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ABSTRACT

The Wild GAK1 is a surveying gyroscope coupled with a theodolite. This 

instrument can be used to orientate an underground survey baseline relative to true 

North. During the operation of the gyro, the spinner is run up to approximately 22,000 

r.p.m. which causes the gyro, when released, to seek true North and oscillate about the 

meridian. These oscillations can be observed through an eyepiece. The movement of 

oscillations is seen in the form of a moving mark against a background of scale 

divisions. From an analysis of this movement, an orientation with respect to North can 

be established. Jeudy established the theory of the motion of the suspended gyroscope. 

However, he assumed that the motor drives the gyroscope spinner at a constant angular 

velocity, which in practice is not true. In this research, the movement equations of the 

suspended Gyrotheodolite are derived taking account of all significant terms. These 

terms reflect the changes in the physical environment within the suspended gyroscope 

taking into account the fact that the angular velocity of the spinner is not constant. These 

equations are linearised to get oscillation equations. Having resolved these equations, 

there are two differential equations, which are, in turn, resolved to get a new 

mathematical model concerned with the motion of the moving mark. This model deals 

with the general and practical cases. For example, when the gyro is used in a tunnel 

where the battery, which runs down with time, is the main source of power.

A new method of time capture and “data” processing is described. This method 

requires a video camera, video imagery, frame analysis and a computer. The method 

may be used in many practical applications but it must be acceptable for mine safety for 

electric equipment if used in a mine. The method leads to a great increase in the quantity 

and precision of time observations. The observations have a precision five times better 

than those observed by manual methods. After processing, the time data is used in a 

rigorous mathematical model and processed by least squares techniques. This leads to 

high quality solutions and statistical assessments. Least squares adjustments showed that 

the computed values of the midpoint of swing might be determined to standard 

deviations of less than one second of arc.
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I. INTRODUCTORY AND BACKGROUND

1.1 Introduction:

A Wild GAK1 Gyrotheodolite is a surveying instrument used to find the 

direction of North. One of the major applications of this instrument is to orientate 

an underground survey baseline relative to true North. The Wild GAK1 can be 

mounted on a bridge device over a conventional theodolite. When it is levelled the 

spinner hangs like a plumb bob and is constrained in the horizontal plane. During 

operation the spinner is run up to approximately 22,000 r.p.m. which causes the 

gyro, when released, to seek true North and oscillate about the meridian. The 

oscillations can be observed through an eyepiece as a light moving mark against a 

background of scale divisions.

Jeudy (1981 and 1982) established the theory of the motion of the 

suspended gyroscope at a new and higher level. However, he assumed that the 

motor drives the gyroscope spinner at a constant angular velocity. This could be 

true if the power source for the motor maintains a constant output. If the 

gyroscope is used in the field, for example, in a tunnel, then the power source is 

a battery, which with time runs down. Consequently, there is a decelerating force 

applied to the spinner. In this research all terms, which reflect the changes in the 

physical environment within the suspended gyroscope are taken into account. 

Jeudy considered the system of suspended gyroscope as a system with five 

degrees of freedom, two co-ordinates of the suspended point and three Euler 

angles of the orientation of the carriage with respect to space. His solution of the 

system, uniquely, is in the form of a sum of sine and cosine waves of differing 

periods:

5

cos Ojt + A-sin Oft)
i=1

Where:

Oj are frequencies of oscillations.

A'j and AJ are magnitudes of oscillations. 

t is the time.
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In this research the complete equation of motion of the moving mark for 

the suspended gyroscope is given. In this equation no force affecting the gyroscope 

is neglected. There are insignificant errors due to neglecting the earth’s rotation 

centrifugal forces. Also, the deflection of the vertical is not considered. The 

equation is:

10
£[4<t ■ com + m(t -  s,.))]+e - a =o 
/=:1

Where:

A; are the amplitudes (magnitudes of the oscillations).

Q'i are rates of change in the frequencies of the oscillations.

\ I  are the coefficients of damping forces.

Bj are the times at a positive turning point.

Q is the mid-point of swing.

A is the scale reading.

A semi-empirical assumption that agrees with practical observations is that there 

is a linear change in the rate of the frequency with time. Comparison of this 

mathematical model with the previous one showed that the inclusion of the term 

O't in the observation equation has an effect on the computed value of the 

standard deviation of the midpoint of swing, c tq . The precision of c tq  has 

improved by 0.4" (arc seconds).

In conventional methods, the observer takes a few observations of time, 

scale divisions and turning points during the period of one or two oscillations of 

the moving mark. These observations are put in an appropriate mathematical 

model to give a unique determination of the midpoint of swing, without any 

degrees of freedom. The midpoint of swing is found from the minimum use of 

the available data. Therefore, the quality of individual values of the midpoint of 

swing and the azimuth determined in such methods cannot be assessed since the 

standard deviations cannot be assessed from the observations.

This research describes a new method of capturing and processing 

Gyrotheodolite data. The method requires a video camera, frame analysis and a

2



computer. The midpoint of swing, in this method, is found from the maximum 

data practically available. The method is to observe time at each instant the 

moving mark crosses a scale division during two or three hours of observations. 

The least squares adjustment techniques showed that the position of the midpoint 

of swing can be determined with standard deviation of ± 0.2" (arc seconds) and 

the azimuth may be determined with standard deviations of ± 3" to ± 6". This 

assumes knowledge of the instrument constant.

The time recording device, in conventional methods, is often a stopwatch 

that is a very inaccurate and highly personal. According to Gregerson, the quality 

of this manual method of timing is 0.2 seconds at best (Gregerson et al, 1974). In 

this research, time may be observed with a precision of one frame, 0.04 seconds, 

or less by using video frames. Thus, the accuracy of timing increased 5 times, 

and the quantity of observations increased up to 10 to 15 times by automated 

data capture. The time data is used in a rigorous mathematical model and 

processed by least squares techniques. The values of most parameters and their 

standard deviations up to the tenth term of differing periods of oscillations are 

found. However, only three terms, apart from the main period term, may be 

considered for practical applications because the other terms of oscillations have 

no significant effect on the computed values of the midpoints of swing and their 

standard deviations.

The method used in this research resulted in a better understanding of the 

motion of the suspended gyroscope and it can be used safely in industrial 

applications, for example, railway tunnels. However, the method must be 

acceptable for mine safety for electrical equipment if used in a mine. The 

importance of this method is that it used the instrument of the Department 

without the need for modification and without using an electronic registration 

device. The video camera used may be any standard one with sufficient 

resolution. As a result, the method is faster and more cost effective for 

“capturing” and processing Gyrotheodolite data.
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Although a new automated Gyrotheodolite from Bochum University was 

used on the Channel Tunnel it was not used on the Jubilee Line extension 

because of cost. The purchase price is understood to be £50,000-70,000. The 

Wild GAK1 is 1970’s technology but existing instruments could be used 

according to the method proposed in this research, to approach comparable 

precision but with less cost compared with the Bochum instrument.

1.2 Aims and objectives of the project:

The aims of this research are:

1. To investigate a new mathematical model as it relates to the Wild GAK1 

suspended gyroscope, taking account of all potentially significant terms, which 

reflect the changes in the physical environment within the suspended 

gyroscope, that is, to account for gyroscopic accelerations.

2. To investigate an effective method of obtaining and processing the maximum 

data available from the Wild GAK1 Gyrotheodolite and to improve the azimuth 

determination.

The objectives are:

• In this research a new mathematical model concerned with the motion of the 

gyroscope moving mark is to be derived. The model deals with general and 

practical cases, for example, when the Gyrotheodolite is used in a tunnel. In 

that case the battery, which runs down with time, is the main source of power. 

The model is to take account of the fact that the angular velocity of the spinner 

is not constant. The same mathematical model also is to take into account all 

terms of oscillations produced by the precession torque due to the couple, 

applied to the spinner axis. Most of the previous work in this area considered 

only one oscillation term. The effect of including the other terms in the 

observation equation on the determined values of the midpoints of swing and 

on their standard deviations is to be investigated.
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• In this research use is to be made of the maximum data practically available 

from the Gyrotheodolite by observing time at each instant the moving mark 

crosses a scale division. Data is to be captured on videotape. The quality of 

timing will improve from approximately 0.2 seconds, at best by manual 

methods to 0.04 seconds with video frames. The method is expected to lead to 

a great increase in the quantity and precision of time observations. The 

precision of position of the midpoint of the swing is expected to be improved. 

This may be achieved by processing the time data by least squares techniques 

applied to a rigorous mathematical model. A precise determination of the 

midpoint of swing with more accurately measured data will lead to a higher 

precision of azimuth determination.

1.3 Previous work in this area:

Many authors, including Rellensmann (Rellensmann 1959-1960) have 

reported the technique of using a suspended gyroscope. At that time, there was 

only one existing theoretical approach. The instrument was used in marine 

navigation, and was developed by Deimel (Deimel, 1950). There was some 

difference in experimental results because of small wobbles on the main 

gyroscope axis, which oscillates about the direction of North. Later, this theory 

was used again by Vanicek (Vanicek, 1972), who takes account of this wobble 

by giving the expression of a damped sine function but it does not result in a 

reduction of the number o f necessary observations. There is no theoretical 

justification for this approach. In 1975, a much more precise theory was 

developed (Schultz, 1975) effectively taking into account the fact that the 

gyroscope is suspended. Nevertheless, the Coriolis forces were neglected so that 

the theory is not precise enough for geodetic applications. However, the 

improvement in precision of measurements, gained by using photoelectric cells 

and a chronograph, allows a series of times measured to the 1/100 second 

(Halmos, 1977) and even to 1/1000 second (EMR, 1975). Such an increase in 

precision requires the development of a new theory.
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This thesis develops the theory for a suspended gyroscopic system in 

which no force is neglected. The gyroscopic system under consideration is a 

system with five degrees of freedom (Schultz, 1975) which, two of them are 

Xj and y l9 the co-ordinates of point I in figure 4 where the carriage is fixed. The 

other three degrees of freedom can be as Euler angles of the orientation of the 

carriage in space, for example, by Leimanis (Leimanis, 1965). They may be 

expressed also as Cardan angles, for example, by Schultz (Schultz, 1975). The 

application of the laws and principles of classical mechanics (Goldstein, 1959) 

allows general movement equations to be established. As well as the three Euler 

equations, it is necessary to derive new equations because there are five 

unknown functions corresponding to the five degrees of freedom.

Jeudy (1981 and 1982) in a pair of papers established the theory of the 

motion of the suspended gyroscope. However, he assumed in his work that the 

gyroscope spinner runs at a constant angular velocity. This could be true if the 

power source for the motor driving the spinner maintains a constant output. If the 

gyroscope is used in the field, for example, in a tunnel, then the main power source 

is a battery, which with time runs down. Consequently, there is a decelerating force 

applied to the spinner. With the large volume and greater precision of observations 

possible from considerations of the above paragraphs, current theory is no longer 

adequate. A major part of this work has been to develop the theory of the 

suspended gyroscope to take account of accelerating forces, which alter the angular 

velocity of the spinner and to make use of the maximum data available practically 

from the Gyrotheodolite data. The equations derived in chapters two and three, 

which are based upon the work of Jeudy and his notation and method are 

referenced to him.

With particular reference to the Wild GAK1, there are two basic classical 

methods of azimuth determination using a gyroscopic attachment, the Turning 

Point and Transit methods. Many researchers have investigated and developed 

techniques to improve the precision and speed of these methods of azimuth 

determination. These two methods were described by Strasser and Schwendener
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(1964) and involve modification of the gyro instrument. Modified Wild GAK1 

was used and tested by Smith (1977). The techniques to improve the precision and 

reduce the time required to obtain a determination of the direction of true North 

from gyroscopic devices are described by Bennett (1970), Thomas (1982) and 

Williams (1986). King (1987) described a tracking method based on the Wild 

T2000 theodolite. In the UK the Wild GAK1 may be fitted to a specially adapted 

T2 or T16 theodolite. Work on semi-automated data capture by non-video means 

was carried out by Breach (1983) (project for MSc in Geodesy). The current 

project follows on from that earlier project but with 1990's technology.

Martusewicz (1993) used two Gyrotheodolites for measurements of extra 

gyroscopic azimuths to check underground traverses. He derived a mathematical 

model for the optimal positions for Gyrotheodolites for azimuth determination. 

Hodges (Hodges et al. 1994 and 1996) made a precise calibration of a 

Gyrotheodolite on a field base line. He used a Wild GAK1 and a Gyromat-2000 

and obtained a precision of ± 3" (arc seconds). Plakhtienko (Plakhtienko and 

Dmitriev, 1996) investigated the effect of the anomaly of the earth’s gravity on 

Gyrotheodolite readings. A detailed comparison between the Wild GAK1 and the 

Gyromat-2000 was made by Eyre (Eyre and Wetherelt, 1995).

There are many papers published every year on the theory of the 

gyroscope, for example, (Lin et al. 1995), (Bencze et al. 1996), (Brown and Xu, 

1996), (Heiberg et al. 1997), (Tanaka and Wakatsuki, 1998) and (Jaroszewicz 

and Szelmanowski, 1998). However, the type and applications of these 

gyroscopes are different. They are electronic, fibre optic and piezo electric 

gyroscopes. The applications are for military use, spacecraft, missiles and 

navigational purposes and also for robots. They are less precise than mechanical 

gyroscopes. The gyroscope, which is the subject of this investigation, is a 

suspended mechanical one, the major application of which is to determine 

azimuths in underground environments.
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1.4 Description of the suspended gyroscope:

The Wild GAK1 is a surveying instrument used to find directions toward 

North. The instrument can be mounted on a bridge device over a conventional 

theodolite. It consists o f oscillating and supporting systems, figures 1 and 2.

Figure 1

Gyrotheodolite Wild GAK1 mounted over theodolite set on a pillar

The oscillating system consists of a rotating solid body -  the spinner o f the gyroscope 

turning at high velocity, 22,000 r.p.m. approximately, about an axis fixed within a rigid 

covering - the carriage. The carriage is attached at its upper end by a suspension fine 

tape (point I in figure 4) where its co-ordinates in the system Oxyz are x , , y , and z , .

The upper end of the tape, point A in figure 4, is attached to a fixed frame with respect 

to the earth’s surface. The acceleration of the spinner is not taken as a constant value 

due to accelerating and decelerating forces applied to the spinner. The supporting 

system consists of three columns and contains a clamping device. There are three 

plates, which act as springs.
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They dampen the gyro oscillations by friction on the damping plate, with the 

clamping device half-open.

Figure 2 
Diagram of suspended gyroscope

Suspension tape
Power leads

Carriage

Gyroscope spinner

Measurement
scale

Bridge supporting 
gyro case

Theodolite

Theodolite 
horizontal circle

Theodolite slow 
motion screw
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1.5 Basic definitions and reference systems:

Described here are the different reference systems and the main 

parameters of movement used in this thesis, see also Appendix A for symbols 

and notations.

Oxyz is a system of reference fixed with respect to the earth’s surface, figure 3. 

Where:

has the inverse direction to the direction of gravity.

Oj is perpendicular to Oj and is chosen such that the plane contains m the 

angular velocity vector of the earth with respect to inertial space.

O— is the astronomical meridian plane through the point O.

Oy is directed towards the west.

is a right handed or direct system.

(f) is astronomical latitude of the point O.

Figure 3

Description of the reference system

A -

m sin (j)

West y

Northx



Other reference systems related to the gyroscope and the carriage are 

defined as follows:

Gx r z > is a reference system having its axes parallel to those of 0 ^ fi . The origin

of Gx7Z’ is in G, the centre of gravity of the gyroscope.

