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Abstract

Patterns are ubiquitous in the world around us, often arising from underlying physical, chemical,

or biological processes. Wrinkling patterns on thin elastic shells, such as dried fruits, are exam-

ples of such patterns, and can result from mechanical instabilities driven by differences in lengths

and strains. Controlling these wrinkles on flat and curved surfaces made from various materi-

als is vital for customising material properties and strengthening structures. The wrinkling of

thin surfaces also has practical applications across a range of research fields, including flexible

electronic sensors and displays, solar cells, optical gratings etc., and understanding the process

of wrinkling is important for better control of such systems. This thesis aims to investigate

the influence of substrate curvature on the characteristics of wrinkling patterns, and also in-

volves the development of a novel imaging technology. The innovative imaging approach involves

measuring surface topography using patterns of projected dots, and is implemented in MAT-

LAB; accuracy and reliability are enabled through rigorous validation procedures. The research

meticulously analyses key wrinkle characteristics, such as wavelength and amplitude, under both

positive and negative substrate curvatures. A further segment of the work explores patterns on

photonic wafers induced by laser annealing, and demonstrates the link of these patterns to the

thermal treatments involved. Additionally, the study also includes an effort to obtain insights

into pattern formation resulting from swelling in hydrogel materials like gelatin and polyacry-

lamide. Through this comprehensive exploration of wrinkling patterns and their dependencies

on substrate curvature, this research contributes valuable insights to our understanding and ma-

nipulation of pattern formation. These findings have broad applications across scientific and

engineering disciplines, enhancing the understanding of the intricate interplay between form and

function in the natural world.
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Chapter 1

Introduction

Nature is filled with an array of mesmerising patterns that arise from various mechanical and mor-

phological instabilities, and some of these naturally occurring patterns are shown in Figure 1.1.

These instabilities give rise to intricate structures and designs observed in natural phenomena,

such as the branching patterns of trees, the intricate formations of seashells, the ripples in sand

dunes, and the intricate network of veins in leaves [23–28]. Mechanical instabilities, driven by

internal and external forces, play a fundamental role in shaping these patterns.

Figure 1.1: Examples of patterns due to mechanical instabilities like wrinkling, buckling, folding

etc, seen around us in nature. From top left to right: Sea slug [1]; Folds and creases in the human

brain [2]; ornamental cabbage [1]. From bottom left to right: A polystyrene film of diameter

D = 22.8 mm floating on the surface of water wrinkled by water drops of radius a = 0.5 mm and

mass m = 0.2 mg [3]; Fingers of a human hand showing the wrinkling when exposed to water

for a long time; wrinkles on the trunk of an elephant [4]; and curved crisps.

In the natural world, soft materials are very common and important. They play a crucial role

in helping living organisms adapt to the constantly changing and complex environments found
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in nature. Many animals are primarily composed of soft tissues and do not have rigid or stiff

skeletons. This includes a wide range of creatures such as jellyfish, inchworms, and octopuses

etc [29–31]. Soft materials, such as elastomers and polymers, are very susceptible to mechanical

instabilities and deformations when subjected to external factors or stimuli like mechanical forces,

temperature changes, compression, electrical voltage or chemical interactions [16, 32–34]. When

the amount of force applied to a material reaches a certain critical point, the smooth and stable

condition of the material becomes unstable. At this point, the material undergoes changes in its

structure or shape to reduce its overall energy, resulting in the formation of patterns of instability

like wrinkles, creases, folds and ridges [16,35–40].

Wrinkling Creasing

(a) (b) (c)

Folding

Figure 1.2: Schematic illustration of mechanical instabilities like (a) wrinkling, (b) folding and

(c) creasing. Adapted from [5]

.

Wrinkling refers to the occurrence of periodic or irregular surface ripples on a previously

flat surface [24, 36] as shown in Figure 1.2 (a). Given that wrinkles naturally develop on a film

when stress exceeds a specific threshold, this makes it an appealing choice for applications that

favour the cost-effective production of large-area surface patterns More detailed descriptions of

wrinkling and different works on wrinkling patterns are discussed in the following section.

In contrast, creasing typically happens on the surface of soft materials without rigid exteriors.

It occurs when a smooth surface transforms into a self-contacting shape with a sharp ridge or

furrows [41–43] as illustrated in Figure 1.2 (c). Unlike wrinkles, which are often more subtle,

creases represent a higher degree of deformation and are typically localized in nature [42, 44].

Creases are also a common characteristic of various origami creations, where precise folding

techniques are employed to achieve desired shapes.

Folding, describes the formation of localised, deep surface valleys as a result of buckling.

Folds are often visible during the development of surface wrinkles in a rigid layer attached to

a soft substrate or floating on a liquid [45–47] as given in Figure 1.2 (b). They often manifest

on a larger scale compared to wrinkles and can be smoother and less sharp than creases. Folds

typically occur in flexible materials like cloth or paper when they are manipulated or bent.
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Understanding the mechanisms behind these mechanical and morphological instabilities in

nature is not only scientifically intriguing but also holds significant practical implications. For

example, researchers and engineers draw inspiration from these patterns to design and optimise

materials, structures, and technologies in various fields, including architecture, materials science,

flexible electronics, biomimetics, and even art [47–49]. By studying the patterns that emerge

from mechanical and morphological instabilities in nature, gain a deeper appreciation for the

intricate beauty and complexity of the world around us while unlocking new possibilities for

innovation and problem-solving.

1.1 What are wrinkles

When a bilayer structure consisting of a stiff, thin film on a compliant, thick substrate is subjected

to compression beyond a critical load, it initiates the formation of wrinkles as a stress-relief

mechanism. These wrinkles manifest periodically within a confined region. The wavelength of

these wrinkles is determined by a balance between the substrate’s deformation, which favours

shorter wavelengths, and the bending of the film, which prefers longer wavelengths [45,50–52].

Wrinkling can be induced through at least three different external stimuli:- thermally, me-

chanically or by swelling/osmotic stresses [53]. Wrinkles in bilayer films due to temperature

changes occur in two primary scenarios: firstly, when a thin, stiff layer sits atop a thick, flexible

substrate, resulting in wrinkles during cooling as thermal stress exceeds a critical compressive

threshold; secondly, when a heated thin bilayer film with a metal layer over a glassy polymer

experiences temperature-induced stress. These stresses may arise from differences in thermal

expansion coefficients or from processes like atomic peening during film deposition [16,33,49,54].

Swelling, often triggered by substances like solvents, provides an alternative method to generate

wrinkle patterns in bilayer thin films or thick gels with varying stiffness properties [55–57]. This

process involves meticulous control of factors such as the speed and quality of solvent diffusion,

the extent of crosslinking in the film, etc. As the polymer film swells, it undergoes a significant

change in volume. However, since the film is firmly attached to a rigid substrate, only the top

layer can freely expand. This creates uneven osmotic pressure within the film, leading to biaxial

compressive stress on the film’s surface [53]. Mechanically induced wrinkles are generated by

applying controlled physical forces to a material, distinguishing them from wrinkles caused by

external factors like temperature or swelling. Researchers have created these wrinkles through

methods like stretching or compressing the material, allowing them to control the magnitude

and direction of strain independently. This fine control enables the real-time formation of in-

tricate wrinkle patterns, including organised structures like two-dimensional zigzag herringbone
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(c)(b)(a)

Figure 1.3: Wrinkle patterns on planar substrates. (a) A thin polymer film with an annular

shape that is floating on water [6], (b) image showing the surface morphology of molybdenum

(Mo) thin films sputter-deposited on uncrosslinked gel substrates with thickness of h = 135

nm, (c) Microscopic images depicting the emergence of gold (Au) wrinkles on PDMS circular

structures [7].

patterns [58]. Some of the wrinkle patterns observed in different flat substrates are shown in

Figure 1.3. Mechanically induced wrinkles find applications in diverse fields, such as thin-film

measurements, surface wettability manipulation, liquid crystal displays, adhesion technologies,

cell alignment, and flexible electronics [31,59,60].

Increasing evidence suggests that mechanical forces are influential in shaping the forms of

living organisms. Controlled wrinkling, a process where patterns naturally emerge, has been

demonstrated to generate complex patterns on both flat and curved surfaces. Although extensive

research has focused on understanding wrinkling on flat surfaces in recent decades, the majority

of natural wrinkling occurs on curved biological surfaces. Unfortunately, the investigation into

deliberately creating patterns on these curved surfaces remains relatively underdeveloped. The

study of wrinkling is not only of scientific interest but also has practical implications. Under-

standing the factors influencing wrinkling behaviour is crucial in fields such as flexible electronics,

where thin films are extensively used. By controlling these wrinkling processes, researchers and

engineers can design and optimise flexible electronic devices, stretchable sensors, and other ap-

plications where surface morphology plays a significant role.

1.2 Curvature induced wrinkling

Curvature is a mathematical measure that quantifies how much a curve or surface deviates from

being straight or flat [61, 62]. The curvature (κ) of the curve at a point P is defined as the

magnitude of the derivative of the unit tangent vector T with respect to arc length s, where

κ =| dT/ds | where dT/ds represents its rate of change with respect to arc length [62]. The



1.2. CURVATURE INDUCED WRINKLING 5

curvature at a point P on the surface is more complex and can be defined in terms of the principal

curvatures κ1 and κ2 and the Gaussian curvature κ is the product of the principal curvatures κ1

and κ2. The principal curvature κ1 and κ2 is the maxima and minima values of curvature at a

point on a surface and is the inverse of the radius of curvatures R1 and R2.

Most research in the past has mostly focused on making and using wrinkled patterns on flat

(planar) surfaces. But, there hasn’t been much research looking into how these patterns form

on curved surfaces and how these patterns are affected by curvature. This gap in research is a

chance for a detailed study that looks at how these patterns form on curved surfaces and how

these patterns can be controlled. Surface curvature is a critical factor in determining the patterns

of wrinkles that form and how they transition in certain materials and structures, specifically in

core-shell configurations and curved film/substrate systems.

Figure 1.4: Wrinkle formations on curved surfaces occur naturally in a variety of sizes, spanning

from a to f in natural settings and from g to l in controlled laboratory environments, encompassing

various length scales. Adapted from [8].

Recent research indicates that in a curved bilayer system, several key factors play a significant

role in the evolution of wrinkling patterns [63, 64] in daily life as shown in Figure 1.4. These

factors include curvature, modular ratio, and overstress, which have been studied extensively in

recent works [65–69]. In a recent study, the main focus was on examining how the wrinkling

patterns change over time on torus-shaped structures with uneven curvature using finite element

simulations. These earlier investigations were instrumental in enhancing the comprehension of

how curvature impacts the development of wrinkling patterns. When the modular ratio and

overstress values are fixed, the magnitude and direction (sign) of curvature become crucial. This

not only determined the specific conditions under which surface wrinkling begins (critical condi-

tions for wrinkling onset) but also the triggered transitions in the wrinkling patterns themselves.
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This means that in a curved system, the characteristics of curvature can lead to a wider va-

riety of wrinkling patterns compared to a flat (planar) system, especially when subjected to

simple loading conditions. For instance, consider a film-substrate system as an example, a flat

film-substrate system typically exhibits sinusoidal wrinkling patterns when subjected to uniaxial

compression [57, 70]. Whereas, when a thin elastic shell adheres to a substrate with a different

shape, such as a spherical shell on a flat surface, mechanical incompatibilities arise due to the

mismatch in curvatures [71, 72]. This, too, can lead to the development of wrinkles and folds in

the shell as it attempts to conform to the shape of the substrate.

Nevertheless, the phenomenon of wrinkling pattern transformations caused by curvature in

three-dimensional curved systems has only been theoretically explored quite recently. These

studies primarily focused on spherical and cylindrical core-shell systems [65]. In the case of

a spherical core-shell structure subjected to compressive stresses, an initial hexagonal pattern

emerges and can subsequently transform into bistable and labyrinth phases under loading [73,

74]. However, in the case of a cylindrical core-shell system subjected to axial compression,

the initial axisymmetric sinusoidal wrinkling mode can transform into a diamond-like pattern.

This transformation depends on the specific values of the modular ratio and curvature in the

system [75]. Essentially, the curvature in such systems has the power to alter the nature of

wrinkling patterns, resulting in more diverse outcomes compared to flat systems.

In the realm of biological systems, the study of curvature-induced buckling and morpholog-

ical changes provides crucial insights into the mechanisms governing growth, development, and

adaptation. For instance, the intricate patterns of wrinkles on the skin of certain animals like

elephants, camouflage [76] and the undulating shapes of plant leaves are a direct result of the

interplay between curvature and underlying mechanical forces [1]. When different parts of these

structures have varying rates of expansion or contraction, changes in moisture content within the

material, etc create stress within the material, leading to the formation of wrinkles and folds.

This phenomenon has been extensively studied and understood in the context of natural systems,

where growth processes and environmental factors contribute to these mechanical instabilities.

The intriguing question raised is whether these inherent incompatibilities in length or curva-

ture can be intentionally harnessed to design and control complex wrinkled surfaces. In other

words, can we manipulate these mechanical instabilities to create specific patterns of wrinkles

and folds for various applications? This concept has significant implications across multiple

fields, including materials science, engineering, and design. Developing standardised methods for

quantitatively characterising wrinkling patterns, including metrics for measuring wrinkle wave-

length, amplitude, and orientation, can help compare results across different studies and improve

our understanding of the underlying physics. This research focuses on studying how the signs of



1.3. APPLICATIONS OF WRINKLING 7

curvature of thin films affect the wrinkle characteristics.

1.3 Applications of wrinkling

Wrinkling patterns have a wide range of applications in different fields. The characteristics of

wrinkles, such as their size, period, and height distribution, are of paramount importance in var-

ious applications, particularly in optical gratings. Precise control over these wrinkle attributes

enables tailored light manipulation and improved optical performance. For instance, investiga-

tions are done to significantly enhance light in-coupling and retro-reflection, leading to better

energy harvesting in solar cells and reduced glare in optical systems by optimising wrinkle size

and arrangement [77,78].

(b)

(a2)

(a1) (a2)

Figure 1.5: Applications of wrinkling patterns. (a1) steps involved in synthesising PDMS-based

solar cell anti-reflective layer featuring structured wrinkles, along with the encapsulation of the

solar cell, (a2) plot showing the conversion efficiency versus plasma treatment time and (b)

illustration depicting the autonomous motion of a droplet on a hierarchical wrinkled surface

featuring a gradient structure [9, 10].

Similarly, controlling the amplitude and wavelength of wrinkles can optimise light trapping

and photon absorption, enhancing solar cell efficiency as shown in Figure 1.5 (a1) and (a2).

It was investigated that the formation of wrinkles and deep folds on polymer surfaces under

mechanical stress serves as a means to direct and trap light within the photo-active regions of

photovoltaic devices. Utilising such textured surfaces has led to significant enhancements in light
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absorption efficiencies, notably in the near-infrared spectrum, where light absorption is typically

limited [79]. The study demonstrates a substantial boost in the external quantum efficiency of

polymer photovoltaics, surpassing a 600% increase in the near-infrared range. This expansion in

the useful range of solar energy conversion extends beyond 200 nm, showcasing the potential for

significantly improved photovoltaic performance in this critical spectral region.

Wrinkles were utilised to induce the autonomous motion of droplets which had applications

in microfluidics [10,80,81]. When a water droplet is placed on a surface with gradient wrinkling,

a noticeable difference in contact angle can be observed between the two sides of the droplet

along the gradient direction. This discrepancy in surface tension leads to the movement of the

droplet on the gradient wrinkling surface, specifically from regions with larger wavelengths and

amplitudes to those with smaller scales, as depicted in Figure 1.5 (b) [9]. The self-driven motion

of the droplet on the gradient wrinkled surface presents novel possibilities for microfluidic devices.

Besides these applications mentioned in this section, there are more applications in the field of

wrinkles which include flexible electronics, reverse patterning, bio-sensors, controlled wettability

etc, [56, 81–84].

1.4 Thesis organisation

This thesis has seven chapters including this introduction chapter and a chapter including the

summary and the conclusion. Briefly, these chapters will cover the following topics

Chapter 2: Methodology

It is evident from the discussion in Chapter 1 that it is important to study the wrinkling charac-

teristics of curved films. Chapter 2 discusses the different techniques and methods used in this

research for the fabrication of the desired thin curved films for further analysis. This included

designing and manufacturing the required curved substrates, followed by the development of the

polymer thin films. Since this was an iterative process, multiple variations of this design pro-

cess have also been mentioned. To ensure the reliability of the film fabrication methods, optical

coherence tomography was utilised.

Chapter 3: Imaging of wrinkling patterns

A detailed description of the imaging technique developed for tracing the wrinkled topography is

discussed in this chapter. This chapter also includes a detailed explanation of the optical theory
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followed for determining wrinkle characteristics like amplitude and wavelength. Image analysis

was done using the MATLAB programming environment. A detailed discussion of the algo-

rithms used, including the interpolation methodologies is also presented. This is followed by the

validation procedure implemented to ensure the reliability of the developed imaging technique.

Chapter 4: Effect of curvature on wrinkling patterns

The developed imaging methodology was used to study the wrinkling pattern of several curved

thin films with different Gaussian curvatures. Chapter 4 experimentally verifies the mathematical

predictions made in the literature regarding the path and direction of wrinkle formation on thin

films. Furthermore, this chapter elucidates the effect of curvature on wrinkle characteristics like

wavelength and amplitude with curvature. This chapter reinforces the hypothesis and predictions

made regarding the relations between the wrinkle characteristics and the curvature the inherent

curvature of thin films.

Chapter 5: Wrinkling patterns on photonic wafer

In contrast to the film curvature leading to wrinkle formation in Chapter 4, Chapter 5 explores the

phenomenon of wrinkle formation due to the strain mismatch between silicon and its oxide layer.

This effect becomes apparent as a consequence of variations in the cooling process within these

layers following laser annealing. The methodology for the preparation of the silicon wafer sample

is also discussed in detail. An advanced imaging technology, called atomic forced microscopy

(AFM) was employed to observe the nanoscale patterns formed which is followed by further

processing and analysis.

Chapter 6: Swelling kinetics of hydrogel

This study extends its scope to explore swelling-induced patterns on three-dimensional polymer

samples, including spherical and cuboidal shapes. Furthermore, a discussion is included that

relates the swelling of these specimens to the pH of the solution. The study also examines the

evolution of swelling patterns over time on off-the-shelf spherical polymer beads, which are used

as a reference for synthesising spherical beads and films, confirming the similarity of the patterns

observed in the samples. This chapter also highlights the potential of using different polymers

for the exploration of pattern formation on curved substrates.
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Chapter 7: Summary and conclusion

This chapter summarises the developed methodologies for curved and hemispherical thin films,

photonic wafers and three-dimensional polymer samples. The main findings and results high-

lighting the underpinned relationships between the curvature and the characteristic features of

the patterns and wrinkles are discussed. Additionally, the limitations and the future possibil-

ities of the methodologies developed are critically mentioned. To sum up the research work a

conclusion including the main contributions to the knowledge and literature in the domain of

soft-polymers is also included.

1.5 Research aim and objectives

This section enlists the main aims and objectives of this research study.

• To develop a reliable method for the synthesis of curved elastic thin films.

• To quantify the effect of curvature on the wrinkling patterns formed on the curved thin

films.

• To develop a robust imaging methodology for mapping the wrinkle characteristic features

like wavelength and amplitude.

• To study the patterns formed on photonic wafers and analyse the dependence of the pattern

features on the thickness of the wafer substrate’s oxide layers.

• To study swelling and swelling-induced pattern formation on three-dimensional polymer

cubes and spherical beads.



Chapter 2

Methodology

As discussed in Chapter 1, there is a clear gap in the literature regarding the understanding of

the wrinkling characteristics and their relations to the curvature of the elastic thin films. To

understand and determine these characteristic features, it was imminent to fabricate the curved

thin films for further experimentation and analysis. This chapter includes the various fabrication

techniques and processes adopted and tested for reliable and reproducible manufacturing of these

elastomeric films. Throughout the research study, several processes were undertaken during the

fabrication which included a mould design, 3D printing, thermoforming, polydimethylsiloxane

(PDMS) preparation, and thickness measurement using optical coherence tomography(OCT).

