noted that all variables are presented in nondimensional form using
the following equations

P = PL2

S22

ω2 =
ω2µL4

S22

(5)

where P is the axial compressive non-conservative force, and ω is the natural frequency.
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Figure 2. The variation of the flap modes of a stationary isotropic beam subjected to an axial
non-conservative force.

The validation process (presented above) demonstrates that the developed formulation can predict
accurate results for rotating composite blades subjected to non-conservative forces.

In what follows, the effect of a non-conservative axial compressive force on the rotating frequencies
of composite blades is studied. As stressed earlier, the main load carrying member of the structure is
assumed to be the composite spar-box which is made of AS4/3501 graphite/epoxy. The material and
geometrical properties of the rectangular spar box cross-section are presented in Table 2. Furthermore,
the blade characteristics are listed in Table 3.
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Table 2. The geometrical and material properties of the composite rectangular spar-box.

Property Value

E11 (GPa) 142.0
E22 = E33 (GPa) 9.8
G12 = G13 (GPa) 6.0

G23 (GPa) 3.77
ν12 = ν13 0.3
ν23 0.34

ρ (kg/m3) 1445
ws (m) 12.804 × 10−3

hs (m) 8.944 × 10−3

ts (m) 0.804 × 10−3

Number of layers 6

Table 3. The blade characteristics.

Property Value

L (m) 0.9615
µ (kg/m) 0.343
i11 (kg.m) 2.062 × 10−4

Ωb (rpm) 1000

In this study, the layup case, shown in Table 4, is considered. This layup is an antisymmetric
box which creates an extension–twist coupling (S14). It should be noted that θ is the fiber angle for
each layer.

Table 4. The antisymmetric composite layup of the box spar.

Layup Top Bottom Left Right

Antisymmetric [θ]6 [−θ]6 [θ]6 [−θ]6

To determine the maximum compressive force that the blade can withstand without losing
stability, the frequency variation of the stationary blade subjected to different values of compressive
force is calculated and presented in Figure 3. The compressive non-conservative force affects all the
frequencies except the torsional mode. By increasing the axial force, the first and second flap modes first
coalesce until P = −1.14 kN at which the first instability occurs. The frequency of the first instability is
ω = 152 rad/s. Furthermore, the first and second lag modes also coalesce to make the second instability
point at P = −2.02 kN with the instability frequency being ω = 204 rad/s. Therefore, the amount of
compressive force that can be applied to the isotropic blade without entering to the unstable domain
should be less than |P| < 1.14 kN. It should be noted that from here on, the baseline critical compressive
force and critical frequency are defined as Pcb = −1.14 kN and ωcb = 152 rad/s, respectively.

The effect of non-conservative axial force on the rotating frequencies of the isotropic blade
(θ = 0◦) is determined and presented in Figure 4. The compressive non-conservative force affects all
the rotating frequencies except the torsional mode. In addition, the compressive force changes the
location at which the first and second modes (1st flap and 1st lag) cross each other. Furthermore, when
the compressive force is applied to the blade tip, the lower frequencies are shifted down, while the
higher frequencies are shifted up. It should be noted that higher frequency modes are affected more by
the non-conservative force than the lower frequency modes. Therefore, it is clear that applying the
proper amount of compressive force can tune or change the natural frequencies of the blade.
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Figure 3. The variation of the first five frequencies of the stationary composite blade subjected to
compressive force for θ = 0◦.
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Figure 4. The effect of axial force on the rotating frequencies of the composite blade for θ = 0◦.

Figure 5 shows the effect of blade rotating speed on the critical compressive force and instability
frequency at which the system enters into the instability region. It should be noted again that the index
(•b) refers to the baseline values at θ = 0◦ and Ωb = 0. It is clear that for an isotropic blade, when the
rotating speed increases, both the critical force and instability frequency increase. This is mainly due to
the centrifugal force that acts opposite to the applied compressive force, and hence reduces its effect.
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Figure 5. The effect of rotating speed on the critical compressive force and instability frequency for
θ = 0◦.

The effect of extension–twist coupling on the rotating frequencies of the composite blade is
illustrated in Figure 6. It is clear that the extension–twist coupling affects the rotating frequencies of
the blade. In this case, except the torsion mode, all other modes are shifted down when the ply angle
changes to θ = 20◦. It should be noted here that the third, fourth, and fifth modes veer away from
each other first at Ω/Ωb = 0.6, then at Ω/Ωb = 0.8. Therefore, it is clear that the composite layup
significantly affects the dynamics of the blade.
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Figure 6. The effect of ply angle on the rotating frequencies of the composite beam with antisymmetric
layup and for θ = 20◦.

The effect of compressive force on the variation of stationary frequencies of the composite blade is
determined and presented in Figure 7 for θ = 20◦. In this case, an additional instability happens at
low value of compressive force (P/Pcb= 0.175 and ω/ωcb = 0.29). The first instability is zoomed in
to show that it is due to the coupling between the first and the second modes (1st flap and 1st lag)
which was not the case for θ = 0◦. Therefore, this highlights that the layup configuration significantly
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affects the stability of the blade when subjected to non-conservative compressive force, and hence
significantly alters the effectives of this resonance avoidance concept.
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Figure 7. The effect of compressive force on the stationary frequencies of the composite blade with
antisymmetric layup and for θ = 20◦ and Ωb = 0.