Gxyz is a system of reference fixed with respect to the carriage, Gx is the axis of 

rotation of the gyroscope.

Both co-ordinate systems Gxyz and Gx r z , are right-handed and the planes Gxy 

and Gx r  intersect along the line GN which is perpendicular to the plane

through the axes Gz> and Gz (see figures 4 and 11).

a, (3 and y  are the Euler angles of the system Gxyz with respect to the system 

GXy 'z ' (see figures 4 and 11).

In figure 4:

A and (p are the angles allowing the marking of the position of point I.

3  is the angular velocity of the gyroscope with respect to the carriage.

I is a fixing point of the tape attached to the carriage.

Xj, y j  and z 1 are the co-ordinates of point I in the system .

A is a fixed end of the tape in the system .

I  is the length of the tape.
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Figure 4

Plan of basic geometric elements of the suspended gyroscope

m

X '  North
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Figure 5 

Details of the system Gxyz

Where:

C is the centre of gravity of the carriage.

T is the centre of gravity of the total system (gyroscope plus carriage).

/ is the distance from I to T (I -  IT).  

lc is the distance from I to C ( /c = IC).

lG is the distance from I to G (lG = I G ).

The system fixed with respect to the earth’s mass centre, figure 3

rotates by a presumed constant value m with respect to inertial space. All

magnitudes of the vectors used in this project (vectors of position, velocity,

kinetic moment etc.) derived with respect to time are related to inertial space.

These derivations are absolute unless explicitly mentioned to the contrary.

However, the magnitudes of components of these vectors are usually expressed 

in a non-inertial system, most often in the system Gxyz fixed with respect to the
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carriage, but sometimes also in the system . The orientation of Gxyz is 

related to inertial space by the formula: 

f c = m + f  (Goldstein, 1959)

Where:

f c is the absolute angular velocity of the carriage.

m is the angular velocity of the earth with respect to the fixed stars.

f  is the instantaneous angular velocity of the system Gxyz with respect to .

The axes of these two movable systems, one with respect to the other, are usually 

not parallel. Using the conventional symbols of classical mechanics, the absolute

derivation of the magnitude of a vector V is expressed:

dV ,d V .  *  t7—  =  (— ) + r r  * v
dt dt xyz 

Where:

* is the vectorial product.

,d\G 
dt ' " xyz

d r  —*■

(~G~)gYV7 denotes the vector of the derivations of the components of V in Gxyz

By making, successively V — i , j  and k , then in the previous equation, one 

obtains the specific expressions:

—  = f r  * 7 , — = f r  * 7 and —  = f c * k  (Chester, 1979; P: 254) 
d t c d t c dt c v ’

The sums of the infinitely small elements, appear in calculation of the absolute 

kinetic moments, are denoted by the symbol “ ” which allows us to specify the

differential integration elements. Vectors surmounted by a double-headed arrow 

(<-») denote angular velocities and “moments” in order to distinguish them from 

ordinary vectors, which are surmounted by a single-headed arrow (-»). This is 

because the former vectors have direction depending 011 the orientation of the 

reference system whilst the direction of ordinary vectors is independent of the 

orientation of the reference system. The symbol ’ e ’ denotes “belonging to”, for

example “Pe(G )” means; the point P belongs to the gyroscope and “ ”
P<G)

denotes the sum of all the points P of the gyroscope.
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1.6 Scope of the thesis:

In Chapter 2, the general equations of movement for the suspended 

gyroscope are derived. These equations are in the form of non-linear differential 

equations of second order. The equations determine the eight unknown functions

of the system, x l 9 y l 9 Zj, a , /?, y, col and |S . They are respectively the three

co-ordinates of point, I (see figure 4), the three Euler angles, the angular velocity 

of the spinner and the tension of the tape. Firstly, the three Euler equations are 

established. These equations are modified to take account of the fact that the 

angular velocity of the spinner is not constant and to take account of all terms of 

the oscillations, which are produced by the precession torque due to a couple, 

applied to the spinner axis. See equations (2-65), (2-66) and (2-67). A fourth 

equation (2-68) is obtained explaining the fact that the point of suspension I 

moves on a sphere of centre at A and radius I  (see figure 4). The length of the 

tape is presumed constant. Secondly, three other equations are obtained by 

applying the principle of the movement of the centre of a mass (Newton’s 

second law) to the total system (gyroscope and carriage). The equations are in 

vector form, equation (2-82). Finally, the eighth equation is obtained by applying 

the principle of kinetic moment to the gyroscope by itself, equation (2-88).

In Chapter 3, from the eight general non-linear and rigorous equations of 

motion for the suspended gyroscope obtained in Chapter 2, the position of the 

apparent equilibrium position is determined by putting all derivatives of the 

motion parameters to zero. Then, the equations of motion are linearised in the 

neighbourhood of the equilibrium position to obtain a system of five linear 

differential equations with constant coefficients and five unknown functions. See 

equations (3-58) to (3-62). The system of equations are solved by elimination of 

unknowns to obtain two differential equations, (3-79) and (3-82) of the sixth 

order. The corresponding characteristic equation has degree ten powers, equation 

(3-90). Having solved the differential equations and taking account of the 

assumption of linear change of frequency with time, the mathematical model of 

the motion of the moving mark is given in equation (3-95).



In Chapter 4, a new method for capturing and processing time data is 

described. This method makes use of the maximum data available. The method 

is to observe time at each instant the moving mark crosses a scale division. The 

method requires a video camera, video imagery, frame analysis and a computer. 

The practical implementation of the method is considered. The procedure for 

North determination by using the midpoint of swing in the equation for azimuth 

determination is described. Finally, the precision of the azimuth is analysed.

Chapter 5 deals with the least squares adjustments of Gyrotheodolite 

observations. Time observations are used in the derived mathematical model and 

the values of most parameters in terms of equation (5-2) and their standard 

deviations are found. The results are discussed and analysed. Numerical 

comparison with the previous models is included.

In Chapter 6, the results obtained in Chapter 5 are summerised and 

evaluated. Conclusions from these results are drawn. Finally, a further research 

and improvement section considers the significance of the results, the 

implications of this work and its deficiencies. This section also includes 

suggestions for further work to overcome the problems.

Appendices for notation, observations and least squares adjustment computations 

are also included at the end of thesis.
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II. THE EULER EQUATIONS

2.1 Introduction:

The general equations of the motion for the suspended gyroscope are 

derived, following a similar procedure to that of Jeudy’s derivations (Jeudy, 

1981). However, in these equations, account of the fact that the angular velocity 

of the spinner is not constant is taken. Account of the other oscillations produced 

by the precession torque due to a couple, applied to the spimier axis is also taken. 

The motor of the gyro is suspended on a thin tape. When the spinner runs to its 

maximum angular velocity, it tries to rotate within the meridian plane. However, 

because of the angular velocity of the earth, the whole system is pulled out of its 

original plane. This makes the gyro accelerate about its vertical axis until its 

spinning axis coincides with the direction of true North. The torque in the tape 

causes a precession about the vertical axis. This torque is proportional to, the 

angular momentum of the gyro, PQi the horizontal component, m cos<f>, of the 

vector of the earth’s rotation w and the sine of the horizontal angle, s, between 

the spinner axis and die North (Thomas, 1976). The precession torque is given 

by the equation:

Qj = Pa m cos<j) sins

Pa, the angular momentum of the spinner may be written as:

Pa - P  C0\ (Vanicek, 1972)

Where P is the inertial moment of the gyroscope with respect to its axis of 

rotation and cox is the angular velocity of the spinner.

By differentiating the equation of torque due to precession, we get: 

d£lx/dt -  m coscf) sins dPa/dt

Therefore, the torque due to precession changes if the angular velocity of the 

spinner changes. The angular momentum of the spimier may vary with time and 

this causes some amount of friction to the internal parts of the Gyrotheodolite. 

So, for this reason and because of existing damping forces, the moment of the

tape torsion ck is modified to be a function of the Euler angles ay (3 and their

derivatives, k  is the unit vector of the axis Gz .
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It was found by Gregerson (Gregerson, 1971) that any change in the angular 

velocity of the spinner causes a change in the period of swing. This problem is 

dealt with, in this research by assuming a linear change of the frequency of 

oscillation with time. This assumption is a simple representation of the solution 

and it is used to ensure the mathematical model is not more complex rather than 

is necessary.

Firstly, the three Euler equations are established, (2-65), (2-66) and 

(2-67). This requires calculation of the absolute kinetic moment of the carriage 

and the gyroscope. Then, derivation of the total kinetic moment within Gxyz is 

expressed and evaluated. The total kinetic moment is equal to the moment of 

external forces. These forces are, the attraction of the gravity vector of the earth 

and other celestial bodies, the accelerating and decelerating forces applied to the 

spinner, the tension of the tape, the torsion of the tape and the damping forces. 

Afterwards, a fourth equation (2-68) is obtained explaining the fact that the point 

of suspension I, moves on a sphere with centre at A and radius i , see figure 4, 

where the length of the tape is presumed constant. Three new equations (2-82) 

are obtained by applying the principle of the movement of the centre of a mass 

(Newton’s second law) to the total system (gyroscope and carriage). The 

equations (2-82) are in the form of three components of a vector formula. 

Finally, an additional equation (2-88) is obtained by applying the principle of 

kinetic moment to the gyroscope by itself. Thus, the general, eight equations of 

motion for the suspended gyroscope are derived. These equations are in the form 

of non-linear differential equations of second order; they determine the eight

unknown parameters of the system, x7, y } , z } , a, ft, y, co{ and S  . These

parameters are respectively the three co-ordinates of point I, figure 4, the three 

Euler angles, the angular velocity of the spinner and the tension of the tape.

2.2 Kinetic moment of the carriage with respect to point I:

We have by definition of the absolute kinetic moment:

M Cj = ^ I P * w V P (Jeudy, 1981)
Pe(C)
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Where:

M c denotes the kinetic moment of the carriage with respect to the point I.

P is a current point of the carriage.

w is the mass of an infinitely small element of volume containing the point P. 

VP is the absolute velocity of the point P (with respect to the fixed stars).

* is the symbol of the vectorial product.

The expression of IP may be written:

(2-1) IP -  IG + GP 

Since:

^ w V P = mc Vc by definition of the centre of mass C (Goldstein, 1959)

Where:

C is the centre of mass of the carriage.

Vc denotes the absolute velocity of C. 

mc is the mass of the carriage.

Inserting the expression (2-1) into the expression for M c above gives:

(2-1') M C] = IG *m c Vc + GP*wVP
P < C )

Now:

(2-2) VP =VG + f c * GP (Jeudy, 1981)

Where:

VG is the absolute velocity of G, the centre of mass of the gyroscope. 

f c is the absolute angular velocity of the carriage.

Derived below is the inertial moment in a general way:

Let ri to be the position vector of GP/, h unit vector, /,• perpendicular distance 

(figure 6).
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Figure 6 

Inertial moment

G

The inertial moment can be written by definition:

/  = £ w./.2 (Chester, 1979)
i

But,

I 2 -  r 2 sin2 0 = (n * f;)2

= r 2 - r 2 cos2 6 = r 2 - (n.ri)2

I = Y j wili2 = Z w/( « * '/ ) 2 = S wifr/2 - ( ^ ) 2}
/ / »

If we put r/9 n in their components i;-( z,-), ri (nx, ny , nz) where 

/?2 + «2 + « 2 =1 are cosines directions.

/  = £  W/ { ( « /  + « /  +«z2X^/2 + T/2 + Z t 2 ) - ( n x x t +nyy i + « zz ,)2}
i

7  ~  Ix x ^ x  7 y y f iy  7 zz^z ^ 7 y z ^ y ^ z  zx ^ z^ x  ^ 7 x y ^ x ^ y

Where:

7**= Z  O'/2 + z /2)» = E  w/ o<2 + x <2)» 7^ = Z  w/ (*/2 + -f/2)
i i i

!yz = - Z  " W /  ’ 7«  = " Z  w/z/*/’ 7*>> = - Z  " W /
/ i i

Since:

I  yz I  zx ~  I  xy ~

Then:

7  =  I x x n \  +  I y y n y  +  7 zz n l
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rP' 0 0^

(2-4) I Cg = 0 Q' 0
0 R,J

In a very similar way this expression can be proved:

2 ]  wGP* ( f c * GP) =  /q j f c
P e(C )

GP * wVG -  mc GC * VG
P < C )

The above two expressions result from substitution of equation (2-2) into the 

second term of the right-hand side of equation (2-1'). Then, we get:

(2-3) M Cj =IG * mc Vc + mc GC *VG + ICgTc 

For reasons of symmetry, I c  may be written as:

(Jeudy, 1981)

Where:

I c is the inertial moment of the carriage with respect to point G in the system

x y z •

P 'is  the inertial moment of the carriage with respect to the axis Gx.

<2'is  the inertial moment of the carriage with respect to the axis Gy .

R 'is  the inertial moment of the carriage with respect to the axis Gz .

2.3 Kinetic moment of the gyroscope with respect to point I:

We have by definition;

M Gi = '£j IP*wVp  (Jeudy, 1981)
mo)

Where:

M g denotes the kinetic moment of the gyroscope with respect to point I.

The other symbols having been explained in an earlier paragraph.

Since:

VP =V0 + f a *GP

Then by a derivation very similar to that in the previous section, that is, replacing 

C with G in (2-T) and (2-3) M G may be put in the form:
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(2-5) M Gi = IG* mGVa + ^ G P * w f a + £  wGP * ( f G * GP)
Pe{G ) Pe(G)

Taking account of the fact that:

wGP -  0 , by definition of the centre of mass G.
P e(G )

And in a similar way for the derivation of inertial moment, (2-5) becomes:

(2-6) M qj = IG* ifi<jVG + I qTq

Where:

mG is the mass of the gyroscope.

f G is the absolute angular velocity of the gyroscope.

For reasons of symmetry, I G may be written as: 

r P 0 0^
(Jeudy, 1981)(2-7) I G =

Where:

I G is the inertial moment of the gyroscope with respect to point G in the system

J xyz *

P  is the inertial moment of the gyroscope with respect to its axis of rotation Gx.

Q is the inertial moment of the gyroscope with respect to any axis perpendicular 

to Gx and passing through G, for example, Gy and Gz .

2.4 Movement equations:

Use the fact that the derivation with respect to time of kinetic moment of 

a solid body is a function of the moment of external forces affecting the body. 

This is proved again here, taking into account that “I” is a movable point. The 

absolute kinetic moment for the whole system (gyroscope and carriage) may be 

written as:

(2-8) M ,=  J ^ IP * w V P(Jeudy, 1981)
Pe(T)

Where:

T, in equation (2-8), denotes the total system (gyroscope and carriage).
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dA/f j dAdfi dMCr
(2-10') = — 2 l + — S -,

dt dt dt

Where M G and M c are given by (2-6) and (2-3) respectively. 

By differentiation (2-3) becomes:

23

M j  is the total kinetic moment of the system, gyroscope and carriage; :j

( M , = M C I + M G r )  :j

.3
By differentiating M j  in (2-8) with respect to time: a

rfiCf „ 1
(2-9) = Y u(Vp ~ Vi ) * w Vp + J

d t  P e(D  Pe(T)

Where:

y/p denotes the differentiation of VP with respect to time, y/P -  — . In a j
dt j

general way, y/P describes the absolute acceleration of the point, P. j
••o

I
The second term of the right-hand side of (2-9) is none other than the moment of ij

%
external forces affecting the total system. These forces are the gravitational J
forces of attraction of the earth and other celestial bodies, the accelerating and J

■k
decelerating forces applied to the spinner, the tape tension, and the torsion of the a

tape and the damping forces. If M E denotes the moment of external forces, then, 

the equation (2-9) becomes:

(2-10) ^ -  = -V j* m V T ^ M E

Where:

M e is the moment of external forces in the total system (gyroscope plus 

carriage).

m is the mass of the gyroscope and the carriage (m = mc + mG ) .