An elastomer called Polydimethylsiloxane (PDMS) was used for the fabrication of the thin

films. It was desirable to fabricate a hemispherical and saddle-shaped film to study both positive

and negative Gaussian curvature surfaces. To achieve a robust methodology for film fabrication

several iterations were done. The first step was to manufacture a substrate which was done using

two different 3D Printing technologies as explained in 2.1. The PDMS coating methods included

drop-casting, with the inverted orientation being optimal for hemispherical substrates and the

inclined orientation achieving the desired uniform film thickness for saddle-shaped substrates.

To ensure proper curing of the PDMS material at lower thicknesses, a preferable material for

the substrate fabrication was identified as High Impact Polystyrene (HIPS). To overcome the

limitation of 3D printing HIPS with high accuracy, a precise 3D-printed mould was used to

vacuum thermo-form an HIPS sheet and achieve the final mould for a reliable and reproducible

methodology.

2.1 Mould design, 3D printing, and thermoforming

This work focuses on utilising an anticlastic shape, a surface that is curved in two opposite direc-

tions, as shown in figure 2.1. The presence of both a positive and a negative principle curvature

allows the possibility of studying novel effects of curvature on the formation of wrinkles. The

effect of positive Gaussian curvature (shells) on wrinkling patterns has already been studied in

the literature [13,14]. A saddle-shaped mould that has negative Gaussian curvature (orthogonal

11
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𝟏 > 𝟎

𝟐 < 𝟎

Figure 2.1: Computer-aided design (CAD) of an anticlastic (saddle-shaped) mould showing the

positive and negative curvature in the shape, respectively κ1 and κ2.

positive κ1 and negative κ2 principal curvatures), as given in figure 2.1, is key to this study.

Autodesk Fusion 360 was used to develop a 3D computer-aided design of the mould. Fig. 2.2

illustrates the design process utilised for designing a saddle shape (κ1 = 1/R1 and κ2 = −1/R2,

where R1 and R2 are the two required radius of curvatures). Fig. 2.2 (a) shows a rectangle

with the required dimensions (50 mm x 50 mm) of the saddle shape projection. This was

followed by the creation of two perpendicular planes passing through any two adjacent sides of

the rectangle (Fig. 2.2 (b)). On one of the planes (Fig. 2.2 (c)), two circles with a radius value

equal to R1 = 70mm were created with the opposite vertices of the edge as centres (Fig. 2.2 (d)),

respectively. It should be noted that the two circles intersect at two points in space, both above

and below the projected plane. For creating a positive curvature the intersection point below

the projected plane was chosen as a centre and another circle with radius = R1 was created and

all the extra construction lines were removed as shown in (Fig. 2.2 (e)). A similar process was

followed for the second perpendicular plane with a radius equal to R2 (Fig. 2.2 (f and g)). For a

negative curvature, the centre of the circle lies above the perpendicular plane (Fig. 2.2 (h)). Both

positive and negative curvature arcs (Fig. 2.2 (i)) were then projected to the respective parallel

planes passing through the opposite edges of the rectangle (Fig. 2.2 (j)). With all four curved

edges a surface was formed (Fig. 2.2 (k)). The projection of the curved surface was created at a

distance equal to the desired width of the mould (15 mm at the wider end) (Fig. 2.2 (l)). This

was then extruded up to a value greater than the desired width (25 mm) (Fig. 2.2 (m)). The

formed solid cuboid was then divided using a ‘Split’ command with the formed saddle surface as

the tool (Fig. 2.2 (n)). The top half was removed (Fig. 2.2 (o) and the remaining bottom half
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was the desired saddle-shaped mould (Fig. 2.2 (p)). Fusion 360 is a parametric software, which

means it allows for easy modification of the parameters. This helped simplify the design process

of the saddle-shaped moulds with various curvatures without the need for re-designing.

(a)
 (b)
 (c)
 (d)


(e)
 (f)
 (g)
 (h)


(i)
 (j)
 (k)


(l)
 (m)
 (n)


(o)
 (p)


Figure 2.2: The figure shows different steps involved in designing the saddle-shaped surface

using Autodesk Fusion 360.
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Once the design was ready, the moulds were fabricated using 3D printing. 3D printing

or Additive Manufacturing is a digital fabrication methodology to create physical objects by

gradual addition of material layer-by-layer [85]. In this technology, the object is manufactured

by layer deposition of materials like ceramic, metals, polymer and resins according to the design

requirements [86].

As an initial trial experiment, the saddle-shaped mould was 3D printed using the material

called polylactic acid (PLA) using the Fused Deposition Modelling (FDM) technique. Moulds

formed using PLA via the FDM technique have a poor vertical resolution and create undesirable

stair-like artefacts (i.e., printed parts have a higher layer thickness and visibly evident steps

on the curved surfaces) which affect the further fabrication of the thin film samples. Another

limitation with the mould formed using PLA was its low heat deflection temperature (HDT of

52 °C, the temperature at which the polymer becomes pliable/deformable). This is essential

for subsequent procedures involving the coating of moulds with the desired polymer material

(PDMS), considering the curing temperatures of around 80°C.

Alternatively, a photo-polymer high-temperature resin was used in this research to compen-

sate for these limitations of the PLA material. Additional benefits come from the underlying

printing process for this type of material, i.e., a more accurate 3D printing technique called

stereo-lithography (SLA). Using SLA, a dimensional accuracy of ±140 microns in the X-Y plane

(horizontal) of the digital model, over 80 per cent of surface points, was achieved when printed

on a 100-micron (vertical resolution) print setting. Formlabs Form 2 3D Printer was used to

manufacture the prototypes using the Formlabs High-Temperature v2 photo-polymer engineer-

ing resin. This photo-polymer resin has a high heat deflection temperature (HDT of 238°C @

0.45 MPa) and offers better thermal stability for the required curing temperatures of approx-

imately 80°C. The SLA technique has two further stages of post-processing, which makes the

3D printed part realise its optimum material properties. For High Temp v2 resin, a 6-minute

isopropyl alcohol (IPA) wash process [87] is required for the removal of any uncured excess resin,

followed by a 120-minute UV curing in a heated chamber at 80 °C [88].

Moulds with a high HDT also allowed for further experimentation with thin fabrication

methods, for instance using vacuum thermo-forming as discussed in section 2.2.

This was followed by the drop-casting of the PDMS solution to form a thin film. Due to the

dual curvature of the surface, the inverted curing method resulted in a pool of excess PDMS

material, and in turn variable thickness of the film, in the sections with negative curvature.

With the photo-polymer resin, a few trials were done regarding the casting of PDMS to get

a uniform deposition. For this, multiple iterations of the substrate designs were made, which

included a stackable version for the saddle-shaped surface and a mirrored part (highlighted in
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figure 2.2 (o)) with a spacer frame sandwiched between the two (FIG). In this design, two small

holes were included on the top surface, so the PDMS could be poured through one hole to fill

the mould. The objective of this was to obtain a uniform thickness of the film with no surface

defects. This design ensured a uniformity of thickness but was difficult to handle, and was

not immune to leakage of excessive material. Additionally, a constraint of this method was the

minimum printable thickness of the spacer (1 mm) without losing its structural integrity, which is

significantly greater than the desired thickness of the thin films intended for this work. Another

limitation of this design was the improper curing of the PDMS, due to the surrounding mould,

as the PDMS material requires a decent amount of air circulation to cure. This methodology

resulted in partially cured, thicker films with irregular edges.

Figure 2.3: CAD models of the saddle-shaped moulds with a negative curvature of κ2 = 70 mm

but different positive curvatures ranging from κ1 = 40 mm to 130 mm.

A simple saddle shape mould with excessive dimensions was identified to be a preferable

solution. A circumferential 2.5mm border was provided to fabricate a bigger film and later

trimmed to the desirable dimensions with straighter edges in the thin film.

Multiple substrates were then created using a base dimension of 55 mm x 55 mm, a fixed

negative curvature of 70 mm, and a positive curvature ranging from 40 mm to 130 mm, as

shown in Fig. 2.3. Two batches of 5 moulds each were 3D printed, with a total printing duration

of 12 hours. With fewer components to handle, the process became more straightforward and

more focus was then imparted on achieving proper curing and a uniform thickness of the film.

To achieve a uniform thickness various coating and curing orientations were tested which are
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explained in section 2.2 in detail.

Another difficulty that remained was the improper curing of the PDMS thin films. After a

few PDMS casting experiments on the photo-polymer resin moulds, it was observed that the

resin used to print the mould was acting as a chemical inhibitor, which curbed the cross-linking

of the PDMS polymer [89]. In order to overcome this problem, suggestions in the literature

involve long-duration post-curing recipes [89] and coating the topmost surface of the substrate

with a material like epoxy resin or a product called Inhibit-X [90]. However, implementing

these solutions would have extended the preparation time and could have altered the curvature

properties of the films, potentially introducing irregularities due to human error associated with

applying additional coatings.

Figure 2.4: Schematic diagram on how thermoforming works. Adapted from [11].

The solution was to use a material that does not inhibit the PDMS curing and also has the

required temperature properties. Therefore, High Impact Poly-Styrene (HIPS) was selected as

the appropriate material. Since, HIPS is not a photo-polymer resin and cannot be 3D printed

using SLA, although it is possible with FDM, which was undesirable, an alternative approach

was employed. This approach involved thermo-forming a HIPS thin sheet of thickness 1.5 mm

over the high-temperature 3D printed moulds.

Thermoforming is a technique in which a thermoplastic sheet is pre-heated to its heat deflec-

tion temperature [91]. The sheet of plastic is heated until it becomes soft and flexible. Then,

it is carefully stretched over a mould with the desired shape. As the plastic conforms to the

mould, a vacuum is used to create suction, which helps the plastic take on the exact shape of

the mould as shown in the schematic in figure 2.4. Post this, the plastic is allowed to cool down,

keeping the moulded shape, and the mould is removed. This was also a suitable solution as the

thermo-forming temperature of polystyrene is 150-190°C (also its HDT value) and the moulds
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manufactured using the high-temperature photo-polymer resin are thermally stable up to this

temperature. This also offered benefits like a lack of adhesion between the PDMS and the mould,

a reduction in the time for manufacturing multiple moulds (from an average of two or hours in

3D printing to only one minute using thermo-forming), and uniform and identical curvatures.

Once the polystyrene moulds were fabricated the next step involved the preparation of the curved

thin-films which is explained in the section 2.2.

2.2 PDMS thin film preparation

Polydimethylsiloxane, commonly known as PDMS, is a silicon elastomer that has a wide range of

uses in the field of research, the polymeric industry, etc [92–95]. It is mainly known for its thermal

and chemical stability, bio-compatibility, flexibility, hyperplastic characteristics, ease of use, and

low cost [94,96]. PDMS is formed by mixing together two components which are the base and the

crosslinker. The base initiates and facilitates the polymerisation of siloxane monomers to form

PDMS chains, while the crosslinker introduces crosslinks between these chains to create a solid

elastomeric material. During the curing process, heat is applied to the base and crosslinker which

causes a silyl hybrid group to form as a result of contact between an allyl or vinyl group and the

silicone. As they combine, the PDMS base and curing agent harden, creating a network structure

of chemical links between the polymer chains. This process is known as cross-linking [94, 97].

Regarding the mechanical properties of PDMS, the elastic modulus of PDMS has been variously

reported as between E= 1.32 and 2.97 MPa, and its tensile strength is between 0.57 and 3.17

MPa. These properties vary depending on the ratio of the curing agent and the elastomer base

and also on the curing temperature. Throughout this work, a 10:1 ratio of 184 Sylgard elastomer

base(DOW) and the 184 Silicone elastomer curing agent which was the standard protocol was

used as per the manufacturer specification. Once the base and the curing agent were poured

out in the required ratio, they were mixed thoroughly and were left for degassing in a vacuum

chamber for 30 minutes, which removed the air bubbles formed in the mixture.

The Young’s modulus of fully cured PDMS was measured through a tensile test. A PDMS

specimen (110 mm × 10 mm × 5.7 mm) was prepared with a 1:10 base-to-crosslinker ratio and

was tested in a universal tensile tester (MultiTest 2.5- dV, Mecmesin, UK). Each test was set to a

10% extension from the initial specimen length. Figure 6 shows the resulting stress–strain curves

with a 10:1 base-to-crosslinker ratio. Young’s modulus was estimated by the slope of a linear

least-squares fitting to the extension data (red dotted line). The estimated Young’s modulus

was 2.2 MPa within the range of literature values and the Poisson’s ratio was assumed to be 0.5

which implies the material does not significantly change in volume when subjected to a uniaxial
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Figure 2.5: Tensile test of PDMS (a) PDMS specimen cast on the dog-bone specimen mould for

the tensile test.(b) Image showing the specimen on the tensile testing machine. (c) The stress-

strain graph for the 10:1 ratio of PDMS specimen with Young’s modulus of E = 2.2± 0.12 MPa.

load in one direction [98,99].

The PDMS solution prepared was then used for the fabrication of the thin films for further

experimentation. The desired curvatures to be analysed involved both hemispherical and saddle-

shaped substrates. The hemispherical substrates with various Gaussian curvatures were procured

off-the-shelf and the saddle-shaped substrates were manufactured in-house as explained in section

2.1.

To coat these substrates, the preferred technique was drop casting, particularly suitable for

creating thin-film shells on curved substrates, as noted in [100]. When dealing with hemispherical

substrates, gravity-assisted drop casting was effective even in the inverted orientation. However,

it failed to yield consistent results with uniform thickness when applied to saddle-shaped sub-

strates. This discrepancy can be attributed to the negative Gaussian curvature of the saddle-

shaped form, contrasting with the positive curvature of the hemispherical mould. In the case of

the hemispherical substrate, gravity-assisted flow exhibited a consistent downward longitudinal

flow-velocity field along both principal curvatures, resulting in a uniform shell thickness post-

curing. Conversely, as depicted in the figure, the same downward longitudinal flow-velocity field

led to excessive material deposition, as shown in the figure, for the saddle-shaped substrate. To

address this observed thickness irregularity in the film, an alternative inclined orientation was
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employed. This was done by alternatively positioning the mould at different inclinations (45 °,

alternatively, along all edges of the mould) for curing instead of an inverted position, after the

drop-casting of the PDMS material. This ensured a proper flow of the material under gravity in

all directions and also allowed for the excess material to outflow from the mould. However, it’s

important to note that this approach introduced a degree of human influence due to the gradual

reduction in material flow during the curing process.

The number of coatings on the mould depends on the thickness required for the experiment.

One coating of PDMS resulted in an approximate thickness of 30-40 µm, therefore to achieve

the desired thickness multiple (three) coatings were done. Then the mould was left undisturbed

and covered in order to avoid any unwanted particles or dust from getting stuck into the poured

PDMS solution. Once the required thickness was attained the moulds are kept in the oven at

80°C for 4 hours in order to cure the PDMS. After curing, the films were carefully peeled off of the

moulds and taken to an optical coherence tomography (OCT) to have their thickness measured

as described in section 2.3. To ensure ease of removal of the fabricated delicate thin films from

the moulds, the moulds were pre-processed (before the PDMS coatings) with a thin coating of a

PVA (Polyvinyl alcohol). This reinforced the PDMS material and prevented any damage during

the peeling process post-curing. After the OCT measurements and before the wrinkling stages

(discussed in Chapter 3, the films were dispersed in water in different Petri dishes to allow the

PVA layer to partially dissolve which made it easy to remove from the PDMS. The PVA layer

was then removed carefully with a paintbrush and the PDMS films were cleaned thoroughly with

deionized water to make them fully transparent before performing any experiments.

2.3 Measurement of film thickness using OCT

The thickness of the PDMS films is an important parameter in this work. There are different

techniques to measure the thickness of the film such as ellipsometry, optical profilometry, scanning

probe microscopy, interferometry etc. But in this research optical coherence tomography (OCT)

was used to measure the thickness of the thin film because of its high axial resolution. The

high depth and transversal resolution of OCT, and also the fact that its transverse and depth

resolutions are independent, the high probing depth in scattering media, the contact-free and

non-invasive operation, and the ability to develop various function-dependent image contrasting

methods are its specific advantages.

OCT is analogous to the ultrasound B scan, the main difference is that instead of sound, OCT

uses light. The first step in OCT imaging is measuring the axial distance within the sample or

the material. Light originating from the source is divided into two separate paths using a beam
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Figure 2.6: Schematic of OCT. (a) shows the schematic diagram of the FD-OCT. This OCT which

is used in the thesis employs a stationary reference mirror coupled with a spectral detector. (b)

shows the scanned OCT image of PDMS films with a PVA layer.

splitter, often referred to as a dichroic mirror [101, 102]. One of these light paths is directed

towards the sample, while the other is directed towards a reference mirror. After interacting

with the sample and reference mirror, the reflected light from both paths is recombined at

the beam splitter and subsequently directed towards the detector. These two light beams can

produce constructive interference due to the low-coherence characteristic of the light, ensuring

that they have travelled equal distances [103]. There are two types of OCT, Time-domain (TD-

OCT) and Fourier-domain (FD-OCT), in which in this research FD-OCT is used. In Fourier-

Domain Optical Coherence Tomography (FD-OCT), the reference mirror remains stationary, and

a spectral detector is utilised, as illustrated in figure 2.6 (a). To determine depth information,

the spectrum of the reflected signals is analysed through Fourier analysis, giving rise to the

term Fourier-domain OCT [101,104,105]. FD-OCT, with its fixed reference mirror, offers faster

imaging capabilities and is the predominant OCT method [105], which is also the type employed

in this thesis

In OCT imaging samples are depth profiles are scanned point by point along a scan line, then

patched together in order to generate a two dimensional cross-sectional image of the sample as

given in figure 2.6 (b). In this project an ultra-high-resolution FD-OCT (centre wavelength of

810 nm and a depth resolution of 1.8 µm in air) [104], developed by the Imaging & Sensing for

Archaeology, Art History & Conservation (ISAAC) group at Nottingham Trent University was

used to measure the thickness of the PDMS films. From an OCT image, the optical thickness of

the sample can be determined, which is the product of the real thickness and the group refractive
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index. The group refractive index n of a material is defined as the ratio of the vacuum velocity

of light to the group velocity in the medium. Therefore, to measure the real thickness of the

PDMS films, the optical thickness of the PDMS film was divided by n of the PDMS, which was

measured to be n = 1.42 [102,106].



Chapter 3

Imaging of wrinkling patterns

3.1 Introduction

A detailed explanation of wrinkles and their formation, and the main questions which are given

through this work were discussed in Chapter 1. The key features to be measured for the analysis

of the wrinkles are their amplitude and their wavelength and how these metrics vary with position

and film curvature. This chapter discusses the imaging technique employed for the analysis of the

wrinkles formed on the curved thin films described in Chapter 2. It includes the experimental

setup that was designed, the theoretical components of the imaging used, and the relevant

algorithms developed to map the surface height profile of a floating film and to characterise

the wrinkles. As mentioned in Chapter 1, there are different theoretical predictions and models

for wrinkling on curved films [63, 107, 108]. But, a significant challenge to this subject is the

imaging and analysis of these patterns, formed in an experimental environment. Therefore, in

this chapter, the aim is to explain the developed imaging technique and the processing algorithm

which was used in this research study.

There are several studies in the literature concerning the analysis of wrinkling patterns [50,

108–114]. An important example is focused on the patterns formed on the bi-layer planar systems

where a polymer is coated either on a glass substrate or on another polymer substrate [115–

117]. These studies include the application of a temperature gradient [118,119]or a mechanical

force [58, 120, 121], to two layers having different inherent mechanical properties. The removal

of these forces triggers the formation of wrinkling patterns. This occurs when the developed

stresses that are different in the two layers try to accommodate each other, leading to out-

of-plane deformations. These studies typically use optical microscopy techniques to study the

patterns, since the wrinkles are mainly in the nanometre to the micrometre range.

Similarly, there are studies which use the atomic force microscopy (AFM) to measure wrinkle

characteristics formed on hydrogel films. For example, Glatz et al. [122] used AFM profilometry

to analyse wrinkling patterns formed when soft PDMS was cast into a mould consisting of hard

PDMS.

A common element in the imaging technique employed by these examples in literature is the

22
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Figure 3.1: Figure showing the wrinkles observed on a thin film made of polymer PEDOT: poly(4-

styrene trifluoromethyl (bissulfonylimide)) by using inverted microscopy adapted from [12].

stationary substrate which allows for easy setup for imaging methods. On the contrary, imaging

methods become complicated with floating or suspended samples in liquid media or substrate.

