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Abstract
The fitness level method is a popular tool for analyzing the hitting time of elitist evo-
lutionary algorithms. Its idea is to divide the search space into multiple fitness levels
and estimate lower and upper bounds on the hitting time using transition probabilities
between fitness levels. However, the lower bound generated by this method is often
loose. An open question regarding the fitness level method is what are the tightest
lower and upper time bounds that can be constructed based on transition probabili-
ties between fitness levels. To answer this question, we combine drift analysis with
fitness levels and define the tightest bound problem as a constrained multi-objective
optimization problem subject to fitness levels. The tightest metric bounds by fitness
levels are constructed and proven for the first time. Then linear bounds are derived
from metric bounds and a framework is established that can be used to develop dif-
ferent fitness level methods for different types of linear bounds. The framework is
generic and promising, as it can be used to draw tight time bounds on both fitness
landscapes with and without shortcuts. This is demonstrated in the example of the
(1+1) EA maximizing the TwoMax1 function.

Keywords
Evolutionary algorithm; algorithm analysis; hitting time; fitness levels; drift analysis;
Markov chain

1 Introduction

1.1 Background

The time complexity of evolutionary algorithms (EAs) is an important topic in the EA
theory (Oliveto et al., 2007; Yu and Zhou, 2008; Doerr and Neumann, 2019; Huang et al.,
2019). The computation time of EAs can be measured by either the number of gener-
ations to find an optimum for the first time, called hitting time (He and Yao, 2001), or
the number of fitness evaluations, called running time (He and Yao, 2017). The analy-
sis of running time is more complicated as it is related to the population size (He and
Yao, 2002; Chen et al., 2009; He and Yao, 2017), and the population size often varies
from generation to generation. Therefore, we limit our discussion to hitting time. Sev-
eral methods have been proposed for analyzing the hitting time of EAs, such as drift
analysis (He and Yao, 2001), Markov chains (He and Yao, 2002, 2003) and fitness level
partition (Wegener, 2001). Each method has its own advantages and disadvantages.
Drift analysis is a powerful tool in which an appropriate distance is constructed as a
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bound on hitting time (He and Yao, 2001; Oliveto and Witt, 2011; Doerr et al., 2012).
According to the theory of absorbing Markov chains, the exact hitting time of EAs can
be calculated from the fundamental matrix of absorbing Markov chains (He and Yao,
2002, 2003; Zhou et al., 2009).

The fitness level method (Wegener, 2001, 2003) is a popular tool used to estimate
the hitting time of elitist EAs (Antipov et al., 2018; Corus et al., 2020; Rajabi and Witt,
2020; Quinzan et al., 2021; Aboutaib and Sutton, 2022; Malalanirainy and Moraglio,
2022; Oliveto et al., 2022). The basic concept of this method is to divide the search
space into multiple ranks (S0, · · · , SK), called fitness levels, based on the fitness value
from high to low, where the highest rank S0 is the optimal set; then calculate transition
probabilities between fitness levels; finally, estimate a bound dk on the hitting time of
the EA starting from Sk. The method was combined with other techniques such as tail
bounds (Witt, 2014) and stochastic domination (Doerr, 2019). The fitness level method
is available for elitist EAs. Although the level partition is also used to analyze non-
elitist EAs (Corus et al., 2017; Case and Lehre, 2020), they should be considered as a
different method.

In this paper, we express time bounds by fitness levels in linear forms:

lower bound dk =

k∑
ℓ=1

ck,ℓ
maxXℓ∈Sℓ

p(Xℓ, S0 ∪ · · · ∪ Sℓ−1)
, (1)

upper bound dk =

k∑
ℓ=1

ck,ℓ
minXℓ∈Sℓ

p(Xℓ, S0 ∪ · · · ∪ Sℓ−1)
, (2)

where ck,ℓ are coefficients and p(Xℓ, S0∪· · ·∪Sℓ−1) represents the transition probability
from Xℓ ∈ Sℓ to S0 ∪ · · · ∪ Sℓ−1.

How to calculate coefficients ck,ℓ for tight bounds is the key topic in the fitness
level method. Wegener (2003) assigned ck,k = 1, other coefficients ck,ℓ = 0 for the
lower bound and ck,ℓ = 1 for the upper bound where k > ℓ. This assignment is good at
obtaining a tight upper bound, but not good at obtaining a tight lower bound. Several
efforts have been made to improve the lower bound since then. Sudholt (2012) made
an improvement using a constant coefficient ck,ℓ = c (called viscosity) for k > ℓ and
ck,k = 1, and gave tight lower time bounds of the (1+1) EA on several unimodal func-
tions such as LeadingOnes, OneMax, long k-paths. Recently, Doerr and Kötzing (2022)
made another improvement using coefficients ck,ℓ = cℓ (called visit probability) and
provided tight lower bounds of the (1+1) EA on LeadingOnes, OneMax, long k-paths
jump function. However, in this paper we find that the lower bounds based on c or
cℓ are loose on landscapes with shortcuts. A shortcut means that some intermediate
fitness level is skipped with a large probability. Therefore, it is necessary to improve
the lower bound of EAs on fitness landscapes with shortcuts.

1.2 New research and main results in this paper

The aim of this paper is to explore two research questions that have not been addressed
before.

1. What are the tightest lower and upper bounds that can be constructed using tran-
sition probabilities between fitness levels?

2. Is it possible to use fitness level methods to draw tight lower bounds on fitness
landscapes with shortcuts?
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To answer the questions, we combine drift analysis with fitness levels for con-
structing lower and upper bounds on the hitting time of elitist EAs. The fitness level
method is viewed as a combination of drift analysis and fitness levels. Given a fitness
level partition (S0, · · · , SK), a distance dk between Sk and S0 is constructed using tran-
sition probabilities between fitness levels. This distance dk is called a metric bound.
Then by drift analysis, it is proved that dk is a lower or upper bound on the hitting
time of the EA starting from Sk, and the best d∗k is the tightest metric bound. The new
contributions and results are summarized in three parts.

1. First, we construct metric bounds by fitness levels and prove that the best metric
bounds are the tightest. The metric lower bound is expressed recursively as

dk ≤ min
Xk∈Sk

{
1

p(Xk, S0 ∪ · · · ∪ Sk−1)
+

k−1∑
ℓ=1

p(Xk, Sℓ)

p(Xℓ, S0 ∪ · · · ∪ Sℓ−1)
dℓ

}
. (3)

Similarly, the metric upper bound is expressed recursively as

dk ≥ max
Xk∈Sk

{
1

p(Xk, S0 ∪ · · · ∪ Sk−1)
+

k−1∑
ℓ=1

p(Xk, Sℓ)

p(Xℓ, S0 ∪ · · · ∪ Sℓ−1)
dℓ

}
. (4)

We call the above bounds Type-rk,ℓ bounds. The tightest lower or upper bound is
reached when Inequality (3) or (4) is an equality.

2. Secondly, we construct general linear bounds from metric bounds (3) and (4). The
lower bound coefficients in (1) satisfy ck,k = 1 and linear inequalities:

ck,ℓ ≤ min
Xk∈Sk

p(Xk, Sℓ) +
∑k−1

j=ℓ+1 p(Xk, Sj)cj,ℓ

p(Xk, S0 ∪ · · · ∪ Sk−1)
, 0 < ℓ < k. (5)

The upper bound coefficients in (2) satisfy ck,k = 1 and linear inequalities:

ck,ℓ ≥ max
Xk∈Sk

p(Xk, Sℓ) +
∑k−1

j=ℓ+1 p(Xk, Sj)cj,ℓ

p(Xk, S0 ∪ · · · ∪ Sk−1)
, 0 < ℓ < k. (6)

We call the above bounds Type-ck,ℓ bounds. Previous bounds (Wegener, 2003; Sud-
holt, 2012; Doerr and Kötzing, 2022) can be regarded as special cases of ck,ℓ =
0, 1, c, cℓ, named Type-0, 1, c, cℓ bounds respectively.

3. Finally, we demonstrate the advantage of the Type-ck,ℓ lower bound over Type-c
and cℓ lower bounds. For the (1+1) EA maximizing the TwoMax1 function, we
prove that theType-ck,ℓ lower bound is Ω(n lnn), but Type-c and cℓ lower bounds
are only O(1).

The paper is organized as follows: Section 2 provides the foundation of theoretical
analysis. Section 3 reviews existing fitness level methods and explains the necessity of
improving previous lower bounds. Section 4 proposes drift analysis with fitness levels,
constructs new metric bounds and proves they are the tightest. Section 5 constructs
general linear bounds and presents different explicit expressions of coefficients. Sec-
tion 6 shows the application of general linear bounds. Section 7 concludes the work.
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2 Preliminary

2.1 Elitist EAs and Markov chains

A maximization problem is considered in the paper: fmax = max f(x) where f(x)
is defined on a finite set. In EAs, an individual x represents a solution. A pop-
ulation consists of several individuals, denoted by X . The fitness of a population
f(X) = max{f(x);x ∈ X}. Let S denote the set of all populations and Sopt the set
of optimal populations Xopt such that f(Xopt) = fmax. This paper studies elitist EAs
that maximize f(x). Let X [t] denote the t-th generation population. An EA is elitist if
f(X [t]) ≥ f(X [t−1]).

