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Abstract
This article aims at introducing triple shape memory polymers (SMPs) by four-dimensional (4D)
printing technology and shaping adaptive structures for mechanical/bio-medical devices. The
main approach is based on arranging hot–cold programming of SMPs with fused decomposition
modeling technology to engineer adaptive structures with triple shape memory effect (SME).
Experiments are conducted to characterize elasto-plastic and hyper-elastic thermo-mechanical
material properties of SMPs in low and high temperatures at large deformation regime. The
feasibility of the dual and triple SMPs with self-bending features is demonstrated experimentally.
It is advantageous in situations either where it is desired to perform mechanical manipulations on
the 4D printed objects for specific purposes or when they experience cold programming
inevitably before activation. A phenomenological 3D constitutive model is developed for
quantitative understanding of dual/triple SME of SMPs fabricated by 4D printing in the large
deformation range. Governing equations of equilibrium are established for adaptive structures on
the basis of the nonlinear Green–Lagrange strains. They are then solved by developing a finite
element approach along with an elastic-predictor plastic-corrector return map procedure
accomplished by the Newton–Raphson method. The computational tool is applied to simulate
dual/triple SMP structures enabled by 4D printing and explore hot–cold programming
mechanisms behind material tailoring. It is shown that the 4D printed dual/triple SMPs have
great potential in mechanical/bio-medical applications such as self-bending gripers/stents and
self-shrinking/tightening staples.

Keywords: 4D printing, hot–cold programming, dual/triple SMPs, constitutive modeling,
experiments, FEM

(Some figures may appear in colour only in the online journal)

1. Introduction

Shape memory polymers (SMPs) are a class of multi-func-
tional smart materials that are capable of being deformed to
temporary shapes and of recovering to their original shape in
response to external stimuli, such as temperature [1]. Beyond
the unique shape memory effect (SME), SMPs have many
advantages including light weight, low cost, highly flexible
programming, good biocompatibility and biodegradability.
These superior properties have made SMPs attractive for use
in many engineering applications such bio-medical devices,
deployable space structures, shape-morphing structures and
micro-electro-mechanical systems [2, 3]. World-wide

scientific efforts have been devoted to describe thermo-
mechanical behaviors of SMPs in predictive modeling frames.
A comprehensive review of SMP constitutive models can be
found in works by Liu et al [4] and Park et al [5].

Most SMPs can only memorize one shape, called the
dual SME. The generic shape memory cycle in thermally-
induced dual SMPs mostly consists of a shape programming
protocol followed by a shape recovery driven by heating. The
shape programming can be classified as hot and cold, on the
basis of the temperature zone in which the programming is
performed. A schematic of the hot and cold programming for
dual SME is shown in figures 1 and 2, respectively, in which
s, e and T stand for stress, strain and temperature. In the case
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of hot programming for dual SME as shown in figure 1, the
material initially in a strain/stress-free state at a temperature
lower than glassy transition temperature = <( )T T Tl g is
heated above the transition temperature range = >( )T T Th g

(step 1). The material stable at rubbery phase is then loaded
mechanically and cooled down while being kept fixed
memorizing a temporary shape (steps 2 and 3). The SMP is
unloaded by releasing the constraint while a inelastic stain,

Figure 1. Hot programming for dual SME: (a) scheme, (b) stress–strain-temperature diagram.

Figure 2. Cold programming for dual SME: (a) scheme, (b) stress–strain-temperature diagram.

2

Smart Mater. Struct. 27 (2018) 065010 M Bodaghi et al



called pre-strain, e ,i remains in the material (step 4). Next, the
SMP is heated to recover to its original shape known as free
strain recovery (steps 5), see figure 1. Finally, it is cooled
back to low temperature (step 6). In the case of cold pro-
gramming for dual SME, the material initially in a strain/
stress-free glassy state at a low temperature is first deformed
mechanically, then unloaded to a temporary shape, and finally
heated up to recover the original shape, see figure 2. The
mechanical load must be large enough to induce the reversible
plastic strain, e ,p into the material. The hot programming
advantage is that the polymer can easily be deformed into a
desired large temporary shape with a small force and very
small spring-back [6]. However, it has some limitations like
the heating process that is a time and energy consuming
procedure. In this case, cold programming becomes attractive
in terms of saving time and energy specially many load-carry
SMPs are stable in their glassy phase at room temperature.

Recent advances in additive manufacturing has intro-
duced four-dimensional (4D) printing technology for fabri-
cating smart architectures and metamaterials that can be
switched between multiple configurations via environmental
stimuli like heat and/or humidity [7–15]. For example, Mao
et al [12] introduced shape-changing components by 3D
printing curable liquid photo-polymers via PolyJetTM tech-
nology. They printed multi-material composite structures
where hydrogel was confined by SMP and elastomer layers.
The printed structures self-folded by dipping in low, then high
temperature water, cooling down, drying and finally unfolded
upon putting in high temperature water. Ding et al [13] pre-
sented self-folding composite architectures consisting of SMP
and elastomer with built-in compressive strains induced dur-
ing photo-polymerization of PolyJet process. López-Valdeo-
livas et al [14] designed soft self-foldable actuators by ink 3D
printing cross-linked liquid crystalline polymers fixed through
photo-polymerization. Bodaghi et al [15] programmed
metamaterials with dual SME by fused decomposition mod-
eling (FDM) printing technology.

Unlike conventional dual SMPs that can recover from a
temporary shape to an original shape, triple SMPs have
potentials of memorizing two temporary shapes and sequen-
tially recovering their original shapes from two temporary
shapes by simply heating [16–18]. Two methods are usually
employed to make SMPs that exhibit triple SME [19]. The
first approach is the incorporation of two SMPs with various
transition temperatures into polymer networks. The second
one is utilizing an SMP with a broad transition temperature.
Compared to dual SMPs, triple SMPs can meet more complex
requirements of applications with a demand of continuous
shape change [19].