Paulsen et al. [123] worked with wrinkling of a polystyrene film of thickness 113 nm, where

the film was floating on water. It was poked from beneath by a rod with a spherical tip. This

led to surface deformation and a constraint to the flotation of the thin film, which enabled easy

observation using an overhead camera. However, they were only able to report the wrinkle wave-

length observed from the shadowgraph pattern of dark and bright lines, caused by the lensing

around wrinkles, rather than any absolute height or amplitude information. Alternatively, Al-

barran et al. [13] used polymer shells of different shapes, which were floated on water. In this

case, the patterns formed were studied by projecting a vertical laser sheet across the shell [13].

Height profiles along one direction of the deformed shells were created by obtaining calibrated

side-view digital photographs of the scattered laser light. Also, Albarran et al. used the shadow-

graph technique for imaging the wrinkles with the help of a collimated light source, which was

projected through the shell onto a translucent sheet.

However, these studies present certain limitations in the existing literature, as they require

additional setup and specialised equipment for imaging technologies. Furthermore, they are

constrained in terms of the type and quantity of wrinkle data they can capture. Shadowgraphs,

for instance, can only provide brightness data due to lensing effects, while laser sheet imaging is

limited to height profile data pertaining to specific cross-sections or the mid-line of floating strips.

Consequently, these methodologies fall short in reliably determining wrinkle characteristics since

a substantial amount of essential data remains unaccounted for.

To address this challenge, an effective methodology should offer three-dimensional data en-

compassing the entire height profile of the entire film sample, all while maintaining a non-invasive

approach. This is especially crucial when dealing with delicate handling requirements inherent to

thin films. The imaging method outlined here fulfils this imperative need for studying wrinkling
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patterns on floating films and provides reliable 3-dimensional data without any need for special

scientific equipment.

3.2 Experimental setup

For capturing the wrinkling pattern formed on the curved films, and as an early prototype trial,

a gelatin solution was prepared and was cast on a 70mm x 70mm saddle-shaped mould. The

gelatin solution was prepared by dissolving 20 g of Gelatin Fluka No. 48723 (CAS Nº:9000-70-8)

powder into 100ml of distilled water and stirring constantly for 30 minutes at 60° C. After 2-3

hours, once the film was dried it was peeled off from the mould and dispersed in a water bath,

as described in Chapter 2. Although the wrinkles formed on the film could be seen by the naked

eye, the challenge remained to capture a full surface profile of the wrinkled configuration for

(a)

(b)

(c) t = 0 s t = 100 s t = 300 s

Position (mm) Position (mm) Position (mm) 

In
te

ns
ity

In
te

ns
ity

In
te

ns
ity

Figure 3.2: Wrinkling analysis of gelatin film using ImageJ. (a) shows time sequence images of

wrinkles forming over a gelatin film approximately 100 µm thick. (b) Pseudo-colour images of

the corresponding images and black like showing a section on the gelatin film (c) intensity plot

of the corresponding section (marked in (b)).
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further analysis, i.e., determining the wrinkle features. As an initial attempt the images of the

wrinkled film on the water bath were captured at an angle, using a DSLR camera. The images

were analysed using ImageJ software [124] to extract the intensities of pixels along a line profile

of the image, as shown in Figure 3.2. Variation in the intensity profile of the film cross-section

can be observed over a span of 200 sec and the wrinkle can also be visually confirmed from the

pseudo colour plot. These initial experiments allowed for the exploration of gelatin-based thin

film fabrication and identified potential limitations in the methodology.

Gelatin films had limitations, such as capturing air bubbles during preparation. Also, the

thickness of the film cannot be easily controlled, due to the low viscosity of the gelatin solution

before setting. The fabricated films, after a single cast of gelatin, were very delicate and brittle.

To attain a desirable thickness coating multiple gelatin layers was a potential solution but due

to the low melting point of gelatin [125], no supplementary layers could be coated. Since, the

process of dissolving gelatin powder in water requires the input of heat, making it an endothermic

process, the heat from the second batch of gelatin solution was sufficient for liquefying [125,126]

of the previously cured layer. As a result, layering is not feasible in this situation. The gelatin

thin films were elastic in nature when dispersed in water. However, the peeling of the films from

the mould was a critical step, which unfortunately resulted in frequent tearing of the film. As a

result, polydimethylsiloxane (PDMS) was later used as a more suitable alternative to develop as

discussed in section 2.2. In either case, the challenge of imaging and characterising the wrinkling

pattern still remained. Analysis of images of wrinkled gelatin films taken at an angle did not

prove to be a robust methodology for determining the wavelength and amplitude due to several

factors. Firstly, the difficulty of standardisation for example in lighting and positioning in taking

and analysing the images can lead to widely varying results. Secondly, the interpretation of

the images is subjective, which can introduce inconsistencies and lack of reliability. Finally, the

results obtained may not be reproducible due to the inherent variability of the gelatin film and

experimental conditions.

In the effort to develop a suitable technique for imaging of wrinkles, a novel optics-based

method was explored. Different dot grid patterns were printed and placed below the water

bath (which was in a transparent Petri dish). This led to an observation of a unique distortion

pattern of the dots, as seen from above. The dots are magnified and diverged near the crest, and

converged near the troughs of a wrinkle, due to refraction. Some images taken with different

dot patterns are shown in Figure 3.3. Experiments with dot patterns with different dot sizes,

spacing colour, etc., were undertaken so that the wrinkling pattern could be captured in a better

manner, compared to previous methods.

The experiment was conducted over multiple iterations. A triangular dot grid pattern with a
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Figure 3.3: Images of different dot patterns, seen through a wrinkled film floating on a water

bath. From the images, it is evident that dots are magnified near the crest, and that the positions

of the dots near the troughs are converged.

dot diameter and grid spacing (white space between the dots) of 2.5 mm as shown in Figure 3.3

(a) was used for the first trial. However, some wrinkles were smaller than the dot size, making

them difficult to observe. In response, the dot size and spacing were reduced to 1.5 mm in the

second iteration, as shown in Figure 3.3 (b).

Using the 1.5mm dot pattern, an experimental setup for imaging the wrinkling pattern was

established. The printed dot pattern was sandwiched between an LED white light panel on the

bottom and an acrylic Petri dish on the top. This helped in illuminating the dot pattern from the

bottom of the Petri dish. The transparent acrylic rectangular Petri dish was filled with deionised

water up to a depth of 5mm, as shown in Fig. 3.4. The experimental setup also included a Nikon

DSLR Camera (D5100) which was fixed at a height of 42 cm on a retort stand above the Petri

dish, with the help of Thor-labs optical stainless steel posts.

With this experimental setup, digital images of the dot pattern before and after floating

the PDMS film were captured carefully without disturbing the dot pattern, Petri-dish, camera

etc. The images with the PDMS film show magnified and converged dot patterns due to the

formation of wrinkles. Using MATLAB, both the initial and distorted images of the dot pattern

were processed by thresholding followed by identifying the connected regions and their respective

centroids. With the help of the centroid coordinates, the displacement vectors of the centroids

were calculated. Tracking the dot centroids and evaluating their displacement vectors was useful

for the development of a discreet vector field specific to a wrinkled film which was further used

for computing a continuous displacement field for further analysis and determining the height

profiles. Processed images of the initial and distorted dot patterns, with the dot centroids, are
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Figure 3.4: Images of the experimental setup. (a) Image showing the experimental setup with

the sheet of dot pattern sandwiched between the LED light pad and the water bath in the Petri

dish and a DSLR camera mounted vertically above for imaging (b) a close-up view of the Petri

dish, with a wrinkled film in it.

given in Figure 3.5. The MATLAB algorithm used for this method is explained in more detail

in Section 3.3.2.

Finally, modifications were made to the experimental set-up to improve the quality and

reliability of the method, which was then to be consistently used for capturing the wrinkling

pattern. To eliminate the possible movement of the dot patterns while dispersing the PDMS

film onto the water bath during the experiment, the printed sheet of dots and the underlying

LED light pad were replaced with a fixed screen. This involved a tablet (Microsoft Surface Pro

7), which projected the dot pattern from beneath the water bath. This also enabled automation

and provided for the possibility of changing the dot pattern without disturbing the floating thin

film.

Although decreasing the dot diameter and grid spacing improves the resolution of the wrinkles,

there is still a limitation to the achievable dot proximity. With an increase in resolution, another

rising concern was the identification of the refracted dots and ensuring proper matching of the

displaced dot pattern with the original one due to the close proximity. To address this issue,

an option with a coloured dot pattern was explored for the third iteration, as shown in fig

3.3c. However, this increased the complexity of the analysis, owing to the increase in variables

to be processed and matched, namely, hue and saturation in addition to the luminescence for

reliable tracking or identification of the magnified and converged dot patterns and prompting
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3 mm

Figure 3.5: Figures showing the centroids of the dots in processed and threshold images, before

and after the addition of wrinkled film. The dots are magnified and diverged at the crests and

the dots were converged at the troughs of the wrinkles.

the development of a novel random-dot methodology to avoid resolution problems and create a

simple analysis approach, as will be discussed later in this section.

Using MATLAB, random close-packing dot patterns were generated by iteratively placing

dots in a two-dimensional space while ensuring a minimum separation distance [127, 128]. A

minimum separation distance was defined as variable χ. In each iteration, a potential dot location

was generated with random x and y coordinates. The code then calculates the distances between

this new generated dot and all previously generated dots. If the minimum distance between the

new dot and the existing ones exceeded the specified χ value (separation distance χ = 0.015), the

dot was added to the arrangement. This iterative process was continued for a 10000 iterations

to generate each of the 30 different dot patterns, resulting in a collection of ∼ 3000 dots, in an

area of 600 cm2 (dot density of 5 dots/cm2), which were strategically spaced apart to maintain

the minimum separation constraint but without any regular order. Finally, the code visually

represented this close-packed arrangement, creating intricate and visually appealing dot patterns.

Capturing different dot patterns for the same wrinkle pattern improved the quality of the

displacement data. Instead of a single dot pattern, a batch of 30 random dot (with a dot density

of 5 dots/cm2) patterns was generated using MATLAB, which were projected consecutively onto
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the tablet screen. Both the initial (without the thin film) and the final (with the thin film)

images of the dots were captured, which resulted in 30 pairs of data sets. These images were

processed in the same way, explained in section 3.3.2, and their displacements were combined

and visualised together. The discrete data set of displacements was then interpolated to get a

continuous plot of displacement data, using methods that will be developed and explained in

3.3.2.

3.3 Determining the wrinkle parameters

This section explores the approach adopted for calculating the wrinkle characteristics, like the

amplitude and the wavelength, using a theoretical framework derived from optics.

3.3.1 Optical theory

The experimental setup used in this work can be considered and related to an optical inverse

problem. Consider a water bath initially of constant height h0, onto which a wrinkled film is

floated. Beneath the water bath, there are dots that are positioned randomly. Let the distance

from any point on the surface of the wrinkled film to the bottom of the Petri dish be h(x),

as given in Figure 3.6. A ray of the light incident on the film surface making an angle of

incidence φi with the normal at the point of incidence changes its direction of propagation and

the refracted ray makes an angle of refraction φr with the same normal. The change in direction

can be denoted by the angle θ = φi−φr. The line perpendicular to the incident ray at the point

of incidence also subtends an angle of φi with the tangent at the point of incidence due to the

property of similar triangles.

From Figure. 3.6,

tan φi =
dh

dx
, (3.1)

tan θ =
δ

h(x)
, (3.2)

where θ = φi − φr and δ is the lateral displacement in the apparent position of the dot. From

Snell’s law and considering the experimental setup, n1 sinφi = n2 sinφr. In this case, n1 is the

refractive index of air, which is 1, and n2 = n is the refractive index of water, which is taken to

be 1.33. Therefore,

φr = sin−1

(
sinφi

n

)
. (3.3)

Now, from Figure 3.6 and from Equation 3.2, h(x) can be written as:

h(x) =
δ

tan θ
=

δ

tan(φi − φr)
, (3.4)
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Figure 3.6: Ray trace diagram showing how light rays are refracted through the water layer with

an uneven upper surface and how the apparent position of a dot is displaced, as its image passes

through a wrinkled surface.

and now by substituting for φr in equation 3.4, we get,

h(x) =
δ

tan
(
φi − sin−1

(
sinφi

n

)) . (3.5)

By considering the small angle approximation, sinφi ≈ φi, and tanφi ≈ φi, Snell’s law can be

re-written as φi ≈ nφr. This gives,

h(x) =
δ

φi − φi

n

=
nδ

φi(n− 1)
. (3.6)

The values of h/δ from Equation 3.5 and 3.6 were compared and plotted against a range of

φi, values as shown in Figure 3.7 (a). It can be noted that the two curves shown by a green

line (without the small angle approximation) and a black dashed line (with the small angle

approximation applied) overlap for a wide range of angles. The relative error of h/δ was also

plotted as shown in Figure 3.7 (b). Assuming a ±1% cutoff for relative error, it can be seen

that the relative error remains below this value until φi = 0.20, which verifies the wide range

of validity of the small angle approximation. For a threshold of ±1% the relative error remains

particularly small beyond which the relative error increases following the power-law relationship

(∼ φ2
i ). On rearranging Equation 3.6,

φi(x) =
δ

h(x)

n

n− 1
. (3.7)
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Figure 3.7: Verification of small angle approximation. The plots show (a) an overlap of the exact

and small-angle approximations for h/δ and (b) the relative error in the approximation. From

this, the approximation is seen to be better than 1% accurate for φi ≤ 0.20, or 5% accurate for

φi ≤ 0.44.

Using the small angle approximation in Equation 3.1, dh
dx = tan φi ≈ φi. Substituting this into

Equation 3.7 and rearranging,

δ =
n− 1

n
h(x)

dh

dx
=

1

2

n− 1

n

d

dx
(h2). (3.8)

Since the derivation above follows identically in any direction, it can be generalised into a

two-dimensional surface where δx and δy denote the lateral displacement in the x and y directions

respectively. This gives a vector form of:

δ⃗ =
n− 1

n

1

2
∇(h2), (3.9)

where δ⃗ =
(
δx δy

)
. By taking divergence on both sides of equation 3.9,

∇ · δ⃗ =
n− 1

n

1

2
∇ · ∇(h2) = ∇2

(
n− 1

2n
h2

)
(3.10)

or more simply,

∇ · δ⃗ = ∇2η, (3.11)

where η = n−1
2n h2. From the experiments, the displacement data δ⃗ is acquired at a collection of

points corresponding to the positions of the projected dots. The height of the water level, h0,

can be measured, and the refractive index of water is also known. The only remaining unknown

factor is the height profile of the film which is a continuous scalar field across the cross-sectional

shape of the floating film. Using MATLAB, the Poisson equation given in Equation 3.11 was
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solved numerically and wrinkle patterns were determined. A detailed description of how the

images were processed and analysed is given in section 3.3.2. including the numerical scheme to

invert and solve Equation 3.11.

3.3.2 Image processing

This section describes the various steps which were used for the image processing of the dot

displacement patterns using MATLAB. Initial and final images of each dot pattern was captured

before and after placing the PDMS film on the water bath, respectively. This was repeated for

the whole batch of 30 random dot patterns, as described in section 3.2, resulting in 30 pairs of

images, namely, with and without the wrinkled film. The analysis was performed in a loop, and

the steps for one pair are explained below.

A pair of images (with and without the wrinkled film, and corresponding to the same dot

pattern) was imported into MATLAB using imread and converted into grayscale using rgb2gray.

Once an image is read into MATLAB, it is stored in terms of pixel intensities, in the form of

matrices. The next step in the process was to select the region of interest from both images.

This allowed the representation of the grayscale-cropped images in the form of a 2D matrix of

pixel intensities. To maintain consistency within the whole batch of 30 pair of images, the image

matrices were cropped to a specific aspect ratio which was determined manually. Examples of

initial and cropped images are given in Figure 3.8 (a) and (b) respectively. It’s worth noting

that the selection of the region of interest was only performed once for each batch of images,

rather than for every individual image within the batch. Moreover, the region of interest and

the aspect ratio for both images in a pair were kept same to ensure consistency and accuracy for

each comparison.

The function im2bw was utilised to transform the grayscale image into a binary image. The

function required a level value as an input attribute, which is scaled to obtain a threshold value

of pixel intensity between 0 and 255. This method was then used to convert all pixels in the

input image with intensities greater than the threshold to the value 1 (white), while all other

pixels were replaced with the value 0 (black). Therefore, a level value of 0.5 corresponds to an

intensity value of 127, halfway between the minimum and maximum value of the pixel intensity

range. The obtained image matrix was then inverted using the function not. Examples of the

inverted, binary images are shown in Figure 3.8 (c).

The next phase was to find the centroids of the dots in the binary images. For this the

function regionprops was used, which returns measurements for a set of properties for each 8-

connected component (object) in the given binary image. The command regionprops provides
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Figure 3.8: Different phases of image processing, showing (a) the coloured images of the dot

patterns, (b) the cropped images of a dot pattern in grayscale, (c) the binary and inverted images

of the cropped dot patterns and (d) the centroids (blue stars) of the dots of the corresponding

pair of images with and without the film, respectively. Cropped images here cover 5× 5 cm.

the ability to compute the region (cluster) properties from a binary image, for instance- area,

centroid, major and minor axis length, orientation, perimeter etc. A table of object areas and

the corresponding pixel coordinates of their centroids was extracted. Objects with areas less
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than 50 pixels were deemed to represent noise in the data and were excluded. Figure 3.8 (d)

shows the centroid locations of the image pair.

These image pairs of different random-dot patterns were then similarly processed individually

and the obtained displacement values were combined into a single matrix for further analysis. The

distance between each centroid in the initial image was calculated with respect to every centroid

in the final image (image with the film). Any values greater than a given search radius were then

eliminated, and a set of possible centroid pairings for every centroid was obtained. Of these,

the pairings with the minimum distance were identified as the new positions of the displaced

centroids. However, it is essential to acknowledge a potential limitation of this method, which

is the possibility of incorrect matching of a few dot pairs, particularly in cases with noise or

other sources of uncertainty. One powerful approach to mitigate this limitation and enhance

the precision of dot location is the incorporation of multiple images. This strategy significantly

reduces the error associated with dot localisation by allowing the dots to be more spread ou in

any particular image, while still allowing the collection of large amounts of data. The key to

the effectiveness of this approach lies in the diversity of the random dot patterns used and the

analysis of data.

Figure 3.9: Stacked image of 30 different dot patterns showing the dot displacements.

The uncertainty in the final position of a centroid is made trivial by imaging multiple random

dot pattern variations for both the initial stage (without the wrinkled thin film) and the final

stage (refracted from the submerged thin film). Typically, every imaged film projection contained

approximately 300 dots with a total of approximately 9000 dots pairs across the 30 different

patterns being projected for scenarios with and without the wrinkled film. Figure 3.9 shows a

stacked image of 30 random dot patterns with a wrinkled film on top of it. The closed packing

of dots ensure a good resolution for resolving wrinkles of wavelengths as small as 1mm. This is
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discussed in detail in the section 3.4. All the individual image pairs, featuring different random-

dot patterns, were then individually processed. The benefit of this multi-image approach is

that it takes advantage of the unique spatial distribution of dots in each pattern. Any errors

or inaccuracies in dot localisation that may have arisen from a specific random dot pattern are

likely to be different in another pattern and will eventually average out reducing the overall error.

As a result, the combination of data obtained from multiple random dot patterns into a single

matrix for further analysis not only improves precision but also enhances robustness.

(a) (b)

Figure 3.10: (a) Image showing the displacements of the centroids of the dots, as imaged through

the floating film, as compared to their corresponding centroid positions in the initial image. Red

circles show the original positions, blue asterisks shows the new position of the centroids and

green lines show the displacement of the centroids. (b) is a magnified section of the image of (a).

As a next step, the function scatteredInterpolant was used to interpolate the scattered,

discrete data points corresponding to the dot locations and displacement and generate a continu-

ous function representing the displacement data δ⃗(x⃗). Within MATLAB there are three options

for this interpolation, namely, nearest, linear, or natural, depending on which type of continuity

in interpolation is needed. In this work, the natural method was used since it interpolates the

data points with a continuity of C1. When it comes to interpolation methods, continuity is an

important consideration because the interpolated surface or derivative of the displacement vector

generated after interpolation is used in 3.11 to solve the Poisson equation. One way to achieve

this is by ensuring that the interpolated function has at least C1 continuity, which means that

the interpolated function is not only continuous but also has a continuous first derivative indi-

cating no abrupt changes in the slope of the function. The interpolation was done independently

in both the x and y directions, and example plots for both x and y displacements are given in
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Figure 3.11: Components of the displacement vector δ⃗ =
(
δx δy

)
, in the x and y directions,

interpolated from a series of centroids of the 30 pairs of images in the batch and their associated

displacements.

