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Abstract—A novel pricing and scheduling mechanism is
proposed here for Plug-in electric vehicles (PEVs) charg-
ing/discharging to track and synchronize with a renewable power
generation pattern. Moreover, the proposed mechanism can be
used in the demand-side management and ancillary service
applications, respectively for the peak shaving and frequency
regulation responding. We design a fully distributed stochastic
optimization mechanism using Bayesian pure strategic repeated
game by which the PEVs optimally schedule their demands. We
also use a mixed Bayesian-diffusion Kalman filtering strategy for
the customers to collaboratively estimate and track the stochastic
price and regulation signals for the upcoming scheduling window.
In the proposed paper all the characteristics of the PEVs,
as well as the uncertainty about their deriving patterns are
considered. As our framework converges to an equilibrium even
with incomplete information, is agent-based, and the agents share
the information only with their optional neighbors, it is scale-free,
robust, and secure.

Index Terms—Bayesian game scheduling, diffusion Kalman
filtering, plug-in electric vehicles, renewable energy resources.

I. INTRODUCTION

Today, there is an extensive public attention all over the
world for electrifying the transportation sector and integration
of the renewable energy resources (RERs) into the power grid.
In 2017, the global PEV sales until September were over 764
000 units (46% higher than that in the same period of 2016)
[1]. However, increasing the penetration of the RERs and
PEVs into the traditional power systems is a critical and can
put the reliability and stability of the power grid into danger
and degrade its performance and efficiency. This is due to
high intermittent nature of the RERs, their inconsistency with
energy usage, and high/uncertain power demand of the PEVs.
So, it is essential to provide an effective energy management
framework to schedule and control the time/amount of charge
and discharge of the PEVs and match them with the renewable
time/amount power generation.
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A. Related Work

Integration of the PEVs to a power system with high wind
power penetrations and the application of considering the
PEVs as a regulation services provider has been addressed in
[2]. The western Danish power system where the total share
of annual wind power production is more than 27% of the
electrical energy demand was chosen for study in this analysis.
Jin et al. in [3] formulated the energy consumption scheduling
(ECS) problem as a stochastic optimization problem based on
a queuing model which uses Lyapunov dynamic optimization
technique to minimize the time average cost of using non-
renewable energy sources. Zhang et al. [4] considered a delay-
optimal ECS of the PEVs with queue mapping to convert the
PEV queue to the charge demand queue at a charging station
equipped with renewable energy generation devices and mul-
tiple charge points. Further, an independent Markov decision
process (MDP) has been described in this investigation to take
into account uncertainty of the PEV arrival, the intermittence
of the RES, and the variation of the grid power price. Chen
and Duan [5] proposed a method for optimal integration of the
PEVs in the microgrids dealing which uncertainties associated
with the daily distance driven of the PEVs, load values, and
electricity market price and considered an optimal number
of parking numbers under optimal scheduling of the PEVs.
The problem of matching the stochastic wind power with
the PEVs charging schedule considering the optimality of
the expected charging cost has been studied by Huang et al.
[6]. This stochastic multi-stage matching problem has been
formulated as an MDP by aggregating the PEVs according to
their remaining parking time, and was solved by simulation-
based policy improvement method. A real-time load elasticity
tracking and pricing for the ECS problem using predicting
PEV charging behavior of the consumers at different prices
has been investigated by Soltani et al. [7]. The dependencies
on price responsiveness among consumers are captured by a
conditional random field (CRF) model in this work. Lee et al.
[8] perused the price competition among the PEV charging
stations equipped with renewable power generators where each
station sets its electricity price to maximize its revenue by
competing with its neighbors. The proposed model in this work
is a game theoretic model in which some relevant physical
constraints such as the transmission line capacity, the distance
between the PEV and charging station, and the number of
charging outlets at the charging station are taken into account.
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A two layer hierarchical control scheme for the coordination
of PEVs and wind turbines in a microgrid has been modeled
in [9]. The main feature of this scheme is that it incorporates
the non-Gaussian uncertainty and partially dispatchability of
wind power, as well as the PEV uncertainty. A two-stage
(day-ahead/real-time) mechanism was established in [10] for
integrating the massive PEVs into the power grid, tackling
the RESs’ uncertainties, and coordinating them to reduce the
energy cost and peak to average ratio (PAR) of the system.
At the first stage, based on the prediction of future energy
requests and considering the elastic charging property of
the PEVs, an offline day-ahead optimal energy generation
scheduling problem was formulated to determine the energy
generation. Then at the second stage, based on the planned
energy generation, an adaptive real-time charging strategy is
developed to determine the charging rate of each vehicle in
a dynamic manner. A charging rate compression algorithm
which tremendously reduces the complexity of the problem
solving has been also developed in this paper. In [11], the
ECS problem has been formulated using MDP and solved
using a distributed simulation-based policy improvement. The
proposed method takes into account the uncertain wind power
sources and can be improved from heuristic and experience
based policies. A case study in Beijing (China) was developed
to explore the potential of wind power of high-rise buildings
in supporting the PEVs charging. Yang et at. [12] considered a
grid-connected microgrid model which consists of a logistics
distribution system, where the PEVs depart from the depot,
deliver the goods to multiple demand loads, and then return
to the depot.

A coordinated dispatch strategies of the PEVs to smooth re-
newable energy and load fluctuations of the microgrid has been
developed, while ensuring the quality of logistics services.
They established an ECS method using a self-adaptive im-
perialist competitive algorithm to optimize the driving routes,
fast-charging time and regular-charging/discharging strategies
of multiple PEVs. Luo et al. [13] studied the problem of
stochastic dynamic pricing and energy management policy
for the PEV charging service providers in the presence of
the energy storage system and multiple uncertainty sources.
They offered guidelines for charging service providers to the
determine proper charging prices and manage the electricity
to balance the competing objectives of improving profitabil-
ity, enhancing customer satisfaction, and reducing impact on
power grid in spite of these uncertainties. Moreover, a new
metric to assess the impact on power grid, without completely
solving the power flow equations has been proposed in this

paper.

B. Our Contributions

Based on the drawbacks in previous works, we are moti-
vated to contribute to:

Designing a robust and scalable game mechanism: The
availability of some forms of information to all the customers
and to the utility company is fundamental to coordinate their
actions to result in a socially fair solution. However, this raises
some challenges such as requiring a two-way data communica-
tion network with high communication/computation capability,

preserving the customers’ privacy, and ensuring the power grid
security and reliability. As in our framework the customers
communicate and share information only with their optional
neighbors and the proposed Bayesian game converges to an
equilibrium even with incomplete information, the mechanism
is scale-free, requires low communication/computation, and is
more secure and reliable. Further, as long as the topology and
information sharing rule of the communication network satisfy
some conditions as described in Section IV of this paper, the
power grid is robust to noise, link failures, and incomplete
information.

