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1. Introduction 

 

Due to their combined advantages of high stiffness and 

low self-weight, carbon-filled composites have attracted a 

huge interest in recent years (Medani et al. 2019, Bendenia 

et al. 2020, Bourada et al. 2020, Bousahla et al. 2020, 

Tayeb et al. 2020). With implementation of ABAQUS/ 

Explicit FEM, Pashmforoush (2020) simulated the low 

velocity impact of a carbon nanotube reinforced CFR 

polymer composite. In another study, Draoui et al. (2020) 

analyzed the static and dynamic behavior of carbon 

nanotube-reinforced composite sandwich plates using first-

order shear deformation theory. Scholars have revealed that 

mechanical, electrical and thermal properties of polymer 

composites may be improved when small quantities of 

carbon nanoparticles are accrued Zhu et al. (2007). For 

example, Rafiee et al. (2009) showed that adding 0.1% of 

graphene nanoplatelets to an epoxy matrix increases its 

Young’s modulus by 31%. Also, it is shown that graphene 

has greater heat conductivity capacity than copper and 

silver (Shen et al. 2017). These properties make graphene a 

practical candidate which can be used in different fields  
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such as energy storage, heat spreaders, etc (Al-Mashat et al. 

2010).  

Despite the fact that there have been several 

experimental studies on graphene performances, it should 

be appreciated that graphene nanoplatelet theorical research 

is still in its early stages. Using finite element method, 

Wang et al. (2019a) showed the great impact of graphene 

nanoplatelets (GPLs) on buckling behaviours of 

nanocomposite shells. Wu et al. (2017) and Song et al. 

(2017) reported that by incorporating 0.1% of graphene 

nanoparticles (in a non-uniform way) into a polymer matrix, 

a significant improvement was achieved. The vibrational 

performance of functionally graded (FG) multilayer 

composite plates with diverse thicknesses and GPL 

distributions was analysed by Reddy et al. (2018). 

Hanifehlou and Mohammadimehr (2020) used different 

shear deformation theories to analyze buckling behaviors of 

GPL-reinforced sandwich beams with imperfect cores. 

Using Generalized Differential Quadrature Method 

(GDQM), Al-Furjan et al. (2020a) studied the nonlinear 

frequency and chaotic responses and also the buckling 

temperature and post-buckling behaviors (Al-Furjan et al. 

2020c) of nano-composite structures. Al-Furjan et al. 

(2020d) also utilized Hamilton’s principle and Von Karman 

nonlinear theory to investigate the nonlinear frequency and 

chaotic responses of the multi-scale hybrid nanocomposites 

reinforced disk (MHCD) embedded in a viscoelastic media 
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Abstract.  The main target of this study is to investigate nonlinear transient responses of moving polymer nano-size plates 

fortified by means of Graphene Platelets (GPLs) and resting on a Winkler-Pasternak foundation under a transverse pressure 

force and a temperature variation. Two graphene spreading forms dispersed through the plate thickness are studied, and the 

Halpin-Tsai micro-mechanics model is used to obtain the effective Young’s modulus. Furthermore, the rule of mixture is 

employed to calculate the effective mass density and Poisson’s ratio. In accordance with the first order shear deformation and 

von Kármán theory for nonlinear systems, the kinematic equations are derived, and then nonlocal strain gradient scheme is used 

to reflect the effects of nonlocal and strain gradient parameters on small-size objects. Afterwards, a combined approach, kinetic 

dynamic relaxation method accompanied by Newmark technique, is hired for solving the time-varying equation sets, and 

Fortran program is developed to generate the numerical results. The accuracy of the current model is verified by comparative 

studies with available results in the literature. Finally, a parametric study is carried out to explore the effects of GPL’s weight 

fractions and dispersion patterns, edge conditions, softening and hardening factors, the temperature change, the velocity of 

moving nanoplate and elastic foundation stiffness on the dynamic response of the structure. The result illustrates that the effects 

of nonlocality and strain gradient parameters are more remarkable in the higher magnitudes of the nanoplate speed. 
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and subject to a harmonic load. In another study, the rule of 

mixture and the modified Halpin-Tsai model were 

employed to the analysis of characteristics of the 

propagated wave in a sandwich solid structure with a soft 

core and multi-hybrid nanocomposite (MHC) face sheets 

(Al-Furjan et al. 2020b). 

Nano-sized structures have attracted increasing interest 

by the scientific communities due to their exceptional 

thermal, physical, electrical, and mechanical properties 

(Hussain et al. 2019). They can be utilized in different 

devices such as nanoelectro-mechanical systems (NEMS), 

probe tips of scanning probe microscope (SPM) and tips of 

nano-indenter. However, the classical continuum theories of 

elasticity do not have an ability to accurately predict 

mechanical performances of micro-size structures. 

Therefore, novel theories have been developed to model 

nano-scale solids (Shishesaz et al. 2020, Asghar et al. 2020, 

Balubaid et al. 2020, Bellal et al. 2020). Using the theory of 

nonlocal elasticity along with the quasi 3D high shear 

deformation approach (quasi 3D HSDT), Boutaleb et al. 

(2019) studied dynamic behavior of functionally graded 

rectangular-shaped plates. Berghoti et al. (2019) performed 

an investigation into vibrational performance of 

functionally graded nanobeams using nonlocal nth-order 

shear deformation theory.  

Strain gradient theories of elasticity are used for 

calculation of the size effect: Materials in micro-structures 

show a stiffer elastic response, e.g., during bending 

(Liebold and Müller 2015). In this study, the nonlocal strain 

gradient approach is used because this theory can entirely 

scrutinize the properties of the nonlocal and strain gradient 

parameters, respectively (Barati 2018). Liu et al. (2019) 

used a nonlocal strain gradient along with Euler-Bernoulli 

beam theories to scrutinize the impacts of material scale 

factors on the free vibration of porous sandwich small-size 

beams with nonlinearity features. Recently, Wang et al. 

(2019b) dealt with the nonlinear bending of FG 

nanocomposite beams in which graphene nanoparticle’s 

weight coefficients changed in the axial direction. 

Many engineering machines have moving continuum 

such as satellites, aircraft’s airframes, marine apparatus and 

road transportation modes, etc. Owing to such applications, 

some studies have been conducted based upon classical 

elasticity theories (Esmaeilzadeh and Kadkhodayan 2018, 

Zhang et al. 2015). In the case of non-local mechanical 

models, Arani et al. (2016) conducted a study on nonlocal 

vibrations of an axially moving nanosheet supported by a 

visco-Pasternak basis exposed to a magnetic field. The 

nonlocal elasticity theory was used by Lim et al. (2015) and 

Li et al. (2017), respectively, to investigate natural 

frequencies of axially moving nanobeams and nanoplates. 