Figure 3.12.

Once continuous data of displacement was generated, according to the theory explained in

section 3.3.1, the next step was to solve the differential equation given in equation 3.14. MAT-

LAB was used to this implicit equation numerically. For this, the function solvepde was used

and the heights were generated. The function solvepde solves a partial differential equation of

the form,

m
∂2u

∂t2
+ d

∂u

∂t
−∇(c∇u) + au = f (3.12)

defined by a PDEModel. The solvepde function is used to solve the Poisson equation with

specified boundary conditions and coefficients m, d, c and a. The function takes the PDE model

as an input and returns the computed solution as a result. The solvepde function uses a finite

element method to discretise the PDE model and solve it numerically. This method divides

the computational domain into small subregions called elements and approximates the solution

within each element using a set of basis functions. The basis functions are chosen to satisfy the

boundary conditions of the PDE and are used to construct an approximation of the solution over

the entire domain. Here, the resulting solution can be used to evaluate a vector of height values,

h(x, y) at the mesh nodes of the computed solution as discussed in detail below.

The PDEModel is a set of variables which contains the problem coefficients along with a

geometry and the mesh. Several inputs are required to generate a PDEModel. Comparing Equa-
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tion 3.11 with the PDE of the form defined in Equation 3.12, the following coefficients are

obtained: m = 0, d = 0, c = −1, a = 0, f = F . Here, F is equivalent to ∇ · δ⃗. Therefore, a

numerical divergence of the continuous interpolated displacement data, presented in 3.12 was

calculated, using the function divergence.

In addition, a boundary condition is applied using the function applyBoundaryCondition.

The input arguments for this function include the empty PDE model variable, the type of the

region (Edge for a 2D geometry) bounded by the decomposed constructive solid 2-D geometry

(function decsg, a Dirichlet condition defined as ‘u’ and a supplementary initial ‘u0’ as η =

n−1
2n h2). This approach involves simplifying a complex geometry into simpler, regular subdomains

and constructing the geometry of each subdomain using simple geometric primitive shapes, known

as tria (triangular) or quad (square) elements.

Furthermore, a mesh is generated, using the defined triangular elements, for the model for

the defined geometry and the mesh density is controlled by the value of ‘Hmax’. A value of 0.01

denotes the maximum edge length of the triangular elements in the mesh. Hmax is related to

the mesh size, so it is always important to consider the geometry’s complexity and the desired

accuracy of the solution. Smaller values of Hmax result in finer meshes, which can lead to more

accurate solutions but may require more computational resources. After a few iterations and

comparing the solutions it generated after solving the PDE, a value of 0.01 was finalised. The

PDE was then solved using the function solvepde and the solution of the PDE is plotted as

shown in Figure 3.12.

The nodal solutions generated from solvepde are the values for η on the mesh vertices. The

corresponding height values were found as h(x) =
√

2n
n−1η. These were then plotted and an

example solution is shown in Figure 3.13 (a). For further analysis of wrinkling parameters, the

surface was divided into 50 concentric quadrilateral from the edge of the film to its centre. For

ease of analysis, each concentric quadrilateral was further segmented into separate edges. The

edges were grouped into four separate quadrants, divided by the diagonal lines across the film,

and the analysis of the wrinkles was done quadrant-wise.

In order to determine the wrinkling parameters, the minima and maxima of the height pro-

file along each of the segmented edges were determined by using the functions islocalmin and

isloacalmax. These functions detect the local minima and maxima in each segment in a quad-

rant and return it as an array of ones and zeroes depending on whether there were minima or

maxima. As a filter to this, the prominence for finding the minima and maxima was set to 0.2.

The prominence value of a local minimum (or maxima) measures how much the valley (or peak)

stands out with respect to its depth/height and location relative to other valleys/peaks. The

maxima and minima of each section in each quadrant were determined and plotted as shown in
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Figure 3.12: Figure showing the pdeplot, which is the solution of PDE which was solved using

the function solvepde.
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Figure 3.13: 3D plot of wrinkled surface. (a) showing the quadrilateral sections on a wrinkled

surface and (b) depicts the maxima and minima points in each section of the concentric quadri-

laterals. The prominence was set 0.2 in determining these extrema.

Figure 3.13 (b).

The wavelength of each segment was calculated by evaluating the distance between two

consecutive crests (local minima) and troughs (local maxima) of the wrinkles which was then

averaged to find one wavelength value for the segment. Next, the amplitude was calculated by

averaging the height values of the obtained local maxima and local minima in every individual

segment of every quadrant of the wrinkled film.

Although this approach seemed to produce reliable results, the method had an inherent

limitation. Dividing the wrinkled surface into concentric quadrilaterals and analysing the formed

quadrants inculcates a bias in the direction of observation of extreme points. This was also
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observed from the fact that sections under observation do not necessarily always align with the
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Figure 3.14: Illustration of different steps involved in determining the wrinkle characteristics.

(a) plot of the solution of PDE, (b) shows the parallel sections in x and y directions, (c) depicts

the maxima and minima in each parallel section in x and y directions and (d) schematic of a

cross-section of a wrinkled surface.
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direction perpendicular to the wrinkle direction and could lead to a disregard of potential data

(extrema) resulting in incorrect outcome values. Another limitation of this method was the

process of averaging individual observed values without any pre-processing or filtering which

has detrimental effects on the obtained values of wavelength. This was due to the possibility

of the presence of some far-spaced local minima (crests) or local maxima (troughs) on one or

more segments of the film. The algorithm lacks the ability to distinguish these from consecutive

extrema. This led to false observations of wavelength values and resulted in skewing of the

obtained wavelength values.

In order to resolve this issue, instead of dividing the obtained 3D surface into quadrilateral

sections, the wrinkled surface was divided into parallel sections both along the x and y direction

of the film as shown in Figure 3.14 (b). A detailed illustration of the steps involved in determining

the wrinkle characteristics is given in Figure 3.14. For determining the wrinkle characteristics,

a new method was developed due to the limitations of the previous method as explained earlier.

One of the biggest constraints was the calculation of wavelength. The functions islocalmin and

isloacalmax were used for evaluating the local maxima and minima, respectively as shown in

Figure 3.14 (c). The same step was repeated for the sections along the y-axis ( 3.14 (c)) with a

prominence value of 0.2. Figure 3.14 (d) shows a cross-section of a wrinkled film with extrema

which is marked as red and blue points.

For amplitude, a root-mean-square (RMS) value of the height or depth of all the individual

local extrema points was determined and used as the representative amplitude value for the film.

Evaluating the wavelength included adopting a method of Z-Scores, also known as standardisation

in statistics and is commonly used to assess how far a data point is from the mean of a dataset in

terms of standard deviations. It is a way to measure how "typical" or "atypical" a data point is

within a given dataset, also known as an inlier or outlier in statistics, respectively. The Z-Score

for every measurement is calculated by,

Z = |x− x̄

σ
|, (3.13)

where Z represents the Z score, x is the individual measurement, x̄ is the mean of the data and

σ is the standard deviation of the data. A threshold Z value of 1 was chosen which meant that

the data points were considered as outliers if they were more than one standard deviation away

from the mean in either direction (above or below).

This was used to filter out any pseudo-wavelength measurements before finding the repre-

sentative wavelength value for the film using the RMS method similar to the amplitudes. In

summary, the method involving imaging of multiple random dot pairs, followed by centroid dis-

placements, numerically inverting PDE to obtain height profiles and finally using parallel profile
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sections to resolve the wrinkled surface into individual waves provided a robust technique to

calculate the characteristic representative amplitude and wavelength value of each wrinkled thin

film sample.

Since the final characteristic values depend greatly on the computed height profiles, it was

crucial to validate the described methodology which is explained in the next section.

3.4 Validation of the image processing method

In section 3.3.2 a detailed discussion of the image processing methodology was provided. This

included how the images were processed in order to determine the wavelength and the amplitude

of the wrinkled film, and how these properties varied across the film. it is imperative to test

the reliability of the methodology developed. To validate the method, the imaging technique

explained in this chapter was performed on a transparent wrinkled sheet made of Polyethylene

Terephthalate (PET). The difference between the PDMS film and this sheet was that the PET

sheet was rigidly moulded into a fixed wrinkle pattern, whereas the PDMS film spontaneously

wrinkles when dispersed in the water bath. The same set of 30 random dot patterns used for

the PDMS films were projected using the tablet and the dot patterns were captured using the

digital camera. The other image processing methods discussed in section 3.3.2 were then followed

exactly. An image of the solution for the PDE for the PET sheet is shown in Figure 3.15.
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Figure 3.15: Plot of the solution of the PDE for the PET sheet using the imaging methodology

explained in section 3.3.2. This is a validation of the developed image methodology.

To compare these parameters with an independent measurement of the heights and the wave-

length of the PET sheet, an optical coherence tomography (OCT) technique was used as ex-
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plained in section 2.3. The same PET sheet used for the analysis above was used for the OCT

measurement. Figure 3.16 shows the OCT image of a section of the PET film from which the

amplitude and the wavelength of the wrinkled PET sheet were determined. The OCT data was

analysed using the ImageJ software. An amplitude value of 0.6 mm and a wavelength of 4 mm

were determined from the developed imaging methodology and these values matched with the

values from OCT imaging.

O
C
T

Reference base

Wrinkled surface

Reflections

Figure 3.16: Illustration of measurement of amplitude and wavelength of a wrinkled Polyethylene

Terephthalate (PET) sheet. (a) schematic showing position and direction of the PCT while

measurement and (b) shows the resultant OCT image showing the reference base, reflected

wrinkled surface.

Similarly, to validate the developed methodology for image processing and to evaluate how

the number of points affects the accuracy of the calculated height (amplitude) values, another

approach was implemented. A sinusoidally varying height profile was used to generate synthetic

input data, which was then analysed so that the reconstructed surface could be compared with

the known height profile values. A well-defined test function h = h0 + A sin(kx) sin(ky) was

used to generate the desired sinusoidal surface on a regular grid of dimensions 2 units × 2 units

and a grid spacing of 0.01 units. Here, h0 = 5mm represents the assumed water bath depth

analogous to the experimental setup. Initially, the test function was defined for an amplitude

value of A = 0.002 and the wavenumber, k = 4π (λ = 0.5).

The derivative of the function was calculated using the command gradient in MATLAB.

The gradient calculated was equal to the ∇ · h =

tanφxi

tanφyi

 which is the two dimensional form

of Equation 3.1. By rearranging Equation 3.5 and solving the δ⃗, the expected displacements were

calculated using the equation δ⃗ = h tan
(
φ⃗i − sin−1

(
sin φ⃗i

n

))
.

To visualise the effects of the number of points, projected by the tablet on the PDMS films,

on the method of interpolation used in this research, it was required to analyse the methodology
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for a number of points ranging from 10 to 40000. For the initial validation test, 500 random

points were selected and the displacement corresponding to these points was calculated using the

MATLAB algorithm. These are shown in Figure 3.17 (a) along with their displacement vectors

in Figure 3.17 (b).
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Figure 3.17: (a) 500 randomly selected points shown by red circles. (b) Calculated displacement

vectors of the 500 points, where the blue points are the new positions and green lines are their

movements.

Once the synthetic displacement vectors were calculated for the 500 random points, the same

algorithm was employed for the further analysis of the experimental data by solving the partial

differential equation. Furthermore, a 3-dimensional surface plot was reconstructed by numerically

inverting the PDE. For 500 points the pdeplot, in Figure 3.18 (d)), showed a significant relative

error in the height values when compared to the exact solution in Figure 3.18 (a)). Figure 3.18

(b), (c) and (e) also shows the surface plots (height profiles) obtained by numerically inverting

the PDE for 10000, 1000 and 100 points, respectively. 100 points performed poorly with a relative

error of 2.23× 10−4 whereas, 10000 points provided an optimum relative error < 5× 10−6. The

relative error was computed by evaluating the absolute difference between the measured and

calculated heights with respect to the measured height and is given by (|h− h′/h|).

Figure 3.19 shows the plots of the computed inverted PDE solutions for random points varying

from 10 to 40000. In order to determine the minimum number of points required to generate

the sinusoidal function, the concept of Nyquist sampling frequency was applied. The Nyquist

sampling condition is a fundamental principle in signal processing and digital communication.

It states that the sampling rate, or sampling frequency, must be at least twice the maximum

frequency present in the continuous signal being sampled. In the case of a sine wave, this
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Figure 3.18: (a) 3D plot of the exact input function for a surface height and (b) the interpolation

plot after solving the partial differential equation for heights.

means at least two samples are needed per wavelength of the sine wave to accurately represent

it. Sampling with just one sample per wavelength would not provide enough information to

faithfully reconstruct the original signal. Here, ‘samples’ are analogous to the ‘random points in

the experiment’.

According to the Nyquist theorem, a minimum sampling distance of λ/2 is required in each

direction to approximate the solution to the sinusoidal function. If N is considered to be the

number of random points to cover an area a, then a/N represents the area covered by each point.

The average spacing of points in any direction can then be approximated by
√
a/N which is also
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Figure 3.19: Figure showing different pdeplot plotted after solving the partial differential equation

for height which was solved for varying number of random points.

then the effective sampling distance. At the Nyquist condition, then,

√
a/N = λ/2. (3.14)
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Figure 3.20: Convergence of height error values. The heights obtained from the image processing

are compared with the heights of the exact function. The relative difference is plotted against the

number of random points chosen for the interpolation, in order to get the displacement vectors.

The red dashed line shows the Nyquist condition of N = 64 for λ = 0.5.

In the initial validation experiments, for a = 4 and λ = 0.5, N = 64 is the minimum number of

points required. Although, as already observed from Figure 3.18 and 3.19, the number of random

points N = 10000 (i.e., N ≫ 64 ) points provided a superior result. Figure 3.20 explores this

situation in more detail for λ = 0.5, and shows a decrease in the relative error with increasing

number of points N . Convergence to the exact height values validates the interpolation and the

developed numerical PDE inversion methodology.

The Nyquist frequency concept can also be extended to determine an effective resolution or the

maximum wavenumber (minimum wavelength) that can be reliably sampled using the developed

methodology. To evaluate a quantitative limit for the applicability of the methodology, Equation

3.14 can be rewritten as:

Nλ2

a
= 4. (3.15)

In other words, the expression Nλ2

a represents the dot density and has a constraint that it must

be greater than 4 to satisfy the Nyquist condition. This allows the computation of determining

λmin that can be reliably resolved for a defined number of random points N . This is illustrated
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Figure 3.21: Convergence plot between the relative error of heights and the dot density, for a

range of wavelengths varying from 0.022 to 2.0, showing the Nyquist condition (Nλ2

a = 4) marked

with a dashed line.

in Figure 3.21. In the methodology employed for the experiments, N = 10000 was used and

with the surface area of the film, a = 2500 mm2, λmin = 1 mm will be the minimum resolvable

wavelength for the experiments. The method is computationally limited to a λmin of 0.5 mm for

the maximum of 40000 points. It should be noted that the maximum number of random points

(N = 40000) was determined by the grid spacing defined in the MATLAB algorithm used for

both the experimental and validation. Furthermore, extending the application of the developed

image processing method beyond the specified limits of wavelength resolution would necessitate

working with data of increased mesh densities, resulting in a significant increase in computational

requirements.
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3.5 Conclusions

In this chapter a simple and effective technique for imaging wrinkled films on a water bath was

introduced. This method was used for determining the characteristics of wrinkled films, namely

their amplitude and wavelength. The methodology described in this chapter was used to perform

experiments and image thin film with both positive and negative curvatures. Different trials and

modifications made to achieve this technique were also explained in this section.

This chapter also explained the developed imaging and processing methodology for the wrin-

kled thin films using the displacements of the random projected dots. The displacements of

the dots were used to solve the partial differential equation which was derived using the optical

theory and by using MATLAB the PDE was solved to determine the height profiles of a wrin-

kled surface. This was critical to evaluate the representative wrinkle characteristics, namely,

the amplitude and wavelength. Two validation methods have also been included to verify the

computed surface profiles with the known exact solutions. The limitations and constraints of

the methodology were also determined. The developed methodology can be employed to analyse

curved wrinkled films reliably with an accuracy of < 1%( 0.74%) error for surface slopes of < 10°.

Also, the methodology was found to be capable of reliably resolving wrinkle wavelengths as small

as λmin = 1mm with N = 10000 random dots. The method is limited to a minimum λ = 0.5mm

for N = 40000.

In chapter 4 the study focuses on elucidating the wrinkle characteristic results for various

curvatures which were determined using the imaging methodology described in this chapter. The

relations between the Gaussian curvatures and the variation of wrinkle characteristics have been

discussed in detail. Several dimensionless groups have been determined and the effect of the

specific thickness is also discussed.



Chapter 4

Effect of curvature on wrinkling

patterns

4.1 Introduction

Mechanical instabilities seen on dried fruits, leaves, and flowers due to differential growth have

been widely explored and studied over the past few years [129–136]. Also, the instabilities of

thin films or sheets leading to surface patterns are extensively investigated because of their

various applications, and similar patterns have been observed in biological systems during their

growth [137, 138]. These surface patterns may arise due to a mismatch in the temperature,

lengths, curvatures, stress, etc. of two adhering layers [16,46,47,53,110,114,119,139–141]. When

the misfit stresses or strains generated by such processes stresses are above a particular point the

system becomes unstable and, depending on the system, this instability results in phenomena

like spontaneous wrinkling, folds, creases, herringbone patterns, labyrinth-like structures, etc.

[20, 45, 142]. These sorts of patterns can happen either on flat or curved interfaces [143, 144].

Most of the experimental research on wrinkling patterns has been focused on planar or flat

systems, some applications of which are highlighted in Chapter 1. Here, in this chapter, I will

show the corresponding results for the case of thin shells with positive and negative curvature,

using the imaging method given in Chapter 3.

When a thin film or a sheet has its own natural curvature, which is not equal to zero, the sys-

tem must satisfy geometrical constraints which are somewhat equivalent to lateral confinement.

Albarran et al. [13] have explained the resulting wrinkling patterns observed in shells of different

shapes, sizes and thicknesses cut out from hemispheres. The shells used in their work had an ef-

fective lateral confinement arising from their own geometrical frustrations, and therefore did not

require any external forces in order to bend and wrinkle. Instead, when these shells were floated

on a liquid surface, a variety of patterns appeared, all showing wrinkles of constant wavelength,

and different instabilities like domain boundaries and folds. Also along with the experimental

work, simulations for the shells in different shapes were also predicted in this paper, as shown in

49
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Figure 4.1: Patterns formed in floating shells with various geometries, obtained from experiments

(left) and simulations (right). Experimental shells were imaged using shadowgraphy, while sim-

ulation images show surface displacement with a similar colour scheme. The identified patterns

encompass various formations including single (7, 17) and multiple (e.g., 1-3) domains of straight

wrinkles (7, 17, 21), curved wrinkles (4, 16, 19), folds (8, 10, 11, 20), flattened boundaries (19),

and dislocations (4, 16), among other configurations. Image adapted from Albarran et al. [13].

Figure 4.1.

In their work on wrinkling, Aharoni et al. [145] had showed that the wrinkling patterns formed

in thin curved elastic films have direct analogies with the behaviour of smectic-liquid crystals

and other patterned systems, for a vast parameter regime. A key assumption in this theory

was the scale separation between the wavelength of the wrinkles and the other length scales in

the system, which include the control parameters like the thickness and radius of curvature of

the film, as well as the emergent length scales like the amplitude. This work also explains the

appearance of wrinkle domains formed in thin curved films in analogy with liquid crystals. As

shown in Figure 4.1 a floating thin film can break into different domains, which are separated

by interfaces or domain walls across which the direction of the wrinkles changes. In their work,

it was also shown that the maximum amplitude across the wrinkles in a domain is proportional

to the size of that domain.