2.4.1 Calculation of ——-  : I
dt |

Differentiating the expression (M f = M Cj + M G}) with respect to time
J

gives: J



1
4
J

dM Cl -  -  _ _ *
_ £ l  = (VG - K,) * mc Fc + /G * mc!?c + mc {Vc - V G)*Va 

at

+ mc GC*,pG + ( ^ S L  f c )c^  + f c * ( /Co f c )

The last term is due to the absolute derivation of the vector f c .

dlc „ 1
Where (— — I C)G denotes the vector having its components as the derivations

dt xyz

of the components of {IC(S c )  expressed in the system Gxyz.

Since Vc *VG -  ~VG * Vc , the last equation may be written as:

dM Cl ~ -  -
—— — —Vj *mc Vc +IG* mc \j/c + mcGC * y/G

(2-11) dt J

+ (^ L f c ) o - + f c * ( / c “ f c )

By a similar process applied to (2-3), equation (2-6) becomes:

dM ,

(2-12)
= (VG-  V,) * mGVG+ IG *

+ ( ^ f G)0 m + r c * i af G

Since VG *VG = 0,

Then (2-12) becomes:

dM  G -► -* dl n ** — «
(2-13) — % - = -V I *mGVa + IG *m G<Pa + ( - f r c )G + r c * IGYG 

dt dt xyz

The right-hand side of equations (2-10'), (2-11) and (2-13) are substituted into 

equation (2-10) to give:

- V } * mVT + M e = —Vj * (mcVc + mGVG)

—■ _ — _ dIGr, —
(2-14) + IG * (mc y/c + mĜ G) + mc GC * y/G + (” ^ " r c)G,;,z

+ f C *(IC(f c )  + ( ^ - f a )Gv  + f c • ( /< £ ,)

Since:

777^ = m GVG + mcVc and

my/T = mGy/G + mc y/c (Goldstein, 1959)
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So, from (2-14), the basic equation of the moment of external forces may be 

written as:

d lCn „
M e = IG * m y/T + mc GC * y/G + (— TC)G

(2-15) dt
~ ~ d l^  ~ ~

+ r c  * ( / Cor c ) + ( ^ r G)c^  + r c  * ( / 0 r 0 )

This equation explains that the derivation with respect to time of kinetic moment 

of a solid body (gyroscope and carriage) is a function of the moment of external 

forces affecting the body. Below the total kinetic moment is derived directly.

2.4.2 Calculation of the moment of the external forces M E :

By definition the moment of the external forces M E, which may be 

written as:

M e = ^ I P *  M fip  + B P) + ck +cai - c di
Pe(T)

Where:

J] p , B^ are respectively the earth’s gravitational vector and the gravitational 

vector due to all other celestial bodies combined.

k  is the unit vector of the axis Gz .

c is a function of the angles a  and (5 and their derivatives, and thus, ch is the 

moment due to the tape torsion and damping forces. 

i is the unit vector of the axis Gx.

ca and cd are the functions of accelerating and decelerating forces applied to

spinner, and thus, c j  and cdi are the moments due to these forces.

As the last two terms in the above equation cancel each other, then M E 

becomes:

(2-16) M e = '£ l P * w ( f i P +B P) + ck
f e(T)

Now find the relationship between g , the gravitational acceleration and 

{pP + B p ) , the gravitational forces of attraction.
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2.4.2.1 Relationship between g  and (fiP + B P):

Consider a solid body of mass (w) that rests 011 the surface of the earth. 

This body is under the influence of its own weight (w g) and the reacting 

pressure of the surface of the earth ( p ). In a non-dynamic system these forces

are in equilibrium, we have: p  + wg = 0 (figure 7).

Figure 7 

A body resting on the surface of the earth

P

Surface of the earth

P: Centre of gravity of the body being considered

If, this body is imagined to be in motion with respect to the surface of the earth, 

and Vg is the velocity of its centre of gravity, P, with respect to the surface of the 

earth. The absolute velocity of P is thus given by:

(2-17) VP =V0 +m*OP + Vg (Jeudy, 1981)

Where:

O is the centre of gravity of the earth.

Differentiating (2-17) with respect to time:

(2-18) y/p =y/0 + ^ * O P  + m * ( V p - V 0 ) + y/g + m *V g ,

The last term of (2-18) is due to the fact that y/g is only the relative partial 

derivative of Vg and we want the absolute derivative of Vg , which is: 

y/g + m * Vg .
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Substituting VP from (2-17) and assuming that the earth rotates with constant

d&j
angular velocity and therefore —  = 0 . The earth rotates once every sidereal day

dt

m = - ? £ _  «  0.000073 rad:ans , (2-18) becomes:
86164 sec.

(2-19) y/p -  y/0 + m * (m * OP) + y/g + 2m * Vg,

The double vectorial product is changed according to the formula:

(2-20) m * (dr * OP) = (m.OP)m -  (gt)2 OP (Chester, 1979)

Where (tn. OP) is the scalar product of m and OP

Figure 8

Reduction of the double vectorial product

m

O centre of gravity of the earth

With the unit vector u -  — , the relation (2-20) becomes (see figure 8)
m

m *(m * OP) = m 2[(ii.Op)u-  OP] = m 2[OM

(2-21) m * (m *  OP) = - m 1MP

This is a well-known formula, in classical mechanics, expressing the 

centrifugal acceleration perpendicular to the instantaneous vector of rotation. 

Although a particular case of a solid body in contact with the ground (figure 7) 

was considered, the formulae established in this section, in particular* the formula 

(2-24), has a general character.
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Having taken account of (2-21), (2-19) becomes:

(2-22) y/p =y/0 +y/g -h 2m * Vg -  MP|cr|2

Returning to the case when the body is in equilibrium under the forces acting 

upon it. In this case, V  and y/g are zero. Consequently, formula (2-22) 

becomes:

y/p = y/Q -  MP\m\2

Taking account of one of the principles of mechanics that wy/P is equal to the 

sum of the forces acting on the body being considered, therefore: 

p  + w(j3P + B P) = wy/p

(2-23) p  + w(/3P + B P) = wy/0 -  wMP|^|2

Since p  + wg = 0, for a non-accelerating body, (2-23) becomes:

(2-24) g = p P +QP - y 0 + MP\m\2

Having taken into account of (2-24), M E in the previous equation (2-16) 

becomes:

(2-25) M e = Y ,I P * w (g  + y/0 -MP\m\2) + ck
fe(7■)

Suppose g  is invariable within the volume occupied by all the possible positions 

of the total system, (2-25) becomes:

(2-26) M E = m l f  * g  + m l f  *y/0 ~ 2  ̂  + ck
P e(T )

If MP is considered practically constant for all points of the total system and it

is equal to JT  where J is the orthogonal projection of T on m passing O, see 

figure 9, M and J are almost co-located on the earth’s rotation axis, then:

(2-27) IP * wMP\wi\2 a m l f  * j f \ m \2
Pe(T)



Figure 9

J orthogonal projection of T on m

T

m

O centre of gravity of the earth

Taking into account (2-27), (2-26) becomes:

(2-27') M E = m l f * g  + m(IG + G f )  *ij/ 0 + TJ\m\2 +

Because, i f  = IG + G f  and j f  =  -T J

By equalling the right-hand sides of equations (2-15) and (2-27'), we get:

(2-28)

m l f  *  g  +  mIG *  (y/ 0 - y / T)-\- (mGT  *  y/ 0 -  mc GC *y/G)

— —i i9 — "t" ) — — **
+ m/7’* 7 7 H 2 + c* =(•  ^  )o „  + r c *(^cGr c + / Gr G)

The third term of the left-hand side of (2-28) could be simplified since:

m =  mr  +  mn 
(2-28') c 0

G f  =  GC + C f

Then the third term of the left-hand side of (2-28) may be written as:

(mc + mG )(G^  + C^) * Wo -  mc ° C  *V g = 
mc GC *(y/0 -i//G) + (mc CT + mGGT) * y/0

The second term of the right-hand side of (2-29) is zero, because by definition, T 

is the centre of gravity of the total system:

mc C f  + mGGT  =  0

Finally, substitute (2-29) into (2-28) to get:

m l f  *  g + mIG *  (ipo + mc GC *  ( y/ 0 —y/G') + m l f  *  r J |®-|2 +  ck
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This equation so far, represents the three Euler equations. Next, the terms of 

equation (2-30) are evaluated in detail.

2 A .2 .2  Evaluation of the term m IG  * (i\j/Q - y / T )'.

First calculate (y/0 -\J/T)\

(2-31) VT = V j + ( m  + r ) * l f  (Jeudy, 1981)

(2-32) Vj  = VA + m *  A I  + V Iq 

Wliere:

f  is the angular velocity of the system G xyz with respect to the system Gx 'Y'Z' 

because the axes of Gx 'Y'Z' an<̂  O^z are parallel.

Vj  is the velocity of point I with respect to the system , but:

(2-33) VA = V 0 + w * O A  

Wlrere:

O denotes the centre of gravity of the earth.

Substitute (2-33) into (2-32) and then everything into (2-31):

(2-34) VT = V 0 + V Jo + m * O T + f  * i f

Because, m *(OA + A I) = m * O I  and m * (OI + IT) = m* O f  

Differentiating (2-34) with respect to time:

J n

(2-35) = + 6  * ~ •*+ + #  * ^ !°  + (rd t )abs * ^
+ f * ( V T - V , )

Where the term, (Vi0 + & * Vj0 ) is the absolute derivative of vector VIq and

(— )ahs denotes the absolute derivative of vector f . It is assumed that: 
dt

Replace (VT - V0 ) and (Vr ~V7) in (2-35) by their values obtained from (2-34) 

and (2-31) respectively, after taking into account that:



Because (dr + f )  * f  = dr * f  . Then, (2-35) becomes:

(2-37)

Wt - W o = ^ * ( ^ * O f )  + ( ^ ) Gĵ  *IT  + 2&*VIo +y/Jo + m * ( f *  i f )

+ ( m * f ) * l f  + f  * [(dr + f ) * IT]

The first term of equation (2-37) has already been calculated for T ~ P in the 

formula (2-21) (see figure 9), where:

(2-3 8) dr * (dr * OT) = -  j f \m \2

The double vectorial products are changed with the formula:

(2-39) A * (B * C) = (A.C)B -  {A.B)C (Chester, 1979)

Where A, B , and C are any three vectors.

Finally (2-37) becomes:

W t ~ W o  ~  ^ | ^ | 2 + 2di * VIq + y/lQ + { m . l f ) f  -  ( m . f ) l f  

(2-40) + * I f  + ( I f - f i t  -  i & r f i

+ ( f . l f ) m  -  (T .m )lf  + ( f  .IT)f  -  ( f ) 2

After reductions and simplifications (2-40) becomes:

V t ~ H > o =  TJ\m\2 + 2  m *  VIg + <j/,0 
(2-41) ^ _ Jn _

+ [IT.(2m + r)]T  -  [T.(2ar + T)]IT + (— )Ĝ  * IT

To obtain a more detailed expression of (2-41) we introduce the components of 

or, f  and i f  into the system G^,z :

r<f|
f 0 l

(2-41') m  = £ , f  = and IT = 0 (/>  0)

Gxyz - K GXyz

Where:

D, E  and F  are components of m in Gxyz.

d, e and /  are components of F in Gxyz.

I is a distance from I  to T (/ = 7T); / > 0
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The vectorial and scalar products of (2-41) are related by these formulae 

(Stroud, 1995)

A * B = ( A /  + Ay j  + Azk ) * (Bxi + Byj  + Bzk)

A * B  = (AyBz -  AzBy )i + (AZBX -  AXBZ ) j  + (.AxBy -  AyBx)k 

and:

A.B = ( A j  + A~j  + Azk U B j  + Byj  + B

A.B — AXBX + Ay By + AZBZ

Where A and B are any two vectors.

The following expressions for the last three terms of (2-41) may be written:

(2-42) [IT.(2m + T)]T = -1(2F  + / ) e

v /y

(2-43) -[T.(2m + T)]IT =
0
0

l[d(2D + d) + e(2 E + e) + f ( 2 F  + / ) ]

(2-44) (— )G *IT
dt xyz

- e l \  
dl 

V 0 J

Where:

d  and e denote the derivatives of d  and e with respect to time.

Then, having taken account of expressions (2-42), (2-43) and (2-44), 

equation (2-41) becomes:

(  - d ( 2 F  + f ) - e  }
(2-45) y/T -  \j/0 — TJ\m\2 +2m* Vr + y/r +1 -e (2  F  + f )  + d  

d(2D + d) + e(2E + e)
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Also the expression {y/G - f o )  1S obtained from (2-45) by changing T to G, 

I to lG and J to H where H denotes the orthogonal projection of G on the vector 

m passing through O the centre of the earth (see figure 10).

(2-46) VG ~W o= GH\S\ + * V,0 + +

- d ( 2 F  + f ) ~ e  
-e (2  F  + f )  + d 

d(2D  + d) + b ( 2 E  + b )

Where IG is the distance from I to G (lG = IG)

Taking into account of (2-45) and (2-46), the basic equation (2-30) can thus be 

written:

m l f  * g - m I G  * TJ\m\2 -  (mIG + mc GC) * (2m * V 1q + y/lQ)

(2-47) -  {mllG + mc lGGC) *
f  - d ( 2 F  + f ) - e  )  

- e ( 2 F  + f )  + d  
d(2D  + d) + c(2 E  + e)

mc GC * GZ/|e7j

_ —i 12 -* d{Ir> "VG ^~IĜ G) ** — *•
+ mIT*TJ\m\2 +ck  = ( c A

dt
\2The three terms of (2-47) containing \zu\ are equal to:

(2-48)

{mGT *TJ - m cGC* GH)\m\2 = [{mc + m + ) 2

= [mc GC *(77 -  + +

= mc G C *{TJ-G H )\m \2

Because mc CT + mGGT = 0 by the definition of T, the centre of gravity of the 

whole system and m ( l f  -  IG) = mGT .
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Figure 10

I ~|2Reduction of the term containing \zu\

m (earth rotation)z  (mast)

The plane (n) is perpendicular to m and passes through T, and Q is the

orthogonal projection of G on (71) then, GH -  Q J .

Taking account of the above explanation of figure 10:

TJ -  GH = TJ -  QJ = TQ

The three terms of (2-47) containing \m\ are thus equal to:

(2-49) (mlf* TJ -  mIG * T J - m c GC*  2 

From (2-47) the coefficient of 2w * VIq + \j/lQ is:

-  (mIG + mc GC) = ~[(mc + mG)(IC + CG) + mc GC]

(2-50) = -[m c IC + mGIG]

= —m l f

Because ml = mclc + mGlG by definition of T.