Based on the nonlocal strain gradient approach, 

Esmaeilzadeh and Kadkhodayan (2019b) showed nano-

scale effects on dynamic behaviors of longitudinally 

moving GPL reinforced micro/nano sandwich plates with 

porosity.  

Solid structures under thermomechanical loadings have 

been widely investigated in various research. Abualnour et 

al. (2019) proposed a novel theory, called “four variable 

trigonometric plate theory”, to analyze the thermo- 

 

Fig. 1 A 3D schematic of a moving nanoplate mounted 

on an elastic foundation 

 

 

mechanical bending behavior of the antisymmetric cross-

ply laminates. Using finite element technique, Akbaş (2019) 

investigated nonlinear response of a functionally graded 

cantilever beam under hygro-thermal loading. Governing 

equations on the basis of the principle of virtual work, 

Boussoula et al. (2020) investigated thermomechanical 

bending of diverse outlines of FG sandwich plates. In 

another research, the effects of some parameters such as 

moisture concentration and temperature on the static 

behavior of advanced functionally graded (AFG) ceramic-

metal plates were investigated by Tounsi et al. (2020). 

Researches are also willing to investigate the effects of the 

presence of elastic foundations on structures’ behaviors. For 

example, Matouk et al. (2020) studied the influences of the 

hygro-thermal conditions on the free vibrational response of 

functionally graded nano-beams resting on elastic 

foundations. Similarly, Refrafi et al. (2020) performed a 

study to investigate the impacts of some environmental 

factors as well as parameters of an elastic foundation on the 

hygrothermal and mechanical buckling behaviors of simply 

supported FG sandwich plates. Mahmoudi et al. (2019) 

developed a refined quasi-three-dimensional shear 

deformation theory to analyze thermomechanical behavior 

of functionally graded sandwich plates supported by a two-

parameter elastic foundation. There are also other papers in 

open literature (Rabhi et al. 2020, Chikr et al. 2020, 

Kaddari et al. 2020, Bellal et al. 2020).  

In accordance with the best knowledge of the authors, 

there have been no papers published regarding 

geometrically non-linear dynamic analysis of a graphene-

reinforced moving nano-size plate under thermo-

mechanical loads and resting on elastic foundations. Two 

graphene distributions are investigated in this study and 

their results are compared. In this regard, it is intended to 

use the improved dynamic relaxation (DR) with kinetic 

damping method to solve governing equations. Finally, 

influence of some key parameters including GPL volume 

fractions and distribution layouts, nano-scale systems, 

temperature field and the nanoplate speed on the dynamic 

performances is numerically investigated. The results show 

that as the values of the nanoplate velocity increase, the 

significance of nonlocality and strain gradient factors on 

transient behaviors become more noticeable. 

152



 

Geometrically nonlinear thermo-mechanical analysis of graphene-reinforced moving polymer nanoplates 

 

(a) Pattern A 

 

(b) Pattern B 

Fig. 2 Two types of GPL distributions 

 
 
2. GPL distribution patterns 

 

Fig. 1 shows a moving supported rectangular nanoplate 

with graphene nanoplatelet inclusions and geometrical 

features of length lx, width ly and thickness h. Besides, (x, y, 

z) are axes of the Cartesian coordinate system situated on 

the mid-plane of the under-examined sheet. It is assumed 

that the plate moves along the x direction with a constant 

pace, A, and the graphene nanoplatelet’s volume fraction, 

VGPL, changes gradually through the thickness. In this 

investigation, Halpin–Tsai micromechanics model (Yang et 

al. 2018) is used to estimate effective Young’s modulus Et 

of the polymer nanocomposite with nano-scale fibers 

 

𝐸𝑡 =
3

8
(
1 + 𝛤𝐿

𝐺𝑃𝐿𝜒𝐿
𝐺𝑃𝐿𝑉𝐺𝑃𝐿

1 − 𝜒𝐿
𝐺𝑃𝐿𝑉𝐺𝑃𝐿

)𝐸𝑀  

         + 
5

8
(
1 + 𝛤𝑊

𝐺𝑃𝐿𝜒𝑊
𝐺𝑃𝐿𝑉𝐺𝑃𝐿

1 − 𝜒𝑊
𝐺𝑃𝐿𝑉𝐺𝑃𝐿

)𝐸𝑀 

(1) 

 

in which EM is Young’s modulus of the isotropic polymer 

matrix. Moreover, ΓGPL
 and χGPL

 symbolize the nano-

particles’ geometric factors, and they are described as Chen 

et al. (2017) 

 

{
  
 

  
 𝛤𝑊

𝐺𝑃𝐿 =
2𝑏𝐺𝑃𝐿
ℎ𝐺𝑃𝐿

, 𝛤𝐿
𝐺𝑃𝐿 =

2𝑎𝐺𝑃𝐿
ℎ𝐺𝑃𝐿

𝜒𝐿
𝐺𝑃𝐿 =

(𝐸𝐺𝑃𝐿/𝐸𝑀) − 1

(𝐸𝐺𝑃𝐿/𝐸𝑀) + 𝛤𝐿
𝐺𝑃𝐿

𝜒𝑊
𝐺𝑃𝐿 =

(𝐸𝐺𝑃𝐿/𝐸𝑀) − 1

(𝐸𝐺𝑃𝐿/𝐸𝑀) + 𝛤𝑊
𝐺𝑃𝐿

 (2) 

 

where bGPL, aGPL, hGPL and EGPL denote the width, length, 

thickness and Young’s modulus of graphene nano-fillers, 

respectively. Furthermore, Fig. 2 illustrates two different 

distribution patterns of GPLs, designated by A and B, 

whose volume coefficient can be measured by Chen et al. 