Providing a universal real-time ECS: As there are several
uncertainty sources (market price, power generation, power
consumption, etc.) in the power grid, the time-ahead ECS
methods usually lead to sub-optimal or even non-optimal solu-
tions. So, we develop a real-time mechanism using the rolling
horizon technique and online adaptive Bayesian-diffusion
strategy to optimize the solution. The proposed method is
universal in the sense that it can be used for both demand-
side management (DSM) and ancillary service necessities.

Considering the customer’s attribution: The works in
the literature are mostly focusing on using the flexibility of
the battery of the PEVs for DSM and frequency regulation
objectives without explicitly addressing the PEV’s energy
demand limitation at the end of each scheduling window. We
proceed in this matter by formulating a pure strategic game
and involving the PEV’s characteristics in detail. We develop
a binary Markov chain model updated using Bayesian method
to predict the PEVs plug-in and departure times. Moreover,
we provide a robust model by which the total energy demand
of each PEV for its next trip is estimated.

Mitigating the adverse effect of the PEV and RER:
By designing a novel real-time behavioral price policy, the
customers in the considered model try to match their PEVs’
charging/discharging pattern with the stochastic highly fluctu-
ating power generated from the RERs by tracking its variation.
This results in making the balance between supply and demand
sides and jointly smoothing out the total power generation and
consumption curves.

The remainder of this paper is outlined as follows. We
demonstrate the system model in Section II. Section III
introduces the agent-based game theoretic PEV scheduling
problem. The Bayesian-diffusion-Kalman filtering solution is
developed in Section IV. The simulation results are presented
and assessed in Section V, and Section VI provides the
concluding remarks.

Notation: lower- (upper-) case boldface letters denote col-
umn vectors (matrices), and calligraphic letters stand for sets.
The notation E[-] denotes expectation operator, | - | denotes
the cardinality operation of a set, Tr(-) denotes the matrix
trace operation, Pr(-) denotes the probability operation, x2_;
denotes the Cartesian product over N elements, ®2_; denotes
the o-algebra [14] product on the Cartesian product, and a
implies that a is a random variable. We denote the o-algebra
of Borel [15] subsets of a by %(a) and its transpose by a .
Further, 41 AAs = (A1/A2) U (A2/ A1) and N,, /7 is the set
of player n’s neighbors including itself and excluding neighbor
4. The subscript a® stands for value of variable a for a period
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t, while, to denote its value at a time slot h within period ¢
we use a” instead of a/* for simplicity.

II. SYSTEM MODEL

We consider a smart micro-grid system (network) compris-
ing of one utility company which procures energy from the
wholesale market and its own renewable farm, and serves
aset N 2 {1,--- N} of N = |N| PEVs of residen-
tial/commercial/industrial owners (called the customers) as
in Fig. 1. Each customer’s site is equipped with an energy
consumption manager (ECM) device responsible for schedul-
ing of its PEV power consumption, i.e., determining the
optimal PEV charging/discharging rate/time. The customers
participate in the ECS program for a long time divided into set
T £ {1,---,T} of equal length periods, while their actions
have a periodic pattern within each ¢t € T (e.g., 1 year with |T|
=T =365 and each period ¢t € 7 as one day). We divide each
period ¢t € T into a set H! of H? equal time slots (e.g., one
day as |H'| = H' = 96 with a slot duration of 15 minutes).
It is assumed that each ECM! n € N is connected to the
utility company and its neighbors?> m € N, C A with some
proper two-way communication protocol. At each period ¢,
each customer n tries to cooperatively manage its PEV en-
ergy consumption throughout its feasible scheduling window
H% 2 {O&m T ’ﬁ%} (with ‘H$z| = Hfz = /B% _O[$L+1)’ where
al is the PEV plug-in time and 3! is the last time slot at
which the PEV had to reach to a desirable charge level E%*.
Further, we denote the remained time slots from slot 7 to the
end of scheduling window !, at period ¢ with 1! C H}. We
consider three modes for the PEV status, namely, off mode
when the PEV is unplugged or finished its task, asleep mode
when is plugged-in but does not charge/discharge, and awake
mode when is charging/discharging. For PEV n, we define its
operation state at time slot h € H! in period ¢ as a couple
sh(rl dh), where 7" is the number of remaining time slots to
complete the current task and d” is the number of time slots for
which the current task can be delayed. As an insight, the state
of PEV n in period ¢ throughout its scheduling window |#? |
=9 hours with 7 =4 and d = H! —r! = 5 is denoted in Fig.
1. As is depicted, the PEV is in off mode when is unplugged
(out of scheduling window ’Hﬁl) or when has finished its work,
and does not consume more power.

A. PEV characterization

Let us denote PEV n operation mode in time
slot h € H! with binary decision variables
al. € {0 (asleep),+1  (awake-charge)} and
xfhd € {0 (asleep),—1 (awake-discharge)}. In an optimal

I'Throughout the paper, we use ECM, customer, and PEV interchangeably.
2Set of customers who customer n can or would like to interact with them,
including itself is called neighborhood of n and denoted by N,.
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Fig. 1. The considered power grid block-diagram model.

scheduling of the PEV n’s operation at each ¢, the ECM
faces the following constraints:

81, ah
S (e ah, + 20 et = B (B 4+ ED),

h=1>at, MIn.d
mh
h h—1 h n,d rat
En:En +(nnyc'xn,c+n d)'l'n )
n7

EM" < By < By, Vh e H, By < Ep' < ER,
zh -xﬁ’d =0, Vh € H,,

xfw + xfhd =0, Vh ¢ H,

(1
where E, EO, E™" and BS are the energy level at
the end of slot h, initial energy level, minimum acceptable
energy level, and the battery capacity, respectively. Coeffi-
cients 7 c,Mn.a € (0,1] denote charging and discharging
efficiency and 277 is the rated power at which the PEV
is charged/discharged. The first dynamic term of (1) is for
providing the required energy level for the next trip before
the departure time of the PEV. The second line denotes the
evolution of the energy level of the battery of the PEV.
The constraints in the third line bound the energy level and
denote the tolerable deviation from E%f, respectively. The
fourth line of equation (1) implies that the PEV cannot be
charged and discharged at the same time and the fifth line
ensures that the PEV cannot be charged/discharged when it
is unplugged. Each ECM n € A can infer the posterior state
shHl(rh — ot 4 ot dl 4 2l — 2 — 1) of its PEV in
the next time slot A+ 1 from the prior state s" (r", d") and the
current action &), = [z .27, zh -27*|T. Accordingly, the
ECM updates its feasible set X" := {z” | constraints in (1)}
at each h € H' and resets them at each new t € 7.