A simple elitist EA is the (1+1) EA using bitwise mutation and elitist selection for
maximizing a pseudo-Boolean function: f(x) where x = (x1, · · · , xn) ∈ {0, 1}n. The
(1+1) EA does not use a population, but keeps only an individual.

Algorithm 1 The (1+1) EA that maximizes a pseudo-Boolean function f(x)

1: initialize a solution x and let x[0] = x;
2: for t = 1, 2, · · · do
3: flip each bit of x independently with probability 1

n and generate a solution y;
4: if f(y) ≥ f(x), then let x[t] = y, otherwise x[t] = x.
5: end for

We assume that EAs are modeled by homogeneous Markov chains (He and Yao,
2003; He and Lin, 2016). The set S is the state space of a Markov chain and a population
X is a state. The Markov chain property means that the next state depends only on the
current state, that is, Pr(X [t+1] | X [t], . . . , X [0]) = Pr(X [t+1] | X [t]). The homogeneous
property means that the transition probability from a state to another does not change
over generations, that is, Pr(X [t+1] = Y | X [t] = X) = p(X,Y ).

2.2 Hitting time and drift analysis

Hitting time is the first time when an EA finds an optimal solution.

Definition 1. Given an elitist EA for maximizing f(x), assume that the initial population
X [0] = X . Hitting time τ(X) is the number of generations when an optimum is found for
the first time, that is, τ(X) = min{t ≥ 0, X [t] ∈ Sopt | X [0] = X}. The mean hitting time
m(X) is the expected value: m(X) = E[τ(X)]. Assume that X [0] is chosen at random, the
mean hitting time m is the expected value: m = E[m(X [0])].

Drift analysis was introduced by He and Yao (2001) to the analysis of hitting time
of EAs. It is based on the intuitive idea: time = distance/drift. A non-negative function
d(X) measures the distance between X and the optimal set. By default, let d(X) = 0 if
X ∈ Sopt. A distance function d(X) is called a lower time bound if for all X , d(X) ≤
m(X), while d(X) is called an upper time bound if for all X , d(X) ≥ m(X).

There are several variants of drift analysis (He and Yao, 2001; Oliveto and Witt,
2011; Doerr et al., 2012; Doerr and Goldberg, 2013). For a complete review of drift anal-
ysis, see (Kötzing and Krejca, 2019; Lengler, 2020). In the current paper, we establish
drift analysis with fitness levels based on the Markov chain version of drift analysis (He
and Yao, 2003). For elitist EAs that cannot be modeled by Markov chains, it is still pos-
sible to establish drift analysis with fitness levels by the super-martingale version of
drift analysis (He and Yao, 2001).
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Definition 2. The drift ∆d(X) is the distance change per generation,

∆d(X) = d(X)−
∑
Y ∈S

p(X,Y )d(Y ). (7)

Lemma 1. (He and Yao, 2003, Theorem 3) If for any X /∈ Sopt, the drift ∆d(X) ≤ 1, then the
mean hitting time m(X) ≥ d(X).

Lemma 2. (He and Yao, 2003, Theorem 2) If for any X /∈ Sopt, the drift ∆d(X) ≥ 1, then the
mean hitting time m(X) ≤ d(X).

We use the asymptotic notation (Knuth, 1976) to describe the tightness of lower
and upper bounds. The worst-case time complexity of an EA is measured by the max-
imum value of the mean hitting time maxX∈S m(X). We say that a lower bound d(X)
is tight if maxX∈S d(X) = Ω(maxX∈S m(X)), and an upper bound d(X) is tight if
maxX∈S d(X) = O(maxX∈S m(X)). We also divide coefficients ck,ℓ into two categories:
large coefficients ck,ℓ if ck,ℓ = Ω(1) and small coefficients ck,ℓ if ck,ℓ = o(1).

2.3 Fitness level partition and transition probabilities between fitness levels

The fitness level method depends on a fitness level partition.

Definition 3. In a fitness level partition, the state space S is divided into K + 1 disjoint
subsets (ranks) (S0, · · · , SK) according to the fitness from high to low such that (i) the highest
rank S0 = Sopt, (ii) for all Xk ∈ Sk and Xk+1 ∈ Sk+1, the rank order holds: f(Xk) >
f(Xk+1). Each rank is called a fitness level.

The fitness level method is based on transition probabilities between fitness levels.
The notation p(Xk, Sℓ) denotes the transition probability from Xk ∈ Sk to Sℓ.

p(Xk, Sℓ) = Pr(X [t+1] ∈ Sℓ | X [t] = Xk). (8)

Its minimal and maximal values are denoted by

pmin(Xk, S[0,k−1]) = min
Xk∈Sk

p(Xk, S[0,k−1]),

pmax(Xk, S[0,k−1]) = max
Xk∈Sk

p(Xk, S[0,k−1]).

Other transition probabilities between levels are derived from p(Xk, Sℓ). Let [i, j]
denote the index set {i, i + 1, · · · , j − 1, j} and S[i,j] denote the union of levels Si ∪
Si+1 ∪ · · · ∪ Sj−1 ∪ Sj . The transition probability from Xk ∈ Sk to S[i,j] is denoted by
p(Xk, S[i,j]).

The notation r(Xk, Sℓ) denotes the conditional probability

r(Xk, Sℓ) =
p(Xk, Sℓ)

p(Xk, S[0,k−1])
. (9)

Its minimal and maximal values are denoted by

rmin(Xk, Sℓ) = min
Xk∈Sk

p(Xk, Sℓ),

rmax(Xk, Sℓ) = max
Xk∈Sk

r(Xk, Sℓ).

Table 1 lists main symbols used in this paper.
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Table 1: Notation used in the paper.
Sk a fitness level
S[i,j] the union of fitness levels Si ∪ Si+1 · · · ∪ Sj−1 ∪ Sj where i < j
Xk a state in Sk

m(Xk) the mean hitting time when the EA starts from Xk

p(Xk, Sℓ) the transition probability from Xk to Sℓ

p(Xk, S[i,j]) the transition probability from Xk to S[i,j]

r(Xk, Sℓ) the conditional probability p(Xk,Sℓ)
p(Xk,S[0,k−1])

ck,ℓ, cℓ, c coefficients in linear bounds

2.4 Shortcuts

Intuitively, the behavior of an elitist EA searching for the maximum value of a fitness
function can be viewed as climbing on a fitness landscape. For most fitness landscapes,
an EA can take different paths from lower to higher fitness levels, some of which are
shorter than others. A shortcut implies that an intermediate fitness level is skipped. In
this paper, we formally define shortcuts as follows.

Definition 4. Given an elitist EA for maximizing a function f(x) and a fitness level partition
(S0, · · · , SK), there exists a shortcut from Xk to S[0,ℓ−1] skipping Sℓ (where 1 ≤ ℓ < k) if the
conditional probability

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
= o(1). (10)

According to (10), the conditional probability of the EA starting from Xk to visit Sℓ

is o(1). Thus, Sℓ is skipped with a large conditional probability 1− o(1).
Fitness landscapes can be divided into two categories: with shortcuts and without

shortcuts. Let us demonstrate two examples. The first example is the (1+1) EA that
maximizes the OneMax function:

OM(x) = |x|, x = (x1, · · · , xn) ∈ {0, 1}n,

where |x| = x1 + · · ·+ xn. The state space can be divided into n+1 levels (S0, · · · , Sn),
where Sk = {x ∈ {0, 1}n; OM(x) = n − k}. Figure 1 shows that no shortcut exists on
the fitness landscape of the (1+1) EA on OneMax.

The second example is the (1+1) EA maximizing the TwoMax1 function.

TM1(x) =

 n if |x| = 0 or |x| = n,
|x| if |x| ≥ n

2 ,
n
2 − |x| else,

where n is a large even integer. There are two maxima at |x| = 0 and n. TwoMax1 is a
variant of the TwoMax function defined in (He et al., 2015). The search space can be split
into n fitness levels (S0, · · · , Sn−1) from high to low: Sk = {x ∈ {0, 1}n : TM1(x) =
n − k}. Figure 1 displays two shortcuts on the fitness landscape of the (1+1) EA on
TwoMax1. The two solid lines represent shortcuts. The first shortcut is Sn/2+1 → S0

skipping S1, · · · , Sn/2. The second shortcut is Sn−1 → Sn/2 skipping Sn/2+1. We omit
the rigorous proof of these shortcuts.
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Figure 1: Left: the (1+1) EA on OneMax(x) where n = 10. Right: The (1+1) EA on
TwoMax1(x) where n = 10. Dotted lines represent transitions. Solid lines are two
shortcuts: S6 → S0 skipping S1, · · · , S5, and S9 → S5 skipping S6.