(2017) 

 

𝑉𝐺𝑃𝐿 = [
𝑉𝐺𝑃𝐿
∗                                             Pattern A

𝑉𝐺𝑃𝐿
∗∗ [1 − cos(

𝜋𝑧

ℎ
)]                 Pattern B

  

𝑉𝐺𝑃𝐿
∗∗ =

∫ 𝑑𝑧
ℎ/2

−ℎ/2

∫ [1 − 𝑐𝑜𝑠(
𝜋𝑧

ℎ
)] 𝑑𝑧

ℎ/2

−ℎ/2

𝑉𝐺𝑃𝐿
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(3) 

 

and 
 

𝑉𝐺𝑃𝐿
∗ =

Â𝜌𝑀

Â(𝜌𝑀 − 𝜌𝐺𝑃𝐿) + 𝜌𝐺𝑃𝐿
 (4) 

 

in which Â  is the weight fraction of GPLs in the composite 

plate. The mass density (ρt), Poisson’s ratio (υt) and thermal 

expansion coefficient (αt) of the nanoplate along with 

graphene fibers can be obtained by the rule of mixture as 

(Ebrahimi and Dabbagh 2019, Yang et al. 2017) 

 

𝜌𝑡 = 𝑉𝑀𝜌𝑀 + 𝑉𝐺𝑃𝐿𝜌𝐺𝑃𝐿  
𝜐𝑡 = 𝑉𝑀𝜐𝑀 + 𝑉𝐺𝑃𝐿𝜐𝐺𝑃𝐿  
𝛼𝑡 = 𝑉𝑀𝛼𝑀 + 𝑉𝐺𝑃𝐿𝛼𝐺𝑃𝐿  
𝑉𝑀 + 𝑉𝐺𝑃𝐿 = 1 

(5) 

 

in which VM and VGPL are the volume fraction of the matrix 

and that of GPLs, respectively. Using the micromechanics 

theory (Zhang et al. 2016), the effective thermal 

conductivity of the GPLs reinforced nanocomposite can be 

evaluated as 

 

𝐾(𝑧)

𝐾𝑀
= 1 +

𝑉𝐺𝑃𝐿

3

(

 
 2

𝐷+1

(
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)

+
1
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2
+1

(
𝐾𝑍

𝐾𝑀−1
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 (6) 

 

in which KM is the matrix’s thermal conductivity and Yang 

et al. (2017) 

 

𝐷 =
𝑙𝑛 ((𝜉 + √𝜉2 − 1)𝜉)

√(𝜉2 − 1)3
−

1

𝜉2 − 1
 (7) 

 

𝐾𝑥 =
𝐾𝐺𝑃𝐿

2𝑅𝑘𝐾𝐺𝑃𝐿

𝑎𝐺𝑃𝐿+1

  𝐾𝑦 =
𝐾𝐺𝑃𝐿

2𝑅𝑘𝐾𝐺𝑃𝐿

ℎ𝐺𝑃𝐿+1

 (8) 

 

where Rk is an average interfacial thermal resistance 

between the GPLs and matrix; also, KGPL signifies the 

inherent thermal conductivity of GPLs and 𝜉 =
𝛤𝐿
𝐺𝑃𝐿

2
 (Yang 

et al. 2017). 

Regarding the thermal loading problem, it is presumed 

that the temperature field only changes along the depth and 

is established by Golmakani and Zeighami (2017) 

 

−
𝑑

𝑑𝑧
(𝐾(𝑧)

𝑑𝑇(𝑧)

𝑑𝑧
) = 0 (9) 
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After solving this differential Eq. (9) and using the 

thermal boundary conditions for bottom and top surfaces as 

below (Golmakani and Zeighami 2017) 
 

𝑇 (𝑥, 𝑦, −
ℎ

2
) = 𝑇1, 𝑇(𝑥, 𝑦, +

ℎ

2
) = 𝑇2 (10) 

 

and based on Eqs. (9) and (10), the temperature function 

(T(z)) can be obtained as 
 

𝑇(𝑧) = 𝑇1 + (𝑇2 − 𝑇1)
∫

𝑑𝑧

𝐾(𝑧)

𝑧

−ℎ/2

∫
𝑑𝑧

𝐾(𝑧)

ℎ/2

−ℎ/2

 (11) 

 

It is essential to mention that T(z) is evaluated from the 

room temperature (T0 = 280K). 

 

 

3. Fundamental equations 
 

The displacement fields with the usual assumptions of 

the first order shear deformation theory (FSDT) are written 

as 
 

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢1(𝑥, 𝑦, 𝑡) + 𝑧𝜙𝑥(𝑥, 𝑦, 𝑡) 
𝑉(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢2(𝑥, 𝑦, 𝑡) + 𝑧𝜙𝑦(𝑥, 𝑦, 𝑡) 

𝑊(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢3(𝑥, 𝑦, 𝑡) 
(12) 

 

in which u1, u2 and u3 are the displacement components in 

the mid-plane of the polymer nanoplate reinforced by GPLs 

along x, y and z axes, respectively. Furthermore, ϕx and ϕy, 

respectively, denote rotational dislocations about the y- and 

x-axis. The components of strain field with the 

consideration of von Kármán nonlinear relations can be 

expressed as 
 

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦
𝜀𝑦𝑧
𝜀𝑥𝑧}
 
 

 
 

=

{
 
 
 

 
 
 𝑢1,𝑥 +

𝑢3,𝑥
2

2
+ 𝑧𝜙𝑥,𝑥

𝑢2,𝑦 +
𝑢3,𝑦
2

2
+ 𝑧𝜙𝑦,𝑦

𝑢1,𝑦 + 𝑢2,𝑥 + 𝑢3,𝑥𝑢3,𝑦 + 𝑧(𝜙𝑥,𝑦 + 𝜙𝑦,𝑥)

𝜙𝑦 + 𝑢3,𝑦
𝜙𝑥 + 𝑢3,𝑥 }

 
 
 

 
 
 

 (13) 

 

It should be noted that the  subscript (,) is the derivative 

operator with respect to the relevant variable. 
 

(1 − 𝛽2𝛻2)𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙(1 − 𝑙
2𝛻2)𝜀𝑘𝑙 (14) 

 

where β illustrate the influence of non-invariant stress field, 

l captures the strain gradient effects, and Cijkl shows the 

elasticity tensor. 𝛻2 is the Laplace operator and is equal to 
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
. Thus, the nonlocal strain gradient relations of a 

GPL-reinforced nanoplate turns 
 

(1 − 𝛽2𝛻2)

{
 
 

 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦
𝜎𝑦𝑧
𝜎𝑥𝑧}

 
 

 
 

= (1 − 𝑙2𝛻2) × (15) 

 

[
 
 
 
 
𝑄11 𝑄12 0 0 0
𝑄21 𝑄22 0 0 0
0 0 𝑄66 0 0
0 0 0 𝐶44 0
0 0 0 0 𝐶55]

 
 
 
 

{
 
 

 
 

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦
𝜀𝑦𝑧
𝜀𝑥𝑧}
 
 

 
 

−

{
 
 

 
 
𝛼𝑡𝑇(𝑧)
𝛼𝑡𝑇(𝑧)
0
0
0 }

 
 

 
 

}
 
 

 
 

 (15) 

 

in which 
 

{
  
 

  
 𝑄11 = 𝑄22 =

𝐸(𝑧)

1 − 𝜐(𝑧)2

𝑄12 = 𝑄21 =
𝜐(𝑧)𝐸(𝑧)

