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On first inspection, fluctuation scaling data may appear to approximate a straight line when 

log transformed. The data presented in figure 5 of the main text gives a reasonable 

approximation to a straight line and for many purposes this would be sufficient. The purpose 

of the study of fluorescence intensity was to determine whether adjusting the voltage of a 

photomultiplier tube while measuring a fluorescent sample changes the process (α), the 

dispersion (β) and/or the gain (G). In this regard, the linear model established that PMT 

setting affects more than the gain. However, a detailed analysis beginning with testing for 

model mis-specification provides additional information. Specifically, Poisson behavior is 

only seen over a limited wavelength range in the 600 V and 700 V data sets.  
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Tests for Mis-Specification:  

Three tests for mis-specification were applied to the data in figure 5: the rainbow test,
1
 the 

Harvey-Collier test,
2
 and the Ramsey reset test

3
 (table S1) using the lmtest package (version 

0.9-34) for the R statistical program (version 3.3.1). As can be seen, although there is some 

disagreement among the tests, the HC and reset tests consistently found probable mis-

specification. 

Table S1: Mis-specification tests for the Power law representations in Figure 5. Tests deemed 

significant have been highlighted in bold. In the main text, the 600 V rainbow test was 

considered insignificant on its own on the basis of multiple comparisons. 

PMT Voltage Representation Test Test Statistic p-value 

400 V Power law Rainbow 0.95802 0.5771 

400 V Power law HC 2.4277 0.01628 

400 V Power law Reset 4.4614 0.013 

600 V Power law Rainbow 1.7099 0.008121 

600 V Power law HC 2.8499 0.004938 

600 V Power law Reset 20.343 1.312e-08 

700 V Power law Rainbow 0.80585 0.8211 

700 V Power law HC 3.4619 0.000705 

700 V Power law Reset 10.569 5.215e-05 

 

Application of Piecewise Linear Modelling: Based on the finding of likely mis-

specification, the data were then fit to a piecewise linear model with a single breakpoint, c.  

The treatment here is based on descriptions in Ryan and Porth.
4
 The basic model is 
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The number of variables in the fit can be reduced by assuming the two segments are 

continuous at the breakpoint. 
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After fitting the data, the parameter   21

2 2log G

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
 can be obtained by the formula,  
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This analysis (table S2, Figure S1) was done using the SiZeR package (version 0.1-4) in R 

using the piecewise.linear function. 

Table S2: Piecewise regression coefficients. The high (H CI) and low (L CI) values of the 

95% confidence interval are also provided. Only the confidence intervals for the high and low 

exponents and the position of the breakpoint are provided by the SiZeR package which uses a 

bootstrap procedure. The remaining confidence intervals were obtained by standard regression 

using the position of the breakpoint to segment the data sets. 

 

PMT 

Voltage 

  11
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 1  2  log(c) c 

400V -1.25 0.056 -1.23 0.058 -0.02 0.15 -0.09  0.82 

L CI -1.31 0.048 -1.28 0.052 -1.32    0.07 -0.90    0.12 

H CI -1.18 0.066 -1.19 0.064 0.04    0.67 0.57     3.71 

600V -1.09 0.081 -1.61 0.025 0.46 0.79 1.53 33.72 

L CI -1.15 0.071 -1.80 0.016 0.03     0.65 0.49    3.07 

H CI -1.04 0.091 -1.42 0.038 0.51     0.94 1.83     67.61 

700V -0.87 0.135 -1.34 0.046 0.51 0.75 1.99 98.32 

L CI -0.95 0.112 -1.59 0.026 0.47     0.68 1.88 75.16 

H CI -0.80 0.158 -1.15 0.071 0.56     0.86 2.32      210.38 
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Figure S1: Piecewise model applied to the data. Solid markers represent the low portion of 

the model and open markers represent the high portion. The voltage settings are indicated by 

triangles (400 V), diamonds (600 V), and squares (700 V). 

 

A number of points related to the exponents and breakpoints are worth noting. 1) The 

confidence interval for α1 (the low portion) of the 400V data set includes 0 which means this 

is consistent with a Gaussian process. 2) The 95% confidence intervals overlap for both α1 and 

α2 in the 600V and 700V data sets indicating that we can consider these exponents the same 

(e.g. arising from the same process). 3) Although the value of the breakpoint differs 

significantly in the data sets, the position of the breakpoint in a value sorted data set can be 

considered the same in all three cases. 4) Only the low intensity segments of the 600 V and 

700 V data sets are reasonably consistent with a Poisson process. For the higher intensity 

segments, both exponents (α2 = 0.75 & 0.79) and their 95% confidence intervals include  α = 

0.85 making them more consistent with a Horwitz process than a Poisson process. 5) If the 

regime corresponding to α1 = 0.51 in the 700 V data sets is considered  to be Poisson, then 
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traditional mean-variance
5,6

 gives the absolute Gain (0.02) which corresponds to 50 photons 

per arbitrary unit.   

 

The G and β parameters can now be considered. From a consideration of the spectra, relative 

Gain parameters can be obtained (Figure S2). Using the 600V data as the reference, the GR 

and βR  parameters may be obtained (Table S3). Because the absolute gain, G, is known to be 

50 photons/unit for the 700 V low intensity segment, G can be computed for the low intensity 

portions of the 600 V (200 photons/unit) and 400 V (9560 photons/unit) data sets. βR gives a 

somewhat more nuanced view than the presentation in the main text with best dispersion 

depending on which segment of the fluctuation scaling applies. What is clear from the results 

is that the regime corresponding to a Gaussian process (400 V) is not desirable in this 

instance.  
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Figure S2: Relative Gain assessment. This data set represents spectra measured using the 

same sample at 400 V, 600 V, and 700 V (left panel).  The position of the change point has 

been highlighted in each spectrum with an arrow. The gap in the 700 V data set is due to 

saturation of the instrument. Considering the 600 V data set to be the reference, relative gain 

parameters can be obtained from the slope of plots of intensities relative to the reference 

measured using the three conditions (right panel). The voltage settings are indicated by 

triangles (400 V), diamonds (600 V), and squares (700 V).  

 

Table S3: Relative gain an dispersion parameters for the three PMT settings.  

 

PMT Voltage 
1RG  1R  2RG  2R  

400 V 0.021 2.938 0.021 1.573 
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600 V 1.000 0.081 1.000 0.025 

700 V 4.055 0.068 4.055 0.032 

  

The final consideration for this data set is to try to understand the two portions of the 

piecewise fluctuation scaling curve. All three data sets exhibited complex scaling with the 

change point at roughly the same position in the intensity data set when sorted. For the 

Rhodamine 6G sample measured, the low intensity scaling regime appears entirely in the 

portion of the spectrum below approximately 615 nm.  The reasons for this are unclear but 

may be due to the characteristics of the photo-emissive material in the PMT or a related 

wavelength dependent process in the instrument. In the absence of more detailed studies, this 

remains speculative. 

 

This approach represents an automatable strategy allowing rigorous optimization of 

instrument parameters and once established the health of instrumentation and methods may be 

checked to see if process (αobserved  αexpectation), dispersion (βobserved  βexpectation), and/or gain 

(GR  1) have changed. 
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