Tobasco et al. [14, 15], in their recent work, derived a set of rules that predict the nature of

curvature-driven wrinkling, with the help of a stress-like Lagrange multiplier. As discussed in

Chapter 1, Gaussian curvature κ = κ1×κ2 where κ1 and κ2 corresponding to the maximum and

minimum values of the curvature in different directions as shown in Figure 2.1. For shells with

negative Gaussian curvature (both positive and negative principal curvatures), for instance, a
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Figure 4.2: The paths chosen by (a) a film with a square geometry, to form wrinkles. According

to the theory of Tobasco et al. [14, 15], a medial axis of a geometry is formed by connecting the

points that are equidistant from at least two boundary edges. (b) This is same as the points

defined by a circumscribed circle tangent at at least two points on the periphery. (c) In other

words, the centre of these circles describes the medial axis. (d) Wrinkles in shells with negative

Gaussian curvature are expected to arrange themselves in the quickest exit path that is also

perpendicular to the boundary and coincides with the medial axis. (e) The ends (q and r) of two

coinciding wrinkle lines (pq and pr), are joined to form an isosceles triangle with the new line

segment (qr) forming the domain boundary for the oppositely curved shell. (f) All the wrinkle

direction lines (stable lines) are shown for the reciprocally related curved shell with positive

Gaussian curvature.

saddle shape, the wrinkles are formed along the direction perpendicular to the closest periphery

of the geometry. This path inherently allows for the quickest exit from the cut-out shape. These

perpendicular paths coincide with the medial axis of the film as illustrated in Figure 4.2. The

medial axis of a shape represents the "centre line" or "skeleton" of that shape. The medial axis

consists of the points where you can draw a line that is equidistant from at least two sides of the

shape’s boundary, for example the centre line of a narrow wedge shape. Another concept that

is important to introduce here is the concept of stable lines. These are paths or lines parallel to

the direction of the wrinkles, and represent the lines along which the wrinkles are most stable
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and well-defined. Both concepts are explored through a graphical example in Figure 4.2

Tobascco et al. [14] showed a reciprocal correlation between the wrinkling domains of oppo-

sitely curved shells. This reciprocal relationship could have interesting implications for under-

standing and predicting the behaviour of wrinkled films. This is derived from the concept of

reciprocal figures as originally presented by Maxwell [14,146]. This new class of reciprocal rules

suggests that there might be a fundamental connection between the deformation mechanisms of

oppositely curved shells.

Figure 4.2(d) shows the wrinkling domains, medial axis (black dashed lines) and wrinkling

direction lines (blue solid lines) of a negative Gaussian curvature shell. It should be noted that

these wrinkle lines coincide at the medial axis forming a pair (for instance line segments ’pq’ and

’pr’) as shown in Figure 4.2. The ends of these paired wrinkle lines (pq and pr) can be joined to

form an isosceles triangle and the newly formed line segment,’qr’ (brown solid line) denotes the

boundary of the domain for the oppositely curved shell (reciprocal figure denoting the positive

Gaussian curvature shell domain). These are shown in Figure 4.2(f).

Figure 4.3: For cutouts of different shapes of different Gaussian curvature κ, the solid cyan line

represents the direction of wrinkles, within the regions of ordered wrinkles, while regions without

these lines indicate the regions of disordered wrinkles. The medial axis shown as a set of white

lines delimits the film into domains. For saddle-shaped shells, wrinkles decay toward the medial

axis, and for spherical shells, wrinkles decay toward the boundary. The dotted cyan curves

illustrate the ideal shapes used in the predictions and flattened regions are excluded. Image is

adapted from [14].

Finally, according to the rules derived by Tobasco, in shells with positive curvatures, there

are domains in which wrinkles are formed in an orderly fashion and the location of these domains
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is also consistent. However, for some shapes, including circular or hexagonal-shaped thin shells,

domains of disordered wrinkles are also observed, whose location is defined but where the other

wrinkle characteristics like the orientations are random, these disordered regions had previously

been noticed [13, 145], but not explained. Secondly, these domains are divided up, based on the

medial axis or the skeleton of the geometry of the shell. The white lines given in Figure 4.3

represent the medial axis of different shape cutouts of thin curved films. Another rule that was

predicted was that in ordered domains the arrangement of wrinkles depends solely on whether

the surface is positively or negatively curved (i.e. the sign of the Gaussian curvature) and not

on the magnitude of the curvature. The goal of this chapter is to validate these and the related

predictions in shells with varying Gaussian curvature and principal curvatures.

4.2 Parameters and dimensional analysis

Dimensional analysis is a method to study the relationship between physical quantities depend-

ing on their units and physical dimensions. It is a method to reduce the number of variables

and simplify a physical problem by bringing dimensional homogeneity. It is useful in checking

mathematical equations, interpreting experimental data, modelling, developing the significance

of a particular phenomenon, etc. [147]. One famous theorem used in dimensional analysis is

the Buckingham Π-theorem which states that in a physical problem if there are m variables that

have n independent dimensions, then one can generate (m−n) dimensionless groups connecting

the variables used in the problem [147–149].

Besides the extent or length of the film W , there are five parameters that are thought to

affect the wrinkling pattern of a floating film [13]. The first parameter is the stretching modulus

Y , which shows how much the material is resistant to elastic deformation when an external force

is applied. It characterises the energetic cost of changing the surface area of the film and is

given by the equation, Y = Et, where E is the Young’s modulus of the material and t is the

thickness of the thin film [14]. Secondly, the Gaussian curvature, κ = K1K2, is expected to

uniquely characterise the effects of the shell curvature, based on the Gauss Theorem Egregium

[150, 151]. Next, the bending modulus B, given by B = Et3/[12(1 − ν2)], characterises the

relative difficulty of local bending (changing the principal curvature, while keeping the Gaussian

curvature constant) or flexing of the film, where ν is the Poison ratio. For ν = 1/2 which is

a reasonable assumption for a polymer like PDMS [98, 99], B = Et3/9. Another mechanical

parameter is the gravitational stiffness Kg, which in this case is the specific weight of the fluid

on which the film is placed, given by Kg = ρg where ρ is the fluid density and g is the magnitude

of the acceleration due to gravity. Finally, the last relevant parameter is the surface tension γlv,



4.2. PARAMETERS AND DIMENSIONAL ANALYSIS 54

Parameters Symbol Dimensions Experimental range

Film width W L 5× 10−2 m

Bending stiffness B F L (1.2− 5.2)× 10−7 N m

Gravitational stiffness Kg F L−3 9.8× 103 Nm−3

Stretching modulus Y F L−1 (1.76− 2.83)× 102 Nm−1

Surface tension γlv F L−1 7.2× 10−2 Nm−1

Gaussian curvature |κ| L−2 (0.5− 4)× 102 m−2

Table 4.1: Dimensions and experimental range for the parameters affecting the wrinkling pattern

of a floating film. Here, F and L denote force and length dimensions respectively. Force (F) has

dimensions [MLT−2] where M is mass and T is time.

which characterises the additional forces acting on the edges of the thin film from its surrounding

water bath [14].

In the experiments performed in this work, the width W of the film is 50 ± 1 mm and its

thickness, t ranges from 80 µm to 129 µm. The Young’s modulus, E, of the PDMS film is 2.2

MPa which was measured using the tensile test as given in section 2.2, and the Poisson’s ratio

is assumed to be ν = 0.5 [98, 99]. The surface tension γlv of water is taken to be 0.072 Nm−1

[14,152]. By substituting the range of thickness of the thin films and the Young’s modulus of the

PDMS into the equation of bending modulus, the bending modulus is found to be in the range

of 10−6 Nm.

Considering the total energy (U) of the system, there can be contributions parameters men-

tioned above, which are the bending energy (UB), stretching energy (US), gravitational energy

(Ug) and the surface energy (Uγ). By applying the Buckingham Π-theorem to this system, which

involves six variables and two dimensions, we obtain four dimensionless groups as a result. One

group is taken to be the angular size of the cutout of the thin film, W
√
κ. The other three

dimensionless groups [15] are:

Π1 =
B

YW 4κ
Π2 =

Kg

κ Y
Π3 =

γlv
Y

1

W 2κ
. (4.1)

These three groups can be defined as the ratios of the typical energy scales in the wrinkling

problem. The first group Π1 is approximately the ratio of the bending energy and the stretching

energy, Π2 is the ratio is gravitational and stretching energy and the last group Π3 is the ratio of

energy due to surface tension and the stretching energy. These dimensionless groups can also be

considered as the ratios of three independent length scales of deformation. The first parameter
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is the curvature κ, the second is a length scale of the form Λ = (B/Kg)
1/4 which is generated by

balancing the bending energy and its gravitational energy. The third length scale is Γ =
√
t/κ1/4,

which shows the scale at which the bending energy becomes comparable to the stretching energy

in order to flatten the curved film. It is an important length scale according to the elastic theory

of shells and is also used in determining the critical condition for buckling, the wavelength of

anisotropic blisters, etc. [153,154].

By substituting the experimental values to the parameters mentioned above, one finds that

γlvκ
−1 ≪ YW 2 which proves the experiments are happening in the limit of a weak tension.

Similarly, BKgκ
−2 ≪ Y 2W 4 which shows that the problem has a small bending stiffness. Since

the surface tension γlv is very small compared to the other parameters the third dimensionless

group has been assumed to be negligible [14]. Also since Y 2W 4 is much greater than the product

of the bending modulus and the gravitational stiffness, the contribution from stretching energy is

also neglected in this experiment. So here, it’s the bending energy and the gravitational energy

that drives the wrinkling phenomenon.

4.2.1 Theoretical predictions

To understand the underlying concept of deformations for the case of wrinkle formation on

thin films, it is imperative to understand a core concept of continuum mechanics called the

‘Euler elastica’ [155,156]. The initial idea of the Euler elastica was developed to understand the

deformation of thin solids, like wooden beams and sheets, and their response to external forces

and geometric constraints [156]. An assumption behind the Euler elastica, in simple terms, is

that thin materials prefer bending over stretching [155,157]. This preference arises because thin

materials require less energy to bend compared to stretching. cite.

Mathematical functions that represent solutions to Euler’s elastica arise from two key prin-

ciples that blend mechanics and geometry. Firstly, the bending dominance over stretching is

observed because, for a rod (or sheet) with thickness t, the ratio of bending stiffness to stretch-

ing modulus scales as ∼ t2. Secondly, Euler’s elastica introduces the notion of ’isometric de-

formations’. This concept implies that materials can be confined within certain shapes without

subjecting their central axis to stretching. This approach guides the path towards equilibrium

states with minimal energy.

The research aims to prove the validation of Euler’s elastica and the preference for bending

deformation over stretching. Furthermore, it is essential to draw conclusions about the geometric

characteristics, namely, the wavelength and the amplitude of wrinkling in a curved thin film under

isotropic deformation, and observe the effects of curvature on these two parameters.
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Within the context of this research, two fundamental questions require explicit clarification.

Firstly, to discern whether the wavelength maintains consistency in the films with various cur-

vatures, regardless of whether the Gaussian curvature is positive or negative. The second key

question in this research revolves around investigating how variations in curvature affect wrinkle

amplitude. Specifically, it aims to ascertain whether alterations in curvature result in noticeable

changes in wrinkle amplitude, and if they do, how? According to Albarran et al. [13], the am-

plitude of wrinkles depends on the excess area needed to accommodate a curved film on a flat

surface and is therefore proportional to the product of curvature and the width of the film, as

given in Figure 4.4.

√κ W

A
 /

 λ

Figure 4.4: The plot shows how the maximum amplitude of the wrinkles A, formed on shells

having positive Gaussian curvature κ varies with the curvature and the width W of the film.

This explains that the A/λ is related to the excess surface area of the film. Here λ is the wrinkle

wavelength. Adapted from [13].

A more subtle question which is addressed in this project is how the amplitude develops with

distance from the edge of the film. As a further approach, this project focuses on the following

question: does only the parameter Gaussian curvature κ, matter or affect wrinkling patterns,

or do the principal curvatures K1 and K2 also affect the wrinkles? Another question that is

answered through this project is whether the direction of wrinkles is important, or in other
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words, does the direction of wrinkles are affected by the principal curvature κ1 and κ2 or just

the Gaussian curvature κ?

4.3 Results

To answer the above-mentioned questions thin PDMS films were prepared using the method

explained in section 2.2 for saddle-shaped substrates and hemispherical shells. These surfaces

have negative and positive Gaussian curvature, respectively. The imaging methodology discussed

in Chapter 3 was followed and the wrinkled topology of the surface of the floating experiment

shells for both the signs of curvature was generated using the MATLAB software, with some

example results given in Figure 4.5.
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Figure 4.5: Processed images of the height profiles of floating PDMS films following the methods

given in Chapter 3. Panel (a) shows the height values using a colour plot for the wrinkled film

with the radius of curvatures R1 = 120 mm and R2 = −70 mm and (b) shows the plot of a film

with the principal radii R1 = 120 mm and R2 = 120 mm. The height values were computed as

explained in section 3.3.2.

Figure 4.5 shows the difference in the wrinkling pattern formed on a PDMS film having a

positive (κ > 0) and negative Gaussian curvature (κ < 0). The desirable characteristics to be

computed were the amplitude and wavelength of the observed wrinkles. The wavelength of a

wrinkle refers to the distance between two consecutive crests or troughs of the wrinkle pattern.

It is a measure of the spatial periodicity of the wrinkle. The amplitude of a wrinkle refers to the

maximum deviation or displacement of the wrinkle pattern from its baseline or reference level.

It represents the magnitude or height of the variation in the wrinkle profile. Once the 3D surface
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Figure 4.6: Topographical representation of wrinkles in both positive and negative curvature.

The top row shows the heights of the wrinkling pattern formed on hemispherical shells (κ > 0)

whose radius of curvature varies from R1 = R2 = R = 60 mm to 140, mm with a step size of 20

mm. The second and third rows highlight the wrinkle height of saddle-shaped (κ < 0) films for

different radii of curvature with R2 = −70 mm and R1 varying from 40 mm to 140 mm, with a

step size of 10 mm.

of the wrinkled film was extracted, the local minima and maxima of the wrinkled surface were

determined from the computed height values using the method described in section 3.3.2. A

prominence value of 0.2 was used as a tolerance for evaluating local extrema. To ascertain the

wavelength characteristic of the wrinkle, in every individual section peak to peak distances (from

one local minima to the adjacent local minima or one local maxima to adjacent local maxima)

were calculated and stored in a matrix. The root-mean-square (RMS) value of these observations

accounted for the wavelength value of the particular wrinkled thin film. For the amplitude of

the wrinkled film, a similar approach was adopted, as explained in section 3.3.2, first the height

values for all the local extremas was calculated and the RMS value of the vertical distances of

these local extrema points was taken as the amplitude of the wrinkle. The processed images

of height profiles for the curved with both positive and negative curvatures are illustrated in

Figure 4.6.

In this part, the concept of the stable lines mentioned in the theory work by Ian Tobasco [14]

is compared with the experimental data. As introduced before, the method of stable lines helps

determine certain properties of the wrinkles and their geometric behaviour. These lines divide
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𝜿 < 𝟎 

Theoretical Experimental

Figure 4.7: The theoretical illustration shows the stable lines present in positively curved shells

and negatively curved films according to Tobasco [15]. Stable lines correspond to the ordered

regions of the shell, while any disordered behaviour should occur in areas where these lines are

absent (depicted as blank spaces). In the experimental illustrations regions covered by black

arrows are predicted to be ordered. Any disorder is predicted to occur in regions absent these

lines. For saddle shells, wrinkles decay towards the medial axis in white. For spherical shells,

wrinkles decay towards the boundary. Dotted yellow curves show ideal shapes used in the

predictions.

the wrinkled film into different regions, namely, the ordered and disordered domains. In the

ordered region the wrinkles should be well-organised and follow the stable lines [15].

Tobasco et al. considered the energy minimisation process that led to the formation of

patterns on the thin film by utilising the tension field theory, which involves an expansion about

a tension-free state, to describe the process of wrinkling [14]. In this work, the emergence of

wrinkle patterns on thin shells was explained using the concept of locking stress as an order

parameter to predict the type and layout of these patterns [14,15].

By studying these stable lines on a wrinkled film it helps to gain an insight into the charac-
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teristics, topography and geometry of the wrinkles. Figure 4.7 shows these stable lines for both

positive and negative Gaussian curvature wrinkled films and compares the theoretical model

with the experimental observations. The stable lines have been traced on the imaged wrinkled

patterns for easier visualisation and comparison. The stable lines formed on the experimental

film match with the theoretical predictions as shown in Figure 4.7. The reciprocal correlation

between wrinkle domains in both positive and negative Gaussian curvature mentioned in the

introduction of this chapter is also thus verified.

4.3.1 Characteristic 1: Wavelength

To answer the question of whether the wavelength of the wrinkles of the film varies for different

curvatures, the PDMS films were prepared on saddle-shaped and hemispherical substrates with

different curvatures. The wavelengths of each film were determined using the imaging method-

ology mentioned in section 3.3.2 and the thickness of the film was determined using optical

coherence tomography (OCT) as explained in section 2.3. By balancing the substrate stiffness

Kg and the bending stiffness B, the predicted wavelength of the wrinkles [24, 123, 158] can be

written as:

λ = 2 π

(
Et3

9 Kg

)1/4

= 2 π

(
B

Kg

)1/4

= 2 πΛ, (4.2)

where all symbols are defined as in the introduction to section 4.2 of Chapter 4.

According to Equation 4.2, the ratio of the wavelength λ to the thickness t is independent

of the Gaussian curvature κ. Furthermore, experimental evidence demonstrates that the afore-

mentioned ratio remains unaffected by both positive κ > 0 and negative κ < 0 curvatures, as

illustrated in Figure 4.8.

Considering the dimensionless group derived from the substrate stiffness, which is Π2 =

Kg/κ Y , where Y = Et [14], the dimensionless parameter of a specific thickness τ can be written

as:

τ = Etκ/Kg = 1/Π2. (4.3)

Equation 4.3 can be written in terms of a ratio of lengths scales Λ and Γ where, Λ = (B/Kg)
1/4

and Γ =
√
t/κ1/4, as τ = Et κ/Kg = (Λ/Γ)4. Figure 4.9 shows the results for the normalised

wrinkle wavelength over the range of specific thickness (τ) and the length scale Γ used in the

work. The plot has both the experimental data and theoretical prediction for both positive and

negative Gaussian curvature, which show great agreement with each other. The black dotted

line in Figure 4.7 is the theoretical value for the elastica model for both the normalised wrinkle

wavelength which is λ/Γ = 2π(τ/9)1/4 and λ/Λ = 2π. This confirms that the wrinkle wavelength,
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Figure 4.8: Measurement of wavelength and thickness. The plot shows how the ratio of wave-

length λ and the natural length scale Λ varies with the Gaussian curvature. The red data points

correspond to the film with κ < 0 and the blue data points correspond to the film with κ > 0.

The black dashed line is the theoretical value of λ/Λ = 2π. The error bars represent a standard

deviation in λ/Λ calculated by error propagation.

λ, only depends on Λ = (B/Kg)1/4 and not on the sign and magnitude of the other significant

length scales, such as the curvature κ,Γ or τ .

4.3.2 Characteristic 2: Amplitude

This section addresses the research question regarding the dependence of wrinkle amplitude

on curvature. The primary objective is to investigate how the amplitude of the wrinkles is

influenced by factors such as the film curvature and width. This phenomenon can be explained

by considering the analogy of a curved cap kept on a flat surface. This excess surface area comes

from the stretching or bending of the material to accommodate the new shape, and it represents

a form of stored energy within the material. This surface area is more than the projected flat

surface. For a 2D case, this is analogous to the excess arc length of an arc in contrast to the

length of the chord in a segment of a circle both subtending an angle θ. Here the height of the

segment is comparable to the amplitude of the thin film.

To calculate the amplitude of the wrinkles, using the imaging methodology 3.3.2, first, the

absolute difference between the heights of the wrinkled film and the height of the water level

was evaluated. Following this, the local maxima of the film (prominence: 0.2) were determined
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Figure 4.9: The wrinkle wavelength λ, normalised by the deformation length Λ = (B/Kg)1/4,

versus the (a) the length scale Γ =
√
t/κ1/4 and (b) the specific thickness of the shell, τ =

Et κ/Kg. The dashed lines indicate the elastica model for the normalisations, λ/Λ = 2π.

throughout the film. The mean of these values was considered to be representative of the ampli-

tude of the whole film. This process was repeated for the films with different curvatures.

To derive the relation of the amplitude of the wrinkle theoretically, consider a sine wave with

the function y = A sin(qx), where A is the amplitude, and q is the wavenumber of the wave,

which is equal to 2π/λ. Let Ls be the arc length of the sine wave [159], which is given by:

Ls =

∫ ls

0

√
1 +

(
dy

dx

)2

dx (4.4)

=

∫ ls

0

√
1 +A2q2 cos2(qx) dx. (4.5)
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Figure 4.10: Schematic diagram showing the (a) arc length, Ls of a sinusoidal wrinkle along with

the projected length, ls and (b) arc length, Lc of a curved film with the projected length, lc.