1 − 𝜐(𝑧)2

𝐶44 = 𝐶55 = 𝑄66 = 𝐺(𝑧) =
𝐸(𝑧)

2(1 + 𝜐(𝑧))

 (16) 

 

After applying the nonlocal parameter on the stress 

resultants and moments, they can be expressed in the nano-

scale system as 

 

(1 − 𝛽2𝛻2)(𝑁𝑖 , 𝑀𝑖) = (𝑁𝑖 , �̃�𝑖) 

= (1 − 𝛽2𝛻2) (∫ (1, 𝑧)𝜎𝑖𝑑𝑧

ℎ

2

−
ℎ

2

) 

(𝑖 = 𝑥𝑥, 𝑦𝑦, 𝑥𝑦) 

(17) 

 

(1 − 𝛽2𝛻2)𝑄𝑖 = �̃�𝑖  

= 𝐾2(1 − 𝛽2𝛻2) (∫ 𝜎𝑖𝑧𝑑𝑧 
ℎ/2

−ℎ/2

) ,    (𝑖 = 𝑥, 𝑦)  
(18) 

 

In Eq. (18), the transverse shear correction constant, K2, 

is set 0.833. With the aid of Eqs. (15)-(18), the stress 

resultants and moments can be expressed as 

 

[

𝑁𝑥𝑥
𝑁𝑦𝑦

𝑁𝑥𝑦

] = (1 − 𝑙2𝛻2) × 

(

 
 
 
(

𝑋11 𝑋12 0
𝑋12 𝑋22 0
0 0 𝑋66

)

[
 
 
 
 𝑢1,𝑥 +

𝑢3,𝑥
2

2

𝑢2,𝑥 +
𝑢3,𝑦
2

2
𝑢1,𝑦 + 𝑢2,𝑥 + 𝑢3,𝑥𝑢3,𝑦]

 
 
 
 

+ 

(

𝑌11 𝑌12 0
𝑌12 𝑌22 0
0 0 𝑌66

) [

𝜙𝑥,𝑥
𝜙𝑦,𝑦

𝜙𝑥,𝑦 + 𝜙𝑦,𝑥

] − [
𝑁𝑥
𝑇𝐻

𝑁𝑦
𝑇𝐻

0

]) 

[

�̃�𝑥𝑥

�̃�𝑦𝑦

�̃�𝑥𝑦

] = (1 − 𝑙2𝛻2) × 

(

 
 
 
(

𝑌11 𝑌12 0
𝑌12 𝑌22 0
0 0 𝑌66

)

[
 
 
 
 𝑢1,𝑥 +

𝑢3,𝑥
2

2

𝑢2,𝑥 +
𝑢3,𝑦
2

2
𝑢1,𝑦 + 𝑢2,𝑥 + 𝑢3,𝑥𝑢3,𝑦]

 
 
 
 

+ 

(

𝑍11 𝑍12 0
𝑍12 𝑍22 0
0 0 𝑍66

) [

𝜙𝑥,𝑥
𝜙𝑦,𝑦

𝜙𝑥,𝑦 + 𝜙𝑦,𝑥

] − [
𝑀𝑥
𝑇𝐻

𝑀𝑦
𝑇𝐻

0

]) 

(19) 
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[
�̃�𝑦𝑧

�̃�𝑥𝑧
] = (1 − 𝑙2𝛻2) [

𝐺44 0
0 𝐺55

] [
𝜙𝑦 + 𝑢3,𝑦
𝜙𝑥 + 𝑢3,𝑥

] (20) 

 

where Xij, Yij, Zij (i, j = 1, 2, 6) and G44 and G55 can be 

written as Li et al. (2018) 

 

{𝑋𝑖𝑗 , 𝑌𝑖𝑗 , 𝑍𝑖𝑗} = (∫ 𝑄𝑖𝑗(1, 𝑧, 𝑧
2)𝑑𝑧

ℎ/2

−ℎ/2

) 

𝐺44 = 𝐾2 × (∫ 𝐶44𝑑𝑧
ℎ/2

−ℎ/2

),   𝐺55 = 𝐾
2 × (∫ 𝐶55𝑑𝑧

ℎ/2

−ℎ/2

) 

(21) 

 

Also, {𝑁𝑇𝐻} and {𝑀𝑇𝐻} signify the thermal force and 

thermal moment resultants, respectively, defined as 

 

{
𝑁𝑥
𝑇𝐻

𝑁𝑦
𝑇𝐻} = ∫ [

𝑄11 𝑄12
𝑄12 𝑄22

]
ℎ/2

−ℎ/2

𝛼𝑡𝑇(𝑧)𝑑𝑧 (22) 

 

{
𝑀𝑥
𝑇𝐻

𝑀𝑦
𝑇𝐻} = ∫ [

𝑄11 𝑄12
𝑄12 𝑄22

]
ℎ/2

−ℎ/2

𝛼𝑡𝑇(𝑧)𝑧𝑑𝑧 (23) 

 

The Hamilton’s principal is implemented to derive 

dynamic equations, which states that 

 

∫ (𝛿𝑅 + 𝛿𝑃 − 𝛿𝑆) = 0
𝑇

0

 (24) 

 

where R is total potential energy of a system, and also P and 

S are applied work and kinetic energy of the system, 

respectively. Also, the symbol δ shows the variation 

operator. The virtual potential energy can be expressed in 

terms of stress and strain as 

 

𝛿𝑅 =∭𝜎𝑖𝑗
𝑉

𝜀𝑖𝑗𝑑𝑉 (25) 

 

By consideration of the velocity vector of the 

longitudinally moving plate, A, the kinetic energy of the 

plate can be written as 

 

𝑆 =
1

2
∭ 𝜌(𝑧)((𝐴 +

𝜕𝑈

𝜕𝑡
+ 𝐴

𝜕𝑈

𝜕𝑥
)2

𝑉

+ (
𝜕𝑉

𝜕𝑡
+ 𝐴

𝜕𝑉

𝜕𝑥
)2 

       + (
𝜕𝑊

𝜕𝑡
+ 𝐴

𝜕𝑊

𝜕𝑥
)2)𝑑𝑧𝑑𝑦𝑑𝑥 

(26) 

 

with the application of variation operator, δ, on Eq. (26), 

this can be rewritten as 

 

𝛿𝑆 =∭ 𝜌(𝑧) ((𝐴 +
𝜕𝑈

𝜕𝑡
+ 𝐴

𝜕𝑈

𝜕𝑥
) (𝛿𝐴 + 𝛿

𝜕𝑈

𝜕𝑡𝑉

 