Although some fabrication approaches have been
developed for directly printing dual SMPs, printable cap-
ability of triple SMPs has been left as a challenge. This work
aims at introducing 4D printed triple SMPs by a combination
of hot and cold programming processes. The SMP is first
programmed during printing by filament-based FDM tech-
nology to get its first temporary shape. It then experiences a
cold programming process to memorize the second temporary
shape. Finally, it recovers to its original shape in a step-by-

step manner from two pre-programmed temporary shapes.
This approach is advantageous in situations either where it is
desired to perform mechanical manipulations on the 4D
printed objects for specific purposes or when they experience
cold programming inevitably before activation. Often the
latter may happen during installing, storing and packing of
the printed objects. For example, bio-medical stents need to
be stored inside a catheter for delivery to an artery. In the rest
of the paper, after description of the concept behind 4D
printed triple SMPs, its feasibility and performance are
assessed experimentally. It is also revealed that the material
behaves elasto-plastically and hyper-elastically in low and
high temperatures at large deformation regime. In order to
enable design dual/triple SMP structures by 4D printing, a
3D phenomenological constitutive model is developed to
incorporate elasto-plastic and hyper-elastic material behaviors
in the finite strain regime during hot–cold programming and
activation phase. It is then implemented into a finite element
(FE) formulation to simulate 4D printed triple SMP compo-
nents through an elastic-predictor plastic-corrector return map
approach. It is shown experimentally and numerically that the
4D printed dual/triple SMPs can serve as self-bending/
shrinking gripers, stents and staples for mechanical and bio-
medical applications. Due to the absence of similar concept,
mathematical model and results in the specialized literature,
this paper is likely to advance the state of the art triple SMPs
by 4D printing technology.

2. Materials and design

2.1. Conceptual design

The main idea is based on arranging hot–cold programming
of SMPs with FDM printing technology to engineer adaptive
structures with triple plasticity-based SME. The conceptual
approach is illustrated in figure 3, where the SMP is printed
and programmed along with a step-by-step thermo-mechan-
ical protocol.

First, FDM as a filament-based material-extrusion 3D
printing technology is implemented to fabricate and program
SMPs for dual SME at the same time. The SMP filament is
supplied from a reel and fed into a heated liquefier where it is
molten at temperature Th that is higher than its T .g The molten
material is forced out of the circular nozzle of the printer head
and deposited on the build tray or exciting layers. The
extrusion head is moved by servo motors at speed Vp fol-
lowing a toolpath controlled by a computer-aided manu-
facturing software package to define the printed shape. This
movement may stretch the molten SMP fiber that is similar to
loading stage in the hot programming process, see figures 1
and 3. The pre-strain induced into the SMP during hot pro-
gramming is directly related to mechanical loading provided
by moving printer head. Thus, any increase in printing speed
may affect the pre-strain value. The printed fiber cools and
solidifies quickly upon contact with build tray and/or layers
deposited earlier. This is similar to the step 3 in hot pro-
gramming process as shown in figure 1. Once a layer is
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printed, the platform is lowered down to begin the next layer.
The printing procedure continues until the fabrication of the
object is completed. During this layer-by-layer fabrication,
every layer may experience different thermal/bonding con-
ditions at its top and bottom surfaces. For instance, while the
first layer is printed on the stiff tray with a prescribed temp-
erature, the rest layers are deposited on the already printed
SMP layers which are cooling and solidifying. Therefore,
stiffness, temperature and surface condition of the tray may
affect bonding, constraint and cooling conditions and conse-
quently the pre-strain regime. Moreover, all layers except the
final layer are heated locally at their top surface by the molten
SMP when the printer is depositing the upper layer. Thus,
temperature of the liquefier and the layer that is being heated
play important roles in determining the pre-strain regime. In
this respect, the surface heating by the molten SMP fiber may
reduce the pre-strain value of the layer beneath it. As the end
printed layer is never heated, its pre-strain may be higher than
other layers. Furthermore, the temperature of the layer being
heated is directly associated with the delay time between
printing each layer. The hot programming process is finally
completed by removing the printed object from the platform
that is like step 5 in figure 1. The printed configuration can be
considered as the first temporary shape of the SMP archi-
tecture with built-in pre-strain. Since six printing factors,
namely stiffness/surface condition/temperature of build tray,
liquefier-temperature, printing speed and time-delay may
have potentials to induce non-uniform hot programming
process, the pre-strain regime may be anisotropic toward the
building direction.

The printed object is expected to have potential to
transform into a second temporary shape by cold program-
ming process, see figures 2 and 3. As most of SMPs are stable
in their glassy phase state at room temperature, cold pro-
gramming may imply programming at room temperature that
would be attractive in terms of saving time and energy. Cold
programming includes a mechanical loading–unloading so as
to result in a residual plastic strain and consequently the
second temporary shape. When the 4D printed is subjected to
an applied stress that exceeds a yield stress level, the plasticity

process is initiated, see figure 2(b). The material softens and
experiences a plateau in the stress–strain diagram. The mat-
erial is then unloaded elastically while plastic deformations
remain into it. The 4D printed structure may involve both
inelastic built-in and plastic strains induced by hot and cold
programming processes, respectively. It could have the cap-
ability to recover to its original shape step-by-step from two
programmed temporary shapes upon heating revealing triple
plasticity-based SME.