Finally, the expression mllG + mclGGC in (2-47) becomes:
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f  0  1  f  0  1
mllG-\-m cIgGC - m l  0 + mc lG 0

k~ I g )  V g  ~ ? c  j

f  0  1 f ° l
0 !! 1 0

V n C^G ~  m C^G^C ~  m ^ G  )

Where lc is a distance from I to C (lc -  1C) and lG is from I to G (lG -  IG) 

L is the constant defined by:

(2-51) L  — IG { iyig Ig  mclc ml)

But, ml = mclc + mGlG, consequently the expression of L becomes:

(2-52) L — —lG [lG (mc — mG) — 2mclc ]

(2-53) L — mGlG +mc lG — mc (lG — lc )2

The term of (2-47) containing {mllG + mc lc GC) will be:

(2-54)

Taking account of (2-47), (2-49), (2-50) and (2-54), the equation (2-30) 

becomes:

f ° l
'  - d ( 2 F  + f ) - e  N '  L{e{2F + f ) - d ) '

0 * - e ( 2 F  + = -L (d (2 F  + f )  + e)

A Kd(2D  + d) + e{2E 4- c) ̂
I  0 J

f ° l V v "
'  ° 1

f  X  }  X q

ck +m 0 * g y + mc 0 *
y o

l - h \ g z  ; J g  ~ ^ C y

*****101Oi
ISI

(2-55) + m
'  L(e(2F + f ) - d )  '

0 * {2m * Vj + ViQ) + -L (d (2 F  + f )  + e)
0V 7

d i l c r ^ c + ^ o )
o a  w  + F c  * ( 7c0 r c  +  / c r G)

Where g x, g y and g z are the co-ordinates of g  in Gxyz and xQ, y Q and zQ are 

the co-ordinates of Q in Gxyz.
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2.4.2.3 Calculation of the Co-ordinates of point Q:

The point Q belongs to the plane (tx) (see figure 10). Its equation is of the

form:

xD  + yE + [z -  (lG -  l)]F = 0

This is the group of points verifying the formula: PT.m = 0

Suppose r is an unknown to be determined, the co-ordinates of Q are in the form:

Xq = rD, y Q -  rE and zQ = rF

Substituting these co-ordinates into the equation of the plane (tc): 

rD2 + rE2 +[rF2 -(la -  l)F]  = 0

F (/g - / )  FQg -1 )
2  . r - 2  . r . 2 ,  i - i 2(£> + E

Where D, E  and F  are components of the vector w in the system Gxyz 

The co-ordinates of point Q are:

(2-56) ^
\m\ \in\ si

Now derive the transformation matrix between the two systems and Gxyz.

2.4.2.4 Transformation between the two systems O ^  and G :

The point G (figure 11), as defined in Chapter 1, is the centre of gravity 

of the gyroscope. It is also, the origin of the two co-ordinate systems Gxyz fixed 

in the rigid body and GXTZ, fixed in space. Both co-ordinate systems Gxyz and 

GXVZ' are right-handed and the planes Gxy and Gx r  intersect along the line 

Gn which is perpendicular to the plane through the axes Gz > and Gz . Choose 

the orientation along GN in such a way that the system GNZ>z is right-handed.

The three angles, Z'Gz, X'GN  and NGx are known as Euler angles which are 

defined by Leimanis (Leimanis, 1965). In this project, Euler angles are denoted 

by a  and j3 respectively. The angle y  lies in the range, 0 < y < 7i. The angle 

a  (0 < a  < 2tx) is called the angle of precession and the angle (3 (0 < jB < 2n) the

36



angle of proper rotation. If these angles y9 a  and (3 are known as functions of the 

time t, then the position of the system G with respect to the system GXTZ> is 

defined.

Figure 11 

Euler angles a, (3 and y

z — z ]

x

Among the nine possible rotations from the axes of the system G^z to the axes

of the system GXYZ> there are only three independent rotations. They are the 

following successive counter-clockwise rotations:

(a) Rx (G X'y’Z, ) is a rotation through the angle a  about the Gz« -ax is . 

G^j -  axis coincides with the GN axis.
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(b) R2 ( GXxy[Z{) is a rotation thimigh the angle y about the Gx> -a x is . 

Gy -  axis lies in the plane Gz>Z{ and makes the angle /  with Gy* -  axis.

(c) R3 ( Gxyz) is a rotation through the angle J3 about GZ) -  axis until GX{ ~ axis

coincides with Gx -  axis and G axis with Gy -  axis.

The transformation from co-ordinates fixed in the rigid body, x, y, z  to space co­

ordinates X ' Y\ ZTnay be written as:

f x 1 f * lY’ = R y
7' A

Where R — (Rl)(R2)(R3)
The above matrix equation may be written as these formulas: 

( cos a  -  sin a  0 Y ^

n  
z \

F =

7 'V V

sincr cos a  0
0 0 1

( * l ) f

Y{ =

U ' J V

0 0
0 cos y - s in  y 
0 s in /  cosy

V Xl'

Ti

KZU

r  COS f5 -  sin p 0^ f XS

y\ = sin p cos p 0 y
I  ° 0 K A

And the matrix R may be written as this formula:

Y o s/?co so :-s in /?sin«cosy  -  sin p  cos a  -co s /?  sin a  cosy s in as in y   ̂
R =  cos p  sin a  + sin/? cos a  cosy -  sin p  sin a  + cos/? cos a  cosy  - c o s a s in y  

sin /  sin /? sin /  cos f3 cos /

The inverse transformation from space co-ordinates X\ F  and Z' to the rigid 

body co-ordinates x, y  and z may be written as:

rx ^

y = R~l Y’
A Z'\ J
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In a very similar way, ignoring the shift of origin between the two systems 0 ^ -  

and Gxyz, and supposing B is the matrix that transforms the co-ordinates 

x, y  and z  of the system into the co-ordinates x, y  and z of the system

Gxyz •

y - B y
KZ )

B has the following expression:

B = R-'

(2-57)

f cos p  cos a  -  sin p  sin a  cos y  
B =  -  sin p  cos a  -c o s /?  sin a  cosy 

sin y  sin a

cos p  sin a  + sin p  cos a  cos y  sin P  sin y  ̂
-  sin p  sin a  + cos p  cos a  cos y  cos P  sin y 

-  sin y  cos a  cos y

(  0 '
Since g = 0

g x ~ -g s in /? s in y  
(2-58) g y = -g e o s /? s in y  

g z = - g c o s y

in , the components of g  in Gxvz are:xyz

Let us calculate the vectorial products in the equation (2-55). Firstly, 

(2m  * V} + y/Io ) is evaluated in terms of components. If x7, y } and z7 are the 

co-ordinates of I, in the system , (j) is the latitude, the components of m in

0 Wz are:

(2-59) m
m cos (jP 

0
m sin (fi

The co-ordinates of (2m  * VIq + y/lQ ) in 0 Xy- are:
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(2-60) 2m * VIq + y/lQ -  2
'V c o s ^ { -  \  XJ fyi

0 * Pi + iv
Kmsm^) y

Where the dot denotes the first derivative with respect to time and the double 

dots, the second derivative with respect to time. (2-60) becomes:

(2-61) 2m * Vk) + y/I(
-  2myj sin <p + Xj 

2m{x} sin <fi -  z7 cos (f>) + y f 
2mpj cos <p + z }

2 Oxyz

By pre-multiplying (2-61) by the matrix B from (2-57) we can obtain the

components of ( 2m * Vj + y/,o ) in the system Gxyz, which are Xx, Xy and Xz .

Having taken account of these symbols and of equations (2-56), the left-hand 

side of (2-55) becomes:

y  /  y

mlgx+mc DF(lG - / ) ( /G - l c ) + mlXx - L[d(2F + / )  + e\ 
0 + 0 + 0 + 0 + c

(2-62)

Where c is a function of a  and /? and their derivatives

2.4.2.5 calculation of the right-hand side of the equation (2-55):

The components of the angular velocities f c , f G and 3  are expressed in 

the system Gxyz

2D + d '
And f G = f  c + 3r c = m  + T = E + e

F  + f .^  2  Gxyz

Where, & =

J g

see figure 5.

xyz

3  is the angular velocity of the gyroscope with respect to the carriage. a> has the



following values: 

co= coo when t = t0 

and:

co= cox when t ~ t l

Let, t = tx

^ D + d + cox ̂  
E  ■+■ e 

F + f

Consequently, see equations (2-4) and (2-7):

rp ' 0 (p ' D + d > 'P 0 (T D + d  + cox

/ c / c  + i Gr G - 0 & 0 E + e + 0 Q 0 E + e

1 ° 0 R,J KF  + f , 0 a I F  + f  ,

which gives, having created the products:

(2-63) / Ccf c + / Gf G

/'(P + P')(D + d)+a)lP 
(Q + Q'XE + e)

V (J r + Q X F + f y

The last term f c * (Ic f c  + I g^ g ) ° f  equation (2-55) has the value: 

(2-64)

f D + d ' \ P  + P')(D + d) + m (R '-Q ') (E  +  e)(F + f )
E + e * (6  + e'X  ̂+ e) = (P + P ' - P ' -  0 ( D  + c/)(F + / )  + o>!P(F + / )

y + f , , (R' + Q)(F + f ) , (fi + f i ' - P '- P X D  + rfXJE + ̂ - ^ P ^  + e) ,

Differentiate (2-63) and add it to (2-64) and then equalise the result to get (2-62) 

because it is equal to the right-hand side of (2-55). Three movement equations 

with seven unknowns, which are functions of time xI , y I , z 1,a ,{5 ,  y and cox 

are obtained. The first three equations are written below.
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The first one is:

(2 65) mlgy ~ mcEF^ G ~ l^ l° - l c ) - mUy+L[e(2F  + f ) - d }
= ( P  + P ' ) ( D  + d )  + cb1P  + ( R ' ~  Q ' ) ( E  + e ) ( F  + / )

The second equation is:

/o ^  - m{%x+mc D F(lG - l) ( lG - lc) + m a x ~ Lld (2F + f )  + el (2-66)
= ( Q  + Q ' ) ( E  + e)  + ( P  + P ' ~ R , ~ Q ) ( D  + d ) ( F  + f )  + colP ( F  + f )

The third equation is:

(2-67)

c ( a ,  f i ,  d J )  = ( R '  + Q ) ( F  + f )  + ( Q  + Q ' - P ' ~  P ) ( D  + d ) ( E  + e ) ~  cdxP ( E  + e)

The above three equations are called also the Euler equations. A fourth 

equation is obtained because x7, y 7 and z7 are not independent variables, the 

length £ of the tape is constant. We have the equation of a sphere with centre at 

A and radius £:

(2-68) Xj2 + y 2 + z72 -  2zj£ = 0 because z A — £ (Jeudy, 1981)

Tlrree other equations may be obtained by applying the laws of 

mechanics of movement of the centre of gravity of the total system. Before 

carrying on in this direction it is useful to calculate D, E  and F  and d,  e a n d /in  

the equations (2-65), (2-66) and (2-67).

2.4.2.6 Calculation of d , e and /  the components of f  in G xyz:

Suppose a ,  /3 and f  are the angular velocities of the variables a,  f5 and

then:

(2-69) f  = + $  + f

From the system G xyz (figui'es 12, 13 and 14) a ,  p  and y  may be written as:
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'  a s in y  sin p '
f 0 l

'  y cos p  '
(2-70) = a  sin y  cos p J  = 0 ,?  = -  y  sin p (Jeudy, 1981)

a  cos y JGxyz J j Gxyz ,  0 , Gxyz

Substitute (2-70) into (2-69) to get:

(2-71) f  =
a  sin y  sin p  + y  cos p '  
a  sin y cos p  -  y  sin p  

a  cosy + p Jgxyz

e

lxyz

Figure 12

Angular velocities a, f t  and y of the variables a, p  and y

Z '
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Figure 13

Components of a  relative to the axes Gx and Gy

a  sin y  cos f3

a  sin / s in  /? a s m /

x

Figure 14

Components of f  relative to the axes Gx and Gy

y-  y sin 0

Also the components of F in GXTZ. :

'O '
(2-72) d r-  

(Jeudy, 1981)

0
r /^sinysinor '

, p =

\ a J a x r r

J3 sin y cos a  

pcosY
>r

f  fc o s a ^  
Y sina 

0J Gx'y’z' ' Gxrz



Consequently:

'  p  sin / s in  a  + ;rcos a  ^
(2-73) f  = -  J3 sin y  cos a  + y  sin a = q

flcosy  + a
G x r z ’ Kr J g x y z

Where:

p, q and r are the components of f  in GXTZ<.

2A.2.1 Calculation of D, E  and F  the components of m in Gxyz:

Pre-multiplying the components of m in 0 ~ , equation (2-59), by the 

matrix B equation (2-57) to get:

D = K7[cos ̂ (cos /3 cos a  ~ sin ft  sin a  cos y) + sin (f> sin sin y ],
(2-74) E = cr[cos </>(- sin J3 cos a  -  cos (3 sin a  cos y) + sin (j) cos (3 sin y],

F  = G7[c o s^ s in /s in a  + s in ^co s/] .

2.4.3 Calculation of the three additional movement equations:

By applying Newton’s second law to the centre of gravity, T of the whole 

system, this relation may be written:

my/T = S + m(/3T + B r )

Where:

p T and B r are respectively the terrestrial and astronomical gravitational forces. 

S  is the tension of the suspension tape at point I.

Since T, is the centre of gravity of the whole system, the reacting forces due to 

accelerating and decelerating forces applied to the spinner are zero.

We know that + B r = g + y/0 ~ J ? |^ |2, see (2-24). Substitute this 

equation into the one above to get:

(2-75) m(y/T - y / Q) -  S + m g-m JT\m \2
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(y/T - f o )  ^as already been evaluated by formula (2-41). But we want to

express (2-75) in the system . To do that another expression of ( ~ ~)gvj„

must be found: 

d r  clT „ ~
(— )ab<! ~ (— )o— + m * rdt dt xyz

Having taken account of (2-36):

( 2 - 7 6 )

Then, (2-41) becomes:

y/r - i j /0 = TJ\fi\2 +2m* VIo + ij/, + + f  )]f

(2-77) _ .  ,  r f f
-[T.(2w + r)]IT + Q ) 0- * I T

Where the only change with respect to the equation (2-41) comes from the 

derivative of f . For scalar products, the components of f  and i f  in (2-77) can 

still be evaluated with their components in Gxyz because the scalar products do 

not vary with a change of the orthogonal coordinate system. To obtain the 

components of IT  in , the vector (0, 0, -  /) is pre-multiplied by the matrix 

BA. This gives:

(2-78) IT  =
r- l s in y s in a ^

. Since B is an orthogonal matrix, B~l -  B 1I sin y  cos a  
- I  cosy

®xyz

Equation (2-61) gives the components of (2m*VI() + y/ lQ) in 0 — . 

Substitute (2-77) into (2-75) to get:

m{2m * VlQ + y/I() + [if.(2m  + f  )] f  -  [ f  .(2m + f ) ] l f  +
(2-79) .  _

( dT)o-  *IT} = S  + mg

It is necessary to express all terms of this equation in the system .



2.4.3.1 Calculation of the components of S  in O'=%:

Firstly, the two vectors S  and IA  are collinear. IA  has the following 

components:

(2-80) IA  =

I  sin cos 
•fs in^sinA  

I c o s c p

(see figure 4)

The unit vector v
IA

IA
has the components: v =

-  sin cp cos A
-  sin (p sin A

COS£> j

Finally, the components of S  in may be written as:

(2-81) S  =

sin (p cos A 

sin cp sin A

S cos (p

Taking account of equations (2-61), (2-41'), (2-73), (2-78) and (2-81), 

equation (2-79) becomes:

-  2x n y j  sin <f> + X j  N

m 2 t u { X j  sin (/> — z I  cos (f)) + y t - m l ( 2 F  + f ) q

(2-82) m [ d ( 2 D  + d )  + e ( 2 E  + e)  + f ( 2 F  + / ) ]
-  / sin y sin a  

I sin y  cos a  

- 1 cos y
+

m

q l  cos Y ~ r l  sin y cos a  

p i  cos y  - r l  sin y sin a  

p i  sin y  cos a  + q l  sin y sin a

sin (p cos A 

sin (p sin A 

cos cp

+

(  o 
0

- m g )

As an extra unknown is introduced, an eighth equation should be found for the 

function \s \ .
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2.4.4 Calculation of the eighth equation of movement:

Talcing account of the fact that the derivation of the kinetic moment of 

the gyroscope is equal to the moment of the forces acting 011 it, a very simple 

equation is obtained.