B. Energy source model

We assume that the renewable power is produced by a wind
farm comprising of a set K £ {1,--- K} of [K| = K
turbines. The power P,ZT drawn from each turbine &k € K
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at each slot h € H! is calculated as [16]:

h .
Pk,r = ]DI:th7

2
where Ry [m] is the rotor radius of turbine k, and
[kg/m?], v} [m/s], and v,’id [m/s] are air density, wind
speed, and downstream wind speed at the site of turbine k,
respectively. Further, P/** [MW] is the rated power output
of wind turbine k, and v}, v"*, and v} [m/s] are cut-in,
cut-out, and rated wind speeds of wind turbine k, respectively.
The variation in wind velocity v,’; is best to follow by the
Weibull probability distribution function (PDF) with shape w!
and scale cﬁ parameters. So, the probability of wind speed v,’g
at the site of turbine k during the time slot A is given by [17]:

h

<
P

h

h 5 _(Vk\w
t hy _ Wi (U wi—1 (ch,) k
7T,w(’U )— g(g) k e k (3)

where, mostly, the wind speed is considered to have Weibull
distribution with w,’; = 2, which is specifically known as the
Rayleigh distribution. Moreover, the higher the cZ is, the
greater the number of days/hours that have high winds (see
[18] for details). The utility company needs to know the
total power drawn from the renewable farm }, . pﬁr and
the aggregate non-PEV load demand ), ./ I for each time
slot h € H! before the scheduling window. Accordingly, the
utility company makes a contract with the wholesale market
for buying the total base-power P/ required for making the
balance between the supply and demand sides. However, there
is always inaccuracy in determining P} ahead of time which
must be compensated in real-time by some regulation power
@". The required regulation power @" to make the real-time
balance is calculated as follows:

a = (B + Y PE) - Y L “

keK neN

It is rational to assume that the utility company determines
th properly at each slot so that " follows a normal distri-
bution N(0,02)? as:

1 (w2

twh) = ——=e 27 (5)

\/2mo?

C. Price design

In the utility company view, the most suitable tool to encour-
age the customers for following a specific energy consumption
pattern is establishing an effective price policy. As in the
pricing policy the customers’ payment depends on the time
and amount of consumed energy, the customers try to consume
more energy at low-price times and vice versa. So, it is

3The PDF of w" is assumed to be Gaussian N(m,o2) when the PEV
penetration to the power grid is large enough to support some base loads as
well as tracking the wind power production.
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rational to assume that the utility company determines its price
parameter at slot h € H? in period ¢ based on:

neN

where random variable p}! is the real-time baseline price which
is unknown to the customers a priori. When total non-PEV
load demand )\ I is greater (lower) than total procured
power P + 3, Pﬁr, e.g., WP < 0 (> 0), the customers
are encouraged to discharge (charge) their PEVs to reduce
their payments through minimizing ;F)i}h (called the shadow
price). This procedure leads to track random variable "

which results in the power balance.

III. PROBLEM FORMULATION

A. Sources of Uncertainty

The deriving patterns of the PEVs are stochastic in nature.
So, to provide an efficient charging/discharging schedule at
each period t, the plug-in time (i.e., o), the plug-out time
(ie., B), and the total energy demand (i.e., E4!) of each
PEV n during the connection time !, need to be estimated
accurately. To estimate the stochastic parameters o, and ¢,
one can model the available time (i.e., the length of H!) of
PEV n as a binary Markov chain with state = 1 denoting that
the PEV is available to the ECM (e.g., is in the parking lot) and
state = 0 denoting that the PEV is unavailable. Staring from an
initial state, we can infer the feasible scheduling window 7—[;
using the transition probabilities of the corresponding Markov
chain.

Let’s denote the status of PEV n within the pe-
riod ¢ by the homogenous and stationary Markov chain
ME = {ME,--- M} with transition probabilities p;, ;; =
Pr(MIY = j|M! = i), i,j € {0,1}. The probability of
the length of time at which the PEV may be available (i.e.,
remains in state 1) is computed by p, = py.01/(Pn.01+Pn.10)
represents the long-run proportion of time when the Markov
chain is in state 1 [19]. Letting M¢, = {m2,--- ,mi} denote
a fully observed realization of ., conditionally to M2 = 1,
the distribution of the observed sequence is then [20]:

FOMEmD, L) = (1= pn.o1)™ o2 pi36 (1= prao)™ (7)

where h;; is the number of one-step transition from state
i to state j until time-slot i and the unknown probability
parameter ¢}, = (pn,01,pn,10) € [0,1] can be inferred using a
proper estimation technique, such as the maximum likelihood
estimates. However, as we aim to provide a real-time adaptive
PEV charging strategy, Bayesian inference, which incorporate
a certain type of dependence between the components of the
parameters in diferent periods ¢ € T, seems to be the most
suitable choice.

Proposition 1. Considering Jeffreys’ prior distribution ((!)
on parameters pn o1 and py 10, the conditional posterior
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density becomes:

(¢ IM},) o
(11,01 (Pn,01 + Prs10) + Pro(1 = Prot — P10

(1= pno)"™ 2030 (1 = pu10)™* 2 (P01 + pu,10) >
®)

Proof. See Section 2 of [21]. O

[7(pn01 + Pr,10) — L+ (1 = pnyo1 — pn,10) ]
)h] 1/2

Accordingly, the Bayesian estimator becomes E[¢! |M!] =
J ¢Em(Ch|ME)dCE, which its integral is difficult to calculate
in practice. One can approximate the Bayesian estimator by
means of Markov chain Monte Carlo techniques [22].

To infer £, we propose the use of a deterministic set to
model the uncertainty, which results in a robust decision about
the desired energy demand at each period ¢. Inspired by the
work in [23], we consider the following uncertainty set of the
desired energy demand at each time period ¢ in the planning
horizon T

todt adt At d,t N, |E Ed’t|

E(E’rl?E’!L?A): E ER Zﬁl_
i€EN, E

B e [BM — BB 4 B Vi€ Nyt € T} ©)

where A, is the set of PEVs managed by the ECM of customer
n with cardinality |N,,| = N,, and E4t = (E** Vi € N,,),
Edt = (BEY' Vi € N,), and B = |ES — E®| are the
true vector, the estimated vector, and the deviation vector of
the uncertain energy demands for the PEVs under control
of customer n, respectively. Further, the parameter A! is
the budget of uncertainty (confidence level parameter), taking
values between 0 and NV,,, and determined by the customer
according to its attribution. As A, increases from 0 to N,
the size of the uncertainty set enlarges, and the resulting robust
decision is more conservative and the system is protected
against a higher degree of uncertainty.