          + 𝐴𝛿
𝜕𝑈

𝜕𝑥
) + (

𝜕𝑉

𝜕𝑡
+ 𝐴

𝜕𝑉

𝜕𝑥
) (𝛿

𝜕𝑉

𝜕𝑡
+ 𝐴𝛿

𝜕𝑉

𝜕𝑥
) 

          +(
𝜕𝑊

𝜕𝑡
+ 𝐴

𝜕𝑊

𝜕𝑥
)(𝛿

𝜕𝑊

𝜕𝑡
+ 𝐴𝛿

𝜕𝑊

𝜕𝑥
)) 𝑑𝑧𝑑𝑦𝑑𝑥 

(27) 

 

Finally, the kinematic equation of nanoplates subjected 

to distributed dynamic pressure loads (F(x, y, t)) can be 

formulated as 

𝑁𝑥𝑥,𝑥 + 𝑁𝑥𝑦,𝑦 = (1 − 𝛽
2𝛻2) (𝐼0

𝐷2𝑢

𝐷𝑡2
+ 𝐼1

𝐷2𝜓𝑥
𝐷𝑡2

) 

𝑁𝑥𝑦,𝑥 + 𝑁𝑦𝑦,𝑦 = (1 − 𝛽2𝛻2) (𝐼0
𝐷2𝑣

𝐷𝑡2
+ 𝐼1

𝐷2𝜓𝑦

𝐷𝑡2
) 

�̃�𝑥,𝑥 + �̃�𝑦,𝑦 + (1 − 𝛽
2𝛻2)𝛮(𝑤) − 𝐹(𝑥, 𝑦, 𝑡) 

−(1 − 𝛽2𝛻2)𝐾𝑤𝑤 + (1 − 𝛽
2𝛻2)𝐾𝑠 (

𝜕2𝑤

𝜕𝑥2
+
𝜕2𝑤

𝜕𝑦2
) 

= (1 − 𝛽2𝛻2)𝐼0
𝐷2𝑤

𝐷𝑡2
 

�̃�𝑥𝑥,𝑥 + �̃�𝑥𝑦,𝑦 − �̃�𝑥 = (1 − 𝛽
2𝛻2) (𝐼1

𝐷2𝑢

𝐷𝑡2
+ 𝐼2

𝐷2𝜓𝑥

𝐷𝑡2
) 

�̃�𝑥𝑦,𝑥 + �̃�𝑦𝑦,𝑦 − �̃�𝑦 = (1 − 𝛽
2𝛻2) (𝐼1

𝐷2𝑣

𝐷𝑡2
+ 𝐼2

𝐷2𝜓𝑦

𝐷𝑡2
) 

𝛮(𝑤) = 𝑁𝑥𝑥𝑤,𝑥𝑥 + 2𝑁𝑥𝑦𝑤,𝑥𝑦 + 𝑁𝑦𝑦𝑤,𝑦𝑦 

(28) 

 

where Kw is the Winkler foundation modulus and Ks is the 

Pasternak shear foundation, and 

 

𝐼𝑚 = ∫ 𝜌(𝑧)𝑧𝑚𝑑𝑧

ℎ

2

−
ℎ

2

, 𝑚 = 0, 1, 2 (29) 

 
𝐷2

𝐷𝑡2
=
𝜕2

𝜕𝑡2
+ 2𝐴

𝜕2

𝜕𝑥𝜕𝑡
+ 𝐴2

𝜕2

𝜕𝑥2
 (30) 

 

In order to complete the formulation, a set of edge 

constrains should be introduced. Herein, fully clamped 

(CCCC) and fully simply supported (SSSS) edge constrains 

are considered as 

a) Fully clamped boundary conditions (CCCC) 

 

{
𝑥 = 0, 𝑙𝑥 → 𝑢1 = 𝑢2 = 𝑢3 = 𝜙𝑥 = 𝜙𝑦 = 0

𝑦 = 0, 𝑙𝑦 → 𝑢1 = 𝑢2 = 𝑢3 = 𝜙𝑥 = 𝜙𝑦 = 0
 (31) 

 

b) Fully simply supported boundary conditions (SSSS) 
 

{
𝑥 = 0, 𝑙𝑥 → 𝑢1 = 𝑢2 = 𝑢3 = 𝜙𝑦 = 𝑀𝑥𝑥 = 0

𝑦 = 0, 𝑙𝑦 → 𝑢1 = 𝑢2 = 𝑢3 = 𝜙𝑥 = 𝑀𝑦𝑦 = 0
 (32) 

 

 

4. Numerical methods 
 
In this study, the kinetic dynamic relaxation (K-DR) 

method is modified by Newmark technique to solve 

geometrically non-linear Eq. (28) in both time and space 

domains. Firstly, the kinetic equations are turned into 

equivalent static forms by means of Newmark method, and 

then these transformed equations are solved by K-DR 

method and finite difference discretization technique. 

 

4.1 Newmark integration method 
 

In the Newmark method, the velocity and acceleration 

of the system at the next time step (j + 1) can be derived as 
 

�̇�𝑗+1 = (

𝛼

𝜅𝛥𝑡𝑗
(𝑥𝑗+1 − 𝑥𝑗) − (

𝛼

𝜅
− 1) �̇�𝑗 −

(
𝛼

2𝜅
− 1)𝛥𝑡𝑗�̈�𝑗

) (33) 
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�̈�𝑗+1 =

(

 

1

𝜅(𝛥𝑡𝑗)
2
(𝑥𝑗+1 − 𝑥𝑗) −

1

𝜅𝛥𝑡𝑗
�̇�𝑗 −

(
1

2𝜅
− 1) �̈�𝑗  )

  (34) 

 

where κ = 0.25 and α = 0.5 are Newmark constants. Also, x 

is the vector of unknown variable (u1, u2, u3, ϕx, ϕy) and Δt 

is the difference between the current real time and the 

previous one. By substituting Eqs. (33)-(34) into Eq. (28), it 

becomes 

 

[�̄�𝑗+1]𝑥𝑗+1 = {�̄�𝑗+1} (35) 

 

where [�̄�𝑗+1]  is the corresponding stiffness matrix and 

{�̄�𝑗+1}  signifies corresponding load vector, defined as 

(Esmaeilzadeh and Kadkhodayan 2019a) 

 

[�̄�𝑗+1] =
1

𝜅(𝛥𝑡𝑗)
2
[𝐼𝑗+1] + [𝐾𝑗+1] (36) 

 

{�̄�𝑗+1} = {𝑃𝑗+1} + {[𝐼𝑗+1] [
1

𝜅(𝛥𝑡𝑗)
2
𝑥𝑗 +

1

𝜅𝛥𝑡𝑗
�̇�𝑗 + 

+(
1

2𝜅
− 1) �̈�𝑗]} 

(37) 

 

In which [𝐼𝑗+1]and [𝐾𝑗+1] represent the inertia and the 

stiffness matrices, respectively. Also, {𝑃𝑗+1} is the external 

work vector. 