Figure 15 

Forces acting on the gyroscope

Qi

GQi ~ -G Q 2 -  - s

The gyroscope is suspended at the ends of its rotation axis Gx at Qj and Q2. At

these points, the reactions of the carriage on the gyroscope are R\ and R2 . The 

gyroscope is also under the influence of the gravitational forces of attraction, but 

they have zero moment with respect to G, as G is the centre of gravity, figure 15.

The kinetic moment M Gq of the gyroscope with respect to point G can be

calculated as:

(2-83) M 0a = J^G P *w V P = J^GP*w(Va +
Pe(G) Pe(G)

Where VP — VG + f G *GP

48



(2-84) M Gg = ^ G P *  (wrG * GP) = I Gf G. See equations (2-5) and (2 -6 ).
Pe(G)

The differentiation of M Gg with respect to time can be calculated as:

(dP p L)a„s = I ( ^ - F G)*WFP + Y jGP*WV?p
a t  P e(G ) P e(G )

The first term of the right-hand side of the equation above is equal to zero 

because G is the centre of gravity of the gyroscope. The second term represents 

the moment of external forces affecting the gyroscope. Therefore:

dM G ~ _ _ _ _
(2-85) G - ^ - ) abs = M Ea = GQX * + GQ2 * R2

Where:

M Gg is the kinetic moment of the gyroscope with respect to point G.

M Eq is the moment of external forces acting on the gyroscope.

Substitute (2-84) into (2-85) to get:

(2-86) = GQ, * Rx + GQ2 *R2

Where:

f  R )
-

R n and r 2 = , GQX = -GQ2 = - s i

A  J J

!  is the unit vector of the axis Gx .

s is the distance defined by; GQ\ = -G Q 2 = - s  (figure 15).

From the definition of the absolute derivative of a vector (Chester, 1979): 

+ f c * Uofo)

Since:

f c = f  + m

The equation (2-86) becomes:
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dIr Fr (2-87) (■ 0  G
dt

)Gxyz + (^ + r )* ( /GrG) o

v O y

|V | ( R  'X2
+ 0 * Rn

^ Z1J , 0;

/ Gf G has already been calculated in (2-63) and f G = f c +d). Then, I Gf G may 

be written as:

(P  0 OYD + J  + ^ j')

I gTq

A

E  + 6 

F  + f

Then:

r P(D + d  + cO\) ' 'D  + d''
Q(E + e) and m + T = E + e

,  Q(F + f )  , dxvz S  + E

After substituting these expressions into (2-87) we get: 

(2-88)

'  P 0  + d  + d>{) r o ^ '  o N '  o N
Q(E + e) + (F + m D  + d ) ( P -Q )  + colP} = sR.t + ~ sRZ2

v Q(F + f )  , K(E + e)[(D + d)(Q-P)~C0\P] / ~ sR v% v y\ J sRn  J

Finally, from (2-88) the following three equations may be written: 

(2-89) P(D + d + cbl) = 0

(2-90) Q ( E  + e)  + ( F  + f)[ (D  + d)(P - Q )  + o>lP] = s(RZl -  RZ2) 

(2-91) Q { F  + / )  + (£  + e) [(D + d ) ( Q - P ) - c o xP] = - s (R yi -  Ryi)

The most useful equation is (2-89) because it does not contain the 

reactions R x and R2. Therefore, eight equations with eight unknown terms form a 

system of general equations of movement for a suspended gyroscope. These 

equations are in a rigorous non-linearised form.
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2.5 Outline of the eight movement equations:

The eight movement equations obtained in this Chapter are the three 

Euler equations (2-65), (2-66) and (2-67), equation (2-68), and three components 

of the vectorial equation (2-82) and the equation (2-89). They are written as 

follows:

m\g —mc EF(IG - l ) ( lG - l c ) - m U  + L[e(2F + / )  -  d]
(2-65)

= (P + P')(D + d) + (bxp  + (R ' -  Q')(E + e)(F + / )

- m *8 ,'+ ™CDF(la - l)(lc - l c ) + mlXx - L[d(2F + f )  + e]
(2 -6 6 )

= (Q + Q')(E + e) + (P + P ' - R ' -  Q){D + d)(F + f )  + co{P(F  + / )

(2-67)

c(a, j8,d,j3) = (R’ + Q)(F  + / )  + (Q + Q  -  P' -  P)(D + d)(E + e)~  a>,P(E + e)

(2-68) Xj2 -I- 2 + Zj2 -  2 z j i  -  0

m{r 2xuyl sin(j) + xI ) - m l ( 2 F  + f ) p  —
(2-92) m[d(2D + d) + e(2E + e) + f ( 2 F  + / ) ] ( - /  sin y  sin a)  +

m(-ql cos y — rl sin y  cos a) = -  S  sin (p cos A

m[2m{xj sin (/>-z1 cos<f>) + y m l ( 2 F  + f ) q  —
(2-93) m[d{2D + d) + e(2E + e) + f ( 2 F  + / ) ] ( /  sin y  cos a) +

m(pl cos y  — rl sin y  sin a)  = -  S  sin (p sin A

mQmyj cos0 + z I ) - m l ( 2 F  + f ) r  -  
(2-94) m[d(2D + d) + e(2E + e) + f ( 2 F  + / ) ] ( - /  cos y) +

m(pl sin y  cos a  + ql sin y  sin a) — 

(2-95) D + d + c b ^  0

cos <p -  mg

The eight unknown parameters xlt y j9 z j9 a, fi, y, cox and S  are

determined by these eight differential non-linear equations of second order. The 

unknown parameters are respectively, the three co-ordinates of the point, I in the
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system 0 — , see figure 4, the three Euler angles, which determine the position 

of the carriage with respect to the system GXTZ, parallel to , the angular 

velocity of the spinner with respect to the carriage and the tension of the 

suspension tape.

The general differential equations of motion for the suspended 

gyroscope, obtained in this Chapter, are rigorous, non-linearised and second 

order. These equations are fundamental for the determination of the apparent 

equilibrium of the suspended gyroscope and essential to obtain the equations of 

oscillations (Jeudy, 1982). It is difficult to solve these equations, as they are in 

their complex form, explicitly by analytical solutions. Therefore, these equations 

are linearised and solved in Chapter 3.
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III. LINEARISED MOVEMENT EQUATIONS

3.1 Introduction:

From the general, non-linear, rigorous equations of movement developed, 

in the previous chapter the apparent position of equilibrium is determined by 

putting all derivatives of the motion parameters to zero. Two cases for the 

position of equilibrium are considered. The first (3.2.1) corresponds to the case 

where the moment due to tape torsion is zero while the axis of the gyroscope is 

on the meridian. The second (3.2.2) corresponds to the case where the moment 

due to tape torsion is zero while the axis of the gyroscope makes an angle s with 

the meridian. Finding, the solution for the first case allows the second case to be 

easily solved.

Having determined the parameters of the position of equilibrium, the 

movement equations are linearised in the region of the equilibrium position by 

applying Taylor’s formula and introducing the residual parameters S, ran d  // in 

the same way as in Jeudy’s small movements equations (Jeudy, 1982). A system 

of five differential linear equations with constant coefficients and five unknown 

functions of time are obtained. These equations are solved by elimination of 

three unknowns to obtain a system of two differential equations of the sixth 

order. The characteristic equation is a polynomial of tenth degree, which gives 

the ten frequencies of movement. The complete equation of motion of the 

moving mark of the Gyrotheodolite is of the form: 

i°
Y X A ,e -  ’ co s((f,+ £ i;0 (/-S ,))] + e - A  = 0
i- 1

The characteristic equation is of the form:

d l0r/l° + d9r/9 + d8r/8 + d 1?j1 + d6ij6 + d5rj5 + d4r/4 + d3rj3 + d 2rj2 + d ]rj + C = 0

The assumed linear rate of change of the frequency with time, in the above 

equation, is a semi-empirical assumption, which agrees with practical 

observations.
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The mathematical model and characteristic equation derived by Jeudy 

(Jeudy, 1982) “without taking into account the damping, accelerating and 

decelerating forces applied to the spinner” are respectively of the form:

5

^  (Af cos Oft + A "sin 0{f)
/=i

d5rj5 + dAij4 + d3rj3 + d2p 2 + d l r/ + C = 0

3.2 Determination of the position of the apparent equilibrium:

Put all the derivatives of the motion parameters in the general movement 

equations obtained in Chapter 2, equal to zero. Namely, Ax, Ay and Az , the

components of ( 2m * VIq + y/lQ ) in the system Gxyz, see equation (2-61), d, e

and /  and p, q and r, the components of f  in the systems Gxyz and Gx yz> 

respectively, see equations (2-71) and (2-73) and the derivatives of components 

m and (b. The following equations for the position of apparent equilibrium may 

be written.

From (2-65), this equation may be written:

(3-1) m\gy - m c EF{la - l ) ( la - l c ) = E F (R '-Q ')

From (2-66), this equation may be written:

(3-2) -  m lgx + mc DF(JG -  l)(lG -  lc ) = DF(P + P' - R '  - Q )  + a>lPF

From (2-67), this equation may be written:

(3-3) c(cc, /3) = (Q + Q '~ P '- P ) D E  -  o)xPE

From equation (2-68), x} and y f represent the movement of the point I, of the 

suspension tape. These co-ordinates are equal to zero in the position of apparent 

equilibrium, (Jeudy, 1982).

From (2-92), this equation may be written:

(3-4) S  sin (p cos A = 0
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From (2-93), this equation may be written:

(3-5) S  sin cp sin A = 0

From (2-94), this equation may be written:

(3-6) S cos (p -  mg = 0

Where (p and A are two angular co-ordinates for the point I, see figure 4.

All terms in equation (2-95) are equal to zero in the position of apparent 

equilibrium. From the last three equations, one can deduce:

(3-7) S  = mg 

Because:

(3-8) (p -  0 and A is indeterminate.

Let us assume from (2-95):

(3-9) D + d  + cox — J  

Where:

D, d  and cox are the components of m, f  and d) on the axis Gx respectively.

J i s  an arbitrary constant. J i s  the projection of f G, the absolute angular velocity

of the gyroscope on the axis Gx . Because:

f G = f c + cd and f c = zcr + f . Then, f G = m + f  + 3

The vector of angular velocity of the gyroscope, 3  , has only one component 

&>, on the axis Gx “the other components of 3  are from elsewhere, zero”. The 

component d  in (3-9) is equal to zero in the case of equilibrium, because it is a 

derivative of motion parameter, see equation (2-71). Then, (3-9) becomes:

(3-10) D + o)x = J

Taking account of (2-74), (3-10) becomes:

(3-11) ez7[c o s^ (c o sa c o s^ -s in « s in /? c o s^ ) + sin^siny6 sinx]-i-(5>1 = J

Finally, the equations (3-1), (3-2) and (3-3) determine a, {3 and y'm  the 

position of the apparent equilibrium. Two cases will be considered. The first case 

relates to the position where the moment due to tape torsion is zero while the



axis Gx of the gyroscope is exactly in the plane of the meridian Ox- , see figure 4 

in Chapter 1. The second case relates to the position of the gyroscope where the 

moment due to tape torsion is zero while the axis Gx makes a certain angle, s  

with the plane of the meridian Oh  . This second case is obviously the only one, 

which interests us in practice because the position of zero moment about the tape 

has only one position with respect to meridian. Therefore, the angle, s  will be a 

further unknown.

. 3.2.1 Position of zero moment of the tape on the meridian:

This case is considered here to bring certain simplifications to the second 

case. The Euler angles a:, (3 and y  are functions of time t. In equation (2-16) we 

defined c as a function of a, (3 and their derivatives. These are zero in the case of 

apparent equilibrium. The torsion of the suspension tape may be written as a 

linear equation in a  and /?:

(3-12) c ( a , / 3 )  = - K ( a  + /3) (Jeudy, 1982)

Where:

K  is the constant of suspension tape torsion (K > 0).

In this case, the position defined by the following angles is a position of apparent 

equilibrium:

(3-13) a  — 7i/2 , (3 = -n/2, y= y0

Where y0 is chosen such that the equations (3-1), (3-2) and (3-3) are satisfied. 

Equations (3-1) and (3-3) are already satisfied by the conditions f3 = - a  = - ti/2. 

So, y0 may be determined by equation (3-2). Firstly, calculate D, E  and F , as 

defined by equation (2-74) after taking into account (3-13):

D = sr(cos(j)cosy 0 -  sin (f)siny 0) = xncos(^ + y 0)

(3-14) E = 0

F ~  et7(cos^siny0 + sin^cosy0) =  m sm((j) + y Q)

Taking account of (2-58) the equations (3-1), (3-2) and (3-3) become:

(3-15) -  m lg cos p  sin y = EF(C + R' -  Q ') = EFCD

(3-16) mlgsin f3siny = DF(P + P r -  R r - Q - C )  + a>lPF  = F(DCE +a>{P)
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(3-17) - K (a  + P )  = (Q + Q ' - P ' - P ) D E  - coxPE = E(DCF - a>xF)

Where the constants CD, CE and CF are defined by relations:

(3-18) Cd =C + R '~ Q '

(3-19) Ce =P + P ' - R ' - Q - C  

(3-20) Cf =Q + Q ' - P ' - P

And C is the constant equal to mc (lG -  l)(lG -  lc ) , which is also equal to

m(lG ~ l ) 2 ■ This can be proved as it is shown below, by the definition of the 

centre of mass (Goldstein, 1959):

(3-21) ml = mc lc + mGlG

mC Qg ~ 0(7g ~^c )~  mĈ G ~ mC^G^C~mC^G + mC^C

Substitute mc lc -  ml -  mGlG into the above equation:

mc (Iq -  1)(Iq ~ /c ) = mc^G2 - m l Gl + mGlG2 ~ m cllG +ml2 - m l Gl

2 2 
mC^G ~ W g ~^c) ~ ( mC +mG^G ~loKmC +mG) + ml ~ m^Ĝ

c  ~  m c  (Iq ” 0  Qg m(J'G “ 0

Since E -  0 from equations (3-14), equations (3-15) and (3-17) are effectively 

satisfied by j3 = - tc/2 and a  = tx/2. Put Z) and F  from (3-14) into (3-16) to get the 

equation defines y0:

(3-22) -m lg s in / 0 =G7 sin(^ + / 0 )[o7C£ cos(^ + / 0) + fi?1F]

Ignore the term wCE cos(^ + / 0) hi front of coxP  because cox is a large number. 

The angular velocity of the spinner, cox is approximately 22,000 r.p.m, which is 

about 2300 radians/sec. The angular velocity of the earth m is about 0.000073 

radians/sec. So, the term m 2CE cos{(j) + ) sin(^ + ) in (3-22) is negligible.