2.2. Materials and fabrication

The SMP material used for 3D printing is polyurethane-based
filaments with a 1.75 mm diameter and glass transition
temperature of 55 C manufactured and supplied by SMP
Technologies Inc., Tokyo, Japan. The objects are printed
using a NewCreator Pro 3D printer manufactured by Flash-
Forge. It is based on the FDM printing technology and
equipped by an extrusion nozzle with a physical diameter of
0.4 mm. CraftWare software is used to convert digital 3D
object drawn by SolidWorks into G-code toolpath format.
Printrun software is also utilized to handle the 3D printing
process. In all printing in this study, unless otherwise stated,
the temperature of the liquefier, build tray and chamber is
adjusted to 230 °C, 23 °C and 23 C, respectively, and the
printing speed is set at -10 mm s .1 Each printing layer is
considered to have 0.2 mm thickness with filling density of
100%. The raster angle is fixed to be 0 . It means all objects
are filled in such way that the printing raster is along the
longest direction especially parallel to the length of the gauge
section of measuring samples. It should be mentioned that the
layer-by-layer 3D printing may introduce material anisotropy
into the printed objects. Although material properties pre-
sented in this section can be considered as material properties
along with the printing direction, anisotropy effects are
ignored in this study. It will be revealed numerically that
assuming isotropic material properties is reasonable for the
3D objects printed in this research.

Elastic thermo-mechanical properties of the printed SMP
are measured via a dynamic-mechanical analyzer (DMA)

Figure 3. Schematic of 4D printing combined with hot–cold programming for triple SME.
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(Model 242, NETZSCH) in tension. DMA samples with
dimension of ´ ´16 1.6 1 mm (length–width–thickness) are
printed. The test is performed in the axial mode along the
printing direction with frequency of force oscillation1 Hz and
heating ramp of  -5 C min 1 varying from - 20 C to 85 C.
Ratio of dynamic stress to static stress is about 1.5. Figure 4
displays the thermo-mechanical behavior of the printed SMP
in terms of storage modulus, E ,s and phase lag, d( )tan . It is
seen that the storage modulus of the printed SMP in the glassy
phase at = T 23 Cl read 1.66 GPa reduces significantly 522
times to 3.18 MPa at rubbery phase in the temperature of

= T 85 C.h It is also observed that the phase lag peaks at
60 C that is considered as the glass transition temper-

ature, = T 60 C.g

Next, tension and thermal strain tests are conducted to
explore elastic thermo-mechanical responses of the printed
SMP at low/high temperatures in terms of Young’s modulus
( )E , Poisson’s ratio n( ) and thermal expansion coefficient a( ).
Samples are printed based on the geometry and dimensions
arranged by the ASTM D638 standard [20]. Uniaxial tensile
tests are carried out using Tinius Olsen® H k5 5 (Horsham,
PA, USA) equipped with a 5 kN load-cell and a home-made
thermal chamber. Material tests are performed at 23 °C and

85 C when the material is stable at glassy and rubbery
phases. All tests are conducted at a constant speed of

-1 mm min .1 Young’s modulus defined as slope of stress–
strain diagram in the small strain range are measured as

=E 1.66 GPag and =E 3.3 MPa.r Poisson’s ratio and
thermal expansion coefficient are also measured as

a= = - -v 0.35, 10 Kg g
4 1 and a= = - -v 0.44, 10 K .r r

4 1

Subscripts ‘g’ and ‘r’ stand for the glassy and rubbery phases,
respectively, here and henceforth. It can be found that, while
thermal expansion coefficient has no significant change dur-
ing glassy-to-rubbery phase transformation, Poisson’s ratio
increases 26% to the value of 0.44. The present SMP is
supposed to become incompressible at its rubbery phase due
to the high rubbery phase Poisson’s ratio.

In many types of applications, SMPs may experience
large rotations and moderate/finite strains. Therefore, it is
necessary to examine behavior of the printed SMP in the
large-strain range. To this end, tensile samples at temperatures
of 23 °C and 85 C are stretched up to 50% strain and then
unloaded. The results in terms of engineering stress–strain,

- D/ /F A L L ,0 0 are illustrated in figures 5(a) and (b) for low
and high temperatures, respectively. F andDL stand for force
and displacement while A0 and L0 are initial cross-sectional
area and length, respectively. The results presented in figure 5
reveals that the printed SMP behaves elastically in a linear
manner within a small strain range of 2% and 5% at low and
high temperatures. Beyond these strains, the SMP shows a
softening response with different deformation mechanism
depending on the temperature. The SMP stable in the glassy
phase at low temperature behaves elasto-plastically, see
figure 5(a). It experiences a nearly flat plateau during plastic
deformation. When the force is released gradually by
unloading, the SMP unloads elastically while a plastic strain
of 48% remains into it at the end of unloading. However, this
plastic stain can be recovered by heating SMP to the temp-
erature of 85 C as presented by a dashed line in figure 5(a). It
implies the mechanically induced plastic strain is fully reco-
verable. Thus, it can be found that the printed SMP has
potential for plasticity-based cold programming and its
applications. At high temperatures, although engineering
strain is moderately large, 50%, the printed SMP stable in the
rubbery phase behaves elastically in a nonlinear manner, see
figure 5(b). The SMP at high temperatures acts like incom-
pressible rubber-like hyper-elastic materials [21]. It can
finally be concluded from figure 5 that the SMP behavior
from elasto-plastic at low temperatures changes to hyper-
elastic at higher temperatures.

2.3. Feasibility study

In this section, feasibility and performance of the dual/triple
SMP by 4D printing are verified experimentally. First,

Figure 4. DMA test of the printed SMP: storage modulus and d( )tan
versus temperature.

Figure 5. Uniaxial tensile test of the printed SMP at low and high
temperatures: (a) 23 C, (b) 85 C. (for = T 23 C strain recovery
induced by the temperature rise is indicated with a red dashed line)
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straight beams ´ ´( )34 1.6 1 mm as key primitive elements
of smart/metamaterial structures are fabricated by the 3D
printer introduced in section 2.2. Although, as described in
section 2.1, six fabrication factors are expected to influence
hot programming process, the effect of the printing speed is
put into evidence here by fabricating straight beams with
three different speeds of = -V 10, 30, 40 mm s .p

1

The configuration of the printed straight beams after
FDM printing process is illustrated in figure 6(a). The sam-
ples are supposed to be programmed during the printing stage.
In order to check this possibility, they are heated by dipping
into hot water with a prescribed temperature of 85 C that is