 

4.2 Kinetic dynamic relaxation technique 
 

In this approach, to solve the nonlinear Eq. (35), they 

are transformed into artificial dynamic space by adding 

fictitious mass matrix as Esmaeilzadeh and Kadkhodayan 

(2019a) 

 

[𝑀]𝐷𝑅
𝑛 {𝑎}𝑛 + [�̄�𝑗+1]

𝑛
𝑥𝑗+1
𝑛 = {�̄�𝑗+1

𝑛 } (38) 

 

where {𝑎}𝑛 and [𝑀]𝐷𝑅
𝑛  denote, separately, the made-up 

acceleration vector in nth iteration of the K-DR [55] and 

diagonal artificial mass matrix. It should be noted that 

numerical convergence of K-DR method can be guaranteed 

when the artificial mass is introduced based on the 

Gershgörin theorem (Alamatian 2012). 

 

𝑚𝑖𝑖
𝐷𝑂𝐹 ≥ 0.5(𝜏𝑛)2∑|𝑘𝑖𝑝|

𝐷𝑂𝐹

𝑝=1

,       𝑘𝑖𝑝 =
𝜕{[�̄�]𝑗+1

𝑛 𝑥𝑗+1
𝑛 }

𝜕𝑥
 (39) 

 

in which mii and DOF are, respectively, fictitious mass 

matrix elements and the number of degrees of structures. 

The nodal velocity and displacement vectors at the next 

fictitious time step can be expressed by 

 

{𝑣}𝑛+1/2 = 𝑣𝑛−1/2 +
𝜏𝑛

[𝑀]𝐷𝑅
({�̄�𝑗+1} − [�̄�𝑗+1]𝑥𝑗+1) (40) 

 

{𝑥}𝑛+1 = {𝑥}𝑛 + 𝜏𝑛{𝑣}𝑛+
1

2 (41) 

 

 

Fig. 3 Effects of GPL weight fractions on uc /um of  

SSSS GPL/epoxy nanocomposite plates 

 

 

Also, Eq. (42) is used in order to obtain the kinetic 

energy of the system. 

 

𝐾𝐸𝑛+1 =
1

2
∑𝑚𝑖𝑖

𝑛

𝐷𝑂𝐹

𝑖=1

(𝑣
𝑖

𝑛+
1

2)2 (42) 

 

The kinetic energy of the system is traced through the 

time domain and when a maximum value is detected the 

current velocities are set to zero (Alic and Persson 2016). 

Researchers have shown that the displacement in the step of 

n-1/2 should be used as a starting point for the new analysis. 

For this purpose, the forward finite difference is used. 

 

{𝑥}𝑛−
1

2 = {𝑥}𝑛 − (
3

2
𝜏𝑛) {𝑣}𝑛+

1

2 

                  + 
(𝜏𝑛)2

2[𝑀]𝐷𝑅
𝑛 {�̄�𝑗+1

𝑛 − [�̄�𝑗+1]
𝑛
𝑥𝑗+1
𝑛 } 

(43) 

 

The velocity of the next step can be obtained by 

 

{𝑣}𝑛+
1

2 =
𝜏𝑛

2[𝑀𝐷𝑅]
𝑛
{�̄�𝑗+1

𝑛 − [�̄�𝑗+1]
𝑛
𝑥𝑗+1
𝑛 } (44) 

 

The K-DR process keeps its running until the steady 

state situation happens (i.e., |𝐾𝐸𝑛+1| ≤ 10−12 and |{�̄�𝑗+1
𝑛 −

[�̄�𝑗+1]
𝑛
𝑥𝑗+1
𝑛 }| ≤ 10−9). These steps are iterated for each 

time increment of Newmark method. 

 

 

5. Numerical results 
 

5.1 Comparison study 

 

Case study 1: For confirming the correctness of the 

extant formulation and numerical system, a simply 

supported plate reinforced with graphene platelets and  

subjected to a distributed pressure force is considered. The 

external forced is uniformly distributed over the upper 

surface of the plate, and decays linearly as the time passes. 

Here, the maximum magnitude of load is 500 kPa and  
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Fig. 4 Dimensionless vertical displacement at the center 

of a CCCC axially moving beam, ς = 0.1 

 

 

exposed to the plate for a time-course of 0.01 S. For this 

example, Song et al. (2019) used two different types of GPL 

distributions, namely symmetric pattern and monotonous 

pattern. The dimensions and geometrical parameters of the 

sheet and GPLs are assumed as 

 

𝑙𝑥 = 𝑙𝑦 = 45 × 10
−2m, ℎ = 0.45 × 10−2 m 

𝐸𝑀 = 3.0 × 10
9 Pa,        𝜌𝑀 = 1200

kg

m3
 

𝜐𝑀 = 0.34,        𝑎𝐺𝑃𝐿 = 2.5 µm,      𝑏𝐺𝑃𝐿 = 1.5 µm 
ℎ𝐺𝑃𝐿 = 1.5 nm,                       𝐸𝐺𝑃𝐿 = 1.01 × 1012Pa 

       𝜌𝐺𝑃𝐿 =
1060kg

m3
,                      𝜐𝐺𝑃𝐿 = 0.18 

 

 

The results are compared in Fig. 3 where uc denotes the 

maximum time-dependent displacement of the sheet with 

graphene nanoplatelets and um is the supreme transient 

central deflection of the GPL-free plate. As it can be 

observed from Fig. 3, the obtained results are in a good 

correlation with those from the reference solution. 

Case study 2: The comparison of non-dimensional 

transverse displacement at the center of a fully clamped 

moving beam with a constant dimensionless velocity, Ω = 1 

and following parameters is plotted in Fig. 4. 

 

{
 

 
𝑊,𝑡𝑡 + 2𝛺𝑊,𝑥𝑡 − (1 − 𝛺

2)𝑊,𝑥𝑥 + 𝜍𝑊,𝑥𝑥𝑥𝑥 = 0

𝑊 =
𝑢3
𝑙𝑥
, 𝛺 = 𝐴√

𝜌

𝑃0
, 𝑇 = 𝑡√

𝑃0

𝜌𝑙𝑥
2 , 𝜍 =

𝐸𝐼

𝑃0𝑙𝑥
2

 (45) 

 

in which u3, W, A, Ω, P0, EI, ρ and lx signify the transverse 

central displacement, non-dimensional central deflection, 

speed, non-dimensional speed, axial tension, bending 

stiffness, mass density of the structure and the length size, 

respectively. Furthermore, t and T are, respectively, the 

corresponding symbols of time and non-dimensional time. 