3 Review and discussion of existing fitness level methods

3.1 Existing fitness level methods

Given a fitness level partition (S0, · · ·SK), previous results are summarized as follows.
Wegener (2003) gave simple Type-0 lower bound and Type-1 upper bound.

Proposition 1. (Wegener, 2003, Lemma 1) For all k ≥ 1 and Xk ∈ Sk, the mean hitting time
m(Xk) ≥ 1

pmax(Xk,S[0,k−1])
.

Proposition 2. (Wegener, 2003, Lemma 2) For all k ≥ 1 and Xk ∈ Sk, the mean hitting time
m(Xk) ≤

∑k
ℓ=1

1
pmin(Xℓ,S[0,ℓ−1])

.

Sudholt (2012) improved the lower bound using a constant coefficient c (called
viscosity).

Proposition 3. (Sudholt, 2012, Theorem 3) For any 0 ≤ ℓ < k ≤ K, let p(Xk, Sℓ) ≤
pmax(Xk, S[0,k−1]) rk,ℓ and

∑k−1
ℓ=0 rk,ℓ = 1. Assume that there is some 0 ≤ c ≤ 1 such that for

any 1 ≤ l < k ≤ K, it holds rk,ℓ ≥ c
∑ℓ

j=0 rk,j . Then the mean hitting time

m(X [0]) ≥
K∑

k=1

Pr(X [0] ∈ Sk)

(
1

pmax(Xk, S[0,k−1])
+

k−1∑
ℓ=1

c

pmax(Xℓ, S[0,ℓ−1])

)
.

An issue with Proposition 3 is that the above Type-c lower bound is loose on fitness
landscapes with shortcuts. This issue is demonstrated by an example in Section 3.2.

Sudholt (2012) also gave an upper bound similar to Proposition 3 but with an extra
condition (1− c)pmin(Xℓ+1, S[0,ℓ]) ≤ pmin(Xℓ, S[0,ℓ−1]).

Proposition 4. (Sudholt, 2012, Theorem 4) For any 0 ≤ ℓ < k ≤ K, let p(Xk, Sℓ) ≥
pmin(Xk, S[0,k−1]) rk,ℓ and

∑k−1
ℓ=0 rk,ℓ = 1. Assume that there is some 0 ≤ c ≤ 1 such that for

all 1 ≤ l < k ≤ K, it holds rk,ℓ ≤ c
∑ℓ

j=0 rk,j . Further, assume that for all 1 ≤ l ≤ K − 2, it
holds (1− c)pmin(Xℓ+1, S[0,ℓ]) ≤ pmin(Xℓ, S[0,ℓ−1]). Then the mean hitting time

m(X [0]) ≤
K∑

k=1

Pr(x[0] ∈ Sk)

(
1

pmin(Xk, S[0,k−1])
+

k−1∑
ℓ=1

c

pmin(Xℓ, S[0,ℓ−1])

)
.
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Doerr and Kötzing (2022) further improved the lower bound using coefficients cℓ
(called visit probability).

Proposition 5. (Doerr and Kötzing, 2022, Theorem 8) For all ℓ = 1, · · · ,K, let cℓ be a lower
bound on the probability of there being a t such that X [t] ∈ Sℓ. Then the mean hitting time
m(X [0]) ≥

∑K
ℓ=1

cℓ
pmax(Xℓ,S[0,ℓ−1])

.

Proposition 5 does not provide an explicit formula to calculate cℓ. Therefore, Doerr
and Kötzing (2022) proposed a method of calculating cℓ as follows.

Lemma 3. (Doerr and Kötzing, 2022, Lemma 10) For 1 ≤ ℓ ≤ K, suppose there is cℓ such
that two conditions

cℓ ≤ min{ p(X,Sℓ)

p(X,S[0,ℓ])
: X ∈ S[ℓ+1,K], p(X,S[0,ℓ]) > 0}, (11)

cℓ ≤
Pr(X [0] ∈ Sℓ)

Pr(X [0] ∈ S[0,ℓ])
. (12)

Then cℓ is a lower bound for visiting Sℓ as required by Proposition 5.

An issue with Lemma 3 is that the above Type-cℓ lower bound (11) is loose on
fitness landscapes with shortcuts. An example in Section 3.3 shows this issue.

Doerr and Kötzing (2022) also gave an upper bound similar to Proposition 5. But
they do not provide an explicit formula to calculate cℓ using transition probabilities
between fitness levels.

Proposition 6. (Doerr and Kötzing, 2022, Theorem 9) For all ℓ = 1, · · · ,K, let cℓ be an upper
bound on the probability of there being a t such that X [t] ∈ Sℓ. Then the mean hitting time
m(X [0]) ≤

∑K
ℓ=1

cℓ
pmin(Xℓ,S[0,ℓ−1])

.

3.2 Case Study 1: A loose Type-c lower bound for the (1+1) EA on TwoMax1

In this case study, we find that the Type-c lower bound by Proposition 3 is loose on
fitness landscapes with shortcuts. Consider the (1+1) EA on TwoMax1. Assume that
the EA starts from Sn−1. We prove that the lower bound by Proposition 3,

dn−1 =
1

p(xk, S[0,k−1])
+

k−1∑
ℓ=1

c

p(xℓ, S[0,ℓ−1])
, (13)

is only O(1).
Transition probabilities p(xℓ, S[0,ℓ−1]) (where ℓ = 1, · · · , n/2) are calculated as fol-

lows. Since xℓ has ℓ zero-valued bits. The transition from xℓ to Sℓ−1 ⊂ S[0,ℓ−1] happens
if 1 zero-valued bit is flipped and other bits are unchanged. Thus

p(xℓ, S[0,ℓ−1]) ≥
(
ℓ

1

)
1

n

(
1− 1

n

)n−1

≥ ℓ

n
e−1. (14)

Transition probabilities p(xℓ, S[0,ℓ−1]) (where ℓ = n/2+ 1, · · · , n− 1) are calculated
as follows. Since xℓ has ℓ−n/2 one-valued bits, the transition from xℓ to S[0,ℓ−1] happens
if 1 one-valued bit is flipped and other bits are unchanged. Thus

p(xℓ, S[0,ℓ−1]) ≥
(
ℓ− n/2

1

)
1

n

(
1− 1

n

)n−1

≥ ℓ− n/2

n
e−1. (15)
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Inserting (14) and (15) into (13), we get

dn−1 ≤ en

(n− 1)− n
2

+ c

n/2∑
ℓ=1

en

ℓ
+

n−2∑
ℓ=n/2+1

en

ℓ− n/2

 . (16)

Coefficient c is calculated using the shortcut Sn/2+1 → S0 as follows. We replace
rk,ℓ in Proposition 3 with r(xk, Sℓ). Let k = n/2 + 1 and ℓ = 1. According to Proposi-
tion 3,

c ≤
rn/2+1,1

rn/2+1,0 + rn/2+1,1
=

p(xn/2+1, S1)

p(xn/2+1, S0) + p(xn/2+1, S1)
. (17)

Since xn/2+1 has n − 1 zero-valued bits and 1 one-valued bit, the transition from
xn/2+1 to S0 happens if the one-valued bit is flipped and other bits are unchanged.

p(xn/2+1, S0) ≥
1

n

(
1− 1

n

)n−1

. (18)

The transition from xn/2+1 to S1 happens if and only if n−2 zero-valued bits are flipped
and other bits are unchanged.

p(xn/2+1, S1) =

(
1

n

)n−2(
1− 1

n

)2

. (19)

Inserting (18) and (19) into (17), we have

c ≤ O(n−n+3). (20)

Inserting (20) into (16), we get

dn−1 ≤ en

(n− 1)− n
2

+O(n−n+3)

n/2∑
ℓ=1

en

ℓ
+

n−2∑
ℓ=n/2+1

en

ℓ− n/2

 = O(1).

The lower bound dn−1 is O(1), much looser than the actual hitting time Θ(n lnn).

3.3 Case Study 2: A loose Type-cℓ lower bound for the (1+1) EA on TwoMax1

In this case study, we find that the Type-cℓ lower bound by Lemma 3 and Proposition 5
is loose on fitness landscapes with shortcuts. Consider the (1+1) EA on TwoMax1 under
random initialization. We prove that the lower bound by Lemma 3 and Proposition 5,

d =

n−1∑
ℓ=1

cℓ
pmax(xℓ, S[0,ℓ−1])

, (21)

is only O(1).
Inserting (14) and (15) into (21), we get

d ≤ c1
en

(n− 1)− n
2

+

n/2∑
ℓ=1

cℓ
en

ℓ
+

n−2∑
ℓ=n/2+1

cℓ
en

ℓ− n/2
. (22)
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Coefficients cℓ are calculated by Condition (11) but without Condition (12), because
Condition (12) only reduces the cℓ value and makes the lower bound smaller.