B. The Optimization Problem

Assuming the grid’s customers are selfish, their participation
in any ECS program is to minimize their payments. In this
way, the social objective function of the customers is defined

as follows:
DIDIPIN-

XN teT neEN heH
s.t. XfL eX VneNheH EM cgl, andteT

rat)

mm Tn

xt,. (xnc+xn d)

10)

where X! £ [z),--- ,xH]T is the operation matrix of PEV
n throughout the scheduling window #?!. Further, X is the
feasible set updated at slot h in period ¢ comprises of the
set of profiles satisfying constraints in (1). Centrally Solving
problem (10) imposes a very high communication/computation
burden on the central controller, put into danger the privacy of
the customer as their information must be sent to the central
controller, and is not reliable as any failure in the central
controller would take down the whole system. Although the
semi-decentralized solutions (such as the classical Nash game
method) can alleviate some drawbacks of the centralized

5

solutions, however, they still need each customer to send

1/2 some parts of its information to all other customers. So, these

“methods are not fully scalable, reliable, or secure. Due to

« phm*]th% drawbacks of centralized and semi-decentralized solutions,

problem (10) must be solved in a fully distributed manner
with only local cooperation and partially available information.
However, this problem is stochastic and spatially-temporally
coupled (due to the price parameters p" and constraints in (1))
which complicates providing an optimal distributed solution.
To solve this problem, we suggest developing a stochastic
Bayesian game with private and incomplete information
mechanism defined as ¢ = (X7, (Sh,.7!), UL, ”51)5:1 with
the following components [24]:
Players: Set A/ of a finite N number of PEVs.
Action space X: Ts a nonempty compact set (metric space)
of feasible operation modes over strategy X! of PEV n.
Information space (S!*,.#"): Is a measurable space de-
fined on X, where S” is player n’s nonempty type set with
state (sh(rl d), Vh € H'), and measurable space .7 is
¢o-algebras on S
" Payoffs U': Represents player n’s objective function U} :
St x X* — R to be maximized, defined on the set of
action spaces X' =: [xN_ xXh = xh x X" ],cye and
bounded/finite types S* =: [xY_;Sh = Sff x 8" 1hewt with
([®,1y:1<7f] ®[RN_ B(X")], (R))-measurable, where X",
and S”  are the set of action and type spaces of all the
players except for player n with strategy X" at slot h of
period t, respectively. This payoff function is dual in negative
direction of problem (10) comminuted corresponding to PEV
n throughout one scheduling window as:

max UL(X! X" )
Xhexh

== 3 (BB (S e+ ab) ot - Ela") )
heH neN
(In + (e +apa) - an)

Y
Information structure 7: Is a probability distribution mea-
sure on the measurable space [(®Y_,S" @N | M) cne
denoting the common prior over type profiles, with 77, the
marginal probability measure induced by 7! on S" ,
the probability measure on (S”,.#) defined by m (Sh) =
7t (Sh x 8", for every Sh € #h.

Definition 1. A pure strategy X for player n in Bayesian
stochastic game 9 is a (.7, B(X]))-measurable map X :
S; —— X with the interpretation that, upon learning his type
ST(sh,pp,w”,ST,) € Sy, player n selects strategy X (ST)
from the set X for the entire scheduling horizon HJ,.

In deploying the proposed game in real-time, each player
in the Bayesian game adopts a behavioral or mixed infinite
strategy according to its prior 7, (S"). The existence proof of
a Bayes-Nash equilibrium in thls situation is straightforward
(e.g., see [25], [26] for detailed analysis and examples).
However, satisfying the temporally-coupled energy demand
constraint (i.e., the first term of (1)) and determining an
optimal schedule need developing a pure strategic game. So,
we must convert the behavioral/mixed strategy into a pure
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strategy for each sub-scheduling window #H] using some
purification technique®. In the proposed game ¥, at each slot,
the customers update their beliefs according to Bayes theory
(14). So, the best choice for the purification is matching the
rolling horizon theory [28] with updating procedure to ensure
that at any individual condition and preference, the constraints
in (1) are not violated and the solution is optimal.

Theorem 1. The behavioral/mixed strategy of game ¢4 has
an equivalent pure strategy, and there exists a pure strategy
Nash equilibrium (PSNE) for considered game 4 caused by
applying the rolling horizon technique on set of pure strategies
XN = xN_ XM for all h € H' in each t € T so that:

Un (X" X20) > Un (X, X2)

n n?

where X" and X*" denote the equilibrium strategies of
player n and all other players decided at slot h for the rest
of the slots H' — h + 1, respectively.

Proof. See Appendix A. O

In the next section, we provide a fully distributed
Bayesian mechanism for each customer n to learn his type
Sp(sh,ppwh,S_,) and calculate his equilibrium strategy
XM(Sh).

IV. BAYESIAN REAL-TIME SOLUTION

To construct a pure strategy for each customer n € N
we need to provide an agent based method by which each
customer can sequentially estimate the baseline price signal
vector ﬁ{; = [ﬁi‘, e ,ﬁbH ] and regulation parameter vector
wh = [w",--- W] ateach slot h. To do this and to increase
the accuracy and robustness of the estimation process, we
develop a method in which each customer sequentially updates
its belief on the upcoming price and regulation signals and
share his information with his neighbors. At each slot h € H?,
we need to determine and update the PDFs 7, and l, of
P and w" to compute pi = Ert [Py] and w" = Er [@"].
At the end of each slot h the retailer announces true prices
- and 4"pl, of (6), regulation signal w", and probably
some explanatory variables. Accordingly, we model the ob-
servation of customer n as y" = [yz’b, yﬁ’sh]T determined
by an unknown stochastic parameter ©" = [Py, W], where
ypr, and yk , are his expected payment at the end of the
scheduling window determined at slot & based on the most
recent information about the baseline price, shadow prices, and
other explanatory variables. We model any explanatory data
(weather condition, fossil fuel price, price in previous days,
etc.) available to customer n at slot h by z”. Accordingly,
customer n’s parameter estimation problem within each period
t € T atslot h takes the following form:

©" = argmin F,(O", y" 2"
©co

12)

where O is a compact set which captures possible prior
information of slot & — 1. Local function measure F,,(-) of

4A pure strategy profile is said to be a purification of a behavioral/mixed
strategy profile if the expected payoffs/distributions of these two strategy
profiles are the same for all the players [27].

customer 7 is a convex function of @". A popular optimal
choice for F,(-), often advocated in Bayesian theory, is the
Kullback-Leibler divergence (KLD) measure. This function is
defined as follows:

BRI (D) — ffi(éhld}

D(FA(B! ) (O1]) = Exg [los e | (1
where determining density 7% (©"|) is the goal of customer
n. The probability distribution of observation y” is pre-
sented with a density f(y"|z", ©"). In the provided sequen-
tial Bayesian-diffusion estimation mechanism, each customer
n € N simultaneously estimates parameter ©! at slot h
by exploiting a prior distribution 7/, (@"~ 1|yt 201y
which quantifies the accumulated knowledge about O from

past observations y%"~! = {92 ... yh=11 and regressors
20h=1 = (20 ... 2h=11 up to slot h. According to Bayes’

theorem, the observation y” and the regressor z!

the end of slot h, are sequentially incorporated as:

R (O " 20) o f1 (1=l ) (6", 207

. (14)

Common model to describe ff(yk|z! ©") and

7t (@1 |yYh 20:7) is the exponential family of distributions
as [29]:

revealed at

f(y|z,©) = h(y, 2)g(@)e’ T2,

. (15)
m(®) = q(&,v)g(®) e’ ¢

where 6 = §(©) is the natural parameter, T'(y,z) is a
sufficient statistic of a fixed size, h(y, z) is a known function,
and ¢(®) is a known normalizing function. Further, £ is a
hyperparameter of the same size as T(y,z), v € RT is a
scalar hyperparameter, and ¢(¢, v) is a known function. Taking
advantage of this distribution under conjugacy, the Bayesian
update (14) takes the form [30]:

=g Tyl 2, V=0t (16)

For sharing the information in a neighborhood N, we
use a powerful and robust technique called diffusion strategy
[31]. One interesting estimation scenario by diffusion strategy
run by first exchanging the measurements between the cus-
tomers during an adaptation phase, and after that, exchanging
the estimates during a combination phase called adapt-then-
combine (ATC). The aim of the adaptation phase is to enrich
the statistical knowledge of each customer by incorporation
of the neighbors’ observations. Let us fix other customers’
actions and consider customer n turn with its prior density
7t (@"—1|¢h—1), where "~ represents all the information
available to customer n by time h — 1, which includes its
own past observations and those of its neighbors, as well as
the parameters of all previous posteriors of the neighbors.
Accordingly, the adaptation phase of the diffusion update takes
the form:

T, (©"&) = m, (O &y, 21)

ocmt (@ el T [fL(yh |2l @ 1))@
meN,
17)
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where y" and 2/ are all the new observations and explanatory
variables available to customer n at time h, a®, € {0,1} is
the adaptation weight assigned by customer n to its neighbor
m € N, for adaptation in slot h. If the observation y" i
not an outlier, then a”, = 1; otherwise, al’, = 0. The hyper-
parameters of the conjugate prior densities in the adaptation
phase of the diffusion protocol are updated as follows:

h _ ¢h—1 § h h h h _  h—1 § : h
fn — 5n + aan(ynu an)’ Vn - Vn + anm

meN,
(13)

consequently, the purpose of the combination phase is to
collaboratively improve the estimates of the customers with
some proper combination protocols. As we use the KLD
function and the customeirs try to minimize the cumulative
loss Y en. ChmD(71(O"])[|7h,(©"])), the combination
step to achreve a non-negative minimal KLD takes the form

[30]:
7t (O"]) H
meN,,

£ (O] (19)

where coefficients {cp i, Vm € N,,} are unit |V, |-simplex
weights expressing the degree of belief of customer n in
customer {m € N, }’s information. So, we can formulate the
combination phase as:

Z C’I’Lm m

Fho E h
En - Cnm m7
meN,, meN,,

To compute the combination weights, if we arrange the
weights into vector ¢!, it has a categorlcal distribution pa-
rameterized by a probablhty vector g with the probability
mass function and expected values as [30]:

11 g

meN,

(20)

ho|h h
‘qn l)n [Cnm‘qn] = qnm (21)
where weight c”, . is determined according to the knowledge
about ¢”,,. Bayesian estimation of ¢”, with the conjugate
Dirichlet prior distribution has the probability density and

expectation as follows:

1 d}h71—1
h h Ynm
Pn(qnwl 1) m H Tnm )

n meN,,
h—1

h—1 nm
ot [ |on 1] = > o
where B(-) is the multivariate beta function and hyperparam-
eters {1 Vm € N,,} are arranged into vector ¥"~! to
aggregate the knowledge about q”. The Bayesian-diffusion
update of prior distribution (22) by observations from (21)
becomes:

h
J— CTlm
ph(allph ) o I dhm

meN,

= I 4.
meN,
However, customer n does not know which neighbor has
the best knowledge about o, So, the customer measures how
well neighbor m fits the observations using the predictive
performance as follows:

(22)

h—1
h wnm, -1
H nm

meN,

P (23)

P = [ 7@ T fiw)1z).6Ma0" (4)
JENR

and then, according to the quasi-Bayesian approach uses

measure 97, in place of ¢! . in (23) [32]. Inspired by the

diffusion-Kalman filtering concept [33], one can model the

variation of the unknown parameter ©' and the customer n’s

observation as the following state space model:

O =Ate" 1y Bt 2l 4 I

h t Qh h (25)
y, =H 0" + v,

where A, B!, and H! are matrices of compatible dimen-

sions, and both ¢ and v" are independent and identically

distributed Gaussian noises. Let us modify this method under

the Bayesian-Kalman filtering approach as follows [34]:

OMO" 2l ~ N (AL + BN QL)
yLIO" ~ N(H.O" R)) .
where Q" and R!* are state and observation covariance matri-
ces of customer n. At customer n’s side, we denote mean and
covariance matrices of the Gaussian prior probability density
function 7, (@" 1|y =1 20:h=1) by @ " and £, and the
posterior probability den51ty function 7rn(®h|yn 20 by
©; " and $}1", respectively. At slot h, the customer can predict
the value of ®” from ©"~! using the state evolution model
(26) and Chapman-Kolmogorov equation [34]:

n(®h|y0 h= 17 thh) =
J R G A L A I

where, the filtering distribution 7%, (@"~1|y0:h=1 20:h—1) hag

mean ®;"~1 and covariance ¥;}"~1. The properties of normal
distribution ensure that the predicted prior probability density
function 7! (©"|y%"—1 20") is also a normal distribution

N(@O;h v~ h) with hyperparameters:

At @Jrh 1 -I-Bt

n ’n,?