The variation of the frequencies of the blade for two points before (P/Pcb = 0.13) and after
(P/Pcb = 0.31) the first instability point (shown in Figure 7) is investigated next. Figure 8 shows
the effect of rotating speed on the frequencies of the composite blade when the compressive force is
P/Pcb = 0.13. Although for the stationary blade this compressive force is in the stable region, however,
at around rotating speed of Ω/Ωb = 0.1, the rotating blade faces instability. Above Ω/Ωb = 0.25,
the rotating blade enters into the stable region again.

Vibration 2020, 3 FOR PEER REVIEW  9 

 

was not the case for 𝜃 = 0o. Therefore, this highlights that the layup configuration significantly 
affects the stability of the blade when subjected to non-conservative compressive force, and hence 
significantly alters the effectives of this resonance avoidance concept. 

  
Figure 7. The effect of compressive force on the stationary frequencies of the composite blade with 
antisymmetric layup and for 𝜃 = 20o and Ωb =  0. 

The variation of the frequencies of the blade for two points before (P/Pcb  = 0.13) and after 
(P/Pcb  = 0.31) the first instability point (shown in Figure 7) is investigated next. Figure 8 shows the 
effect of rotating speed on the frequencies of the composite blade when the compressive force is 
P/Pcb  = 0.13. Although for the stationary blade this compressive force is in the stable region, however, 
at around rotating speed of Ω/Ωb = 0.1, the rotating blade faces instability. Above Ω/Ωb = 0.25, the 
rotating blade enters into the stable region again. 

 
Figure 8. The effect of compressive force on the frequencies of the blade before the first instability 
point (P/Pcb  = 0.13) and for θ = 20o. 
Figure 8. The effect of compressive force on the frequencies of the blade before the first instability point
(P/Pcb = 0.13) and for θ = 20◦.

Furthermore, Figure 9 shows the effect of rotating speed on the frequencies of the composite blade
for a point after the first instability region shown in Figure 7 (P/Pcb = 0.31). In this case, the rotating
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blade is stable for all values of rotating speed. In this case, the first and second modes veer away from
each other and this is the reason that the blade doesn’t suffer from instability. Therefore, it is clear
that depending on the values of rotating speed, compressive force, and ply angle, the system could be
stable or unstable when subjected to the compressive force. Similarly, the lower frequencies are shifted
down, while the higher frequencies are shifted up. Therefore, the effect of ply angle on the stability of
the blade when subjected to a non-conservative compressive force is considered next.
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Figure 9. The effect of compressive force on the frequencies of the blade after the first instability point
(P/Pcb = 0.31) and for θ = 20◦.

Figure 10 shows the variation of the critical compressive force and instability frequency of
the rotating blade for various ply angles. By increasing the ply angle for both rotating speeds,
the critical instability force decreases. However, a sudden reduction in the instability force is seen
at a nondimensional speed of Ω/Ωb = 1 and at a ply angle of θ = 30◦. Here, this ply angle works
as a transition point at which the instability moves from the lower frequency modes to the higher
frequency modes, and hence a jump is obvious in the instability frequency plot (Figure 11) at this ply
angle. Therefore, it is clear that the ply angle has significant effect on choosing the right compressive
force for tuning the natural frequencies of the blade. Figure 12 shows the effect of compressive force on
the vibration of the blade at a ply angle θ = 30◦ and Ω/Ωb = 1. It is clear that the instability moves
to the higher modes and hence the jump in the instability frequency is apparent.Vibration 2020, 3 FOR PEER REVIEW  11 
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Figure 10. The effect ply angle on the critical instability force.
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Figure 11. The effect ply angle on the critical instability frequency.

Vibration 2020, 3 FOR PEER REVIEW  11 

 

 
Figure 10. The effect ply angle on the critical instability force. 

 
Figure 11. The effect ply angle on the critical instability frequency. 

  

0 10 20 30 40 50 60 70 80 90
0

0.5

1

1.5

2

2.5

3

0 10 20 30 40 50 60 70 80 90
0

0.5

1

1.5

2

2.5

3

Figure 12. The effect of compressive force on the rotating frequencies of the composite blade with
antisymmetric layup and for θ = 30◦ and Ω/Ωb = 1.

5. Conclusions

This paper assessed the performance of a resonance avoidance concept for composite blades.
The concept used a tendon, attached to the tip of the blade, to apply a compressive force.
This compressive force actively changed the dynamic behavior of the blade. The equivalent effect of
the tendon was simulated using a non-conservative axial force applied to the blade tip. The composite
blade had an antisymmetric layup configuration featuring the extension–twist coupling. The nonlinear
dynamics of the composite blade were modelled using the exact beam formulation. The resulting
differential equations were discretized using a time–space scheme, and the dynamics and the stability
properties of the blade were determined using the eigenvalues of the linearized system. It was
determined that by applying the compressive force to the composite blade, the frequencies as well as
the location of frequency loci veering changed. The higher frequency modes were more sensitive to the
compressive force. Furthermore, it was observed that the non-conservative compressive force could
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make the blade unstable depending on the rotational speed of the blade. In addition, the extension–twist
elastic coupling introduced a new unstable region at low values of compressive force. This additional
instability point strictly depended on the layup ply angle. In addition, it was shown that the ply angle
of θ= 30◦ was the switching point at which the instability jumped from lower modes to higher modes.
Finally, it was concluded that both blade rotating speed and layup angle affected the performance of
the proposed resonance avoidance concept.
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