For ℓ = 1, · · · , n/2, coefficients cℓ are calculated using the shortcut Sn/2+1 → S0 as
follows. According to Condition (11), we have

cℓ ≤
p(xn/2+1, Sℓ)

p(xn/2+1, S[0,ℓ])
. (23)

Since xn/2+1 has 1 one-valued bit and a state in Sℓ has n− ℓ one-valued bits, the transi-
tion from xn/2+1 to Sℓ happens only if n− 1− ℓ zero-valued bits are flipped. Thus,

p(xn/2+1, Sℓ) ≤
(

n− 1

n− 1− ℓ

)(
1

n

)n−1−ℓ

. (24)

The transition from xn/2+1 to S0 ⊂ S[0,ℓ] happens if the one-valued bit is flipped
and other bits are unchanged. Thus,

p(xn/2+1, S[0,ℓ]) ≥
1

n

(
1− 1

n

)n−1

≥ 1

en
. (25)

Inserting (24) and (25) into (23), we have

cℓ ≤ e

(
n− 1

n− 1− ℓ

)(
1

n

)n−ℓ

, ℓ = 1, · · · , n/2. (26)

For ℓ = n/2+1, · · · , n−2, coefficients cℓ are calculated by the shortcut Sn−1 → Sn/2

as follows. According to Condition (11), we have

cℓ ≤
p(xn−1, Sℓ)

p(xn−1, S[0,ℓ])
, ℓ = n/2 + 1, · · · , n− 2. (27)

Since xn−1 has n/2− 1 one-valued bits and n/2+ 1 zero-valued bits, the transition
from xn−1 to Sℓ happens only if n− 1− ℓ zero-valued bits are flipped. Thus,

p(xn−1, Sℓ) ≤
(

n/2− 1

n− 1− ℓ

)(
1

n

)n−1−ℓ

. (28)

The transition from xn−1 to S[0,ℓ] happens if 1 zero-valued bit is flipped and other n/2−
1 one-valued bits are unchanged. Thus,

p(xn−1, S[0,ℓ]) ≥
(
n/2 + 1

1

)
1

n

(
1− 1

n

)n/2−1

≥ 1

2e
. (29)

Inserting (28) and (29) into (27), we have

cℓ ≤ 2e

(
n/2− 1

n− 1− ℓ

)(
1

n

)n−1−ℓ

, ℓ = n/2 + 1, · · · , n− 2. (30)

For ℓ = n− 1, we use the trivial estimation cn−1 ≤ 1.
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Inserting (26) and (30) into (22), we get

d ≤O(1) +

n/2∑
ℓ=1

e

(
n− 1

n− 1− ℓ

)(
1

n

)n−ℓ
en

ℓ
+

n−2∑
ℓ=n/2+1

2e

(
n/2− 1

n− 1− ℓ

)(
1

n

)n−1−ℓ
en

(ℓ− n/2)

≤O(1) + e2
n/2∑
ℓ=1

(n− 1) · · · (l + 1)

(n− 1− ℓ)!

(
1

n

)n−1−ℓ
n

ℓ

+ 2e2
n−2∑

ℓ=n/2+1

(n/2− 1) · · · (ℓ− n/2 + 1)

(n− 1− ℓ)!

(
1

n

)n−1−ℓ
n

(ℓ− n/2)

≤O(1) + e2
n/2∑
ℓ=1

ℓ+ 1

(n− 1− ℓ)!ℓ
+ 2e2

n−2∑
ℓ=n/2+1

(ℓ− n/2 + 1)

(n− 1− ℓ)!(ℓ− n/2)

≤O(1) + 2e2
n/2∑
ℓ=1

1

(n− 1− ℓ)!
+ 4e2

n−2∑
ℓ=n/2+1

1

(n− 1− ℓ)!
= O(1).

The lower bound d is O(1), much looser than the actual hitting time Θ(n lnn).
The two case studies reveal that existing lower bounds (Sudholt, 2012; Doerr and

Kötzing, 2022) are loose for fitness landscapes with shortcuts.

4 Metric bounds

4.1 Drift analysis with fitness levels

We propose a new method which combines fitness levels with drift analysis for esti-
mating te hitting time of elitist EAs. Its workflow is outlined below. For the sake of
illustration, we only present the lower bound.

First, the search space S is split into multiple fitness levels (S0, · · · , SK) according
to the fitness value from high to low, where S0 = Sopt.

Secondly, states at the same level are assigned to the same distance from the opti-
mal set, that is, for any X ∈ S0, d(X) = 0 and for any k ≥ 1 and X ∈ Sk, d(X) = dk.
The distance dk is constructed based on a fitness level partition.

Next we need to prove that for any k and Xk ∈ Sk, dk is a lower bound on the
mean hitting time m(Xk). Since an elitist EA never moves from Xk ∈ Sk to a fitness
level lower than Sk, the drift

∆d(Xk) = dk −
k∑

ℓ=0

dℓp(Xk, Sℓ) = dkp(Xk, S[0,k−1])−
k−1∑
ℓ=1

dℓp(X,Sℓ). (31)

According to Lemma 1, if for any k ≥ 1 and Xk ∈ Sk, the drift ∆d(Xk) ≤ 1, then the
hitting time m(Xk) ≥ d(Xk).

Finally, the tightest lower bound problem is regarded as a constrained multi-
objective optimization problem subject to the constraint that dk is constructed based
on a fitness level partition.

The above drift analysis with fitness levels treats the fitness level method as a
special kind of drift analysis. It is completely differs from existing fitness level meth-
ods (Wegener, 2003; Sudholt, 2012; Doerr and Kötzing, 2022).

4.2 Metric bounds

Using transition probabilities between fitness levels, we construct a lower bound dk
recursively by (32). According to Lemma 1, the drift ∆d(Xk) ≤ 1 ensures that dk is
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a lower bound. The best lower bound d∗k is reached when Inequality (32) becomes an
equality.
Theorem 1 (Type-rk,ℓ lower bound). Given an elitist EA for maximizing f(x), a fitness level
partition (S0, · · · , SK), probabilities p(Xk, S[0,k−1]) and r(Xk, Sℓ) (where 1 ≤ ℓ < k ≤ K),
consider the family of distances (d1, · · · , dk) such that for any Xk ∈ Sk, d(Xk) = dk. Then for
any k > 0 and Xk ∈ Sk, the drift ∆d(Xk) ≤ 1 if and only if

dk ≤ min
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

r(Xk, Sℓ)dℓ

}
. (32)

Proof. First we prove the sufficient condition. Suppose that (32) is true. Since the EA is
elitist, for any k ≥ 1 and Xk ∈ Sk, by (31), we have

∆d(Xk) = p(Xk, S[0,k−1])dk −
k−1∑
ℓ=1

p(Xk, Sℓ)dℓ.

We replace dk (but not dℓ) with (32) and get

∆d(Xk) ≤ p(Xk, S[0,k−1]) min
Yk∈Sk

{
1

p(Yk, S[0,k−1])
+

k−1∑
ℓ=1

r(Yk, Sℓ)dℓ

}
−

k−1∑
ℓ=1

p(Xk, Sℓ)dℓ

≤ p(Xk, S[0,k−1])

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

p(Xk, Sℓ)

p(Xk, S[0,k−1]
dℓ

}
−

k−1∑
ℓ=1

p(Xk, Sℓ)dℓ

= 1 +

k−1∑
ℓ=1

p(Xk, Sℓ)dℓ −
k−1∑
ℓ=1

p(Xk, Sℓ)dℓ = 1.

We complete the proof of the sufficient condition.
Secondly, we prove the necessary condition. Suppose that for any k ≥ 1 and Xk ∈

Sk, ∆d(Xk) ≤ 1. Since the EA is elitist, by (31), we have

∆d(Xk) = dkp(Xk, S[0,k−1])−
k−1∑
ℓ=1

dℓp(Xk, Sℓ) ≤ 1.

Then we have

dk ≤ 1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

r(Xk, Sℓ)dℓ. (33)

Since the above inequality is true for all Xk ∈ Sk, it holds for the minimum over
all Xk. We complete the proof of the necessary condition.