27
F P

Subsequently, Bayes’ theorem suggests updating the prior of
©" with the information about ®" in the observed y" and
2! as follows:

(O |y L, 20 £l (yn|©")
[t (Ol T 2 1t (6
(28)

where, from (26) we can write the observation model as:

T (O" |yt 201 =

F(ynl®")

1
exp{—§<yz -

s T(y})
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with compilable form of conjugate normal distribution as:
(@h‘yoh 1 z%th) <

copl-(©" -

exp{Tr( 1 {c:)}b] {CZ)HT [(@;Ih)'r} (! {(@;Ih)‘r]‘r)}

] €

So, we can replace Bayesian update (28) by updating the
hyperparameters (16) as:

h h—1 h _h &t &)
£ = (M2 + (o) (R Ml G0
= (O T T+ ()T (B)TH,, (31)
&= EN O T+ (Hy) T (Ry) My, (32)
& = (S + (Hy) T (Ry) ™ Hy, (33)
Now, applying the adaptation phase (18) leads to [34]
h T
=+ Y nm{ }(R’w {ffm} (34)
meN, m m
vp =vp" 4 N (35)

and the classical Kalman filter update equations are drown
using the least-squares estimator, exploiting the blocks of the
matrix " in (29) and applying the adaptation phase (similar
to (34)) on this matrix [30], [34]:

Sih= S ah, €27 =

meN,

—1
[(i;hrw( S ahm<an>T<Rm*1H;)} ,
meEN,

O = 3 ah, e e =

meN,
>0 ahn S S THOMT + (HE) T (RE) Tyl =
mENn
e, "+ > b, (HL) T (REY) (yn, — HLO,™)

meN,

Applying the combination phase (20) to the above equation
results in the desired parameters:

-1
zzz[ T czm@;ﬁ)l]
meN, (36)
éhzih( Z o (i+h)—1(:)+h)
meN,,

where mean ©" and covariance 3/ are used to estimate @".
Finally, we present our Bayesian-diffusion-Kalman filtering
ECS mechanism (BdiffKF-ECS) in Algorithm 1 which is
executed by each PEV n.

Theorem 2. The proposed mechanism in Algorithm 1 con-
verges to a unique PSNE with a finite number of iterations if
the power grid topology satisfies the following conditions:
Condition P: For each player n € N, each neighbor
j € N, any strategies XJh,XJh € XJh, X" ¢ X" and

Algorithm 1 BdiffKF-ECS Mechanism

1: 1 Initialization: Set X2, [92,,]menr, .2, the convergence criteria e,
and f]%.

2: 1I. Repeat for t =1,2,---:

3:  Take parameters of previous period ¢ — 1 as initial values and get H?,
of neighbors m € Ny,.

4:  Repeat for h=1,---, H%:

50 Let®;" _Q*Iandzh $h=1,

6: Estimation Phase:

7: Prediction Step: Run iterations (27).

8: Adaptation Step: Get y?, and R}, of neighbors and run iterations
(36).

9: Combination Step: Get @j,}h and E+h of neighbors, update the

Dirichlet prior hyperparameters 4! of (23) and determine [c],,,]me N
from (24), and run iterations (36)
10: Action Phase:

11: Repeat for s = 1,2, --- according to some order:

12: Receive last update X 7}; ; and l:ln ; of neighbors.

13: Solve (11) and determine Xn i1

14: If | X 1T n,i| > e (i.e., the new schedule changes compared

to the current schedule), Then set XLL it1 as the new solution and
broadcast it to the neighbors.

15: Until convergence (i.e., none of the customers broadcast their
schedules)
16: Customer n applies element x! of X/ and discards the others

according to the rolling horizon (e.g., [37])

Xk/n/j € X/}\‘[ /J we must have Un(X,’},X?,Xk/n/j) #
Un (X, X h Xh N /])

Condltlon N For each player n € N, for any neighbors
J.i € Ny, such that j # i, there exists { € Nj/i A N;/j, such
that there is a path from { to n which passes neither through
J nor 1.

Proof. See Appendix B. O

Condition P implies that the action of a players always
affects his neighbors’ payoffs, so, its behavior is learnable
(deviation is detectable). A 3-connected® network in which
players have different neighbors, i.e., for any pair (j,i) €
N2 N /i # N;/j, satisfies Condition N (see [35] for detailed
information and proof about Conditions P and N). To guaran-
tee the power grid topology satisfies Condition N, one can let
the customers decide their neighbors. Then the utility company
check if the graph is connected (has the Laplacian matrix with
positive second smallest eigenvalue [36]) and each customer
has at least 3 customers (the degree of the graph is at least 3).
Otherwise, with some manipulation, the utility company can
fix the system topology.

V. NUMERICAL RESULTS
A. Simulation Setup

For the simulation scenario, it is assumed that there is one
utility company procuring electricity from both conventional
and renewable resources and serving 50-2000 customers of dif-
ferent types (e.g., residential, commercial, educational, orga-
nizational, and industrial). Each day ¢ € T is divided into H*
= 96 slots each with 15 min duration. The baseline day-ahead

SGraph G with vertex V is called n-connected if |V| > n and G — X is
connected for every set X C V with | X| < n, where G — X represents the
graph where all nodes in X (and the corresponding links) have been removed.
Simply, a graph is n-connected if any two of its nodes can be joined by n
independent paths.
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electricity price data is drawn randomly from Pennsylvania-
New Jersey-Maryland Interconnection (PJM) electricity mar-
ket [38]. It is assumed that each customer has one PEV
with charge/discharge power rate 2 < z7% < 4, efficiency
Mn,esMn,d = 1, and desire energy demand randomly within
E!» = 6 and E"* = 12. The battey capacity of the PEVs are
chosen randomly between [15-20] with uniform distribution.
The customers’ base loads for each hour are adopted randomly
between 3 and 10 kW with some correlation with the baseline
price signal. For each customer additive noise power € and
UZ are randomly added between (23-69) dB and (69-92) dB,
respectively. The aggregate power output of the renewable
resources is randomly selected with Gaussian distribution
P! ~N(P}!  o},) and the regulation signal is considered
as W = P]?T - P,ﬁr.

The system topology (graph) for the simulations are gen-
erated by putting randomly customers in the square region
[0,4]%]0,4] km? in a way to satisfies the conditions in Theo-
rem 2. Customers that are within a certain radius (e.g., within
radius = 0.5 km) from each other are declared neighbors
and connected to each other. To guarantee this, we repeat
generating random topologies with increasing search radius
until the degree of each vertex in the acquired topology is
no less than 3 and the second smallest eigenvalue of the
Laplacian matrix is positive. The combination weights c?
are initialized according to the Metropolis rule introduced in
[39], and then replaced by weights 9" = updated according to
(24) at each slot h. The simulations are done in PC Laptop 64-
bit Intel(R) Core(TM) i7-4510U CPU @ 2.00-2.60GHz RAM
8.00GB with MATLAB R2017b and its CVX toolbox working
with Gurobi.