25 C higher than the transition temperature. They are then
removed from the hot water and cooled down to room
temperature of 23 C. The configurations of the printed ele-
ments after heating–cooling process are demonstrated in
figure 6(b). The geometric parameters of the elements
including outer length, depth and opening of the mid-surface
curved beams ´ ´( )d d d1 2 3 after heating–cooling are mea-
sured and reported in table 1. The experimental results reveal
that the FDM printing process enables the elements to change
their shape once activated by heating. In fact, the FDM pro-
cess shows capability of both fabrication and hot program-
ming for dual SME. The shape adaptive transformation can
also be categorized as a self-bending feature as the elements
are able to bend themselves into another shape. This self-
bending may come from an anisotropic pre-strain regime
architected during layer-by-layer fabrication coupled with
non-uniform hot programming process. When the printed

element is heated, it starts to shrink releasing the pre-stain.
However, anisotropic distribution of the pre-strain through the
thickness of the beam leads to mismatch in free strain
recovery and results in flexural bending and positive curva-
ture. In this regard, self-bending toward the building direction
may imply that the top layers have more pre-stain than the
bottom layers as expected in section 2.1. Finally, the exper-
imental results show that printing speed can play an important
role on hot programming and self-bending feature. It is seen
that the printing speed of -10 mm s 1 has no capability of
inducing pre-strain into the material, while higher speed can
provide stretching enough for hot programming and inducing
pre-strain. In this respect, as objects are printed faster, self-
bending becomes more and curvature gets deeper.

Next, feasibility of triple SMP by 4D printing is exam-
ined. To this goal, the beams printed with different speeds of

= -V 10, 30, 40 mm sp
1 are programmed in a cold manner.

The cold programming involves bending the printed beams
downward to make a 360 circle with external diameter of
»12 mm at a low temperature of 23 C and then releasing

Figure 6. An illustration of dual SMP via hot programming 4D printing with different speeds: configuration of the beams after printing (a)
and heating–cooling (b) processes.

Table 1. Geometric parameters of the beams with 34 mm length 4D
printed by different speeds after heating–cooling process.

Vp (mm s−1) d1 (mm) d2 d3

10 34.0 0.0 34.0
30 32.4 9.8 19.4
40 28.1 7.9 0.0
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them. The configuration of the printed beams after printing
and cold programming processes is illustrated in figures 7(a)
and (b). It is worth mentioning that all beams printed with
different speeds having different pre-strain regimes become
an arch with negative curvature and experience a similar
second temporary shape as shown in figure 7(b). It may imply
that the pre-strain regime of the material from printing process
does not affect cold programming process and consequently
the plastic strain regime. The curved beams are then heated by
immersing into hot water with a prescribed temperature of

85 C and later removed and cooled down to 23 C.
Figure 7(c) shows their configurations after heating–cooling
process. Table 2 also includes geometric parameters of the
elements after loading, unloading and heating–cooling pro-
cess. It should be mentioned that numerical results as reported
in table 2 would be obtained from the future simulations in
section 4. Comparing the results in figures 6(b) and 7(c)
reveals that the samples experienced cold programming return
toward the original shape. In fact, the printed samples with a
negative curvature gradually return back to the first flat

Figure 7. Experimental illustration of triple SMP via hot programming 4D printing with different speeds and cold programming:
configuration of the beams after printing (a), cold programming (b) and heating–cooling (c) processes.
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temporary shape and finally recover to the original shape with
zero/positive curvatures depending on printing speed. It
means all printed samples are able to release all inelastic pre-
strains and plastic strains induced by hot–cold programming
process simply by heating. While the beam printed with low
speed shows dual SME by cold programming, the ones
printed faster reveal triple plasticity-based SME by 4D
printing along with cold programming.

3. Theoretical model

The main objective of this section is to establish a quantitative
understanding of triple shape memory behaviors of thermo-
responsive SMPs fabricated by 4D printing in the large
deformation regime. A 3D phenomenological macroscopic
model is derived in section 3.1 to replicate thermo-mechanical
features observed experimentally in the 4D printed SMPs. It is
developed within the framework of continuum thermo-
dynamics with internal variables. Afterwards, governing
equations of equilibrium are established in section 3.2 for the
4D printed SMP structures and then solved by FE method
through an elastic-predictor plastic-corrector return map
procedure.

3.1. Material model

3.1.1. Preliminaries. As revealed by the experiments, 3D
printed SMPs may experience large strains. It is assumed that
a material point in the reference configuration at point X
moves to a spatial point x. The displacement, u, and
deformation gradient, F, representing tangent of a general
nonlinear mapping, are defined as:

= - ( )u x X a, 1

= ¶
¶

( )F b. 1x
X

The determinant of F, = ( )FJ det , indicates material
volume change during deformation assumed to be
nonsingular.

The right Cauchy–Green deformation tensor, C, can be
defined in terms of F as:

= ( )C F F. 2T

Consequently, the Green–Lagrange strain tensor, E, is
expressed as:

= -( ) ( )E C I , 31

2

where I indicates the second-order identity tensor.
Finally, relationship between the second Piola–Kirchhoff

stress tensor S and the Cauchy stress s can be expressed as:

s= - - ( )S F FJ . 4T1

SMPs show a mixture of glassy and rubbery phases. The
volume fractions of the glassy and rubbery phases are
characterized by the scalar variables of cg and c ,r

respectively, and their summation should be unity
c c+ = 1.g r This constraint implies that there is just one
independent volume fraction through c c= -1 .r g As a
generally well-known assumption, hg is assumed to be only
a function of temperature variable, T , i.e., c c= ( )T .g g

Henceforth, subscripts ‘g’ and ‘r’ denote glassy and rubbery
phases, respectively.