Similarly, we construct an upper bound dk recursively by (34). According to
Lemma 2, the drift ∆d(Xk) ≥ 1 ensures that dk is an upper bound. The best upper
bound d∗k is reached when Inequality (34) becomes an equality.
Theorem 2 (Type-rk,ℓ upper bound). Given an elitist EA for maximizing f(x), a fitness level
partition (S0, · · · , SK), probabilities p(Xk, S[0,k−1]) and r(Xk, Sℓ) (where 1 ≤ ℓ < k ≤ K),
consider the family of distances (d1, · · · , dk) such that for any Xk ∈ Sk, d(Xk) = dk. Then for
any k ≥ 1 and Xk ∈ Sk, the drift ∆d(Xk) ≥ 1 if and only if

dk ≥ max
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

r(Xk, Sℓ)dℓ.

}
(34)
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A challenge is how to quickly calculate dk. In this paper, we will not calculate dk
recursively via (32) or (34). Instead, we convert metric bounds to linear bounds. For
example, the upper bound (34) becomes

dk =
1

pmin(Xk, S[0,k−1])
+

k−1∑
ℓ=1

rmax(Xk, Sℓ)dℓ, k = 1, · · · ,K.

Then by induction, we represent dk in a linear form as follows:

dk =
1

pmin(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmin(Xℓ, S[0,ℓ−1])

.

Thus the problem of calculating a metric bound becomes the problem of calculating a
linear bound or coefficients ck,ℓ. This is discussed in detail in the next section.

4.3 The tightest metric bounds

Consider the problem of the tightest lower bound first. Given a family of lower bounds
based on a fitness level partition, we want to determine which bound is the tight-
est. A family of lower bounds can be represented by a family of distances in drift
analysis. Given a fitness level partition (S0, · · · , SK), consider the family of distances
(d0, · · · , dK) such that d0 = 0 and for any k ≥ 1, the drift ∆d(Xk) ≤ 1. The condition
∆d(Xk) ≤ 1 ensures that dk is a lower bound on the mean hitting time m(Xk).

The tightest lower bound problem is a constrained multi-objective optimization
problem:

max{dk : ∆d(Xk) ≤ 1}, k = 1, · · · ,K, (35)

subject to the constraint that d0 = 0 and for all k ≥ 1 and Xk ∈ Sk, d(Xk) = dk.
According to Theorem 1, the best lower bound d∗k by (32) is the tightest.

Theorem 3. Given an elitist EA for maximizing f(x), a fitness level partition (S0, · · · , SK),
probabilities p(Xk, S[0,k−1]) and r(Xk, Sℓ) (where 1 ≤ ℓ < k ≤ K), consider the family of
distances (d0, d1, · · · , dk) such that d0 = 0 and for all k ≥ 1 and Xk ∈ Sk, d(Xk) = dk and
the drift ∆d(Xk) ≤ 1 . The tightest lower bound within this distance family is

d∗k = min
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

r(Xk, Sℓ)d
∗
ℓ

}
. (36)

Proof. For k = 1, · · · ,K, since ∆d(Xk) ≤ 1, according to Theorem 1, we have

dk ≤ min
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

r(Xk, Sℓ)dℓ

}
.

The above dk reaches the maximum when the inequality becomes an equality.

Similarly, the tightest upper bound problem is another constrained multi-objective
optimization problem:

min{dk : ∆d(Xk) ≥ 1}, k = 1, · · · ,K. (37)

subject to the constrain that d0 = 0 and for all k ≥ 1 and Xk ∈ Sk, d(Xk) = dk.
According to Theorem 2, the best upper bound d∗k by (34) is the tightest.
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Theorem 4. Given an elitist EA for maximizing f(x), a fitness level partition (S0, · · · , SK),
probabilities p(Xk, S[0,k−1]) and r(Xk, Sℓ) (where 1 ≤ ℓ < k ≤ K), consider the family of
distances (d0, · · · , dk) such that d0 = 0 and for k ≥ 1 and all Xk ∈ Sk, d(Xk) = dk and the
drift ∆d(Xk) ≥ 1. The tightest upper bound within the distance family is

d∗k = max
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

r(Xk, Sℓ)d
∗
ℓ

}
. (38)

5 Linear bounds

5.1 Linear bounds

Based on metric bounds, we constructs linear bounds (1) and (2). The theorem below
provides coefficients in the lower bound (1).

Theorem 5 (Type-ck,ℓ lower bound). Given an elitist EA for maximizing f(x), a fitness
level partition (S0, · · · , SK), probabilities pmax(Xℓ, S[0,ℓ−1]) and r(Xk, Sℓ) (where 1 ≤ ℓ <
k ≤ K), construct dk by

dk =
1

pmax(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmax(Xℓ, S[0,ℓ−1])

, (39)

where coefficients ck,ℓ ∈ [0, 1] satisfy

ck,ℓ ≤ min
Xk∈Sk

r(Xk, Sℓ) +

k−1∑
j=ℓ+1

r(Xk, Sj)cj,ℓ

 . (40)

Then for any k > 0 and Xk ∈ Sk, the mean hitting time m(Xk) ≥ dk.

Proof. According to Lemma 1, it is sufficient to prove that for any k ≥ 1 and Xk ∈ Sk,
the drift ∆d(Xk) ≤ 1. Since the EA is elitist, from (31), we know

∆d(Xk) =p(Xk, S[0,k−1])dk −
k−1∑
ℓ=1

p(Xk, Sℓ)dℓ = p(Xk, S[0,k−1])

(
dk −

k−1∑
ℓ=1

r(Xk, Sℓ)dℓ

)
.

We replace dk and dℓ with (39) and get

∆d(Xk) = p(Xk, S[0,k−1])

[
1

pmax(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmax(Xℓ, S[0,ℓ−1])

]

− p(Xk, S[0,k−1])

k−1∑
ℓ=1

r(Xk, Sℓ)

 1

pmax(Xℓ, S[0,ℓ−1])
+

ℓ−1∑
j=1

cℓ,j
pmax(Xj , S[0,j−1])

 .

(41)

In the double summation
∑k−1

ℓ=1

∑ℓ−1
j=1, the first term for ℓ = 1 is empty but it is

kept for the sake of notation. We expand this double summation and then merge the
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same term 1/pmax(Xℓ, S[0,ℓ−1]) (where ℓ = 1, · · · , k) as follows.

k−1∑
ℓ=1

r(Xk, Sℓ)

ℓ−1∑
j=1

cℓ,j
pmax(Xj , S[0,j−1])

=

k−1∑
ℓ=2

ℓ−1∑
j=1

r(Xk, Sℓ)cℓ,j
pmax(Xj , S[0,j−1])

=
r(Xk, S2)c2,1
pmax(X1, S0)

+ · · ·+
(
r(Xk, Sk−1)ck−1,1

pmax(X1, S0)
+

r(Xk, Sk−1)ck−1,k−2

pmax(Xk−2, S[0,k−3])

)

=

∑k−1
j=2 r(Xk, Sj)cj,1

pmax(X1, S0)
+ · · ·+

∑k−1
j=k−1 r(Xk, Sj)cj,k−2

pmax(Xk−2, S[0,k−3])

=

k−2∑
ℓ=1

∑k−1
j=ℓ+1 r(Xk, Sj)cj,ℓ

pmax(Xℓ, S[0,ℓ−1])
=

k−1∑
ℓ=1

∑k−1
j=ℓ+1 r(Xk, Sj)cj,ℓ

pmax(Xℓ, S[0,ℓ−1])
.

(42)

In the double summation
∑k−1

ℓ=1

∑k−1
j=ℓ+1, the last term for ℓ = k − 1 is empty but it is

added for the sake of notation.
Inserting (42) into (41), we have

∆d(Xk) ≤ p(Xk, S[0,k−1])

[
1

pmax(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmax(Xℓ, S[0,ℓ−1])

]

− p(Xk, S[0,k−1])

[
k−1∑
ℓ=1

(
r(Xk, Sℓ)

pmax(Xℓ, S[0,ℓ−1])
+

∑k−1
j=ℓ+1 r(Xk, Sj)cj,ℓ

pmax(Xℓ, S[0,ℓ−1])

)]
.

(43)

According to Condition (40), ck,ℓ ≤ r(Xk, Sℓ) +
∑k−1

j=ℓ+1 r(Xk, Sj)cj,ℓ. Inserting it
to (43), we get ∆d(Xk) ≤ 1 and complete the proof.

Similarly, the theorem below provides coefficients in the upper bound (2). Its proof
is similar to Theorem 5.
Theorem 6 (Type-ck,ℓ upper bound). Given an elitist EA for maximizing f(x), a fitness level
partition (S0, · · · , SK), probabilities pmin(Xℓ, S[0,ℓ−1]) and r(Xk, Sℓ) where 1 ≤ ℓ < k ≤ K,
construct dk by

dk =
1

pmin(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmin(Xℓ, S[0,ℓ−1])

. (44)

where coefficients ck,ℓ ∈ [0, 1] satisfy

ck,ℓ ≥ max
Xk∈Sk

r(Xk, Sℓ) +

k−1∑
j=ℓ+1

r(Xk, Sj)cj,ℓ

 . (45)

Then for any k > 0 and Xk ∈ Sk, the mean hitting time m(Xk) ≥ dk.