Assuming Aq ≪ 1, using the Taylor series the arc length can be written as:

Ls =

∫ ls

0

1 +
A2q2cos2(qx)

2
+O

(
(Aq)4

)
dx (4.6)

= ls(1 +
A2q2

4
+O

(
(Aq)4

)
), (4.7)

where ls is the projected length as illustrated in Figure 4.9 (a).

Therefore the effective strain or the relative amount of the excess length for the sinusoidal

wrinkle (2D), ϵs = (Ls − ls)/ls, can be written as:

ϵs =
1

4
A2q2 +O

(
A4q4

)
≃ π2A2/λ2. (4.8)

Now, if we consider an arc formed by a circle of radius R, the arc length Lc = Rθ, where θ

is the angle subtended by the arc at the centre of the circle. Let lc be the length of the chord as

shown in Figure 4.10(b), which is also the projected length of Lc. Therefore, the excess length

can be written as the difference between the arc length Lc and the chord length, lc. It should

be noted that lc also equals the width W of the PDMS film square cut-outs. In the experiments

lc = W = 55mm. In contrast to the effective strain formed in a sinusoidal wave (Equation 4.8),

the effective strain for the circular arc film (2D), ϵc can be evaluated as:

ϵc =
l0
lc

=
Rθ

lc
− 1. (4.9)
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Using the Pythagoras theorem,

sin
θ

2
=

lc
2R

. (4.10)

By rearranging Equation 4.10, it can be written as:

θ

2
= arcsin

lc
2R

. (4.11)

Using the Taylor series for the arcsin(lc/2R), Equation 4.11 can be written as:

θ

2
=

lc
2R

+

(
lc
2R

)3
3!

+O
(
(lc/R)5

)
. (4.12)

Substituting the equation for θ in the equation for strain,

ϵc =
Rθ

lc
− 1 =

(
lc
R

)2
1

24
+O

(
(lc/R)4

)
. (4.13)

Ignoring the higher-order terms gives, 4.13 reduces to

ϵc =

(
lc
R

)2
1

24
. (4.14)

Finally, from the definition of Gaussian curvature κ, the factor of 1/R2 in equation 4.14 can be

substituted as κ.

It should be noted that the sinusoidal arc and the circular arc are representative of the cross-

section of the wrinkled curved thin film shells. Since the thin film cutout perimeter remains the

same in the water bath (assuming there is minimal stretching of the film), therefore the projected

area remains the same as well. Consequently, the effective strains (ϵs and ϵc can be equated. By

equating equation 4.8 and 4.14, the relation for the amplitude A can be written as:

π2A2

λ2
=

l2cκ

24
. (4.15)

Replacing lc by the width W of the film, we get a prediction of:

A =
Wλ

π
√
24

√
κ (4.16)

A ∝ Wλ
√
κ. (4.17)

In Equation 4.17, it is important to highlight that the prefactor of 1
π
√
24

signifies a scaling

coefficient which may vary depending on the exact shape of the wave, but the relation A ∝ Wλ
√
κ

should hold true generally. In this research, the amplitude of the wrinkled film varies along the

extent of any wrinkled domain, rather than remaining constant everywhere. The amplitude of

films with both positive and negative curvatures was plotted against the Gaussian curvature,

which is given in Figure 4.11.
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Figure 4.11: Plot showing how the amplitude varies with
√
κ. The blue and red data points

are the squared values of amplitudes for the wrinkles films with negative and positive Gaussian

curvatures respectively.

Figure 4.12 shows the relation between amplitude and Gaussian curvature in dimensionless

forms derived from Equation 4.17. The magnitude of the two slopes of the plot were used to find

the scaling prefactors for a hemispherical (κ > 0) and saddle-shaped (κ < 0) wrinkled film. The

slopes were found out to be 0.01986 and -0.00233, resulting in the prefactor values of 0.1409 and

0.0480 for the positive and negative Gaussian curvatures, respectively. The theoretical coefficient

(1/
√
24π = 0.0649) from the Equation 4.16 lies in the calculated prefactor range i.e., 0.1409 <

0.0646 < 0.0480. The plot also verifies the dimensionless nature of the relation derived.

In the analysis above, a uniform sinusoidal wave is assumed to be analogous to the cross-

section of the wrinkles formed. However, it is important to highlight that the wrinkles observed

do not conform to a uniform wave cross-section. Therefore, it becomes imperative to study the

effect of amplitude variation across a wrinkled film. The next research question which is answered

through this work is how the amplitude develops with the distance from the edge of the film.

Similar, to the method utilised for calculating an amplitude value representative of the whole

film, an amplitude value was computed at specific distance intervals from the edge of the films.

This included evaluating the vertical distance (height or depth) of the highest or the deepest

(respectively) point at ever 0.275 mm distance interval from the edge of the film travelling

concentrically towards the centre, providing 100 data points for a film width of 55 mm. The
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Figure 4.12: A comparison between the dimensionless scales of amplitude and Gaussian curva-

ture. The plot shows a linear relationship with a slope value of -0.00233 and 0.01986 for the

negative and positive Gaussian curvature.

interval of 0.275 mm was calculated by dividing the half width of the film by 100 (i.e., 55/2∗100 =

0.275mm) to get 100 concentric discreet levels.

Subsequently, a plot was generated to illustrate the relationship between the amplitude and

the distance from the film’s centre and edge, for the saddle and hemispherical thin film shells

respectively. Figure 4.13 (a), illustrates how the amplitude of a film varies from the centre to

the edge for films with negative curvature. The plot in Figure 4.13 (b) shows that for films

with negative Gaussian curvature, the amplitude increases as you move towards the edge of the

film. On the other hand, the bottom plot in Figure 4.13 (b) suggests that for films with positive

curvature, the amplitude is highest at the centre of the film and decreases as you move towards

the edge. In both the cases, there seems to be a flattened region of width ∼ 5 mm at the edge or

the centre of the film which is not predicted by the current theory. This could be the assumption

of neglecting the stretching energy developed in the wrinkling process.
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Figure 4.13: Plot showing how the amplitude varies from the centre of the film to the edge for

films with (a) negative Gaussian curvature, κ < 0, and (b) positive Gaussian curvature, κ > 0.

Different colours of data represent films with different radii of curvature.
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4.4 Conclusions

In conclusion, this chapter has been devoted to a comprehensive investigation of wrinkling pat-

terns in thin curved films, aiming to study the underlying phenomena and reveal some valuable

insights. To begin with, I reviewed the non-dimensionalisation of the wrinkling shell system,

which can be represented by a set of dimensionless groups that balance the energetic contri-

butions of behaviours like bending, stretching or buoyancy. These dimensionless groups are

fundamental to understanding the dynamics and interactions within the system and serve as

essential tools for further analysis and interpretation.

Throughout the course of this research, significant attention was given to observing how the

wrinkling patterns vary for different signs of curvature. The careful examination of these patterns

has led to the discovery of intriguing variations in the system’s behaviour, shedding light on the

complex interplay between geometry and material properties.

Another critical aspect of this investigation revolved around the parameter of the wrinkle

wavelength. By analysing the wrinkle wavelength for both positive and negative Gaussian cur-

vature, it was observed that the wavelength is independent of curvature, which is in agreement

with the recent theoretical predictions [13]. Also, it was verified that the dimensionless wrinkle

wavelength, λ/Λ, is equal to a value of 2π, which was predicted by the elastica model [13].

Furthermore, this analysis extended to examining how the amplitude of wrinkling patterns

correlates with varying curvatures. It was observed that the amplitude of wrinkles is linearly

dependent on the Gaussian curvature, because as the curvature is increased, the excess area of

the film is increased, which is compensated with the amplitude of the wrinkles. As an extension

to the analysis, I also studied how the amplitude developed from the centre of the film to the

edge. It was observed that for positive Gaussian curvatures the amplitude gradually decreases

towards the edge of the film whereas for the negative curvature, the amplitude increases towards

the edge of the film. There was a flattened region observed towards the centre or the edges of the

film, which is different from the theoretical predictions. This could be because of the assumptions

considered in the theory, which is the neglect of the stretching energy involved in the wrinkling

phenomenon [13,14].

Also, this chapter explains the emergence of wrinkle patterns on thin curved shells and the

concept of stable lines as an order parameter to predict the type and layout of these patterns.

The literature predictions were verified in the patterns formed in the films used in this research.

The theoretical predictions made in the literature regarding the direction of the paths at which a

thin film wrinkle were also compared and verified with the experimental results for both positive

and negative curvatures.
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By elucidating the details of wrinkling patterns, dimensionless groups, wrinkle wavelength,

and amplitude behaviour, this study paves the way for new opportunities in materials science,

engineering, and related disciplines [81,83,84]. The knowledge acquired herein has the potential

to transform various real-world applications, including smart materials, stretchable electronics,

and innovative surface engineering techniques.



Chapter 5

Wrinkling patterns on photonic

wafers

5.1 Introduction

Thin films are essential in electronics due to their ability to enhance device performance, enable

miniaturisation, provide protection, facilitate optoelectronics and sensors, and enable the realisa-

tion of flexible electronic devices [160–163]. With unique properties and the ability to engineer

and control them at nanoscale dimensions, thin films play a crucial role in the fabrication of

semiconductor devices, such as transistors and solar cells [163, 164]. During the course of this

project, Demosthenes Koutsogeorgis and Nikolaos Kalfagiannis, two researchers working on thin

films at Nottingham Trent University, observed some wrinkling patterns on the surface of their

silicon wafers when laser annealed. These instabilities looked similar to the wrinkling patterns

formed on thin films, as given in Figure 5.1 (b) [16], and they brought this problem to our

attention as an opportunity for collaborative research.

This chapter discusses the methods used for fabricating these thin films, including thermal

(b)(a)

200μm

Figure 5.1: (a) Patterns observed on a 40 nm thick oxide layer on silica wafers observed under

a scanning electron microscope and (b) patterns formed on PDMS films. Panel (b) adapted

from [16].
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oxidation, laser annealing treatments done on the silica wafer, and also the imaging technique

atomic force microscopy (AFM) used to observe the pattern on the laser-treated wafers. The

thermal oxidation and laser annealing treatments were done in Demosthenes lab by a master

student Thomas Howe and by a visiting intern student Enora Kerautret involved in this project.

This chapter also explains the analysis of the patterns observed and compares the characteristics

and results with a theoretical model of heat transport during the annealing process, predicted

by Nikolaos Kalfagiannis.

5.2 Methods: Preparation, imaging and analysis of pat-

terned silicon wafers

5.2.1 Cleaving of silicon wafers

Silicon wafers are thin slices of pure single-crystal silicon that are commonly used as a substrate

for microelectronic devices, and are also widely used in electronic devices [165–167]. Silicon in

its pure form is an insulator but, when a small amount of impurities are mixed into a silicon

crystal, called doping, it changes its behaviour into that of a conductor.

The wafer type which was used in this work was the n-type silicon wafer with a crystal

orientation of 〈100〉, a thickness of approximately 500 µm, and a resistivity of 1-20 Ω cm. Cleaving

is a process in which the wafer surface is scribed with a diamond scribe, after which the wafer is

broken by hand, with the aid of a ruler. Here the wafer was placed on a neat cutting surface (A4

sheet of paper) and the diamond scribe was placed perpendicular at the centre of the straight

edge of the wafer with a small force in order to initiate a fracture along the crystal plane. The

wafer halves were divided into smaller pieces of width about 1 cm and a length of 4-5 cm in a

similar way. In some cases, the wafer didn’t break apart by cutting with the blade/scribe and in

that case, the wafer was dropped onto the cutting surface from a height of 10 cm with the help

of tweezers.

5.2.2 Thermal oxidation and measuring thickness

Oxidising silicon wafers involves a number of distinct procedures that use heat to produce a layer

of silicon dioxide (SiO2) or silica on top of the pure silicon [168]. Wet and dry oxidation are two

general categories for thermal oxidation procedures. The selected procedure typically depends

on the desired oxidation layer characteristics, particularly its thickness [169]. The dry oxidation

method was used in this work, and it generates silicon dioxide when one silicon atom reacts with

an oxygen molecule.
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The cleaved silicon wafers were kept in a high-temperature oven (Carbolite CWF 12/13) for

oxidation at a temperature of 1100°C. The thickness of the SiO2 layer varies depending on the

duration of the wafers in the oven. There was already a calibration curve generated by the group

of Demosthenes Koutsogeorgis and also it can be calculated from online sites ( [17]) as shown in

Figure 5.2. It should be noted that a SiO2 layer of roughly 2 nm in thickness develops naturally

on the surface of a silicon wafer whenever the wafer comes into contact with the ambient air.

Wafers with different SiO2 thicknesses were made and in order to confirm the thickness of the

SiO2 layer, it was measured using the equipment called Filmetrics.
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Figure 5.2: Oxide growth on a silicon wafer. The plot shows the expected (red) thickness of silicon

dioxide grown on silicon wafers by the thermal oxidation process. The data is from the BYU

online oxide growth calculator [17], assuming an initial oxide layer of 2 nm, an oven temperature

of 1100 K and a crystal orientation of 〈100〉. The black data points are the experimental data

generated during the thermal oxidation process.

The Filmetrics system operates by illuminating a sample using a tungsten-halogen white light

source, covering a spectral range from 400 nm to 3000 nm, with an effective measurement span

extending from 10 nm to 850 nm of thickness. To achieve this, the light was transmitted to the

system via a fibre optic cable connected to the light source’s output port. Subsequently, the light

reflected by the sample was captured and directed back to the Filmetrics unit through another

fibre optic cable, linked to the spectrometer input port. Within the system, the reflectivity

spectrum of the sample was compared to an internally stored mathematical reflectivity spectrum

corresponding to the specific sample under examination. Based on the pattern of reflected



5.2. METHODS: PREPARATION, IMAGING AND ANALYSIS OF PATTERNED SILICON
WAFERS 73

intensity, covering conditions of constructive and destructive interference, a curve was calculated

to best fit the measured reflectivity curve, enabling the determination of the corresponding

thickness of the SiO2 film at the position imaged. This thickness information was then noted

down and repeated at different spots to ensure the reliability of values for the thickness of the

oxide layer. The predicted and measured SiO2 film thickness are shown in Figure 5.2.

5.2.3 Laser annealing

Laser annealing is a process used to modify the properties of thin films through the use of a high-

energy laser beam. It involves irradiating the thin film with a pulsed laser beam, which causes

localised heating and then rapid cooling of the material [18, 170, 171]. A schematic of a laser

annealing process is shown in Figure 5.3 [18]. This process can lead to various changes in the

film’s structure, composition, and properties. A laser beam with a specific wavelength, intensity,

and pulse duration is directed onto the thin film. The laser energy is absorbed by the film,

leading to localised heating of the irradiated region. The absorbed laser energy can be sufficient

to cause the thin film and some underlying silicon to melt within the irradiated area [171].

After the pulsing has finished the molten region solidifies rapidly, due to heat dissipation to

the surrounding material and substrate. This rapid cooling can result in unique properties and

microstructures in the film.

Laser annealing has been extensively studied and applied to silica-thin films to modify their

properties [172, 173]. Silica, also known as silicon dioxide (SiO2), is a common material used in

Figure 5.3: A schematic diagram of laser annealing. The figure is adapted from [18]. It should

be noted that the laser used in this research was a laser with top-down pulsing.
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various applications, including optics, electronics, and coatings. Laser annealing of silica thin

films can bring about changes in their structure, refractive index, and optical properties [173].

Laser annealing has been shown to induce structural changes in silica-thin films. High-energy

laser pulses can cause localised heating and rapid cooling, leading to the formation of non-

equilibrium structures, such as nanocrystals or amorphous phases within the film. The degree

of structural modification depends on laser parameters, such as energy density, pulse duration,

and repetition rate.

In this research, silicon wafers underwent excimer laser annealing utilising specific equipment.

The equipment setup consisted of a Krypton Fluoride (KrF) excimer laser, namely the Lambda

Physik LPX 305i, which emitted unpolarised light pulses with a wavelength of 248 nm and a

pulse duration of 25 ns. This apparatus was comprised of various components, including mirrors,

a field lens, a mask stage, and a projection lens, all collaborating to deliver and shape the laser

beam. The laser spot manifested in a square shape measuring 0.25 cm by 0.25 cm. Furthermore,

an XYZ movable stage was employed to position and manipulate the samples during the various

processing stages [174]. Prior to the annealing process, the laser pulse energy was calculated by

assessing the fluence, which represents the ratio of the laser pulse energy to the effective focal

spot area. In this research work, the fluence spanned from 250 mJ/cm2 to 1500 mJ/cm2, with

increments of 250 mJ/cm2.

5.2.4 Analysing surface patterns using AFM

To study the wrinkling patterns formed on the laser-annealed silica thin films on silicon wafers,

the technique of atomic force microscopy (AFM) was used in this work. AFM can image almost

all types of surfaces including polymers, ceramics, biological etc., unlike the scanning tunnelling

microscope (STM) which can only image conducting and semiconducting samples or the scanning

electron microscopy (SEM) from which the height profile can’t be determined easily. There are

different AFM techniques for different measurable force interactions like van der Waals, thermal,

magnetic and electric forces.

The main part of an AFM is the AFM probe that scans across the surface of the sample.

The probe used in this research was the RTESP-300 by Bruker. This probe consists of a sharp

conical tip of radius (∼ 10 nm) made of silicon attached to the end of a cantilever of length

∼ 125 µm. The probe is placed on a piezoelectric scanner which can move in all directions. The

AFM operates in three different modes which are contact -mode, tapping mode, and non-contact

mode.

In this project, tapping mode was used in order to avoid damage to the sample that might take
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place with the contact mode. This process involves oscillating the cantilever vertically in the z-

direction while simultaneously scanning across the surface of the sample. Typically, the oscillation

frequency matches the inherent (resonant) frequency of the cantilever which wasf0 = 300 KHz,

one line per second in this research. As the probe approaches the sample surface, its oscillation

amplitude phase is altered. In the case of tapping mode, the amplitude was initially set as a

reference point. To account for fluctuations in amplitude when the probe contacts the sample, it

was adjusted vertically using a piezo mechanism until it returned to the preset amplitude level.

Before the scan, all preliminary adjustments like the alignment of the laser on the cantilever,

alignment of the photodiode, laser signals, resonant frequency of the cantilever, etc. were checked

using the AFM software. Also, the parameters like the set point, and scan rate, which means

the speed at which the tip moves over the sample, etc. were also set before the measurements.

The speed at which the tip moves over the sample is a very important parameter since if the tip

moves very fast it won’t track and trace the surface of the sample properly. In this work, the

scanning area of the AFM probe was set to be either 30 µm or 60 µm, which was a tiny section of

the 1.25 × 1.25 mm laser pulsed sample area. Scanning was done in four or five different areas of

each sample. The height profile data was saved in a raw text format with the help of the Bruker

software and used for the subsequent measurement of the pattern parameters.

For analysing the surface patterns for the data saved from AFM, the Gwyddion software and

MATLAB were used. The tools used in the Gwyddion software are explained in the following

section.

Processing of AFM data using Gywddion

Some of the tools in the Gwyddion software, which was used for processing the AFM data, are

explained in this section.

When the raw images from the AFM were opened in Gwyddion, it was observed that the

four corners of the images were not on the same level. This could be due to various reasons such

as the sample not being at a flat level while doing the AFM, or it could lack levelling because of

the various detection systems such as piezoscanner voltage, used in AFM scanning. Therefore,

the first important tool which was used in this processing was the levelling. Different levelling

tools were used in this project. The most commonly used levelling option was the plane levelling

option, which was typically one of the initial processes performed on raw AFM data. Using the

plane levelling tool, a best-fit plane was calculated from all the image points and then the plane

was subtracted from the data. In some data, even after performing the plane levelling, all the

image points were not at the same level, in that case, the three-level point levelling was used.

Using this tool, three points that should be at the same level were selected for example at three
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similar wave crest, and the software calculated a plane from the selected three points and the

plane was subtracted from the original data.