Equation (3-22) becomes:

-m lg s in ^ 0 =vrcoxP[sm(f)cosy() + co s^ sin ^ 0]

-  (mlg+ ■mco^ cos (j)) sin y Q sin </> cos y 0

y0 is a small angle therefore; the right-hand side of the last equation becomes: 

zncQxPsin(j). Then:
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. -  PJm  sin (h
(3-23) tan j-o ® sm y0 »  — ---- ——

m lg+ PJm  cos (j)

Because y0 is a small angle and col ^  J, D  is very small relative to cox, The exact 

relationship is given by formula (3-10):

G)l + D = J

Put D  from (3-14) into (3-10) to get:

(3-24) cl>1 +G7COS(0 + XO) = J

The angle y0 in formula (3-23) corresponds to a very small swing of the axis of 

the gyroscope away from North.

3.2.2 Position of zero moment of the tape outside of the meridian:

We define in this case that the gyroscope makes an angle, s  with the 

meridian while the moment of the tape torsion is zero. The function c may be 

written as:

(3-25) c(a,JJ) = - K ( a  + J3~s)  (Jeudy, 1982)

Where:

s  is the azimuth of the axis Gx while the gyroscope is not spinning.

Further unknowns S, rand  ju are used and given in these formulae.

(3-26) a  = n/2 + S  

(3-27) j3— - n/2 + r  

(3-28) y = / 0 + M

Having determined the parameters of the position of equilibrium, the 

movement equations are linearised in the region of the equilibrium position. 

Substitute these further unknowns S, r  and /.i into the equations (3-15), (3-16) 

and also into this equation from (3-17):

(3-29) - K ( a  + J 3 - s ) ~  E{DCF -  co^)

D, E  and F may be expressed as functions of S, rand  jll From (2-74), D, E  and F  

can be written with first order approximation taking account of the fact that S, r  

and /.I are small:
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D = G 7C O S(^  +  f 0 ) -  / / G 7 s i n ( ^  + / 0 )

(3-30) E  = -^ q tc o s ^ -z w c o s ^  + ^o)

F -  m sin(0 + / 0 ) + //cr cos(0 + )

Substitute D, E and F  from equations (3-30) into equations (3-15), (3-16) 

and (3-29) to get, in a first order approximation, these equations:

{CE [m cos(0 + y 0)-juzu  sin(^ + y 0)] + Pj 

(3-33) - K ( S  + t - s )  =  [-^ co s^ -r2 t7 C o s(^  + ^ 0 )]{C;r[orcos(^ + / 0 )]-cy 1P}

Where a, and y  are replaced from equations (3-26), (3-27) and (3-28) and 

where negligibly small second order terms in the right-hand side of (3-33) have 

been ignored. If we develop the products of the factors of the equation (3-32), 

ignoring the term in //2, we will obtain a constant plus the term of degree 1 in j l i .

ju[mlgcosyo +m CE cos2(^ + fo ) + tz7U>iPcos(^ + yo)] =

, • 2^  sin 2 (^ + 7n) ^ ,-  m igsm y 0 CE     — w<z>jP sm(0 + yo)

Substitute equation (3-22) into the above equation to get:

9
/./[mlgcosyo +C7 CE cos2((f) + y o) + vjcq\P zos(<j) + y o)\ ~ 0 
Since the coefficient of jli is not zero the solution is:

(3-34) j l i =  0

The equations (3-31) and (3-33) allow us to calculate 2 values S0 and r0 

corresponding to the apparent equilibrium. After developing (3-31) and (3-33):

(3-31) -m lg r s in y o  = CE c o s  (j) sin(^ + y Q)

m lg(sin yo + ju cos yo) = [tzr sin(^ + y Q) + juzw cos( 0  + y  o)]
(3-32)

(3-35) [-w lgsin^o + &2CD sin 2  (<j> + y 0) 
2

]r0 +[m2CD cos (j) sm{(j) + y 0 )]c>0 = 0

r i  [P a > i& ™ s (< t>  +  y o ) ~ ™ 2 C F c o s 2 (<(> +  y 0 )  +  K ] T 0
(3-36)

+ [Pco^m cos </> -  m 2CF cos </> cos {(j) + y 0) + K]S0 = Ks
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With an insignificant error, the equations (3-35) and (3-36) can be replaced by 

the following equations:

(3-37) (m lgsin^0 )i"0 -[«tr2CDcos^sin(^ + j '0 )]<50 = 0  

(3-38) (PJm cos 0 + K)(r0 + S0) = Ks

The effect of neglected terms is less than 10' 10 because wand y0, in radians, are 

very small.

From (3-37):

r,™ - _ &2CD cos</>sm(t/> + y 0) y 
;  t q -  - ; o 0

m Igsm^Q

And from (3-38):

Ke
(3-38') (<*o + r o) = -z-j-7 — 7  (figure 16)PJm  cos (j) + K

From these formulae (3-37') and (3-38') the angle of precession a  is the most 

affected while, the angle of proper rotation j3 is only affected by a very small 

variation (r0), (Jeudy, 1981).

This can be seen from the numerator [m2CD cos^sin(^ + ^ 0 ) ] ^ 0 in (3-37') 

which is very small. If we substitute r0 from (3-37') into (3-38') we get:

_ Ksm lg sin y Q
Oc\ =o  -  2

[m lg sin y 0 + m CD cos (f) sin {(j) + y 0 )] [PJm cos (f> + K]

From this equation we can see that the denominator is very small.

The angle (r)0 + r0) as shown in figure 16, represents the angle between 

the gyroscope axis of rotation and meridian (Jeudy, 1982).
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Figure 16

The influence of the position of zero moment of the tape on the position of

the apparent equilibrium

:Wesf

x “North1

3.3 Equations of small movements (oscillations):

These equations are obtained from the general movement equations 

obtained in Chapter 2, by making the assumptions that the unknown functions 

S, t ,  ju, X j , y 7 and their derivatives are very small in the first order. Therefore, 

ignoring all the terms of an order above one in the movement equations, one gets 

the equations of “small movements” or oscillations. Firstly, useful relationships 

are calculated.

3.3.1 Calculation of the functions in the neighbourhood of equilibrium:

All functions obtained for the determination of the movement equations 

are expressed as functions of the unknowns 5, t and ju. Then, the movement 

equations are linearised in the region of equilibrium.
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3.3.1.1 Calculation of g x , g y and g z :

The exact formulae for calculating g x, g y and g z are the formulae

(2-58). Substitute further variables S, rand  /u defined by equations (3-26), (3-27) 

and (3-28) into (2-58). By keeping only terms of the first order, we obtain the 

following equations:

(3-39) g x = g s in / 0 + //g co s / 0 

(3-40) g y -  - rg s in /o  

(3-41) g z = - g e o s ro+ M gsiny 0

3.3.1.2 Calculation of the matrix B :

The exact formula is the formula (2-57). After linearisation (that is to say 

after elimination of terms of order above one):

(3-42) B =
'cosy0 -  jusiny0 t  + S co sy Q - ( s in y 0 + jucosyQ) 

- S  ~ T cosy0 1 r s in ^ 0

sin y Q+ ju cos y 0 8  sin y 0 cos y 0 -  jli sin y 0

3.3.1.3 Calculation of Xx, Xy and k z components of 2zn*Vl o +y/lQm  the 

system Gxyz from equation (2-61):

The point, I moves on a sphere with centre at A (figure 4) and radius t  

such that:

Xj2 + y ,2 + z 2 -  2 Zjt = 0

If Xj and y j  are of the first order then, z7 is of second order because:

—  2 —  2 -  2 Xj + y,  +Z,
'  2 e

This will be the same for successive derivatives of z7 . Then, z7 and z I in the 

right-hand side of (2-61) may be ignored. Pre-multiplying (2-61) by matrix B as 

given in (3-42) and ignoring all small terms above first order, we obtain:
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Xx = -2wyi  sin(0 + / q ) + x j  cos/ q 

(3-43) Xy -2 m x j  sii\(f)+ y j

Xz =2zuyi cos{(J)+ Yq) + xi sin Yq

3.3.1.4 Calculation of D, E  and F  :

These components are obtained by pre-multiplying the vector 

m - { m cos^, 0, arsing) (2-59) by matrix B as given in (3-42). The result is 

already given in formulae (3-30)

3.3.1.5 Calculation of D, E  and F  :

These components are obtained by differentiating formulae (3-30) with 

respect to time:

D = - jumsin((f> + y 0)

(3-44) E = -8 m  cos (j)-im  cos(^ + y 0)

F -  /urn  cos(</> + y 0)

3.3.1.6 Calculation of d , e , /  and their derivatives:

From (2-71) one can deduce:

d = - 8  sin^o 

(3-45) e = jLi

f  ~ S c o $ y Q + i

and:

d -  - 8  sin^ 0 

(3-46) e = fi

f  -  8  cos^q + f
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Substitute D, E and F  from (3-30) and d, e and /  from (3-45) into the

term m[d(2D + d) + e(2E + e) + f ( 2 F  + / ) ]  of the left-hand side of equations

(2-92), (2-93) and (2-94). Ignoring negligibly small second order terms, we get:

m[d (2D + d) + e(2 E + e) + f  (2 F  + / ) ]  = 2m zzr[S sin $ + t  sin(^ + y0 )]

3.3.1.7 Calculation of p, q, r  and their derivatives:

From (2-73) one can deduce:

p  = r sin y Q p - T  sin y 0
(3-45') q = jii and: (3-46') q = ju

r  = i c o s y 0 + S  r  = i r c o s y 0 + S

3.3.1.8 Outline of the previous results:

The results obtained in section (3.3.1) above are reassembled below. Five 

equations of oscillations need to be calculated to determine five unknown 

parameters, S, t ,  p, x I and . The first three equations may be obtained from 

the three Euler equations (2-65), (2-66) and (2-67). The last two equations may 

be obtained from (2-92) and (2-93). The functions |<s| and cox, the tension of the 

tape and the angular velocity of the gyroscope have been eliminated with the aid 

of equations (2-94) and (2-95) respectively. The function z7 may be ignored 

because of the reasoning in (3.3.1.3).

These results are outlined from (3.3.1):

(3-39) g x = g s in y 0 +jLigcosy0 

(3-40) g y = —rgsiny0 

(3-41) g z = -g e o s y Q+jugsiny 0

(3-26) a  = n/2 + S  

(3-27) f l= -  n /2 + r  

(3-28) r = n  + M
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D = n7 cos {(f) + y 0) ~  /nut sin (<j> + y Q) 

(3-30) E  = -dnjcos(j)-Tmcos{(j) +

F  = m sin(^ + y 0 ) + jum cos(^ + y 0)

D = - p m  sin (jj) + y 0)

(3-44) E  = ~Smco$(/)-TmG,os((f) + y 0) 

F  = jim  cos(^ + T'q)

d - - 8  sin^0 

(3-45) e = /i

f  = 8  cosy0 + f

and (3-46)

d -  - 8  sin y 0 

e -  p  

f  - 8 COŜ q +T

p  -  rsin^o 

(3-45 ' ) q  = p

r -  -fcos^o +8

and (3-46')

p  = t sin y  o 

q = p

r = fc o s /o  + <5

^  = -2©y7 sin(^ + ;k0) + */ c o s /0 

(3-43) ^  = 2mxj sin^ + y j

Xz = 2g^7 cos(^ + ^o) + Xj s in f o

We also need the relation:

m[d (2 D + d) + e{2 E + e) + f ( 2 F  + / ) ]  = 2m m[8 sin (j) + 1 sin(0 + y 0)]
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3.3.2 Calculation o f the first equation o f oscillations:

The first general equation of movement (2-65) is linearised using the 

residual parameters 5, rand  jx. Using the results calculated in section (3.3.1) and

taking account of the fact that D + d + d>l = 0  from equation (2-95), the equation 

(2-65) becomes:

— m lg r  sin y 0 + Cm  sin(^ + y Q) [Sm cos (j) + rm cos {(f) + y 0)]

(3 _4 7 ) ~ sin (/> + j/7) + L[2jizn sin{</> + y 0) + S  sin y0 ] =

sin(^ -1- y 0 ) -  8  sin y Q )
+ (R' -  Q ')msin(^ + y 0)[ -S m cos(/>-tzztc o s ( ^  + y 0 ) + //]

Where all negligibly small second order terms have been ignored.

And where C = mc (lG - l)(lG - l c )

For reasons of simplification, The coefficients of S, r, //, x7, and their 

derivatives are indicated by alj . Wliere superscript i denotes the order in which

the equations appear below (1, 2, 3, 4 and 5) and subscript j  the order of the 

parameter being considered, according to the following table:

S  T jLi x1 y j  8 T i* x l y i s  r ji Xj y j fimction

1 2 3 4 5 6  7 8 9 10 11 12 13 14 15 j

S T M xj y) 6 T JU Xj function

16 17 18 19 20 21 22 23 24 25 j
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Where ~ indicates to the fourth derivative.

Put equation (3-47) in order of the coefficients alj  to get:

8 \m 2 (C + R ’-  Q ') cos 0 sin (0 + y 0)] 

or2
+ T [ - m  lg sin y o + —  (C + R ' -  Q') sin 2(0 + y 0 )]

(3-48) + jii[m(P' + Q ' - R '  + 2 T)sin( 0  + y 0)]
+ xI [-2mlmsm.(f)'\

+ 8[(L + P ’)s m y 0]
+ y j [ - m l ]  =  0

If:

a\ = nr2 (C + R' -Q')cos0sm(</>+ y 0) 

m 2a\ = -m  lg sin y 0 + —  (C + R ' -  Q') sin 2(0 + y 0) 

a\ » -m lg sin /o  + m 2(C + R ' - Q ')  sin 0 cos0 

=G7(P' + g '-7 ? ' + 2 Z)sin( 0  + f o)

«9  = - 2 m/ £7 sin 0  

ajj = (Z + P ')s in y 0

a i5 =

Then, equation (3-48) becomes:

(3-48') S(a\ ) + t(a\  ) + /u(a\ ) + Xj (a\ ) + S(a\{) + y t (a\5) = 0 

This is the first equation of oscillations.

3.3.3 Calculation of the second equation of oscillations:

In the same way as in equation (3-47), the second general equation of 

movement (2 -6 6 ) is linearised using the residual parameters 5, t and ju. 

Substitute g x, Jlx, D, F, d , / ,  E and e from their equations in paragraph 

(3.3.1.8) into equation (2-66), to get after simplification:
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2 rsin 2 (^ + 7n)-  w /(g sm / 0 + jug cosy0) + Cm  [------- -------- + //cos2(^  + y 0)] +

ml[~2myj sin(^ + y0) + x7 c o s  y 0 ] -  L[-2Szu sin y 0 sin(^ + y 0) + //] =

49 (̂Q + Q ^ l-S m  cos </}-Tmcos(</> + r 0) + fi] +

(P ' -  R' -  Q)[fntcos(^ + y Q) +
'y t

o m sm2(d + y n)
5m  cos{(f) + 2y0 ) + j*im cos 2(0 + y 0) + ------------------—] +

PJ[m sin(0 + y  0) + fim  cos(0 + y 0) + 5  cos y 0 + f]

Where all negligibly small second order terms have been ignored.