The best upper bound d∗k and its coefficients c∗k,ℓ are reached when Inequality (45)
becomes an equality. The best lower bound d∗k and its coefficients c∗k,ℓ are reached when
Inequality (40) becomes an equality.

There are three different ways to calculate coefficients ck,ℓ by solving Inequality
(40) or (45).

1. find an explicit expression of ck,ℓ by (40) or (45);

2. recursively calculate cℓ+1,ℓ, cℓ+2,ℓ, · · · , ck,ℓ by (40) or (45);

3. combine the above two ways together, that is, for some ck,ℓ, use recursive calcula-
tions; but for other ck,ℓ, use an explicit expression.
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5.2 Explicit expressions for linear bound coefficients

An explicit expression of coefficients ck,ℓ is more convenient in applications. From (40),
by induction, it is straightforward to obtain an explicit expression for lower bound
coefficients as follows.

ck,ℓ ≤rmin(Xk, Sℓ) +
∑

ℓ<j1<k

rmin(Xk, Sj1) rmin(Xj1 , Sℓ) + · · ·

+
∑

ℓ<jk−ℓ−1<···<j1<k

rmin(Xk, Sj1) rmin(Xj1 , Sj2) · · · rmin(Xjk−ℓ−1
, Sℓ).

(46)

Inequality (46) provides an intuitive interpretation of coefficient ck,ℓ. Each product
in (46) can be interpreted as a conditional probability of the EA to visit Sℓ starting from
Xk. The coefficient ck,ℓ is a lower bound on the conditional probabilities to visit Sℓ

starting from Xk.
Similarly, from (45), by induction, it is straightforward to obtain an explicit expres-

sion for upper bound coefficients as follows.

ck,ℓ ≥rmax(Xk, Sℓ) +
∑

ℓ<j1<k

rmax(Xk, Sj1) rmax(Xj1 , Sℓ) + · · ·

+
∑

ℓ<jk−ℓ−1<···<j1<k

rmax(Xk, Sj1) rmax(Xj1 , Sj2) · · · rmax(Xjk−ℓ−1
, Sℓ).

(47)

The number of summation terms in (46) and (47) is up to (k − ℓ − 1)!. Therefore,
it is intractable to calculate coefficients by (46) and (47). But there are many ways to
construct explicit expressions that can be calculated in polynomial time. For example,
for the lower bound, a simple expression from (46) is ck,ℓ ≤ rmin(Xk, Sℓ). Recently He
et al. (2023) propose a simplified version of (46) as shown below, which can be used to
obtain tight lower bounds on fitness landscapes with shortcuts.

ck,l ≤
∏

i∈[ℓ+1,k]

rmin(Xi, S[ℓ,i−1]). (48)

For the upper bound, an explicit expression from (47) is ck,ℓ ≥ rmax(Xk, S[ℓ,k−1]).
Another simple way is to assign ck,ℓ = 0, 1, c, or cℓ. Although Type-0, 1, c and cℓ

bounds have been studied in (Wegener, 2003; Sudholt, 2012; Doerr and Kötzing, 2022),
our proof is completely different. Furthermore, our Type-c upper and Type-cℓ lower
bounds require weaker conditions. Hence, they are not exactly the same as those in
(Sudholt, 2012; Doerr and Kötzing, 2022).

Let ck,ℓ = 0, then the linear lower bound (39) becomes the same Type-0 lower
bound as Proposition 1.

Corollary 1 (Type-0 lower bound). For 1 ≤ ℓ < k ≤ K, choose ck,ℓ = 0, then m(Xk) ≥
1

pmax(Xk,S[0,k−1])
.

Let ck,ℓ = c, then the linear lower bound (39) becomes a Type-c lower bound.

Corollary 2 (Type-c lower bound). For 1 ≤ ℓ < k ≤ K, choose ck,ℓ = c to satisfy the
inequality

c ≤ min
1<k≤K

min
1≤ℓ<k

min
Xk:p(Xk,S[0,ℓ])>0

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
. (49)

Then m(Xk) ≥ 1
pmax(Xk,S[0,k−1])

+
∑k−1

ℓ=1
c

pmax(Xℓ,S[0,ℓ−1])
.
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Proof. Condition (49) is equivalent to that for any 1 ≤ ℓ < k ≤ K and Xk ∈ Sk such
that p(Xk, S[0,ℓ−1]) > 0, it holds

c ≤ p(Xk, Sℓ)

p(Xk, S[0,ℓ])
=

r(Xk, Sℓ)

r(Xk, S[0,ℓ])
.

c r(Xk, S[0,ℓ]) = c (1− r(Xk, S[ℓ+1,k−1])) ≤ r(Xk, Sℓ). (50)
c ≤ r(Xk, Sℓ) + c r(Xk, S[ℓ+1,k−1]). (51)

For any 1 ≤ ℓ < k ≤ K and Xk ∈ Sk such that p(Xk, S[0,ℓ−1]) = 0, we have
r(Xk, S[0,ℓ]) = 0 and r(Xk, S[ℓ+1,k−1]) = 1. Thus we get an identical equation:

c = r(Xk, Sℓ) + c r(Xk, S[ℓ+1,k−1]) = 0 + c. (52)

Combining (51) and (52), we get Condition (40), that is for all Xk ∈ Sk,

c ≤ r(Xk, Sℓ) + c

k−1∑
j=ℓ+1

r(Xk, Sℓ).

The above inequality is true for the minimum over all Xk. According to Theorem 5, we
get the corollary.

Corollary 2 is more convenient than Proposition 3 because the coefficient c is calcu-
lated directly by probabilities p(Xk, Sℓ) and p(Xk, S[0,ℓ]). Inequality (50) is equivalent
to the inequality rk,ℓ ≥ c

∑ℓ
j=0 rk,j in Proposition 3 under different representations, so

Corollary 2 is equivalent to Proposition 3.
Let ck,ℓ = cℓ, then the linear lower bound (39) becomes a Type-cℓ lower bound.

The proof of Corollary 3 is similar to Corollary 2 so we omit its proof.

Corollary 3 (Type-cℓ lower bound). For 1 ≤ ℓ < k ≤ K, choose ck,ℓ = cℓ to satisfy the
inequality

cℓ ≤ min
ℓ<k≤K

min
Xk:p(Xk,S[0,ℓ])>0

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
. (53)

Then m(Xk) ≥ 1
pmax(Xk,S[0,k−1])

+
∑k−1

ℓ=1
cℓ

pmax(Xℓ,S[0,ℓ−1])
.

The above corollary is equivalent to Lemma 3 without the initialization condition
(12). Corollary 3 can be used to handle random initialization by replacing Xk with X [0]

and the mean hitting time

m ≥
K∑

k=1

Pr(X [0] ∈ Sk)

(
1

pmax(Xk, S[0,k−1])
+

k−1∑
ℓ=1

cℓ
pmax(Xℓ, S[0,ℓ−1])

)
.

Similarly, let ck,ℓ = 1, then linear upper bound (44) becomes the same Type-1
bound as in Proposition 2.

Corollary 4 (Type-1 upper bound). For 1 ≤ ℓ < k ≤ K, choose ck,ℓ = 1, then m(Xk) ≤∑k
ℓ=1

1
pmin(Xℓ,S[0,ℓ−1])

.

Let ck,ℓ = c, then the linear lower bound (44) becomes a Type-c upper bound. The
proof of Corollary 5 is similar to Corollary 2. We omit its proof since we only need to
replace the minimum with the maximum.
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Corollary 5 (Type-c upper bound). For 1 ≤ ℓ < k ≤ K, choose ck,ℓ = c to satisfy

c ≥ max
1<k≤K

max
1≤ℓ<k

max
Xk:p(Xk,S[0,ℓ])>0

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
. (54)

Then m(Xk) ≤ 1
pmax(Xk,S[0,k−1])

+
∑k−1

ℓ=1
c

pmax(Xℓ,S[0,ℓ−1])
.

Corollary 5 is more convenient than Proposition 4 because the coefficient c is cal-
culated directly by transition probabilities p(Xk, Sℓ) and p(Xk, S[0,ℓ]). Unlike Propo-
sition 4, Corollary 5 does not require the condition that for all 1 ≤ l ≤ K − 2,
(1 − c)pmin(Xℓ+1, S[0,ℓ]) ≤ pmin(Xℓ, S[0,ℓ−1]). Therefore, Proposition 4 is a special case
of Corollary 5.

Let ck,ℓ = cℓ, then the linear upper bound (44) becomes a Type-cℓ upper bound.
The proof of Corollary 6 is similar to Corollary 2.