The next important tool that was mostly used in this project is the background subtraction

tool. Gwyddion offers various specialised modules for performing background subtraction. Each

of these modules provides the capability to separate the subtracted background and extract

it into a distinct data window. The most used background subtraction tool in this research

was the Polynomial background. This background subtraction was employed to remove more

complex and non-uniform background variations from an image. These variations may not be

linear or easily corrected with a simple plane levelling. Instead of fitting a flat plane, polynomial

background subtraction involves fitting a polynomial function (e.g., quadratic or higher-order

polynomial) to the background of the image. Similarly to plane level, polynomial background

subtraction can include or exclude the data under the mask.

During the imaging, in a few samples minor instances of scarring were observed. To identify

scars, the software detects sharp contrasts and subsequently employs pixel interpolation from

neighbouring rows to correct these artefacts. It’s important to note that this correction step is

not consistently necessary in all the images.

The tools mentioned above are not used in all the images, but used depending on how levelled,

smooth and clear the patterns are after the scanning. The raw and the processed images of a

sample is shown in Figure 5.4 (a) and (b) respectively. Once the images are processed, the data

is saved in the text format in order to analyse the characteristics of the pattern using MATLAB.

The detailed description of the analysis done using MATLAB is explained in the next section.

Analysis of AFM data using MATLAB

To analyse the characteristics of the pattern formed on the wafers, the algorithm of 2D fast Fourier

transform (FFT2) was used with the help of MATLAB. This is a mathematical algorithm used to

compute the discrete Fourier transform of a 2D input signal or image. The FFT2 is an extension

of the 1D Fast Fourier Transform (FFT), and it efficiently calculates the frequency components

present in the 2D signal. In the context of 2D signals or images, it helps to identify the spatial

frequencies present in different directions (horizontal and vertical) within an image.

The spatial frequency or the wavenumber (k) of a wave or pattern describes how frequently

it repeats occurs over a unit distance. In the context of spatial frequency analysis, the equation

k = 2π/λ relates the wavenumber (k) to the wavelength (λ) of the wave or pattern.

The processed height data from Gwyddion were exported as a 512-by-512 array. To carry out

the processing in the MATLAB environment, the initial step involved importing this data that

represented the heights of the wrinkled film’s surface at different spatial positions. To enhance
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the accuracy of subsequent analysis, the mean height value of the entire surface was subtracted

from each data point. This operation effectively removed any baseline height, ensuring that the

analysis concentrated solely on variations from this mean height. Following data preprocessing,

a 2D fast Fourier transform was applied to the modified height data. The FFT is a powerful tool

for converting spatial data into the frequency domain. In this case, it was particularly useful

for analysing the spatial variations (wavelengths) present in the wrinkled film’s surface. The

2D FFT was calculated by using a function fft2 in MATLAB. Mathematically, the 2D Fourier

transform is given by:

A(kx, ky) =

∫∫
h(x, y)e−i(kxx+kyy)dxdy, (5.1)

where A(kx, ky) is the Fourier amplitude at the wavenumbers kx and ky, corresponding to the x

and y directions, respectively. Here also, h(x, y) is the pre-processed height data in the spatial

domain, and (x, y) represent the spatial coordinates.

The result of the FFT was a complex-valued matrix with information about the surface’s

spatial wavenumber components and corresponds to the discrete version of Equation 5.1. To

extract meaningful insights from the FFT result, the power spectrum was calculated given by,

B(kx, ky) = |A(kx, ky)|2. (5.2)

The power spectrum represents how the power or intensity of height variations varies with differ-

ent spatial wavenumbers across the film’s surface. Then a radial average of the power spectrum

was performed to obtain the spectral power (I) in terms of the absolute value of the wavenumber

(k =
√
k2x + k2y). The angular distribution of the power at specific spatial wavenumbers was

particularly relevant to investigate the directional or angular variations in the surface profile.

This is expressed by I(k),

I(k) =
1

2πk

∫ 2π

0

B(k, θ)dθ. (5.3)

The discrete version of this operation was computed on the Fourier data, and revealed the

spectral power of the height variations at each spatial wavenumber component. High values in

the power spectrum indicate strong variations in height at specific spatial wavenumbers, while

low values indicate weak variations. This process involved dividing the 2D frequency space into

radial bins with equal wavenumber increments. The result was a 1D vector of radial wavenumbers

and the corresponding power for each wavenumber. This operation helps analyse the distribution

of spatial frequencies in the input field and provides information about dominant and average

wavenumbers. The spectrum was then normalised by dividing the power in each wavenumber

bin by the total power. This provides a normalised distribution of spatial frequency power,

allowing for meaningful comparisons between different samples. The dominant wavenumber
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(kdom) was then identified as the wavenumber corresponding to the peak with the highest power

in the wavenumber domain, in other words, the mode of the power spectrum. A mean-averaged

wavenumber (k̄) was also defined from the power spectrum. Finally, a characteristic wavelength

was calculated by the relation λ = 2π/k̄.
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Figure 5.4: Steps involved in the analysis of AFM images. Panel (a) shows the AFM raw image

when opened in the Gywddion software, (b) depicts the AFM image after performing levelling,

removal of scars, background subtraction etc., (c) shows the plot of the 2D FFT, and (d) shows

the power spectrum of the data, with the dominant wavenumber highlighted by a red line.

Figure 5.4 (d) illustrates the power spectrum where the x-y plane represents spatial wavenum-

bers (k = 2π/λ), and the z-axis corresponds to the power or intensity. Peaks in the power

spectrum correspond to dominant spatial wavenumber components in the wrinkled pattern. The

amplitude of the wrinkle pattern formed on samples was determined with the help of MAT-

LAB. The function rms (Root-mean square) was used to determine the amplitude values for
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the samples. Analysing these peaks provides valuable information about the surface’s structural

characteristics, such as the predominant wrinkle wavelengths and their amplitudes.

5.3 Results and discussion

This section discusses the results of the analysis for the processed silicon wafers along with the

characteristics of the patterns formed on these substrates.
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Figure 5.5: The variation of absorption at different thicknesses of oxide layer is shown in the

figure. Tha maxima and minima absorption is related to the integer multiple of half wavelength

(λ/2n) where λ is the wavelength of the laser and n is the refractive index of silica.

In the research conducted, multiple oxide thicknesses were aimed for, specifically 30 nm, 75

nm, 110 nm, 155 nm, and 198 nm. This choice of optimum oxide thickness for the experiment

involved these thicknesses showing maximum and minimum absorption of the irradiated excimer

laser during the annealing process, as shown in Figure 5.5. A specific wavelength of the excimer

laser of 248 nm was used to compute the SiO2 thicknesses with optimum absorption. The

maximum and minimum absorption typically occurs when the sample thickness is close to an

integer multiple of half the wavelength (mλ/2n), where λ is the wavelength of the incident light

in free space, n is the refractive index of silicon and m is a positive integer.

Figure 5.6 shows the predicted results of the absorption of varying laser pulses of fluence,

specifically 250 mJ/cm2, 500 mJ/cm2, 750 mJ/cm2 and 1000 mJ/cm2, on the temperature

and state of a silicon wafer with a 30 nm SiO2 coating. Similar results were obtained, in the
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simulations performed by Nikolaos Kalfagiannis, for all the experimental conditions in this study.

These show how the temperature in the film and wafer respond to the absorption of the laser

light, and are informed by temperature-dependent material properties, like absorbance, specific

heat, and thermal conductivity. Iso-lines of the achieved temperatures are clearly shown in Figure

5.6 (c) and (d) which also indicate the iso-thermal regions indicating solid-liquid phase change.

The increase in the fluences can be related to effects like an increase in the maximum achieved

temperatures and the extent of the melting depths.

(a) (b)

(c) (d)

Figure 5.6: Snapshot of the numerical model of how the temperature varied over the sample.

These images of the model are for an oxide layer of thickness 30nm. Black and navy blue lines

show the expected depth of the solid-liquid transition i.e., they show the region of melting, for

Si and SiO2, respectively.

These two criteria, namely, the laser fluence and oxide thickness, were critical to the con-

ducted experiments for analysing the wrinkle characteristics. For a specific oxide thickness,

the irradiating laser induces an increase in sample temperature to certain depths beneath the

sample’s surface. This temperature elevation generates mechanical stresses within the sample
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materials, specifically Si and SiO2. If the achieved temperatures remain below the melting point

of Si (i.e., 1683 K), both layers expand on heating, but then revert to their original states upon

cooling. However, higher temperatures can lead to the melting of the Si layer, or both the Si

and SiO2 layers, depending on the attained temperature. Silicon has a melting temperature of

1683 K, while SiO2 melts at 1986 K. Melting of either layer can induce a mismatch of strain

on cooling, as the molten layer will rapidly relax any stresses within it. For example, if a thin

layer of silicon is melted, when this layer solidifies again, the interface between it and the SiO2

will be in a stress-free state, but still at elevated temperatures. As the system cools, the layers

will shrink at different rates, leading to a residual stress at room temperature. The extent of

this disparity arises from the difference in the thermal expansion coefficients of the two layers,

with Si having a coefficient of 2.6× 10−6 K−1 and SiO2 having a coefficient of 0.55× 10−6 K−1

(typical values at room temperature). As a consequence, the previously melted Si layer will exert

a compressive stress along the interface, which can result in the buckling of the upper SiO2 layer.

The experiments were conducted for different oxide layer thicknesses and laser fluence and the

observed results were analysed. After performing the processing steps discussed in section 5.2.4,

the patterns observed on different samples of various thicknesses were plotted in an array format

to visualise the varying topography.

Figure 5.7 shows the individual wrinkle topographies with clearer wrinkling phenomena ob-

served at smaller values of oxide thickness, i.e., with higher amplitudes and smaller wavelengths.

This can be related to the fact that thinner oxide layers allow for higher temperatures, deeper

melted layers and more residual stresses during the laser annealing process, causing more driving

forces for buckling.

Figure 5.8 shows the array plot, but with a common colour scale, to visually observe how the

wrinkle height profiles (amplitude) change with respect to the oxide thickness and fluence.

A key parameter of interest is the maximum temperature reached during this process, as

it has a direct impact on whether or not the layers undergo melting and, subsequently, the

formation of patterns. It should be highlighted that it is the thickness of the melted layer that

acts as the driving force for buckling. The strain energy available per unit surface area, which

is required for buckling, can be computed as a product of the stress mismatch across the layer

interfaces, and the melting thickness. The melting temperatures of silicon and silicon dioxide are

crucial reference points, with silicon melting at 1683 K and silicon dioxide at 1983 K. When the

maximum temperature remains below the melting point of silicon (1683 K), neither of the layers

experiences melting and as a result, no patterns are formed, as illustrated in Figure 5.8 (Region

C). In the scenario where the maximum temperature surpasses the melting point of silicon (1683

K), but still falls short of the melting point of silicon dioxide (1983 K), only the silicon layer
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Figure 5.7: Individual plots of heights (in m) of samples having different oxide thickness when

laser annealed at different fluences. These are the data after performing the processing like

levelling, removal of scares etc. in Gwyddion software. The yellow empty boxes represent data

which are not available.

undergoes melting. As a consequence, the subsequent cooling of the melted layer of silicon

imparts a mechanical stresses on the interface of the two layers, which can lead to the formation

of some wrinkles as shown in Figure 5.8 (Region B). In the case where both Si and SiO2 melt,

the situation will be more complex, but the additional relaxation of stresses in the melted SiO2
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Figure 5.8: Plot showing the array of wrinkle height profiles with all the data shown in Figure 5.7

represented in a common colour scale. The matrix plot is divided into Three regions: Region A

shows patterns formed in the samples in which the maximum temperature attained is above the

melting point of silicon and silica, Region B shows the patterns when the silicon layer melts and

Region C shows the samples in which both the layers didn’t melt.

layer should cause a discontinuity in the response of the system. Figure 5.8 (Region A) shows the

formation of wrinkles when both the Si and SiO2 layers are melted and re-solidified. This scenario

is associated with the clearest wrinkle pattern, due to the stress differences accumulated as the

various layers cool from a molten state, as well as the generally higher thickness of the melted

silicon layer driving the pattern, in these cases. The reliability of these findings is underscored
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Figure 5.9: Illustration of the amplitudes of the patterns formed on the silicon wafers during the

laser annealing process. The RMS value of the amplitude for the patterns in different samples

is plotted against the maximum temperature which was determined from numerical simulation.

samples of different oxide thickness is represented by different colours in the plot.

by the observed colour gradient in the plot, indicating a gradual rise in wrinkle heights as the

laser fluence increases and the oxide layer thickness decreases. Increasing the laser fluence and

reducing the oxide layer thickness leads to a higher overall temperature reached, and the influence

of this temperature rise on wrinkle amplitude can be observed in Figure 5.9. Effectively, this is

the result of an increased available strain energy, due to a thicker melted layer.

Utilising Equation 4.8, the associated effective strains for all the samples, ϵ = π2A2/λ2, can

be calculated. As depicted in Figure 5.10, the plot reveals a direct relationship between these

strain values and the temperatures achieved. Notably, the plot highlights an increase in observed

strains as temperatures rise.

This plot also shows some intriguing insights, particularly at the crucial melting temper-

atures of Si and SiO2, shedding light on the previously discussed strain mismatch during the

cooling phase. It’s worth noting that this research is currently a work in progress, involving col-

laboration with other research groups, aimed at gaining a deeper understanding of these effects.

Furthermore, there is a continued focus on enhancing the modelling aspect of the study. This en-

deavour aims to provide a more comprehensive understanding of how laser fluence influences the

maximum temperature obtained and its impact on accurately determining the sample’s melting

depths when subjected to small laser pulses. As this aspect of the work develops, it will provide

more sophisticated means of analysing and predicting the emergent wrinkle patterns.

Additionally, further focus will need to be given to the calculation of the effective strain
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Figure 5.10: Plot showing how the effective strain varies for different maximum temperatures

attained by the sample during laser pulsing. Data of different colours represent samples with

different oxide thicknesses.

generated during the expansion of both layers. This calculation is pivotal as it will bolster the

research’s predictive capacity, particularly in terms of amplitude and wavelength variations under

different conditions, such as varying oxide thicknesses and fluence levels. These endeavours will

aim to fortify the reliability and robustness of the research findings.

5.4 Conclusions

To summarise, this chapter discussed the patterns observed in the photonic wafers during the

laser processing of thin films. The wafer which was used in this research was a silicon wafer

and its oxide layer. A detailed description of all the methods used in preparation of the samples

is included in this chapter. The laser-annealed samples were observed under the atomic force

microscope to study the patterns formed on the surface. Moreover, the chapter outlines the

subsequent steps of processing and analysis applied to these surface patterns. The processing

and analysis of these patterns were done using Gwyddion and MATLAB.

In this study, we collaborated with a research group to develop a numerical model. This

model assisted in determining two critical factors: the highest temperature reached during our

experiment and the thickness of the layers that melted. These findings were instrumental in
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elucidating the reasons behind the observed surface patterns.

It was observed that, when the sample’s temperature during laser pulsing exceeded the melt-

ing points of the silicon and silica layers, it caused both layers to briefly transition into a liquid

state. This allowed a relaxation of the thermal stresses accumulated in the layers due to heating

from room temperature, which in turn allowed for residual stresses to build up as the once-molten

layers cooled back down to ambient conditions. This insight provides a clear explanation for the

appearance of the observed surface patterns. Our study contributes to a deeper comprehension

of the intricate interplay between temperature, material characteristics, and surface pattern for-

mation. The research remains a work in progress, with further steps planned for advancement.

To enhance the accuracy of the numerical model, efforts are underway to refine the step size used

in calculations, ultimately allowing for more precise measurements of the thickness of the melted

layer.



Chapter 6

Hydrogel swelling and patterns

6.1 Introduction

Swelling is a fundamental process with widespread significance across diverse fields, including

biology, engineering, and earth sciences [175–177]. At its core, swelling involves the expansion

of a material’s volume, for example as it absorbs additional fluid within a porous structure.

Swelling in polymer materials happens when liquid diffuses into them, making them change in

size or volume [178, 179]. This phenomenon is encountered in a variety of real-world scenarios,

each with its unique implications.

In the realm of biology, swelling plays a pivotal role in the healing process and inflammation

response. When injured, tissue swells as cells and tissues absorb extra fluid [180–182]. This

natural biological mechanism aids in protecting and repairing damaged areas. Similarly, wooden

structures can expand when exposed to high humidity levels. This expansion can affect the struc-

tural integrity and longevity of wooden constructions, making it essential to account for swelling

properties in architectural and woodworking applications [183, 184]. The interaction between a

porous material’s structure and the changing fluid distribution makes swelling a dynamic and

poromechanical process [185].

When materials absorb liquid or swell, it can lead to mechanical instabilities in both natural

and man-made substances. In nature, we see examples like pine cones opening and closing due

to changes in the shape of their scales caused by swelling [186]. Another example is articular

cartilage, which can stretch, bend, and curl when it swells [187]. In synthetic materials, when

they soak up a solvent and swell, they can buckle, wrinkle, or even separate into layers [188]. Thin

polymer films, for instance, may bend as they swell [189]. This swelling effect is also the basis

for things like artificial muscles, wearable electronics, and soft robots, where soft and flexible

polymer materials expand and contract because of the solvent they absorb [175,190].

Hydrogels are three-dimensional structures made of polymer chains with a unique arrange-

ment that can absorb a lot of water [191–193]. Unlike some other materials, they don’t usually

dissolve because of the way their molecules are linked together chemically or physically, or be-

cause their long chains of molecules get tangled up [191]. Hydrogels can be found in nature as

87
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Swelling
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Unswollen network

  (collapsed state)

swollen network

 (expanded state)

 Crosslinking point

Figure 6.1: Swelling and shrinking of hydrogel. The diagram shows the structure of a dried

hydrogel and the structure of a swollen hydrogel with crosslinking points. Adapted from [19].

polymer networks, like collagen or gelatin [194,195], or they can be created artificially. One can

imagine them as tiny sponges made of a three-dimensional mesh that can soak up water and

hold onto it as shown in Figure 6.1. This ability to hold water makes them useful in various

applications, from medical uses like wound dressings to creating soft contact lenses [115,196–198].

Nearly twenty years ago, a group of scientists led by Tanaka made a discovery about how

acrylamide hydrogels change when they’re placed on a flat surface and absorb water [199–201].

They noticed that interesting patterns formed on the surface of the hydrogel as in Figure 6.2.

This pattern was explained by a competition between two things: the osmotic pressure from the

absorbed water and the constraints from being confined within the gel. Even though the gel

was originally evenly connected, because it was stuck on a hard flat surface, only the top layer

could expand freely. This created a kind of osmotic pressure difference between the edge and the

bottom of the hydrogel layer. Similarly, another work was done on hydrogel beads, where it was

discovered that on the swelling of the bead, the rapid expansion of the outer area is restrained

due to its connection to the less expanded core, resulting in significant tensile stress radiating

outward in the outer region. This stress gradually diminishes as the swelling progresses towards

the centre. As time passed and the gel absorbed more water and reached its equilibrium state.

This is similar to misfit in strain which was discussed in the previous chapters. However, these

patterns are not permanent, they disappear when they reach an equilibrium state during the

swelling and drying of the hydrogels.

Much research has been focused on manipulating elastic instabilities caused by swelling in

elastomeric films to create intricate patterns [109, 140, 202]. One of the example is illustrated

in Figure 6.2. However, there has been limited work done in the deliberate control of pattern

formation and arrangement in hydrogel films recently [109, 199, 203, 204].In the case of a soft
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(a)

(b)

Figure 6.2: (a) diagram depicting how poly-hydroxyethyl methacrylate (PHEMA) films are made

with varying stiffness and they develop wrinkled patterns when they absorb water. (b) As the

films become stiffened by the addition of a crosslinker, EGDMS the structures of the patterns

that form on the surfaces of these water-swollen PHEMA films change. Adapted from [20,21].

elastomer featuring a thin rigid outer layer, the application of relatively minor compressive

stresses results in the emergence of surface patterns [16, 205, 206]. However, when it comes to

hydrogels, the instabilities induced by swelling stem from the confinement of the highly swollen

film to a substrate. Consequently, this confinement gives rise to anisotropic osmotic pressure

and relatively higher compressive stresses. Therefore, factors such as film modulus, strain level,

cross-linking density, and homogeneity within the film, as well as film thickness, may also prove

to be pivotal in the control of pattern morphology and characteristic size.