The total deformation gradient F is assumed to be the
same for both glassy and rubbery phases defined as:

= = ( )F F F . 5gt rt

It easily implies that

= = ( )C C C 6gt rt

and means that rubbery to glassy phases in SMPs are linked to
each other in a parallel manner. The total deformation
gradient of the glassy phase Fgt is then considered to be a
combination of active glassy phase contribution, F ,ga and a
frozen contribution, Fgf that can be separated via a multi-
plicative decomposition scheme. It is formulated as:

= ( )F F F . 7gt ga gf

The frozen deformation gradient Fgf represents deforma-
tion induced by hot programming that can be stored
temporarily at low temperatures and released upon heating
over the transition temperature. The SMP behavior during

Table 2. Geometric parameters of the beams with 34 mm length 4D printed by different speeds after cold programming and heating–cooling
processes.

Loading Unloading Heating–cooling

Method Vp (mm s−1) d1(mm) d2 d3 d1 d2 d3 d1 d2 d3

Experiment 10 37.4 11.1 0.0 36.7 12.5 10.2 34.0 0.0 34.0
30 32.4 9.8 19.4
40 28.1 7.9 0.0

Simulation 10 37.10 10.97 0.00 36.40 12.39 10.04 34.00 0.00 34.00
30 32.40 9.84 19.42
40 28.11 7.93 0.00

8

Smart Mater. Struct. 27 (2018) 065010 M Bodaghi et al



cold programming is considered to be elasto-plastic. There-
fore, a multiplicative decomposition of active glassy phase
deformation gradient Fga into an elastic part F ,ge characterized
with respect to an middle configuration, and an plastic part Fgp

related to the reference configuration is adopted as:

= ( )F F F . 8ga ge gp

Mechanical behavior of the rubbery phase is assumed to
be hyper-elastic. Therefore, total deformation gradient of the
glassy phase Fgt coincides with the hyper-elastic part as:

= ( )F F . 9rt re

Considering Green deformation tensor defined in (2) and
total deformation gradient of the glassy phase Fgt expressed in
(5)–(8), one obtains:

= ( )C F F F F F F . 10gf
T

gp
T

ge
T

ge gp gf

Consequently, elastic Green deformation tensor of the
glassy phase can be expressed in terms of Green deformation
tensor as:

= - - - - ( )C F F CF F . 11ge gp
T

gf
T

gf gp
1 1

Obviously, elastic Green deformation tensor of the
rubbery phase can be written as:

= ( )C C. 12re

3.1.2. Helmholtz free energy function and constitutive
relations. The model assumes the Green deformation
tensor C and the absolute temperature T as control variables
while =( )C F Fgp gp

T
gp is considered as internal variable. A

Helmholtz specific free energy function, Y, for an SMP
material with rubbery and glassy phases is adopted. It can be
additively expressed adopting the rule of mixtures as:

c cY = Y + - Y( ) ( ) ( ) ( )C C CT T, , 1 , . 13g g ge gp g r re

Consequently, free energy functions of rubbery and
glassy phases can be written as:

y y

y y

Y = +

+ +
r r

( ) ( )

( ) ( ) ( )

I I I T

I I T a

, ,

, , 14

g ge ge ge g g

gp gp gp g

1
1 2

1
th 1

1 2 ch

0 0

y y yY = + +
r r

( ) ( ) ( )

( )

I I I I T T

b

, , , ,

14

r re re re re r r r
1

1 2 3
1

th 1 ch
0 0

where r0 is the reference density. y =( )i g r,ie indicates
elastic strain energy of the glassy and rubbery phases while
ygp is related to the plastic contribution of the glassy phase.
Also, y =( )i g r,ith is the free energy associated to thermal
expansion with respect to the a reference temperature, T ,0

while y =( )i g r,ich is chemical energy. Moreover, I I,ij ij1 2

and = =( )I i g r j e p, ; ,ij3 signify the first, second and the
third invariant of the Green deformation tensor.

Adopting Saint-Venant–Kirchhoff strain energy function
for the glassy phase, yge can be expressed as:

y = + - + - - -l m m( )( ) ( ( ) ( ))

( )

I I I3 2 3 3 ,

15

ge ge ge ge8 4 1
2

2 1 2

where l and m are Lamè constants.

The Mooney–Rivlin strain energy function is also
adopted for the rubbery phase as:

y = - + - + -- -( ) ( ) ( )
( )

/ / /a I I a I I b I3 3 1

16
re re re re re re1 3

1 3
1 2 3

2 3
2 1 3

1 2 2

with a1 and a2 are material constants related to the distortional
response while b1 is a material constant associated to the
volumetric response.

The configurational energy due to the plastic contribution
of the glassy phase can be written as:

y = - + - - -(( ) ( ) ( )) ( )h I I I3 4 3 2 3 , 17gp gp gp gp
1

8 1
2

1 2

where h is a material parameter that governs initial hardening
during plastic deformation in the glassy phase. Free energy
contributions of yith and y =( )i g r,ich can also be
expressed as:

y a k= - - -( )( ) ( )I T T a3 , 18i i i ith
3

2 1 0

y = - + - -[( ) ( )] ( )/u Ts T T T T T bc ln , 18i i i ich 0 0 0 0

where a =( )i g r,i denotes the thermal expansion coeffi-
cient; k =( )i g r,i is the bulk modulus; u i0 and

=( )s i g r,i0 mean the specific internal energy and entropy
at the equilibrium temperature T ;0 while =( )c i g r,i is the
specific heat at constant volume.

In order to establish constitutive equations, the second
law of thermodynamics in the sense of Clausius–Duhem
inequality should be fulfilled. Assuming the positiveness of
the thermal dissipation [22], mechanical dissipation inequality
can be written as:

= - Y +
r

  ( ) ( )S CD sT: 0, 19m
1

2 0

where s is the specific entropy.