Corollary 6 (Type-cℓ upper bound). For 1 ≤ ℓ < k ≤ K, choose ck,ℓ = cℓ to satisfy

cℓ ≥ max
ℓ<k<K

max
Xk:p(Xk,S[0,ℓ])>0

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
. (55)

then m(Xk) ≤ 1
pmin(Xk,S[0,k−1])

+
∑k−1

ℓ=1
cℓ

pmin(Xℓ,S[0,ℓ−1])
.

Corollary 6 is new and completely different from Proposition 6. Coefficients cℓ are
directly calculated by transition probabilities p(Xk, Sℓ) and p(Xk, S[0,ℓ]).

5.3 Discussion of different linear bounds

As shown in Corollaries 1 to 6, Types-0, 1, c, cℓ bounds are special cases of Type-ck,ℓ
bounds. Therefore, Type-ck,ℓ bounds are the best among them.

Corollary 7. Given an elitist EA and a fitness level partition (S0, · · · , SK), the best Type-ck,ℓ
bound is no worse than the best Type-c and Type-cℓ bounds for lower and upper bounds.

The best Type-ck,ℓ bound is the exact hitting time of EAs on level-based fitness
landscapes, but the best Type-c and cℓ bounds usually are not.

Definition 5. Given an elitist EA for maximizing a function f(x) and a fitness level partition
(S0, · · · , SK), we call f(x) a level-based landscape for the EA if for all 1 ≤ ℓ < k ≤ K and
Xk ∈ Sk, pmin(Xk, Sℓ) = pmax(Xk, Sℓ).

Both OneMax and TwoMax1 are level-based fitness landscapes for the (1+1) EA.
Corollary 8 follows directly from Theorem 5 and Theorem 6.

Corollary 8. Given an elitist EA for maximizing a function f(x) and a fitness level partition
(S0, · · · , SK), if f(x) is a a level-based fitness landscape for the EA, then the best Type-ck,ℓ
lower bound is equal to the best Type-ck,ℓ upper bound.

In addition, Type-c and Type-cℓ lower bounds are loose on fitness landscapes with
shortcuts because shortcuts results in coefficients c and cℓ as small as o(1). we have
discussed this issue in Subsection 3.2 and Subsection 3.3. We obtain a more generally
conclusion as follows.

Theorem 7. If a shortcut exists, that is, for some 1 ≤ ℓ < k ≤ K and Xk ∈ Sk, it holds

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
= o(1), (56)

then coefficients c = o(1) in (49) and cℓ = o(1) in (53).
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Proof. According to Corollary 2, the lower bound coefficient

c ≤ min
1<k≤K

min
1≤ℓ<k

min
Xk:p(Xk,S[0,ℓ])>0

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
.

By Condition (56), we get c = o(1).
According to Corollary 3, the lower bound coefficient

cℓ ≤ min
ℓ<k≤K

min
Xk:p(Xk,S[0,ℓ])>0

p(Xk, Sℓ)

p(Xk, S[0,ℓ])
.

By Condition (56), we get cℓ = o(1).

6 Applications

6.1 Case Study 3: Calculating lower bound coefficients for the (1+1) EA on
OneMax

In this case study, we demonstrate different ways to calculate coefficients in the linear
lower bound. Consider the (1+1) EA on OneMax. Assume that the EA starts from Sn.
According to Theorem 5 and Corollary 8, we get a Type-ck,ℓ lower bound

dn =
1

p(xn, S[0,n−1])
+

n−1∑
ℓ=1

cn,ℓ
p(xℓ, S[0,ℓ−1])

.

where

cn,ℓ ≤ r(xn, Sℓ) +

n−1∑
k=ℓ+1

r(xn, Sk)ck,ℓ, ℓ = 1, · · · , n− 1. (57)

Since OneMax is a level-based fitness landscape to the (1+1) EA, the best Type-ck,ℓ
bound is the exact hitting time. By (46), we obtain the best coefficient

c∗n,ℓ =r(Xn, Sℓ) +
∑

ℓ<j1<n

r(Xn, Sj1) r(Xj1 , Sℓ) + · · ·

+
∑

ℓ<jn−ℓ−1<···<j1<n

r(Xn, Sj1) r(Xj1 , Sj2) · · · r(Xjn−ℓ−1
, Sℓ).

(58)

Unfortunately the calculation of (58) is intractable.
Recall that cn,ℓ ≤ 1. It is sufficient to compute large coefficients cn,ℓ = Ω(1) since a

tight lower bound can be generated by large coefficients.
There are two approaches to calculate ck,ℓ via Inequality (57). One is to look for

explicit solutions to Inequality (57). The other is to recursively calculate ck,ℓ level
by level. There are different explicit solutions to Inequality (57). It is trivial to get
the trivial solution cn,ℓ = 0 (where 1 ≤ ℓ ≤ n − 1). From (58), it is straightforward to
obtain an explicit solution

cn,ℓ = r(xn, Sℓ) =
p(xn, Sℓ)

p(xn, S[0,n−1])
.

Since p(xn, Sℓ) ≥
(

n
n−ℓ

) (
1
n

)n−ℓ (
1− 1

n

)ℓ and p(xn, S[0,n−1]) ≤ 1, we have

cn,ℓ ≥
(

n

n− ℓ

)(
1

n

)n−ℓ(
1− 1

n

)ℓ

= O

(
1

(n− ℓ)!

)
.
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However, these coefficients are too small because cn,ℓ = O
(

1
(n−ℓ)!

)
.

A non-trivial explicit solution is to let ck,ℓ = c. According to Corollary 2, we choose

c = min
1<k≤n

min
1≤ℓ<k

p(xk, Sℓ)

p(xk, S[0,ℓ])
. (59)

Transition probabilities p(xk, Sℓ) (where ℓ = 1, · · · , k− 1) are calculated as follows.
Since xk has k zero-valued bits, the transition from xk to Sℓ happens if k−ℓ zero-valued
bits are flipped and other bits unchanged. Thus

p(xk, Sℓ) ≥
(

k

k − ℓ

)(
1

n

)k−ℓ(
1− 1

n

)n−k+ℓ

. (60)

The transition from xk to S[0,ℓ] happens only if k − ℓ zero-valued bits are flipped. Thus

p(xk, S[0,ℓ]) ≤
(

k

k − ℓ

)(
1

n

)k−ℓ

. (61)

Inserting (60) and (61) into (59), we have

c ≥ min
1<k≤n

min
1≤ℓ<k

(
1− 1

n

)n−k+ℓ

≥ e−1.

Therefore, coefficients c = Ω(1).
Another non-trivial explicit solution is to let ck,ℓ = cℓ. According to Corollary 3,

we choose

cℓ = min
ℓ<k≤n

p(xk, Sℓ)

p(xk, S[0,ℓ])
. (62)

Inserting (60) and (61) into (62), we have

cℓ ≥ min
ℓ<k≤n

(
1− 1

n

)n−k+ℓ

≥ e−1.

Therefore, coefficients cℓ = Ω(1).
Inequality (57) can be solved recursively from k = ℓ+ 1 to n. A recursive solution

to (57) is calculated as follows. According to (40), we choose

cℓ+1,ℓ = r(xℓ+1, Sℓ) =
p(xℓ+1, Sℓ)

p(xℓ+1, S[0,ℓ])
≥
(
1− 1

n

)n−1

≥ e−1 (by (60) and (61)).

Assume that cℓ+1,ℓ, · · · , ck−1,ℓ ≥ e−1. According to (40), we choose

ck,ℓ = r(xk, Sℓ) +

k−1∑
j=ℓ+1

r(xk, Sj)cj,ℓ ≥ r(xk, Sℓ) + r(xk, S[ℓ+1,k−1])e
−1

= r(xk, Sℓ) + [1− r(xk, S[0,ℓ])]e
−1 =

p(xk, Sℓ)− p(xk, S[0,ℓ])

p(xk, S[0,k−1])
e−1 + e−1.

By (60) and (61), we have

p(xk, Sℓ)− p(xk, S[0,ℓ]) ≥
(

k

k − ℓ

)(
1

n

)k−ℓ(
1− 1

n

)n−k+ℓ

−
(

k

k − ℓ

)(
1

n

)k−ℓ

e−1 ≥ 0.
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We get ck,ℓ ≥ e−1. By induction, ck,ℓ ≥ e−1 for k = ℓ + 1, · · · , n. Thus, coefficients
cn,ℓ = Ω(1).