B. Performance Results

The performance of the estimation part in Algorithm 1 is
shown in Fig. 2. As a measure of estimation performance
between Non-Cooperative mode (in which there is not any
information sharing) and Diffusion mode (in which the cus-
tomers cooperate and share information with each other),
Fig. 2(a) denotes the average mean square deviation (MSD)
from the true value. Clearly, in the non-cooperative case the
estimation performance is much worse and more unreliable.
The learning and tracking abilities of the proposed method are
demonstrated in Figs. 2(b) and (c) for estimating the baseline
and regulation signals, respectively. As an insight, we can
see that after a few iterations the estimated values match the
true value with acceptable accuracy. The convergence of the
proposed method in solving problem (10) is analyzed in Fig. 3.
As shown by the results of Figs. 3(a) and (b), only one iteration
per customer (total of 50 iterations per 50 customers) suffices
for convergence. So, we can consider the proposed mechanism
as a one-shot infinitely repeated Bayesian game. Further, both
figures show that the customers’ payment depends on the
parameters v" in (6). So, the utility company can change the

customers’ consumption pattern as his wish by properly tuning

o

For better presenting the impact of 7 on the customers’
behavior, Figs. 4(a) and (b) are provided. In Fig. 4(a), the
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Fig. 2. Analysis of the estimation part; (a) total average mean square deviation
(MSD), (b) price estimation and tracking performance, (c) estimation and
tracking of the regulation signal.
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Fig. 3. Value and convergence comparison of the total system payment with
tuning wh; (a) in terms of the total baseline price ;5?, and (b) total shadow

price ﬁ?h.

parameters of the system are demonstrated. The behavior of
aggregated charge/discharge of the PEVs is denoted in Fig.
4(b). As depicted, when the shadow price is much higher than
the baseline price, the customers attempt to track the regulation
signal as much as possible to reduce the total payment.
However, while 'yh reduces, the impact of the baseline price on
the total payment is increased. So, the customers try to charge
their PEVs in slots with low baseline prices and discharge
them at slots with high prices.

The applications of the proposed framework in terms of
the two important aspects of power systems, namely, ancillary
service and load curve shaping (e.g., valley filling and pick
clipping), are analyzed and the results are denoted in Figs. 5(a)
and (b). Fig. 5(a) shows the ancillary service result in which
the total consumption of the PEVs tracks the regulation signal

1551-3203 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/T11.2018.2866267, IEEE

Transactions on Industrial Informatics

250 T T T T T T T T T

_ 200 |- | I PEV Demand Without DSM/Regulation 4
B3 Base Demand
55 150 | == Baseline Price ]
5% = Regulation Demand

2

c
25 10 —
ol
T o
g 2 soﬁ
i

Dr UL v er Il\“-l" |.| "H\.ﬂ.".r'“““ s '“‘I.|I|.|'|.|“""
50 L L L L L L

10 20 30 a0 50 E) 70 80 )
Hours (1AM - 12 PM)
(a)

12100 —— g 10 ——y=1 ——y=01]

Total Power (kW)
°

1 1 -
10 20 30 40 50 60 70 80 90
Hours (1AM - 12 PM)

Fig. 4. Changing the total system behavior by manipulating the real-time
price; (a) the system data, and (b) the process of changing the charge/discharge
of the PEVs.

200 = Benchmark Case 4
E = Modified Load Curve
X 450 Regulation Signal |
] — Base Demand
g 100
o
£ 5
o
-

10 20 30 40 50 60 70 80 90
Hours (1AM - 12 PM)
(a)

@ original PEV Demand Negative Demand (Pick Clipping)
’;‘g 200~ [ scheduled PEV 1
= [__IModified Load Curve
] E 150 === Baseline Price
35
o S 100
33
g 50

10 20 30 0 %0 5 70 80 90
Hours (1AM - 12 PM)
(b)

Fig. 5. The applications of the proposed BdiffKF-ECS mechanism; (a)
ancillary service, and (b) shaping the curve of the total load demand.

to mitigate the destructive effects of power fluctuations of the
renewable resources. The result of the proposed mechanism
in Algorithm. 1 under the DSM protocol is depicted in Fig.
5(b). We can see that at slots with low demand the PEVs are
in charge mode (to fill the valley) and at the slots with high
(peak)-demand are in discharge mode (to curtail the peak).
However, as shown, the discharge time of the PEVs are not
effectively coincided with the true peak, because the baseline
price is not appropriately determined by the utility company.
This shows the importance of adjusting the baseline price
signal to having the highest value in the highest demand time.

As we formulated our problem as an infinitely repeated
Bayesian game, it is necessary to evaluate its the long-term
performance. The signal tracking ability of Algorithm 1 is
denoted in Fig. 6. Clearly, the performance of the algorithm
in tracking the frequency regulation signal coming from the
utility company is acceptable. We must note that none of the
customer’s constraints in (1) is violated in this result and
all the PEVs have reached to their desirable charge level
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Fig. 6. The long-terms performance of the proposed mechanism over 30 days;
this is in terms of the frequency regulation application.
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Fig. 7. The long-terms performance of the proposed mechanism over 30 days;
this is in terms of the DSM application.

E%t at the end of each day. In another scenario, the long-
term performance of the DSM application is analyzed over
30 days. The results are denoted in Fig. 7, which show that
the proposed repeated game works well and fills/curtails the
aggregate demand valleys/peaks.

In modeling the interactions between the customers, the
game theoretic methods turns out to be the state of the art
dominant strategy in the DSM and PEV charge/discharge
scheduling literature [7], [8], [13], [40], [41]. To guarantee
the convergence of these methods to an equilibrium (e.g.,
Nash equilibrium), it is essential for each customers to know
the consumption pattern of all other customers in the system
(either directly or through a third party entity). Further, to
achieve a global optimal solution, it is necessary for the system
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to determine a proper price signal and broadcast it to the
customers step-by-step. In our real-time scheduling program,
with growing the system, this procedure would impose high
communication and computational burden to the system as
denoted in Fig. 8(a). From this results we can find out that
for a wide system with 2000 customer, it took about 41
min for the game theoretic mechanism with a centralized
price determining mechanism (Nash Game (Centralized)) to
converge to an optimal solution, which is not acceptable.
Estimating the price signal with our diffusion framework
would reduced the computation/communication time of the
game theoretic mechanism (Nash Game (Diffusion)) to almost
33, which is still long time for the real-time application.
However, Fig. 8(a) shows that our BdiffKF-ECS mechanism
has very low computation/communication time, specially for
the BAiffKF-ECS (Diffusion) scenario which takes 8 min.