Taking the time derivative of the Helmholtz free energy
(13), the mechanical dissipation inequality (19) can be
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rewritten as:
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where S S,g r and s s,g r are glassy and rubbery components of
the second Piola–Kirchhoff stress tensor and the entropy
defined through a rule of mixtures as:

c c= + -( ) ( )S S S a1 , 21g g g r

c c= + -( ) ( )s s s b1 . 21g g g r

Following a standard argument [22], and implying
sufficient conditions for the second Piola–Kirchhoff stress
tensor and the entropy, the state equations are derived as:

= + +

= + + +
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y y y

y y y y
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and the mechanical dissipation inequality (20) reads

 ( )X C: 0, 23gp gp

where Xgp represents the thermo-dynamical dissipative force
associated to the plastic velocity gradient and defined as:

r

r

= - + +

+

y y y
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Since plastic deformation in glassy phase is isotropic,
deviatoric component of Xgp signified as Xgp

D is assumed to
contribute in plastic evolution.

Taking derivative of = =( )I I I i g r j e p, , , ; ,ij ij ij1 2 3

with respect to C C, ,gp and y y = =( )i g r j e p, , ; ,ij ith

with respect to I I I T, , , ,ij ij ij1 2 3 and considering incompres-
sibility condition for the rubbery phases, =J 1,re S s, and

Xgp can be derived as:

m m m
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where

=

= - - ( )

C F C F

C F CF

,

26

gpf gf gp gf
T

tf gf
T

gf
1

and v r= h0 is considered as a relative stress.

3.1.3. Evolution laws and limit functions. In this section,
evolution equations for Cgp as well as c F,g gf are determined.
In order to satisfy the second law of thermodynamics during
plastic deformation of the glassy phase, the evolution
equation for Cgp is given as:

b=    ( )/C X X , 27gp gp
D

gp
D

where b is non-negative consistency parameter. Using
equation (27), the mechanical dissipation inequality (23)
can be rewritten as:

b   ( )X 0. 28gp
D

In order to govern plastic evolution in glassy phase, the
following limit function is introduced:

= -  ( )XL Y , 29gp gp
D

gp

where Ygp represents a function that directs the kinetics of
mechanically induced plastic deformation. The evolution of
Cgp is constrained by the classical Kuhn–Tucker conditions
as:

 b b =  ( )L L0, 0, 0. 30gp gp

Cgp can evolve under mechanical loading at low temperatures
( )T Tl or during cooling in the transition regime
< <( )T T T .l h It is also recovered by heating within transition

range, while it is not present beyond T .h Therefore, from a
mathematical point of view, plastic deformation evolution can
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be described in various temperature domains as:

 




< <

< <





⎧
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⎩⎪
( )

( ) ( ) ( )
( )
( )

31

C

C

C I

T T T T T T

T T T T

T T

if or , 0 then evolves via equation 27

if , 0 then remains constant

if is set .

l l h gp

l h gp

h gp

Regarding its solution, the evolutive constitutive model
can be solved by implementing an incremental-iterative
procedure on the basis of the elastic-predictor plastic-
corrector return mapping scheme details of which can be
found in [23]. An elastic trial state is evaluated for Cgp and a
trial value of Lgp is calculated to investigate the admissibility
of the trial state. If Lgp becomes negative then the SMP
behavior is elastic and the trial state is admissible. Otherwise,
the step is plastic and Cgp needs to be updated by discretizing
equation (27) via the explicit forward-Euler integration rule
and solving nonlinear system of algebraic equations. This can
be done by implementing an iterative method such as
Newton–Raphson method [23, 24].

The evolution relation for the frozen deformation
gradient in the glassy phase is assumed as:

 = - +⎧⎨⎩
( ) ( )

( )
F F I I

F

T T cif then

otherwise remains constant,
32

h gf gf

gf

where cgf is a material parameter that control the shape-fixing
during hot programming process. It ranges in [0 1]. All the
deformation is frozen when =c 1gf through =F Fgf while
 <c0 1gf leads an imperfect/null shape-fixing.
In conjunction with the evolution of c ,g it is directly

related to the SMP phase transformation and can be obtained
by matching experimental DMA results. An explicit inter-
polation formula is introduced in terms of trigonometric
functions to fit storage modulus extracted from DMA data. It
is formulated as:

c
g g g g
g g g g

= -
- - -

- - -

( ) ( )
( ) ( )

( )
T T T T

T T T T

tanh tanh

tanh tanh
, 33g

g g h

g h g l

1 2 1 2

1 2 1 2

where parameters g1 and g2 are chosen to fit DMA curve.

3.2. Structural model

In this section, governing equations of equilibrium of 4D
printed triple SME structures under thermo-mechanical
loadings are extracted by means of the principle of minimum
total potential energy and then solved by an in-house FE
approach. In this respect, the total Lagrangian description is
adopted to determine deformation and stress states in the
current problem. In this formulation, all quantities are mea-
sured with respect to the original undeformed configuration.

While SMP constitutive equations have been introduced
in a tensorial form, the FE formulation is established here in a
vectorial framework that is convenient for computational
programming. To this end, by using some algebraic manip-
ulations, stress–strain relationship, equations (21a) and (25a),

can be expressed in a matrix-vector format as:
= -( )( ( )) ( )s Q F C e p F CT T, , , , , 34gf gp gf gp

where s and e are vectors of the second Piola–Kirchhoff stress
and Green–Lagrange strain while the matrix Q and the vector
p are functions of temperature and components of Fgf and C .gp

The nonlinear strain–displacement kinematic relation can
be written as:

= +( ) ( )e L N v, 351

2

where v signifies the gradient displacement defined as:
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in terms of displacement field vector of
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w
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in which u v, and w indicate displacement components of a
typical point within spatial printed structure along X Y Z, ,
axes, respectively. Linear and nonlinear operator matrices of
L and N are also defined by:
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Equilibrium equations are derived from the static version
of the principle of virtual work known as the principle of the
minimum total potential energy. It is formulated as:

d d dP = - = ( )U W 0, 40

where d signifies the variational operator. Also dP denotes
variation of the total potential energy of the printed object
while dU and dW are internal virtual work stored in the
structure due to the actual stress s in moving through the
virtual strain de, and external virtual work done by applied
loads t in moving through the virtual displacement du,
respectively. These virtual energies in the absence of body
forces can be defined as:

òd d= ( )e sU V ad , 41
V

T

òd d= ( )u tW A bd , 41
A

T

where V and A indicates volume and surface of the body.
In order to solve the problem, an FE solution is devel-

oped using 20-noded serendipity hexahedron element. The
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element has three degrees of freedom per node. Consequently,
the displacement field can be approximated in terms of nodal
displacements through interpolation functions as:

= ( )u Mw, 42

where

= =

= =
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in which =( )m i 1 ... 20i are quadrilateral shape functions
[24] and ui is mechanical displacement field of ith node.