An and Su (2011) used the generalized integral transform 

technique to gain a hybrid analytical-numerical result for 

transient response of clamped axially moving beams. As 

seen in Fig. 4, it is evident that the obtained results and 

those reported in An and Su (2011) are quite close verifying 

the accuracy of the present solution. 

Case study 3: In this section, the influence of Winkler 

and Pasternak types of foundation on the dynamic bending  

 

Fig. 5 Effects of elastic foundations on central dynamic 

deflection of a SSSS nanocomposite plate 

 

 

of a GPL-reinforced nanocomposite solid under a uniform 

harmonic force, 𝐹(𝑥, 𝑦, 𝑡)  =  2000sin(500𝑡), with Kw = 

0.1 GPa/m and Ks = 0.01 GPa.m is investigated and 

compared with results from Cong and Duc (2018). The 

following parameters are utilized. 

 

𝑙𝑥 = 𝑙𝑦 = 0.9 m, ℎ = 0.045 m 

𝐸𝑀 = 3 GPa,                𝜌𝑀 = 1200
kg

m3
 

𝜐𝑀 = 0.34,                   𝑎𝐺𝑃𝐿 = 2.5 μm 
𝑏𝐺𝑃𝐿 = 1.5 μm,           ℎ𝐺𝑃𝐿 = 15 nm 

𝐸𝐺𝑃𝐿 = 101 GPa,        𝜌𝐺𝑃𝐿 = 1062.5 
kg

m3
 

𝜐𝐺𝑃𝐿 = 0.186,             �̂� = 0.3% 

 

 

The results are presented in Fig. 5. It is observed that the 

value of dynamic deflection due to a Pasternak foundation 

is much lower than that of Winkler ones, and DR-Newmark 

technique is an effective method for predicting dynamic 

characteristics of nanocomposite plates with elastic 

foundations. 

Case study 4: In the final example, the accuracy of the 

current model for micro-size structures is confirmed by 

comparing the results obtained for the transient responses of 

a fully clamped moving GPL-reinforced porous sandwich 

nanoplate with those given in Esmaeilzadeh and 

Kadkhodayan (2019b). In this case, a square plate with 

uniform GPL and symmetric porous distribution under a 

dynamic pressure force of 10 MPa (porosity fraction: 0.2 

and Â  = 1%) and following mechanical properties is 

examined. 

 

𝑙𝑥 = 𝑙𝑦 = 200 nm 

ℎ = 14 nm (ℎ𝑀 = 10 nm, ℎ𝑓 = 2 nm) 

𝑎𝐺𝑃𝐿 = 2.5 nm,          𝑏𝐺𝑃𝐿 = 1.5 nm 
ℎ𝐺𝑃𝐿 = 1.5 × 10

−3 nm 
𝐸𝑀 = 116 GPa,         𝜌𝑀 = 1200 kgm−3 
𝜐𝑚 = 0.34,                        𝐸𝑓 = 116 GPa 

𝜌𝑓 = 1200 kgm−3, 𝜐𝑓 = 0.34 

𝐸𝐺𝑃𝐿 = 1.01 TPa,           𝜌𝐺𝑃𝐿 = 1060 kgm
−3 

𝜐𝐺𝑃𝐿 = 0.186 

 

 

Subscripts M, f and GPL denote, respectively, matrix,  
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Table 1 Comparison of the dimensionless central deflection 

of nanoplates with CCCC edge conditions, Ω = 4.0 

Boundary 

conditions 
(Be, G) 

Dimensionless central deflection 

(u3/h) × 10 

current study 

(u3/h) × 10 Esmaeilzadeh and 

Kadkhodayan (2019b) 

CCCC (0, 0) −2.91 −2.91 

CCCC (0, 0.1) −2.79 −2.79 
 

 

 

Table 2 Effects of elastic foundations and GPL distributions 

on the maximum value of non-dimensional 

deflection of nanoplate (CCCC) 

Ks 

(GPa.m) 

Kw 

(GPa/m) 

Wmax 

GPL distribution (A) GPL distribution (B) 

0 
0.0 −4.49 −0.94 

0.1 −2.28 −0.89 

0.01 
0.0 −1.80 −0.83 

0.1 −1.31 −0.73 
 

 

 

 

(a) Central deflection 

 

(b) Central axial moment resultant 

Fig. 6 Effects of the uniform GPL distribution on the 

dynamic behavior of the fully clamped nanoplate 

for different nano-scale factors (Be, G) 

 

 

face surface and graphene nanoplatelets. From Table 1, it 

can be seen that the present results are in excellent 

agreement with those reported in Esmaeilzadeh and 

Kadkhodayan (2019b) that shows the accuracy of the 

methodology and solution. 

5.2 Parametric study 

 

In this section, the effects of the elastic foundation, GPL 

distributions, temperature change and nano-scale 

parameters on dimensionless dynamic central deflection and 

stress field of moving micro-size plates are investigated. To 

do this, a square-shaped GPL-reinforced nanoplate with the 

following geometrical and mechanical properties is 

considered. 

 

𝑙𝑥 = 𝑙𝑦 = 200 nm,              ℎ = 20 nm 

𝐸𝑀 = 2.85 GPa,                   𝜌𝑀 = 1200
kg

m3
 

𝛼𝑀 =
8.2 × 10−5

𝐾
,               𝐾𝑀 = 0.2 

W

mK
 

𝜐𝑀 = 0.34, 
𝑎𝐺𝑃𝐿 = 𝑏𝐺𝑃𝐿 = 3 nm, ℎ𝐺𝑃𝐿 = 15 × 10

−4nm 

𝐸𝐺𝑃𝐿 = 1.01 TPa,                𝜌𝐺𝑃𝐿 = 1060
kg

m3
 

𝛼𝐺𝑃𝐿 =
2.35 × 10−5

𝐾
,        𝐾𝐺𝑃𝐿 = 2000

W

mK
 

𝜐𝐺𝑃𝐿 = 0.18,                         𝑅𝑘 = 10−8
m2K

W
 

 

 

The plate is subjected to a uniform pressure force 

expressed by 

 

𝐹(𝑥, 𝑦, 𝑡) = {
10000000 𝑃𝑎, 𝑡 ≤ 0.1𝑠
0,                                 𝑡 > 0.1𝑠

 (46) 

 

To obtain appropriate results, the non-dimensional 

parameters are defined as follows 

 

𝑊 =
𝑢3 (

𝑎

2
,
𝑏

2
)

ℎ
× 10 

𝑆 =
𝑀𝑥𝑥 (

𝑎

2
,
𝑏

2
)

𝐸𝑀ℎ
2

× 100 

𝛺 = 100 × 𝐴√
𝜌𝑀
𝐸𝑀

, 𝑇 =
𝑡

0.1
 

𝐵𝑒 =
𝛽2

𝑙𝑥
,                          𝐺 =

𝑙2

𝑙𝑥
 

(47) 

 

Unless stated otherwise, the temperature is held at T1 = 

280K at the bottom surface of the plate and T2 = 340K at 

the top surface. Also, Ω, Â , Ks and Kw are 6.49, 5%, 0.01 

GPa.m and 0.1 GPa/m, respectively. 