The most important thing is that even with such a low
computation/communication between the customer, the opti-
mal solution of the proposed framework is almost the same
as optimal solution of the Nash games. The results of Fig.
8(b) asserts our claim. From this figure we can see that the
centralized solution achieves the minimum aggregate cost.
However, the centralized solutions imposes a huge compu-
tational burden to such a with system and is not applicable
in real world. Beside, as in centralized solutions all the
data are gathered in the central controller, the privacy of
the customers is always in danger. Another drawback of the
centralized solutions is that any lack of proper operation in
the central control (either deliberately because of the cyber-
attacks or unintentionally because of communication failures
and inaccuracies) have high destructive effect on the system
efficiency. In the stochastic problems with too many stochastic
parameters like ours, these drawbacks put down the viability of
the solution mechanism as denoted in Fig. 9(a). As we can see
in this figure, inaccuracy (noise) in determining the stochastic
parameters p" and E4 as well as random link failure between
some of the customers make the “Nash Game (Centralized)”
mechanism unstable and non-optimal. However, when the
price signal p" is estimated through our Bayesian-diffusion
framework ‘“Nash Game (Diffusion)”, the mechanism becomes
more stable and the aggregate cost reduces. The most effective
case is when both the scheduling part and price estimation part
are implemented according to our mechanism “BdiffKF-ECS
(Diffusion)”. In this case, the proposed mechanism is robust
to link failure and noise (as the communications between the
customers are done locally) and works well in the presence
of the uncertainty resources (tanks to our real-time adaptive
stochastic mechanism).

The DSM performance comparison results of the proposed
framework under uncertainty is demonstrated in Fig. 9(b).
Considering the uncertainty nature of customers deriving
pattern (i.e., parameters of, 8., and E%?!) results in lower
peak demand (case “Load Curve(Our Mechanism)”) and better
utilizing the potential flexibility of the PEVs (case “PEV(Our
Mechanism)”). In the case “PEV(No Learning)” in which
the classical game is implemented instead of the Bayesian
repeated game, the high charging(discharging) power is not
properly coincided with the low(high) price value. This can
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Fig. 9. Performance comparison between the proposed and the Nash game
approaches in the presence of the uncertainty sources; (a) Aggregate cost, and
(b) Consumption pattern.

increase the customers payment and the total system peak
demand compared to our mechanism.

VI. CONCLUSIONS

In this paper, we proposed a universal real-time distributed
DSM-ancillary service framework applied to the PEVs using
the Bayesian repeated game, the diffusion strategy, and the
Kalman filtering theory. We characterized the PEVs specifi-
cation and provided a pure strategic game using the rolling
horizon theory to achieve an optimal solution and to fully take
the customers’ attribution into account. Further, we formulated
a novel real-time pricing policy by which the utility company
can control and modify the consumption pattern of the PEVs
to mitigate the adverse effect of fluctuation of the RERs and
charge of the PEVs. The simulation results demonstrated that
by appropriately determining the price and regulation signals,
the utility company can increase the reliability of the power
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system by making the balance between the generated and
consumed power.

APPENDIX
A. Proof of Theorem 1

x1 : Let € be a sub-c-algebra of .#*. Clearly, for each h €
H?, the local objective function U! in (11) is Z(X") @ €"-
measurable on X" x S", is continuous on X" for all feasible
charging profiles X,, € X", and is integrably bounded®.

xo : The private information S/ of each player n € A in
the proposed game model is independent’ of all other players’
private information.

x5 : For each customer n € N, .7 is atomless® and € is
setwise coarser’ than .7/,

Proposition 2. From %1, %3, and x3 we can claim that
every €" = @N_, 6" -measurable behavioral strategy profile
of our Bayesian game has a " = @)_,./"-measurable
undistinguishable purification (see Theorem 2 of [42] for

proof).

Proposition 3. Features x1, xo, and x3 provide the necessary
and sufficient conditions (i.e., they guarantee a saturated
probability space for each customer'®) for the existence of
a PSNE in our model (see Theorem 1 of [42] for proof).

Using the backward induction, the rolling horizon theory
implies that the problem at hand at each slot h has an
equivalent pure strategy and sub-sequentially a PSNE [28].

B. Proof of Theorem 2

The proposed mechanism in Algorithm 1 is comprised of
infinite sub-games repeated at each slot i € H of each period
t € T. The convergence analysis must be done using backward
induction denoting that each sub-game in h € H! C T results
in a subgame perfect equilibrium. However, we analyze one
sub-game and the extension to the infinitely repeated game is
straightforward using backward induction [44]. The algorithm
convergence comprises of three aspects:

*1 Convergence of the Bayesian-diffusion estimation
procedure: In [45], it has been proved that by adopting
appropriate adaptation and combination weights, the diffusion
estimation process converges with good accuracy and the
benefit of this cooperation is examined in detail in [46].
Similarly, the convergence of the Bayesian version of diffusion
strategy has been proved in [30]. By adopting proper outlier

OIf there is a real-valued integrable function ¢», on SP, €, 7%, such that
|UL (a, zn)| < ¢f (x5) for all (a,z,) € X" x SI, then U} is integrably
bounded

"This assumption can be weakened and correlations are allowed.

8Given measurable space (S/?,.#) and a measure 1 on this space, a set
A C SPin #} is called an atom if p(A) > 0 and for any measurable
subset B C A with u(B) < u(A), set B has measure zero. A space which
has no atom is called atomless (non-atomic) [15].

9%h is setwise coarser than .7 if for every A € .} with positive
measure 7, there exists a Yff—measurable subset A3 C A such that
ﬂ%(Al/AAg) > 0 for any A2 € €A, where € is the o-algebra
{ANA: Aecch}.

101 [43] it has been proved that for non-saturated (but atomless) probability
spaces, there may not be any PSNE.
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analysis for choosing a’ . according to work in [47], and
proper approach for choosing a”, , such as the quasi-Bayesian

nm?

[48] or adaptive combination weights [49], the convergence of
the estimation stage is guaranteed.

xo Convergence of the optimization procedure: At each
iteration ¢ customer n solves the optimization problem (11).
We solved this problem using mixed-integer disciplined con-
vex programming methods, such as branch and bound and
sequential quadratic programming, for which the convergence
to a unique optimal/sub-optimal solution has been proved [50].

x3 Convergence of the game-theoretic framework: The
payoff function in (11) is strictly monotone with respect
to its arguments and satisfies condition P. Considering an
appropriate topology satisfying condition N each sub-game at
slot 7 in scheduling window H] C H converges to a unique
Nash-Folk equilibrium according to Theorem 2.12 of [35],
which is the subgame perfect equilibrium of our Bayesian
repeated game.

The objective function of each customer n proposed in
(11) is strictly concave. So, the proposed sub-game at each
slot becomes a strictly concave N-person game with unique
subgame perfect equilibrium according to Theorem 2 of [51].
This unique Nash equilibrium of considered game is the
optimal solution of the global minimization problem (10)
according to Theorem 2 of [40]. Finally, using %1, %2, *3,
backward induction theory, and the results of Theorem 1 we
can conclude that our game converges to a unique PSNE.
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