Employing equation (42), the gradient displacement
vector v can also be written in terms of w as:

= ( )v Rw, 44

where

=




⎡
⎣
⎢⎢

⎤
⎦
⎥⎥ ( )R

m m
m m
m m

. 45
X X

Y Y

Z Z

1, 20,

1, 20,

1, 20,

Using equation (44), the strain field (35) can be discretized as:

= +( ) ( )e L N Rw 461

2

in which N is an explicit function of w.
It can be readily shown that virtual strain field becomes:

d d= +( ) ( )e L N R w. 47

Substituting equations (42), (46) and (47) into the prin-
ciple of minimum total potential energy (40), FE governing
equations can be derived as:

+ + = +( ) ( )K K K w f f , 48l n t m0

where
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in which K0 indicates the constant stiffness matrix while Kl

and Kn signify stiffness matrices that are linearly and quad-
ratically dependent on the nodal displacement vector,
respectively. - -f f,X i Y i and -fZ i indicate point forces applied
on the ith node along X Y, and Z directions, respectively. ft
also denotes the load vector induced by thermal loading and/
or SMP phase transformation. It should be mentioned that,
beyond geometrical nonlinearity, the stiffness matrices and
thermo-inelastic loading vector are functions of unknown

variables Fgf and C .gp It couples the virtual strain energy to
SMP constitutive relations formerly described in section 3.1.
In this work, unknown variables Fgf and Cgp are discretized
inside the SMP element by 3D Gauss–Legendre quadrature
integration method. Volumetric integrals in equation (49) are
numerically integrated by means of ´ ´l l lX Y Z discrete grid
points along X Y Z, , axes. In conjugation with temperature
distribution in the SMP element and evaluation of the volu-
metric integral including T, it is assumed to be raised
uniformly through the SMP element volume as a generally
well-known assumption.

Finally, equation (48) is used to construct global FE
governing equations of equilibrium for a 4D printed structure
by assembling technique and applying boundary conditions
that results in:

+ + = +( ˆ ˆ ˆ ) ˆ ˆ ˆ ( )K K K w f f . 50l n t m0

This is a nonlinear system of equations in terms of
unknown nodal mechanical variables, ŵ, and unknown
internal variables of Fgf and Cgp distributed inside each SMP
element. Fgf and Cgp can be updated by SMP constitutive
equations while they depend on the unknown strain and
known temperature fields. This coupling relates structural
governing equations to the SMP model making a complicated
problem. In order to find a solution for the present problem
involving both material and geometrical nonlinearities, an
incremental-iterative procedure on the basis of the elastic-
predictor plastic-corrector return mapping scheme [23] is
implemented. This is also accomplished by using the New-
ton–Raphson method to trace nonlinear equilibrium path in
the finite strain regime details of which can be found else-
where [24].

4. Simulations and applications

The computational tool developed in the previous section is
conducted here to simulate triple SMP structures enabled by
4D printing and explore hot–cold programming mechanisms
behind this type of material tailoring. Furthermore, it is shown
that the 4D printed triple SMPs have great potential in
mechanical/bio-medical applications like self-bending gri-
pers/stents and self-shrinking/tightening staples.

First, material properties introduced in the constitutive
model need to be determined. The parameters related to the
SMP phase transformation including g g,1 2 and T T,l h in
equation (33) are calibrated using experimental DMA data
displayed in figure 4. They are respectively chosen as listed in
table 3 to fit DMA curve for Young’s modulus as demon-
strated in figure 8. It is seen that the trigonometric function

Table 3. Material parameters from experiments.

l ( )GPa m ( )GPa a - -( )10 Kg
4 1 k ( )MPag cgf

1.43 0.615 1 1844 1
v ( )MPa ( )Y MPagp ( )a a, MPa1 2 g g,1 2 ( )T T, Cl h

1 24 0.55, −0.033 0.15, 0.145 23, 85
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can capture well smooth phase transformation in the printed
SMP material. Elastic material properties such as
l m a k c, , , ,g g gf are calibrated by means of small/large-
strain uniaxial and thermal tests described in section 2.2 as
presented in table 3. Finally, using uniaxial large-strain
experimental tensile tests performed at 23 °C and 85 C as
illustrated in figure 5, material parameters of v a a Y, , , gp1 2

are set as listed in table 3. Model prediction for the tension
tests at 23 °C and 85 C are presented figure 9 and compared
with experiments. Moreover, the shape recovery under
temperature control is examined in figure 9 distinguished by a
dashed line. To this end, after loading–unloading at 23 C, the
sample is heated up to 85 C. Figure 9 shows that the SMP
has a temperature-dependent transient behavior from elasto-
plastic at low temperatures to hyper-elastic at high tempera-
tures. This comparison study reveals that the SMP
constitutive model well predicts experimental features such as

loading/unloading path, nearly flat plastic deformation,
plastic shape recovery and nonlinear hyper-elasticity.