And where d  + D + co{ -  J  from (3-9)

Put (3-49) in the order of increasing value of the subscript j  to get:

(3-50)

jLi[-m lg cos y  0 -  PJm  cos(0 + y 0) + m 2 cos 2(0 + y 0 )(C -  P' + R ' + Q)]

+ 5 [-P J  cos y Q +2Lm  sin y 0 sin(0 + y 0) + m{Q + Q ') cos 0 + m(Q + R' - P ' )  cos(0 + 2y 0)] 

+ t [ -P J  + m(2Q + Q' + R ' - P ' )  cos(0 + y 0)]

+ y j  [—2ml m sin( 0  + y 0)]

+  Ju [ - ( L  +  Q  +  Q')]

+ X j ( m l  cosy0)

+ [~m lgsin r 0 + m 2 (C -  P’ + R' + Q) Sm -  Vo-  -  PJm  sin(«5 + r 0 )1 = 0

If:
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a 2 -  -w lg co sy 0 -  PJmvos{(f) + y q) + m 2 cos2(0 + y 0)(C -  P' + R' + Q) 

a 2 « -m  lg -  PJm  cos 0

a l = ~PJ  cos^ 0 + 2 Zc7 sm ^ 0 sm(0+ yQ)-srm(Q + Q') cos 0 + m(Q + R' ~ P')cos(0 + 2yQ) 

a 2 -  - P J  + m(2Q + Q' + R ' -  P') cos(0 + y 0) 

a 62 « a 2 * - P J  + m(2Q + Q' + R ' - P ' )  cos </>

a20 = -2mlmsm{0 + / 0)

a n  -  “ ( ^  +  £ ?  +  0 ' )

<3 24 = ml cos^q w ml

Taking into account of (3-24) J  = co] + mcos(0 + y o) and having taken account 

of (3-22), the last term of (3-50) is zero:

m 2CE sin(^ + y o)cos(0 + / 0) + mcoxPsm{0 + y Q)

+ m 2(C -  P' + R' + Q) sin(^ + y0) cos(0 + y 0)

-Pmcox sm(0 + / o) - P m 2 sin( 0  + yo)cos(^ + yo) = 0

Wliere CE = P + Pf - R ' - Q - C  from (3-19)

Then, (3-50) becomes:

(3-50') ju(a2) + S (a l)  + f ( a 2) + y l (a20) + ju(a23) + Xj(a24) = 0  

This is the second equation of oscillations.

3.3.4 Calculation of the third equation of oscillations:

In the same way as in equation (3-49), taking into account of equations 

(3-30), (3-44), (3-45) and (3-46) and also taking into account of the fact that: 

d  + D + cox = J  (3-9), equation (2-67) becomes:

-  K (S  + t - s ) - A S  -  X f  -  (R1 + Q)[jiimcos(<f> + y 0) + 5 cos^ 0 + f ]
(3-51) + (Q + Q' -  P ')[-Sm cos0 -  rmcos{0 + y0) + ju\m cos(0 + y0)

-  JP\-Sm  cos 0 - r m  cos {0 + y 0) + jli]

Where all negligibly small second order terms have been ignored and:
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c(a,J3,a,P) = ~K (a  + J3 - s ) -  X{a + J3) 

c(a,f3,a,/3) — - K { 8  +  t ~ s ) ~  X(5 + t )

Where X is the damping factor.

Put (3-51) in the order of increasing value of j  to get:

5 \-P Jm  cos (f) -  K  + m 2 (Q + Q' -  P ') cos (j) cos {(j) + y 0)]

+ r[-PJm cos(0 + y 0) -  K  + m 2 (Q + Q' -  P ')cos2 + y 0)]

+ S[-X]

(3-52)
+ ju[PJ -  m(2Q + Q' + R ' - P ' )  cos(</> + y 0 )]

+ £[--(£ '+  0  cos 7̂ ]
+ f[-(R ' + Q)]
+ Ks = 0

If:

a\ = -P Jm  cos (j) -  K  + m 2 (Q + Q' -  P') cos (f) cos(0 + y 0 ) 

a\ -  - P J m cos(^ + y 0) -  K  + m 2(Q + Qf -  P ')cos2(<f> + y 0) 

a\ = a2 = -X

a\ = P J - m (2 Q  + Q' + R'-P')cos((f> + y 0) 

a\ » P J -m (2 Q  + Q' + R ' -  P') cos (j)

a \j = -(R '  + Q) cos y 0

a\2 = ~{R' + Q) « ^

Such that -  tfg is also equal to a\  and « 2.

Then, equation (3-52) becomes:

(3-52') S(a2) + r(a l)  + S(a l)  + t (a j )  + jLi(al) + S(a2l) + f(a i2) = -K £  

This is the third equation of oscillations.
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3.3.5 Calculation of the fourth equation of oscillations:

We see from (2-94) that S  = mg if d, e, f ,  r, p , q , y l and zt are 

negligibly small. All of these are put equal to zero in the position of equilibrium. 

As \s\ is multiplied in (2-92) and (2-93) by a negligibly small (sin (p) , we only

have to consider that = mg for the substitution in these equations. By

considering figure 4, the functions x} and y f will be introduced by these 

relations:

OC V
(3-53) sin#>cosA = —  and sin^sinA  = —  (Jeudy, 1982)

Taking into account of equations (3-26), (3-28), (3-30), (3-45), (3-45'), 

(3-46') and (3-53), equation (2-92) becomes:

, „ ^ 
(3-54) m{-2my} sin (f> + x j )  + 2mltn (5 sin <f> sin y 0) + m(-jul cos y 0) = - m g - ~

Where all negligibly small second order terms have been ignored. Put (3-54) in

the order of increasing value of j  to get:

_ mg • jl.Xj (——) + 5 (2ml m sin (/) sin y 0 ) + y { {-2m m sin (f>)
(3-55) ^

+ p {-m l  cos y 0) + Xj (m) = 0

If:

a l =2mlmsin(ffsinyQ 

ci\Q = -2m  m sin (j) 

ai3 ~ ~ml cosy0 » -m l  

af4 = m

Then, equation (3-55) becomes:

(3-55') Xj(a4 ) + S(a*) + y j (af0) + ju{af3) + x{(af4) = 0 

This is the fourth equation of oscillations.

mg_
t
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3.3.6 Calculation of the fifth equation of oscillations:

In the same way as in equation (3-54), taking into account of equations 

(3-26), (3-28), (3-30), (3-45), (3-45'), (3-46') and (3-53), equation (2-93) 

becomes:

(3-56)

mQmxj sin $ + y }) -  mljii[2m sin(^ + y 0)]

+ 2mlm(8  sin y 0 + 5/li c o s  y 0 )[5  sin (j) + 1 sin(^ + y 0)]

+ ml[f sin y 0 (cos y Q-  ju sin y 0) -  f  cos y  0 (sin y  0 + // cos y 0 )] = —^  y f .

Finally (3-56) becomes, after removal of negligibly small second order terms:

(3 57) + +
+ Xj (2mm sintp) + yj(m )  = 0

If:

a5 ~5 t  

al = -2mlms\n(<f) + y 0)

al = 2mc7sin^

af5 = m

Then, equation (3-57) becomes:

(3-57') y j  (a55) + ju(al) + x} (a59) + y 7 (afs) = 0 

This is the fifth equation of oscillations.

So, the five equations obtained form the following system:

(3-58) a\§  + a l2r + a\jj, + a^Xj + a\x5  + ayj = 0 from (3-48')

(3-59) al jj, + bS  + b i  + cy7 + a\3 'fi -  axj = 0 from (3-50')

(3-60) tS  + t 't - A S - A t ~ bju + s8  + s r  = - K s  from (3-52')

(3-61) rxj + a^S + iyj +aju + a'x} = 0 from (3-55')

(3-62) ry1 + c f i -  ixj + a'yj = 0 from (3-57')
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Where the coefficients are introduced for simplification and they are defined as 

follows:

(3-63)

a\ — m 2(C + R' -  <2') cos ̂  sin(^ + ^ 0)

a\ a j-m lg sin /o  + m 2(C + R' - Q ' ) sin^cos^

a\ = m{P' + Q' -  R r + 2L)sin(^ + Yq)

a l9 = - 2 mlm  sin </> = li

a \{ -  (Z + / >')s in / 0

<33 » -m  lg -  PJm  cos (j)

4 = - ( i + e + G ' )

=  2 m / a r s i n Y ) s i n / 0

i  1 2 4
£2 — 1711 — ~  ®  3

b = - P J  + m(2Q + Q' + R' -  P') cos<f> ^  a \ ^  a 2 ~ -a l

c -  -2mlmsm.((j) + y 0) = a 20 = al

t -  -P Jm  cos (j) -  K  + m 2 (Q + Q' -  P') cos2 (j) « a\ 

t' = -P Jm  cos (f) -  K  + m 2(Q + Q' - P ' )  cos2 {jf> + y 0) » a\

s -  ~(R' + Q) = af2 « a]x

i = -2m m  sin (f) = a\K0 = -<29

a! -  m -  a\4 = afg

„3 3   n—• dq /I

The calculations made so far in this paragraph (3.3) are summarised 

above. Out of the eight movement equations obtained in Chapter 2, there are 

only five linear differential equations with constant coefficients and five 

unknown functions of time remaining. The first three linear equations 

correspond to the three Euler equations (2-65), (2-66) and (2-67), where the
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unknown cax has been eliminated with the aid of equation (2-95). The fourth 

equation of oscillations is obtained from equation (2-92), where the tape tension 

was eliminated with the aid of equation (2-94) and consideration of the 

negligibly small terms such as those explained in (3.3.5). The fifth equation of 

oscillations is obtained from equation (2-93). Equation (2-68) does not give rise 

to a linear equation because it contains terms, which are all of second order. Th 

function z1 may be ignored according to the reasoning in (3.3.1.3).

The system of equations (3-58) to (3-62) could be resolved in different 

ways. The complete solution is the sum of a particular solution and a general 

solution for the whole system. The particular solution as it is given by Jeudy 

(Jeudy, 1982) is:

Xi = ? i =M = 0 

and:

8 — t = tq

The general solution is found in an exponential form e111 where 7  is a coefficient 

to be determined. Direct substitution into the system leads to the calculation of 

five equations in five unknowns. However, it is easier if we eliminate three 

unknowns //, x7 and , as this reduces the system of equations to two 

equations with two unknowns. This second approach is adopted because it is 

simple. The characteristic equation is a polynomial in 77 to powers of ten.
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3.3.7 Elimination of the function f i :

From (3-60):

(3-64) jii = —(tS + t 'r  -  XS -  Xt + sS  + s'f + Ks) 
b

This equation will be substituted into each of the remaining equations, for 

example, (3-58), (3-59), (3-61) and (3-62). Substitute (3-64) into (3-58) to give:

Differentiate (3-59) and substitute from (3-64) to give:

a? . „

—  {tS + t t  -  XS -  X t  + sS  + s t  + Ks) + bS  + b f  + cyj  
(3-66) * 2

+ ^ - ( t S  + t ' f  -  AS — Xt + s S  + s t ) -  axj -  0

Differentiate (3-64) and substitute it into (3-61) to give:

(3-67) rxj +a%S + iyj + ~ ( t S  + t ' i - X 8 - X t + s S  + s t ) + a'xj = 0
b

Substitute (3-64) into (3-62) to give:

(3-68) ryj  + —(t8  + t'T -  X5 -  X t  + s S  + s t  + Ks) -  ix2 + a'yj = 0 
b

3.3.8 Elim ination o f the function Xj:

From (3-68):

(3-69) Xj = - [— (tS + 1't - X 8 - X t  + s 8  + st  + Ks) + ryj  + a'yj ] 
i b

This equation will be substituted into each of the remaining equations, for 

example, (3-65), (3-66) and (3-67). Substitute (3-69) into (3-65), after having

a 1
taken account of the fact that —  = / ,  the result is:



The coefficient of y { is zero as one can see by referring to the value of 

coefficient, a, given in (3-63). For reasons of simplification, the coefficients of 

(3-70) are indicated by bj where superscript i denotes the order in which the 

equations appear below (1, 2 and 3) and subscript j  denotes the order of the 

function as previously defined for coefficients a'j:

— cij + (r?g + /c) — 
b
I*

b\ = a2 + (a8 + lc)~  

b l = - ^ a \ + l c )  = b)

b\\ -  a\\ + ( fl8 + ĉ) t  b

bll2 = ( 4 + i c ) {  
b

( f i ± i £ ) ^  =  c ,
b

One can see from (3-63) that:

a\ +lc — m(P' + Q' — R' + 2Z~ 2ml2 )sin(^ + ^ 0)

Then, equation (3-70) may be written with coefficients b‘j  as: 

(3-71) b \§  + b \ t  + b^5 + bqT + b\^§ + b\2T + b\y j  + C) — 0

Differentiate (3-69) twice and substitute it into (3-66) to get:



s ,a h .  , a\ t \  b, A 2  ̂ •/ A 2\
5  l  + >+ s ( ~ r  a3 ) + r ' t  )b b b b

ii,als . aiV ac7\ ..,«?£ . fl,V+ J (-^ — + 6  + — -—) + r ( - A-  + 6  -------:—)

(3 -72) + 5  ( - —a 23 + — ac) + r  ( - — + — «c) 
b ib b ib

~ .a iV  os-c. asc.
+ * ( - T  ^  + T( u ------b i b  b  i b

- , or. ~ . a 3
+  T / ( C — r )  +  T / ( — - )  + - t K g = 0 

i i  b

If:

(3-73)

; 2 2^  b] = a3 —
1 3 b

7 2 i t 'b7 -  a3 —
2 3 b

b u = [ a j ^  + b + ( a ^ - - c ) j ]  
b i  b

bu  = [a2 j  + b + (a23 -  ~ c )~ ]  
b i  b

i 2 __ i l  _  & AC 2 x
16 — 17 -  —{— ~ a X3) 

b i

bll - b l 1 =[{a2n - ~ c ) S--\
i b

bi5 = c  — — r-  ~ mlg

2̂5 “

i 2nr£sm(/) 

— ml
i 2m sin (f)

Then, equation (3-72) may be written as:

b2S + b2T + b%5 + b2t  + b2xS  + bX2r + bX6S  + bxl'f

(3“74) 2 ~ 9   2 — 2 — a2
+ b2\& "t" ̂ 22̂ " b\^yJ "t* ^25yI ~~~ K s  — 0

b

Differentiate (3-67) and substitute from (3-69) and also from (3-69) 

differentiated twice to get:
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5 ( - C- t )  + T ( ~ t ' )  + 8 ( -? -rc )  + i ( - ^ - r c )  
i b  i b  ib ib
” 4 a r c a' c .. ,.,r c a , a' c+ S i & s  + 1 ---1----- S H-------+ t ( ------- S H----1 H-------1 )

b i b  i b i b b i b

(3-75) + S ( - —a -  — a'c) + t ' ( - —a -  — a'c) 
b ib b ib

c a \  ~ ,a  a' c , _ ,r .+ S ( - s  + ~ s - T) + T(1-s + — T s) + y I ( - r ) 
b b i b i b  i

9y n '  a ’2 y  r
+ y j ( i 4— —) + y i ( 7 ”) + (——Ks) = 0

i i i b

If:

7 3 r cb{ = — t
1 i b

b\ = r — t'
2 ib

7 3 7 3 ^bi = bn =  rc
6 7 ib

7 3 r 4  /  t t FCbn =[a6 +(a + a - ) -  + - j s ]  
i b  i b

7 3  r/  r c  ,
^12 =i(a + a - ) -  + - ~s]  

i b  i b

7 3 7 3
^16 - b x l -  (a + )

u i

b32 l = b322 =[(a + a ' - ) - ]  
i b

i

, 3 2a7\^ 15 = (? + — 
i

n'2 h2 ~ ab25 ~ .I

Equation (3-75) now becomes:

t f s  +6  |r  + &63<5 + 673I- + + 632r + ̂  +
(3-76) r c

+ b2lS  + &22r  + 5̂ >7 + ^15^/ + ^25^/ + T 7 ^  “  0
z n
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3.3.9 Elimination of the function y t :

From (3-71):

(3-77) y ,  ^ ^ l i b l S  + bir + blS + b^i + bhS + b^T + Ci)
h

Where: C, = { ^ ^ - ) K s

In the same way as in the previous paragraph, this equation (3-77) will be 

substituted into each of the remaining equations, for example, (3-74) and (3-76). 