In addition to changes in the periodic patterns on the hyrdogel surface, the development

of wrinkles and folds on the surfaces of hydrogel structures was also observed [20]. These ir-

regularities or instabilities in the surface can be harnessed to advance various engineering and

medical applications [207–209]. For instance, the wrinkling of hydrogels can be intentionally

used to create tiny mechanical components, like micro gears. It can also be employed in the

production of multi-cellular clusters, such as spheroids, which have applications in biological re-

search [210]. Moreover, these surface instabilities can be controlled to influence how cells spread,

which is useful in various biomedical contexts. Additionally, there have been recent experiments

demonstrating the creation of nano-scale wrinkled structures using laser-based assembly tech-

niques [211]. These innovations open up new avenues for manipulating hydrogel structures for a

wide range of applications.
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In this chapter, I will be describing different exploratory experiments that were performed

in order to understand how the effect of curvature affects the patterns and the wrinkles formed

during the swelling phenomenon on thin curved hydrogel films. As an initial trial, I explored the

swelling in gelatin. Later experiments were performed on hydrogels beads, because of their high

elastic nature and swelling capacity compared to gelatin. Patterns formed on hydrogel beads

motivated for the synthesis of hydrogel which is also included in this following sections along

with their patterns on the surface. In the following sections, the results of different swelling

studies performed during this project will be discussed.

6.2 Swelling study using gelatin

Gelatin is a large protein molecule derived from collagen [212]. Its high molecular weight makes it

a valuable material for gelatin films. These particles can have a wide range of applications in vari-

ous industries, such as pharmaceuticals and food production [213–215]. One of the key attributes

of gelatin is its biocompatibility [216]. This means that it can be safely used in biological systems

without causing harm or adverse reactions. This property is particularly important when con-

sidering applications involving interactions with living organisms. Furthermore, gelatin exhibits

bioadhesive properties, which means it can adhere or stick to biological surfaces [213,217]. This

characteristic is highly advantageous in medical and pharmaceutical contexts where substances

need to remain in contact with specific tissues or cells.

The swelling behaviour of gelatin can vary significantly at different pH levels. Gelatin is a

protein-based polymer, and its behaviour is influenced by the ionisation state of its functional

groups (such as amino and carboxyl groups) as well as the charge distribution on its molecular

structure [218]. According to the literature [219], at lower pH values (acidic conditions), gelatin

tends to be positively charged due to the protonation of its amino groups. In this state, gelatin

molecules repel each other because of their positive charges, leading to increased solubility and

swelling. Therefore, gelatin exhibits the most significant swelling in acidic conditions due to

increased electrostatic repulsion between molecules [220]. At neutral pH, the swelling behaviour

is less pronounced, and in alkaline conditions, the swelling tends to be reduced as the molecules

become less soluble and experience increased intermolecular attraction.

For the experiments presented here, gelatin solutions with different concentrations of gelatin

powder were made. This was done by dissolving 10, 15, 20 and 30 grams of gelatin powder in 100

mL of deionised water at 60°C with mild agitation using a magnetic stirrer for 1 hour. Once the

added gelatin powder was fully dissolved, the solution was transferred to a rectangular container

and was allowed to cool down and cure at room temperature. Then the cured gelatin was cut into
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Figure 6.3: Variation of swelling ratio for different pH. The image shows how the swelling ratio

of gelatin varies with pH. The experiment was repeated for different concentrations of gelatin.

small cubes and weighed for the swelling study. Different concentrations (different molarity) of

salt solution were made using sodium hydroxide (NaOH) and hydrochloric acid (HCl) whose pH

ranged from 0-13. The gelatin cubes were placed in the salt solutions having different molarities

and allowed to swell fully by keeping them for 3 days. Once the gelatine cubes were fully swollen

the weight of the gelatin cubes was measured and the swelling ratios were calculated. The swelling

ratio of polymers here refers to the fractional increase in the weight of the hydrogel due to water

absorption [221]. This ratio is often expressed as the change in the polymer’s weight before and

after swelling and is used to characterise a polymer’s ability to absorb or retain fluids [221]. The

swelling ratio of the gelatin cubes for different gelatin concentrations was measured and plotted

against the pH in figure 6.3.

The gelatin solution was prepared and subsequently utilised for the fabrication of thin curved

films by employing saddle-shaped 3D printed moulds as mentioned in Chapter 3. Following

the casting process, the solution was allowed to undergo drying and curing. These gelatin

films, synthesised via this methodology, were employed for the investigation of wrinkle patterns.

However, it was observed that these films possessed a thin and brittle nature after the curing

process. Moreover, in contrast to PDMS material, the thickness of these gelatin films could not be

precisely controlled to meet our specific requirements. This limitation arose because, upon casting

one layer and allowing it to dry, the application of another layer of the gelatin solution would
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negatively affect the integrity of the preceding layer due to the influence of solution temperature.

Because of these limitations, a more efficient material was thought of for further studies. The

polyacrylamide hydrogels, which have a higher swelling capacity compared to gelatin were decided

to be used further in this study. A detailed description of polyacrylamide and the swelling study

with polyacrylamide is given in the following sections.

6.3 Swelling study using hydrogel

Polyacrylamide

Hydrogel beads, also known as polyacrylamide beads are tiny, squishy balls made of a special

kind of material that can hold a lot of water. They look like little jelly balls, which are available

in different colours. One might find them in gardens, where they help keep plants hydrated by

releasing water slowly. They’re also used in some diapers to keep babies dry and comfortable.

Some scientists also use hydrogel beads in labs because they can soak up liquids and release them

when needed. The colourful beads available commercially are made of polyacrylamide, known as

poly (2-propenamide) or poly (1-carbamoyl ethylene), which is a polymer made up of acrylamide

units that can be easily interconnected [222].

11 min 15 min 19 min 25 min

32 min 70 min 90 min 110 min 160 min50 min

0 min 6 min

Figure 6.4: Swelling of hydrogel beads. Photographs of a swelling hydrogel at different times of

swelling, as indicated, where the initial radius is 0.5 mm and the final radius is 5 mm. The grid

lines are 1 mm apart.

As an initial trial, the commercially available hydrogel beads (orange in colour) were bought.

These beads were placed on a graph sheet to measure the diameter of the swelling hydrogel beads.

Once the diameter of the dried bead was measured, they were placed in deionised water and the

diameter and patterns formed on the surface were measured and captured using a digital camera.

Detailed visual representations of these hydrogel beads at various stages of their swelling process
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can be observed in Figure 6.4, providing insights into the dynamic patterns that emerged on the

bead surfaces during the swelling phenomenon.

In order to study the effect of the pH of the water in which the beads swell, these hydrogel

beads were allowed to swell in different pH conditions. The diameters of the beads during the

swelling process were measured using a graph sheet by taking out the beads from the solution.

Figure 6.5 shows the swelling of the beads over time for different pH (3,6.5,8.5,11). From the

plot, it was observed that the hydrogel beads, when dispersed in solutions of lower pH ( 3) reach

their equilibrium state (fully swollen state) much faster than the other higher pH.
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Figure 6.5: Swelling of hydrogel beads in different pH. The plot shows the increment in the

diameter of the beads during the swelling over time.

More attention and detailed study were required on the patterns formed on the beads during

the swelling. Based on the above results it was decided to synthesise the hydrogels directly,

which enabled casting the hydrogel on the moulds having different curvatures and different

swelling conditions. This could also help in understanding whether the curvature of the mould

also affects the patterns formed on the surface during the swelling process.

Hydrogel synthesis

To create hydrogels, three main components are required: monomers, crosslinkers, and initiators.

Monomers serve as the building blocks for the polymer. In the context of hydrogel synthesis,

monomers like acrylamide are polymerised to form long chains. The polymerisation of acrylamide
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begins with the initiation step, where a radical initiator (e.g., ammonium persulfate or other sim-

ilar compounds) breaks the C=C double bond in acrylamide, creating two highly reactive sites

known as free radicals. When free radicals are generated, they initiate a reaction by binding

to the monomers, causing them to link together and form the polymer’s main chain [223, 224].

Crosslinkers are molecules that contain multiple reactive sites, such as double bonds or func-

tional groups. They play a critical role in connecting the polymer chains in a three-dimensional

network [223]. This network structure is characteristic of hydrogels and imparts their unique

properties, such as the ability to absorb water while maintaining their structural integrity. Ini-

tiators are compounds that stimulate the polymerisation process by generating free radicals.

Free radicals are highly reactive species with unpaired electrons. In free radical polymerisation,

initiators break down into free radicals when exposed to the appropriate conditions, such as heat

or light. These free radicals then initiate the reaction by binding to monomers, creating new free

radicals in the process [223]. This reaction continues until the monomers are consumed or until

terminated by other reactions. Dilutents like water are often used to control the heat generated

during the reaction. This controlled synthesis process enables the production of hydrogels with

varying properties, making them suitable for a wide range of applications in science and industry.

Figure 6.6: Illustration of the polymerisation reaction of acrylamide forming the polyacrylamide

hydrogel. Adapted from [22].

There are several methods for cross-linking hydrogels [224,225]. Firstly, polymeric chains can

be linked through chemical reactions as described above. Alternatively, ionising radiation can

be employed to generate free radicals, which, upon recombination, form cross-links within the

hydrogel structure [224]. Additionally, cross-links can be formed through mechanisms such as

entanglements, electrostatic interactions, and crystalline formations. But mostly, polyacrylamide
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hydrogels are synthesised using a technique called free radical polymerisation [226] as sketched

in Figure 6.6. These hydrogels are composed of a covalent polymer network mixed with water.

Typically, the molar ratio of the monomer to the crosslinker falls within the range of 10 to 104,

while the volume fraction of water can vary between 70% and 90%. Under normal conditions, the

polyacrylamide network remains stable, allowing water to move within the polymer structure.

The synthesis of polyacrylamide hydrogels involves several materials and steps. In this

project, the protocol given by Nishi et al. was followed [224]. The necessary materials for this

process include acrylamide (AAm), acrylic acid (AAc), N, N, N’, N’-Tetramethylene ethylene

diamine (TEMED), potassium peroxodisulfate (KPS), N, N’-methylene bis(acrylamide) (MBA),

methanol, and distilled water. To initiate the synthesis, 5 g of acrylamide is dissolved in 100

mL of deionised water, forming a solution. Subsequently, 1 mL of the activator, TEMED, is

introduced into the solution, and the mixture is allowed to stir for 20 minutes using a stir bar

and hotplate. It’s crucial to maintain a constant temperature of 60°C throughout the reaction.

Following this initial phase, 0.5 grams of acrylic acid and MBA, which serve as the cross-linking

agent, are gradually added to the stirring solution in the beaker [224]. After 30 minutes, the

initiator, KPS (0.1 g in 10 mL distilled water), is introduced drop by drop into the mixture. This

controlled addition of the initiator leads to the formation of a highly viscous and translucent gel.

Depending on the quantity of KPS and TEMED, the time required for the solution to trans-

form into a gel is determined. A few moulds in different shapes were used to try this. The

solution was transferred into different moulds and slowly the initiator KPS was added drop by

drop. After becoming the gel, it was submerged in methanol, in in order to dehydrate the gel

and was dried after that. The dried hydrogel was then dispersed in water to study the swelling

behaviour. The patterns formed on the synthesised hydrogels were captured and are shown in

Figure 6.7. The patterns look similar to the patterns formed on the hydrogel beads.

Swelling time

Figure 6.7: Swelling of polyacrylamide hydrogels. Images showing the variation in patterns

formed on the synthesised hydrogels over the swelling time.
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The swelling behaviour of these hydrogels is a crucial aspect that requires investigation, espe-

cially when comparing it to hydrogel beads. Additionally, the degree of cross-linking, controlled

by the amount of cross-linker (potassium persulfate or KPS), plays a significant role in deter-

mining the swelling ratio of these hydrogels. However, this aspect warrants further exploration

and study.

Once a better understanding of the factors influencing the swelling ratio is obtained, the

question of how the curvature of thin hydrogel sheets or films impacts the patterns formed

during the swelling process could be examined. This is an aspect that has received relatively

little attention so far, but it holds the potential to reveal valuable insights into the behaviour of

these hydrogels when they undergo swelling. Unfortunately, because of time limitations, notably

those imposed by the COVID-19 pandemic, this particular aspect of the project was deferred to

be addressed in future work.

6.4 Conclusion

This chapter highlighted some of the observations on the exploratory experiments on the swelling

behaviour of thin films. In our study, we conducted experiments involving the synthesis and

analysis of hydrogels, starting with gelatin and later transitioning to polyacrylamide hydrogels.

For gelatin, solutions with varying gelatin powder concentrations were prepared and assessed

their swelling behaviour when exposed to salt solutions with different molarities. It was observed

that gelatin swelled significantly in acidic conditions due to increased electrostatic repulsion

between molecules, while it swelled less in neutral and alkaline conditions These results were

compared with the results in the literature.

However, the attempts to create gelatin-based thin curved films led to brittleness and diffi-

culties in controlling thickness. Consequently, the focus was shifted to polyacrylamide hydrogel

beads, which are renowned for their water-absorption properties. We analysed the swelling

behaviour of these beads, measuring diameter changes and capturing surface patterns during

swelling.

Furthermore in this chapter, the impact of pH on the swelling kinetics of these hydrogel beads

was explored. Lower pH levels led to quicker attainment of full swelling compared to higher pH

levels. Additionally, we delved into the synthesis of polyacrylamide hydrogels, highlighting the

key components involved in their creation, such as monomers, crosslinkers, and initiators. These

hydrogels were synthesised using free radical polymerisation, resulting in stable polymer networks

with varying properties. The patterns were observed on the surface of these hydrogels whose

characteristics and features need more extensive study. Also, the effect of curvature on thin
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hydrogel sheets or films on the patterns needs to be explored in the future.



Chapter 7

Summary and Future Work

This thesis has uncovered intriguing behaviours exhibited by wrinkling patterns in surfaces of

various curvatures. In alignment with the project’s objectives, a novel imaging technique was

developed to delve into these patterns and scrutinise their distinctive characteristics will be eluci-

dated. In this chapter, the primary findings from this thesis will be presented and the significance

of these discoveries. Finally, I will conclude by highlighting potential research inquiries for future

exploration.

7.1 Summary

7.1.1 Imaging of wrinkles

Chapter 3 introduced a practical and efficient approach for capturing images of wrinkled PDMS

films on a water surface by utilising the optical displacement of features such as small dots pro-

jected through the film. This innovative technique was employed to discern key properties of

these wrinkled films, specifically their height variations (amplitude) and the distances between

wrinkles (wavelength). Using MATLAB, I solved the partial differential equation derived from

optical theory to acquire height profiles and discern the characteristics of the wrinkled surface.

I applied this methodology in experiments involving both positively and negatively curved thin

films and provided insights into the iterative process of development, experimentation, and vali-

dation. I employed MATLAB to solve this equation, which was crucial for accurately assessing

the characteristics of the wrinkles, including their amplitude and wavelength.

To ensure the reliability of our results, we included two validation methods that compared

the computed surface profiles with known exact solutions. We also identified the limitations and

constraints of our methodology. Ultimately, our developed approach allows for the dependable

analysis of curved wrinkled films with an accuracy of better than 1% for surface slopes less than

10°. Additionally, our method is capable of reliably resolving wrinkle wavelengths as small as 1

mm using 10,000 random dots, or to a minimum wavelength of 0.5mm when employing 40,000

dots.

98
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7.1.2 Effect of curvature on wrinkling patterns

In summary, chapter 4 thoroughly examined wrinkling patterns in thin curved films to understand

how they work and gain valuable insights into the process of wrinkle scale selection.A dimensional

analysis of the wrinkling shell system was made. This involved expressing the system in terms of

dimensionless groups, which effectively balance the energetic contributions of various behaviours

like bending, stretching, or buoyancy [14]. These dimensionless groups are pivotal for grasping the

dynamics and interactions within the system, serving as indispensable tools for further analysis

and interpretation.

Throughout this research, I devoted significant attention to observing how wrinkling patterns

vary when curvature changes sign. This meticulous observation unveiled intriguing variations

in the system’s behaviour, highlighting the intricate interplay between geometry and material

properties.

Another crucial facet of this investigation centred around the wrinkle wavelength parameter.

By scrutinising wrinkle wavelength for both positive and negative Gaussian curvatures, it was

found that the wavelength remains independent of curvature, in agreement with recent theoretical

predictions. Additionally, I also confirmed that the dimensionless wrinkle wavelength (λ/Λ)

equals 2π, as predicted by the elastica model [13,155].

Furthermore, my analysis extended to examining how the wrinkle amplitude correlates with

varying curvatures. A linear dependence between the wrinkle amplitude and Gaussian curvature

was observed, where increasing curvature leads to increased amplitude to compensate for the

increased excess area of the film. Additionally, I explored how amplitude varies from the centre

of the film to its edges, noting differences between positive and negative Gaussian curvatures.

For instance, wrinkle amplitude gradually decreases toward the edge for positive curvature, while

it increases toward the edge for negative curvature. We also observed flattened regions near the

centre and edges of the film, which diverged from theoretical predictions [15], possibly due to

assumptions made in the theory, particularly the neglect of stretching energy.

This chapter also elucidated the emergence of wrinkle patterns on thin curved shells and

reviewed the concept of stable lines [15] as an order parameter for predicting the type and layout

of these patterns. Our experimental findings aligned with the literature’s predictions [14, 15]

regarding the patterns and paths of thin film wrinkles for both positive and negative curvatures.

By providing in-depth insights into wrinkling patterns, dimensionless groups, wrinkle wave-

length, and amplitude behaviour, this study opens up new avenues in materials science, engineer-

ing, and related fields. The knowledge acquired here has the potential to revolutionise various

real-world applications, including smart materials, stretchable electronics, and innovative surface
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engineering techniques.

7.1.3 Patterns on photonic wafers

In Chapter 5, we explore the observations made on photonic wafers during the laser processing

of thin films. The study focused on a silicon wafer and its oxide layer, including detailing the

methods employed to prepare the samples. Laser-annealed samples were examined using an

atomic force microscope to analyse the surface patterns. Additionally, the chapter outlines the

subsequent processing and analysis steps carried out using Gwyddion and MATLAB.

During the research, collaboration with another research group led to the development of a

numerical model of the thermal variations during the annealing process. This model played a

crucial role in determining two key factors that influence the wrinkling pattern: the maximum

temperature reached during the experiment and the thickness of the melted layers. These findings

were essential in understanding the reasons behind the observed surface patterns.

It was noted that when the sample’s temperature exceeded the melting points of the silicon

and silica layers during laser pulsing, both layers briefly transformed into a liquid state. This

allowed for the relaxation of thermal stresses that had accumulated in the layers due to heating

from room temperature. Subsequently, residual stresses then built up as the once-molten layers

cooled back to ambient conditions. This insight offers a clear explanation for the driving forces

behind the emergence of the observed surface patterns.

Our study contributes to a deeper understanding of the complex relationship between tem-

perature, material properties, and the formation of surface patterns. This research is an ongoing

project, with plans for further advancement. To enhance the accuracy of the numerical model,

ongoing efforts aim to refine the step size used in calculations, enabling more precise measure-

ments of the thickness of the melted layer.

7.1.4 Patterns on hydrogels

Chapter 6 presents findings from our exploratory experiments on the swelling behaviour of thin

films. Our research involved conducting experiments in which we synthesised and analysed the

swelling behaviour of hydrogels, initially using gelatin and later transitioning to polyacrylamide

hydrogels.

With gelatin, we prepared solutions containing varying concentrations of gelatin powder and

examined how they swelled when exposed to salt solutions with different molarities and pH.

We observed that gelatin exhibited significant swelling in acidic conditions due to increased

electrostatic repulsion between its molecules. In contrast, it exhibited less swelling in neutral
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and alkaline conditions.

However, our attempts to create thin curved films using gelatin led to issues with brittleness

and thickness control. As a result, we shifted our focus to polyacrylamide hydrogel beads, well-

known for their water-absorption properties [185]. We conducted an analysis of the swelling

behaviour of these beads, measuring changes in diameter and documenting surface patterns

during the swelling process.

Furthermore, we explored the influence of pH on the swelling kinetics of these hydrogel

beads. Lower pH levels resulted in a faster achievement of full swelling, compared to higher pH

levels. Additionally, we delved into the synthesis of polyacrylamide hydrogels, emphasising the

essential components involved in their creation, including monomers, crosslinkers, and initiators.

These hydrogels were synthesised using free radical polymerisation, resulting in stable polymer

networks with varying properties. We also observed patterns on the surface of these hydrogels,

the characteristics and features of which warrant further in-depth study. Additionally, there is

a need for future exploration regarding the impact of curvature on the patterns formed in thin

hydrogel sheets or films.
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