Influence of the foundation stiffness on dimensionless 

central deflection for two GPL distributions with weight 

fraction of 5% and (Be, G) = (0, 0.2) is analyzed and the 

results are provided in Table 2. As depicted in Table 2, the 

elastic foundation can result in a remarkable decrease in the 

dynamic dislocation in all cases. The plates with uniform 

GPL distribution pattern (A) undergo the largest transient 

deflection of −4.49 once Kw = 0 and Ks = 0 are set. In 

contrast, the ones with symmetric GPL distribution (B) 

possess the least value of transient dimensionless deflection, 

which is equal to −0.943. When the plates are located an 

elastic foundation with Ks = 0.01 GPa.m and Kw = 0.1  
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(a) Central deflection 

 

(b) Central axial moment resultant 

Fig. 7 Effects of the symmetric GPL distribution on the 

dynamic behavior of the fully clamped nanoplate 

for different nano-scale factors (Be, G) 

 

 

GPa/m the deflections fall noticeably to −1.31 and −0.727, 

respectively. 

Figs. 6-7 demonstrate how much the nonlocal (Be) and 

strain gradient (G) factors affect the dynamic deflection and 

axial moment resultant of a micro-size CCCC plate with a 

uniform GPL distribution and a symmetric distribution, 

respectively. It is evident that with a rise in the quantity of 

nonlocal factor (Be), a larger dynamic deflection can be 

seen since increasing the nonlocal parameter decreases the 

bending rigidity of the nanoplate. Conversely, a growth in 

the magnitude of strain gradient coefficient (G) can improve 

the strength of the nanosolid; hence, it leads to the decline 

of the amplitude of dimensionless transient vertical 

displacement. It is also shown that the effects of nonlocal 

(Be) and strain gradient (G) parameters on the nanoplate are 

independent of GPL distributions. 

The non-dimensional central deflections of an axially 

moving nano plate with Â  = 5% and (Be, G) = (0.2, 0.2) are 

plotted in Fig. 8 for uniform (Fig. 8(a)) and symmetric (Fig. 

8(b)) GPL distributions, respectively. It is obvious in Fig. 8 

that the dimensionless dynamic displacement of the plate 

increases with a rise in temperature values for both GPL 

distributions. In comparison with the symmetric GPL 

distribution (Fig. 8(b)), the influence of the temperature rise 

is far greater when the plate is reinforced with GPLs in  

 

(a) Uniform GPL distribution 

 

(b) Symmetric GPL distribution 

Fig. 8 Effects of temperature variations on the non-

dimensional central deflection of the CCCC 

nanoplate 

 

 

pattern (Fig. 8(a)), see Fig 8(a). 

Figs. 9(a) and (b), respectively, depict non-dimensional 

maximum dynamic deflection at the center versus 

temperature changes for various GPL weight fractions for 

CCCC and SSSS boundary conditions, respectively. It is 

presumed that Be = 0, G = 0.2 and GPL distribution is 

symmetric (Fig. 9(a)). From these figures, it is seen that the 

dynamic deflection variation due to a rise in the magnitude 

of temperature increases linearly when Â  = 0. However, by 

adding GPLs into the moving nanoplate, the vertical 

displacement increases nonlinearly with an increment in the 

amount of temperature. Such an increase is much more 

remarkable for Â  = 2%. 

Fig. 10 depicts the variation in the central deflection for 

various velocities (Ω) for two types of edge constrains with 

GPL pattern: B, Â  = 5%. The results show that for both sets 

of boundary conditions the central deflection growths 

moderately until the critical velocity is taken placed, after 

that it tends to infinity. The obtained outcomes also 

demonstrate that boundary conditions have great influences 

on the critical velocity in which the nanoplate has the 

maximum displacements with respect to time variation. It is 

observed that the critical velocity of nanoplate with SSSS 

boundary condition is much greater than those with CCCC 

one. 
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(a) CCCC 

 

(b) SSSS 

Fig. 9 Effects of temperature change and weight fraction 

of GPLs on the non-dimensional central 

displacement of the micro-size plate 

 

 

6. Conclusions 
 

In this paper, the time-dependent behaviors of GPL/ 

polymer nanoplates subjected to thermal and mechanical 

loads resting on elastic foundations with four-edge simply 

supported and clamped boundary conditions has been 

studied. The equations of motion have been developed 

based on FSDT along with the nonlocal strain gradient 

theory, and solved by the kinetic dynamic relaxation 

method coupled with the implicit Newmark method. In the 

current investigation, two types of GPL distributions have 

been considered, and the effects of graphene nano-particle 

distributions and weight coefficients, parameters of elastic 

foundation, temperature change, edge surroundings and the 

magnitudes of the plate speed have been analyzed. The 

following results are remarkable. 

• Reinforcing the nanoplate with Graphene sheets can 

offer incredible and outstanding mechanical characteristics.  

• Compared to uniform distribution, GPLs with 

symmetric one have the lower bending deformation.  

• Compared to symmetric GPL distribution, the impact 

of the temperature increment on dynamic deflection is much 

greater once the plate is strengthened with GPLs in uniform 

pattern. 

• Regarding temperature variations, an increase in  

 

(a) CCCC 

 

(b) SSSS 

Fig. 10 Effects of velocity and nano-scale parameters 

(Be, G) on the dynamic displacement of the 

micro-size plate 

 
 

discrepancy between T2 and T1 leads to higher dynamic 

deflection.  

• The unstiffening effect of nonlocality and toughening 

influence of strain gradient parameter on dynamic behaviors 

of the nanoplate become more evident in higher values of 

the plate’s velocity.  

• The effects of the GPL distributions on the value of the 

critical velocity are small. However, boundary conditions 

have great impacts on the critical velocities. 

• The effect of the Pasternak elastic foundation model on 

the reduction of dynamic deflection is more remarkable 

than that of its Winkler counterpart. 

Good accuracy, low computational cost and the stability 

are the main features of the present computational 

techniques. 
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