The nonlinear structural-material FE solution is now
implemented to replicate 4D printed beams with dual SME
and self-folding feature presented in figure 6. The temporary
and original shapes of the printed beams characterized in
figure 6 and table 1 are considered as inputs and FE analysis
is performed to predict the pre-strain range. The pre-strain
regime is calculated to be uniform along the printing direction
while it has different values at first, middle and end printing
layers. The computed values of the pre-strain at these three
printing layers are reported in table 4 for different printing
speeds. It is seen that, while 3D printing with a low speed of

-10 mm s 1 cannot induce any pre-strain, faster printing is able
to anisotropically program the material through the-thickness
direction. In this respect, the pre-strain value increases from
the bottom layer towards the top layer in an almost linear
manner, as expected. It can also be found that, the increase in
printing speed, 30→40 mm s−1, increases the anisotropic
pre-strain value and consequently self-bending curvature
observed experimentally. The pre-strain regime that is ani-
sotropic and speed-dependent as given in table 4 may serve as
benchmark data to 4D FDM printing in design, analysis and
fabrication.

Next, the developed FE solution is applied to replicate
experimental results on triple SMP by 4D printing as pre-
sented in figure 7. In this regard, the pre-strain regime com-
puted from the previous simulation given in table 4 for
different printing speeds is employed to perform the present
simulation. Three printed beams with prescribed pre-stain
regime are programmed in low temperature of 23 C by
applying bending moment at their edge ends. They are loaded
until two end edges meet each other. The cold programming
is completed by removing the external moments. The curved
beams are then heated up to temperature of 85 C and finally
cooled down to 23 C. The configuration of the printed
structures before and after cold programming process and also
after heating–cooling process is illustrated in figure 10. This is
counterpart of figure 7 from simulations. The geometric
parameters of the elements after loading, unloading and
heating–cooling are also computed and reported in table 2.
The preliminary conclusion drawn from table 2, figures 7 and
10 is that the FE analysis coupled the SMP constitutive model
is in an excellent agreement with experiments in terms of
configuration of beams during thermo-mechanical loadings
along cold programming and cooling-heating processes. The
good qualitative and quantitative correlation also verifies

Figure 8. Comparison between model predictions and experimental
DMA results for Young’s modulus.

Figure 9. Model predictions for uniaxial tests at temperatures of (a)
23 C, (b) 85 C and comparison with experiments. (for = T 23 C,

experimental and numerical strain recovery induced by the
temperature rise is indicated with a red dashed line)

Table 4. Anisotropic pre-strain regime (%) predicted for the SMP
elements printed with different speeds.

Location Vp (mm s−1)

10 30 40

Upper layer 0 14.2 30.75
Middle layers 0 10 24
Lower layer 0 5.8 17.25
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accuracy and reliability of the pre-strain regimes predicted by
dual SME for triple plasticity-based SME. This self-foldable
primitive can serve as 1D standalone stents or mechanical
grippers or elements of 3D stents/grippers. They can be
programmed and printed in the 1D beam shape and then
placed inside a catheter/tube. Putting the printed beams inside
the catheter/tube acts like a cold programming process. They
are then delivered to a desired location for deployment pur-
pose. Once the beams with negative curvature are pushed out,
they may be heated by means of blood temperature and reveal
self-bending feature. The beams printed slowly without any
inelastic pre-strain becomes straight releasing plastic strains.
They may serve as a supporting function for opening a closed
artery and keep blood flowing normally. On the other hand,
the beams printed faster enough to induce inelastic pre-strain
may self-bend and get positive curvatures. In this case, they
may act like a gripper and encompasses any object such as a
blood clot for treating stroke. In this respect, the printing

speed can be considered as a controllable parameter to cus-
tomize beam curvature.

Another example is dedicated to demonstrate potential
applications of cold programming for self-shrinking/tighten-
ing staples. They have become a standard surgical tool for
minimally invasive surgery [25]. The feasibility of self-
shrinking/tightening staples is demonstrated experimentally
and numerically in figure 11. This device consists of one
16 mm shoulder with two 16 mm legs filleted by 3 mm radius
as illustrated in figure 11(a). The width and thickness are also
1.6 mm. The printing speed is set as low as -10 mm s 1 to
prevent inducing any pre-strain. The staple needs a cold
programming at 23 C and activation by heating up to 85 C
as illustrated in figures 11(b) and (c). First, horizontal forces
are applied to the end of staple legs at temperature of 23 C to
get maximum opening of 24 mm. The maximum required
load is computed as 1.78 N by the FE analysis. The legs are
then unloaded to finally become vertical at the end of
unloading stage as shown in figure 11(b). The U-shaped staple

Figure 10. Simulation of triple SMPs presented in figure 7. (color bar shows normal plastic strain (%) along the circumferential direction)
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can be fired into tissue through small holes. Once it is heated by
tissue temperature, it mechanically self-shrinks and recovers
back to the original printed shape and would be able to provide
gentle force to close gaps like wounds, see figure 11(c). Finally,
the results presented in figure 11 reveal high accuracy of the
material/structural model in simulating cool programming,
plastic deformation, wave-shaped shoulder and shape recovery.

5. Conclusion

The present research was dedicated to explore triple SMPs by 4D
printing technology and shape adaptive structures with self-
bending feature. The concept was on the basis of arranging hot–
cold programming with FDM printing technology to engineer
triple SMPs. Experiments revealed that the printed SMP has
elasto-plastic response at low temperatures while it behaves
hyper-elastically at high temperatures in the large deformation
regime. The feasibility of fabricating and programming SMPs
with dual and triple SME and self-bending feature was

demonstrated experimentally. To enhance design capabilities of
dual/triple SMP by 4D printing, a phenomenological constitutive
model was developed incorporating crucial elements including
SMP phase transformation, hyper-elasticity, elasto-plasticity and
hot–cold programming in framework of large deformation
regime. It was then coupled with the FE formulation to simulate
4D printed dual/triple SMP structures through an elastic-pre-
dictor plastic-corrector return map algorithm with an excellent
accuracy. Experimental and numerical results demonstrated the
potential applications of dual/triple SMPs in mechanical and bio-
medical engineering devices like self-bending gripers/stents and
self-shrinking/tightening staples. Due to the absence of similar
concept, phenomenological model and results in the specialized
literature, this paper is likely to pave the way for designing triple
shape adaptive structures by 4D FDM printing technology.
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