Finally, we use a mixture of recursive and explicit solutions, that is, some coeffi-
cients are calculated recursively and some coefficients come from an explicit solution.
For example, a mix of explicit and recursive solutions is

ck,ℓ = c ≤ r(xk, Sℓ) +

k−1∑
j=ℓ+1

r(xk, Sj)c, 1 ≤ ℓ < k ≤ n− 1. (63)

cn,ℓ = r(xn, Sℓ) +

n−1∑
j=ℓ+1

r(xn, Sj)c, 1 ≤ ℓ ≤ n− 1. (64)

Similar to the analysis of the explicit solution c, for (63), we get c = Ω(1). In (64),

r(xn, Sj) =
p(xn, Sj)

p(xn, S[0,n−1])
≥ p(xn, Sj)

1
≥
(

n

n− j

)(
1

n

)n−j (
1− 1

n

)j

(by (60)),

then we get for ℓ = 1, · · · , n− 1

cn,ℓ ≥
(

n

n− ℓ

)(
1

n

)n−ℓ(
1− 1

n

)ℓ

+ e−1
n−1∑

j=ℓ+1

(
n

n− j

)(
1

n

)n−j (
1− 1

n

)j

.

Thus we get cn,ℓ = Ω(1).
In summary, there exist different ways to calculate coefficients ck,ℓ from a trivial

coefficient 0 to the exact coefficients c∗k,ℓ. Drift analysis with fitness levels is a frame-
work that can be used to develop different fitness level methods. In particular, existing
fitness level methods (Wegener, 2003; Sudholt, 2012; Doerr and Kötzing, 2022; He et al.,
2023) can be regarded as special cases within the framework.

6.2 Case Study 4: A tight Type-ck,ℓ lower bound of the (1+1) on TwoMax1

In this case study, we show that the Type-ck,ℓ lower bound by Theorem 5 is tight on fit-
ness landscapes with shortcuts. Consider the (1+1) EA maximizing TwoMax1. Assume
that the EA starts from Sn−1. We prove that the Type-ck,ℓ lower bound by Theorem 5,

dn−1 =

n−2∑
ℓ=1

cn−1,ℓ

p(xℓ, S[0,ℓ−1])
≥

n/2∑
ℓ=1

cn−1,ℓ

p(xℓ, S[0,ℓ−1])
, (65)

is Ω(n lnn).
Transition probabilities p(xℓ, S[0,ℓ−1]) (where 1 ≤ ℓ ≤ n/2) are calculated as fol-

lows. Since xℓ has ℓ zero-valued bits and n − ℓ one-valued bits, the transition from xℓ

to S[0,ℓ−1] happens only if either (i) 1 zero-valued bit is flipped, or (ii) xℓ is mutated to
(0, · · · , 0). The probability of the first event is

(
ℓ
1

)
1
n . The probability of the second event

happening is
(
1
n

)n−ℓ (
1− 1

n

)ℓ. Thus

p(xℓ, S[0,ℓ−1]) ≤
ℓ

n
+

(
1

n

)n−ℓ(
1− 1

n

)ℓ

≤ ℓ+ 1

n
. (66)

Then we get

dn−1 ≥
n/2∑
ℓ=1

cn−1,ℓ
n

ℓ+ 1
. (67)
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According to Theorem 5, we choose coefficients

cn−1,ℓ =

n/2∑
k=ℓ+1

r(xn−1, Sk)ck,ℓ, ℓ = 1, · · · , n
2
. (68)

Coefficients ck,ℓ (where 1 ≤ ℓ < k ≤ n/2) are calculated using a constant c. Ac-
cording to Theorem 5, for 1 ≤ ℓ < k ≤ n/2, we choose coefficients ck,ℓ = c such that

c ≤ r(xk, Sℓ) +

k−1∑
i=ℓ+1

r(xk, Si)c,

c ≤ r(xk, Sℓ)

1− r(xk, S[ℓ+1,k−1])
=

r(xk, Sℓ)

r(xk, S[0,ℓ])
=

p(xk, Sℓ)

p(xk, S[0,ℓ])
.

The above inequality is true for all for 1 ≤ ℓ < k ≤ n/2, thus we choose

c = min
1<k≤n/2

min
1≤ℓ<k

p(xk, Sℓ)

p(xk, S[0,ℓ])
. (69)

The above c is calculated as follows. Since xk (where 1 ≤ ℓ < k ≤ n/2) has k zero-
valued bits, the transition from xk to Sℓ happens if k − ℓ zero-valued bits are flipped
and other bits are not flipped. Thus

p(xk, Sℓ) ≥
(

k

k − ℓ

)(
1

n

)k−ℓ(
1− 1

n

)n−k+ℓ

≥
(

k

k − l

)(
1

n

)k−ℓ

e−1. (70)

The transition from xk to S[0,ℓ] happens only if either (i) k − ℓ zero-valued bits
are flipped, or (ii) xk is mutated to (0, · · · , 0). The probability of the first event
is
(

k
k−ℓ

)
( 1n )

k−ℓ. The probability of the second event is
(
1
n

)n−k (
1− 1

n

)k. Because
1 ≤ ℓ < k ≤ n/2, we have n− k ≥ n/2 ≥ k − ℓ+ 1. Thus

p(xk, S[0,ℓ]) ≤
(

k

k − ℓ

)(
1

n

)k−ℓ

+

(
1

n

)n−k

≤
(

k

k − ℓ

)(
1

n

)k−ℓ

+

(
1

n

)k−ℓ+1

. (71)

Inserting (70) and (71) to (69), we get

c ≥
(

k
k−l

) (
1
n

)k−ℓ
e−1(

k
k−ℓ

) (
1
n

)k−ℓ
+
(
1
n

)k−ℓ+1
= Ω(1).

Next coefficients cn−1,ℓ (where 1 ≤ ℓ ≤ n/2) are calculated by (68). Inserting
c = Ω(1) into (68), we get for ℓ = 1, · · · , n/2,

cn−1,ℓ ≥ Ω(1)r(xn−1, S[ℓ+1,n/2]). (72)

The conditional probability r(xn−1, S[ℓ+1,n/2]) is calculated as follows. Since xn−1 has
n/2 + 1 zero-valued bits, the transition from xn−1 to Sn/2 happens if 1 zero-valued bit
is flipped and other bits are unchanged. Thus

p(xn−1, S[ℓ+1,n/2]) ≥
(
n/2 + 1

1

)
1

n

(
1− 1

n

)n−1

≥ 1

2e
.

22 Evolutionary Computation Volume x, Number x



Drift Analysis with Fitness Levels

Then we get

r(xn−1, S[ℓ,n/2]) =
p(xn−1, S[ℓ,n/2])

p(xn−1, S[0,n−2])
≥ p(xn−1, S[ℓ,n/2]) ≥

1

2e
. (73)

Inserting (73) into (72), we get cn−1,ℓ = Ω(1). Inserting cn−1,ℓ = Ω(1) into (67), we get

dn−1 ≥ Ω(1)

n/2−1∑
ℓ=1

n

ℓ+ 1
= Ω(n lnn). (74)

The lower bound dn−1 is tight since the actual hitting time is Θ(n lnn). Table 2 com-
pares Type-c, cℓ and ck,ℓ‘ lower bounds. The Type ck,ℓ lower bound is tight but Type-c
and cℓ lower bounds are not.

Table 2: Comparison of different types of lower bounds of the (1+1) EA on TwoMax1
Type-ck,ℓ Type-c Type-cl
Ω(n lnn) O(1) O(1)

by Theorem 5 by Proposition 3 by Proposition 5 and Lemma 3

7 Conclusions

In this paper, we combine drift analysis with fitness levels to construct metric bounds
using transition probabilities between fitness levels and generate the tightest metric
bounds. From metric bounds, we derive general linear bounds and propose different
methods to calculate coefficients in linear lower bounds. Drift analysis with fitness
levels is a framework that can be used to develop different fitness level methods for
different types of bounds. Table 3 summarizes the main bounds discussed in the paper.

Table 3: Type-ck,ℓ, cℓ and c bounds. Notation refers to Table 1.
Type dk: a bound on the hitting time m(Xk) Source

rk,ℓ lower dk ≤ min
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

p(Xk, Sℓ)

p(Xk, S[0,k−1])
dℓ

}
Theorems 1,3

rk,ℓ upper dk ≥ max
Xk∈Sk

{
1

p(Xk, S[0,k−1])
+

k−1∑
ℓ=1

p(Xk, Sℓ)

p(Xk, S[0,k−1])
dℓ

}
Theorems 2, 4

ck,ℓ lower dk ≤ 1

pmax(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmax(Xℓ, S[0,ℓ−1])

Theorem 5

ck,ℓ upper dk ≥ 1

pmin(Xk, S[0,k−1])
+

k−1∑
ℓ=1

ck,ℓ
pmin(Xℓ, S[0,ℓ−1])

Theorem 6

cℓ ck,ℓ = cℓ Corollaries 3, 6
c ck,ℓ = c Corollaries 2, 5

The framework is generic and promising. It turns out that Type-ck,ℓ bounds are at
least as tight as Type-cℓ and Type-c bounds on any fitness landscapes, and even tighter
on fitness landscapes with shortcuts. This is demonstrated by the case study of the
(1+1) EA maximizing the TwoMax1 function. One direction for future research is to
simplify the recursive computation in metric and linear bounds.
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