Substitute the second and fourth derivatives of (3-77) into (3-74) to get:

h 2 h 2°15 l 1 \ , &15 zJbts+bts+sQtt --f 6/)+<yc6,z6 --y^)

+ &K  ~ bn ~ T r b 'i) + ) + «?(- ̂
(3-78)

+ 622r + 672r + r(6,22 - ~ * 2) + r(h,2 - ~ ^ )  +
*5

n b h - ^ - b l 2 ~ % - b \ )  + x{ - b- h b \ )  = 0
b 5 b 5 b s  b s

Where symbols ~, v and a denote the fourth, fifth and sixth derivatives 

respectively and:

C2 = ~^~Ks 
1 b

Again for reasons of simplification, suppose symbols c'- denote the coefficients

of (3-78) where superscript i  stands for the order in which the equations appear 

below (and takes the value 1 or 2 ) and subscript j  the order of the function in 

accordance with the following table:

5 8 8 5 8 5 8 T  T  T  T  T  T
/V
T function

1 2 3 4 5 6 1 8 9 10 11 12 13 14 j
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Then, equation (3-78) becomes:

Sc± + Sc2 + Sc3 + 5c\  ̂4- Sc$ + Sc^ + Sĉ j
(3-79) i ~  i — i a i

+  TCfi +  f c 9 +  f c lQ +  f ’c l J +  T C l 2  +  T Cn  +  t c 14 +  C2

Where:

(3-80)

h2 h2 -E lL h l °n j i °\
5

-1 -  h 24 ~  ° 16

,215 l!

=
,2
21

i2^ILa1 , i °n 2Lhl

cn ~ >n

- h l '12  “  °2 2 b\ b '12

j2

<?13 - A
*s

b)

C14 -  ~ bl12

80



Substitute equation (3-77) and its second and fourth derivatives into 

equation (3-76) to get:

(3-81)

S (b l  ~ % b \ )  + T(bl-M-&‘) + <j(Z,3 -M -6‘) + r(673
5̂ 5̂ 5̂ 5̂

+ <S(6 3 ~ ^ b \ , - & - b l )  + f(b{2 - ^ b \ 2 - § - & ')
5 ^5 5 ^5

+ ^ ( 6 36 - & 6 >) + r(fe37 - ^ 6 ‘ )
* 5  5

+ S ( b l  - b- k b ])  + r ( b l 2

■3 t$
b\ ~t>' ' ’ v

+ 5 { - ^ - b l )  + z ( - ^ - b \ )  
h

+ 5{-% -b 'u )  + + r £ ^ £) = 0
u5 o5 o5 * o

Wliere:

Ci = ^ K s

Writing (3-81) with coefficients c‘j  :

5c\ + 5c\ + 8c\ + ScJ + Sc] + Jcg +
0  82) a A 2

+ tc% + rc9 + fc10 + f c n + rc n  + fc l3 + tc14 + C3 = 0

Where:

c 3 = - 7 f - c i + - f ^
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The coefficients of (3-82) have the following expressions: 

(3-83)

— 5- b

'12 -

14 “



3.3.10 Resolving the system of differential equations:

The system defined by equations (3-82) and (3-79) is a system of two 

differential linear equations, of the sixth order, with constant coefficients:

8c\ + 8c\ + 8c\ + 8c\ + Scl5 + Scl6 + Sc) +

0tc\ + tc\ + Tc\ 0 + Tc\ j + Tc\2 + fc}3 + TcJ4 + Cn

(3-84)

Sc^ + 8c\ + 8c\ + Sc4 + Sc$ + Sc^ + Sc2 +

T c \  +  TCg +  TC?Q +  t c \ x +  TCX1 +  TCx3 +  z c \4 +  C3 = 0  

The solution of these two equations is of the type:

(3-85) S = 8'e1]t and r = r'ent (Tierney, 1985)

Where, t is the time, 8 '  and if are constants, their values are not zero and 77 is a 

parameter, which needs to be determined.

Substitute 8 and t from (3-85) into the equations (3-84) to get:

S'(c\ + rjc\ + i f c \  + r/3c\ + rjAc\ + r fc \  + 7 7  6 c }  )  +

t ' (c \  + rjc\ + v 2c\o + r/3c ln + 774c}2 + rj5c\3 + 1f c \ A) = 0

(3-86)

c*/ /  2 , 2 .  2 2 ,  3 2 ,  4 2 ,  5 2 ,  6 2 \  ,5  (c, +rjc2 + rj c3 +>j e4 +tj c5 +r] c6 +?/ c7) +

T'(cg + rjcl + 772c,2o + r f cu + ? 44  A m )  = 0

The constants C2 and C3 may be obtained from the initial conditions, for

example, 8, r, jli, x7, y 7, 8 , f, //, x7, y 7 and r = 0. Thus, from (3-84), these

two equations may be written:

^ 2  = ^ and 8^cx + ^■'3 ~ ^0^8

The equations (3-86) could perhaps be considered as forming a system of 

two equations with two unknowns S '  and i .  Writing (3-86) into matrix form:

(3-86')
(c\+7jc\+... ... + 7j 6Cl7) (cj + T]c\ + ..... ......+ A l4 ) ~sr

(c\ + Tfcl + . . .. + 77 6c^) (Cg + TJCg + ..... ......+ 1 64 ) _ t '
0

To find solutions for S '  and i  where neither of them are zero, the determinant of 

the matrix system in (3-86r) must be zero. The determinant is:
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(3-87)

r i n { c \ c l̂ - c 11 c \ A )  +

Vn ip\clA + c \c23 - c 2 c { 3 - C 26 c { 4 )  +

^ ( c i c f a + c j c i + c k a
2 1

C6C13 c25c\4 - c 2c\2) +

4  ( 4 4 l  +  C5C13 +  C7C11 +  C4C14 "  C12C6 ~  C13C5 C\ lc ■ c\4c\ ) +

778(C5C122 +C7C\Q +C3C14 + 4 4 l  + C\ C13 ~ C5C12 ~ 4 4 o  ~ C3C14 ~ 4 4 \  ~ Ĉ C14 t'13 )

n 1 (<4C9 +c\clt + e6c l20 +c3cI3 + clcl l+ c\ cl2 ~ c 7c9 ~ C2C14 ~ C6C10 ~  c jc{3 - C ? c |,  - c j c { 2) +

7 6( c 'c8 +C 11e,24 +  c j c |  +  C24  + c } c 120 +C3C22 c,2
1 -2

CoC c 1 4 c i
2 I

13 2 Cr C
2 _1

5 10 C- x C3 12 CAC4̂ 11ll) +

?75 (C6C8 +  Cl 4  +  4 4  +  4 4 l  +  4 4 o  +  4 C
1 2

C o C8°6
J  

13 1
,1 _ 2CnC9U5 C12C2

cv
4 10 C3 Cl1) +

774 (csC82 H-cJc^ + c}c92 +cl2cfi + c\cfQ- c l c j  - c \ 2c\ - 4 c 2 - c \ c \ x - c 34o) +

4  ( C4 C8 +  C14 \ +  4 4  +  C2 CK) — C8C4 ~  cl lc l2 ~  C9 C3 C10C2 )  +

4 ( 4 4  + C 2C9 + 4 °
1 2

CoC 1 „ 2
8 3 CqC9 2 '10 c 2) +

1 1 (4 4 + 4 4  ~ 4 4  - 4 4 ) +

( 4 4 - 4 4 ) = °

Taking into account of (3-80) and (3-83), it can be shown that the coefficients of 

i f 2 and r f l are zero. The coefficient of i f 2 is:

(3-88) c ‘c2 - c^ = A b \ { ) A b \ 2) - f ^ Lb\l) A b l 2) = Q

The coefficient of r fl is:
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(3-89)

c'6cf4 + 4 4  - 4 4  --4 4  = 4 ,) ( - 4  b\2)-v(-- 4 / > , ' , ) ( ' - 4  4 ) ]

■[(•#■ */, X ^ -  6}) ■- ( - T 5- *6 4 ) ]  ■= 0
65 65 &5 65

To aid simplification, replace the coefficients of the parameter 77 in 

equation (3-87) by symbols d j , where j  is the power of the parameter 77:

«  om 4 V i o )  + 4 ( 4 )  + 4 ( 4 )  + 4 ( 4 )  + '7<S(4 i)  + 4 (4 > )(j-yu)
+  774 ( J 4 )  4- 773 (< 73 )  +  772 ( c / 2 )  +  7 7 ( J 1 ) + C4 = 0

Where C4 = c jc 82 -c jc ?  = ^ 2 (Z?|- ^ b \ ) - b l ( b 3 ~ ~ b \ )
5 5

3.3.11 General solution of the system of equations (3-84):

The solution of the system of equations (3-84) is of the type:

5  = S'e1]t and x -  x'e1Jt. The characteristic equation (3-90), obtained in the 

previous paragraph (3.3.10) is a polynomial in 77 to powers of ten:

d l0rjl° + dgr/9 + d877s + J 7 77? + d6r/6 + d 5 77 5 W 4 774 + d3rj3 + d2?j2 + d{r] + CA = 0  

Where dl9 d2,..... , dl0 and C4 are constants. The roots of the above equation, in

general, are 77/ where, i = 1, 2, 3, 4, 5,.... 10.

In the same way as explained in (Jeudy, 1982), suppose the frequencies 

of oscillations are equal to squares roots of 777, 0t = , then, we have ten

frequencies. The general solution of the system of equations (3-84) is of the form 

of sine and cosine waves of differing periods:

10

S = S0 + (A'i cos0ft + A'-sinOjt)
i=1

(3-91)
10

r = r0 + <Jt (Aj cos 6tt + ^fsin  0tt)
/=!
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Where, A-, A", S0, r 0 and cr0 are constant. A' and A" are arbitrary constants 

and depend on the initial conditions. 50 and r0 are determined by equations:

<Vl +  T 0 Cl  + C 2 = °

< V l  + T 0 C 8 + C 3 = 0

These equations are equivalent to equations (3-35) and (3-36). The justification 

may be obtained by substituting the constants c{, c \9 cf, c |,  C2 and C3.

Finally, <7 / may be found from (3-86) by the formula:

<7,  = -  0 ! + w l  + u M  + i M  + + +
(c8 + rh C9 + Vi C10 + v] ClI + v t C 12 + Vi ci3 CI4)

The system of equations (3-91) may be replaced by:

10 u
S = S0 + % [ A , e - '  008(0,( t -B , ) ) ]

i~ 1
(3-92)

10 i-t
r  = To + 1 L CTolA ie ' cos(^ V  ~  B i))]

»=i

Since:

sin 0}t -  cos(~- -  0ft) and cos 0tt + cos( ^  ~ ̂ /O = cos(^/^ ~ ~ )

And taking account of a damping factor e~Xi (King, 1987), which is introduced 

because of friction and air resistance damping the oscillation lightly in practice.

The frequencies depend, among other factors, on o)x the angular velocity 

of the gyroscope. It was shown by Gregerson (Gregerson, 1971a) that any 

change in the power driving the motor of gyro spinner produces a change in the 

period of oscillation, which is also affected by temperature. In the field, for 

example, in a tunnel or mine the power source is a battery, which with time runs 

down. Suppose when the battery runs down the period of oscillation is small and 

of the form of a linear function with time, then the term <9/ in equations (3-92) 

may be replaced by (Of + O'ft). The system of equations (3-92) becomes:
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10 A t
S = S0 + '£ l[A ,e - '  cos((6>, + 0 ; w - B , ))]

/=1

(3-93)
10 u

r  = t 0 + £ cr0[Ate ' cos((<9,. + 0,'O(f -  Bi))]
/= i

Where:

Af are the magnitudes of oscillations.

6'i are the rate of change of frequencies of oscillations due to the change in the

rate of angular velocity of the gyro spinner.

Xi are the damping coefficients.

Bj are the times at positive turning points.

And the corresponding periods may be obtained by the formula:

T 2k  
1 0t +9\t

3.3.12 Calculation of (5 + 1 ), y T, x { and jli  :

Obtaining the value of (5  + r) is the most interesting function because it 

is equal to the angle between the axis of rotation Gx of the gyroscope and the 

meridian plane. From equations (3-93), we get:

10 A t
(3-94) S  + t = S0 + tq + (1 + <jj)[Ate cos((0,. + 0\t){t -  ))]

/=i

The function y } , denotes the East-West movement of the point of 

suspension tape, I. The function may be obtained after substituting 8, r  and their 

derivatives into equation (3-77).

The other two unknown functions x7 and ju may be obtained from 

integrating the equations (3-69) and (3-64) respectively.
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3.3.13 Equation of motion of the moving mark of the Gyro theodolite:

The small movements, oscillations of the gyro, can be seen through an 

eyepiece in the form of a light mark moving against scale divisions. The centre is 

at zero with +15  divisions on the left and -  15 divisions on the right. When the 

Gyrotheodolite is directed towards the true North the moving mark should point 

to zero. However, in practice the actual centre of oscillation is offset by an 

amount Q from zero. Taking into account of Q, the mid-point of swing, the 

equation of motion of the moving mark from (3-93) may be written as:

10 x-t
(3-95) £ [ 4 < T '  cos((0i + 0 ;O « -B i))] + e - A  = O

/=i

Where:

Q is the mid-point of oscillations.

A is the scale reading.

The mathematical model and characteristic equation derived by Jeudy 

(Jeudy, 1982) “without taking account of the damping, accelerating and 

decelerating forces applied to the spinner” are respectively of the form:

5

(A'j cos Oft + A"sin 6ft)
i=i

+ d 4 tĵ  + d^ + C — 0  

Jeudy (Jeudy et al. 1981) determined the parameters of the above equation and 

the mid-point of swing by using an electronic registration device. They used a 

few observations of time. The individual values obtained in that research cannot 

be assessed from the observations. In this research, the values of parameters in 

terms of equation (3-95) and their standard deviations are found by using least 

squares adjustment techniques. The time observations are taken with the aid of a 

video camera over a period of about three hours. The method is described in 

Chapter 4. It makes use of the maximum data available from the Gyrotheodolite. 

A precise determination of values of Q, the mid-point of swing leads to a high 

precision of azimuth determination.



IV. AZIMUTH DETERMINATION

4.1 Introduction:

Different methods, for example, turning point, transit and amplitude 

methods are used for azimuth determination using a suspended gyroscope. These 

methods are described adequately in general literature. Usually, the measured 

quantities are the time, scale divisions and turning points. The observer, in 

conventional observations, takes a few observations of time during the period of 

one or two complete oscillations of the moving mark. Using a stopwatch for 

timing in these methods is inaccurate and highly personal. Gregerson 

(Gregerson, 1971 and 1972) showed by experiments that timings on sharp visual 

signals have a mean error of about 0.12 seconds of time. Taking account of the 

fact that the moving mark of the Gyrotheodolite GAK1 is not very sharp, the 

quality of timing is estimated to be not more than 0.2 seconds at best. The 

observations are used in an observation equation to determine uniquely the 

centre of oscillations without any degrees of freedom. In such a method, the 

centre of oscillations is determined by using the minimum data available so the 

standard error of individual results cannot be assessed from the observations.

In this research, the reasons of deriving a new mathematical model and 

using a new method for observations are:

• To account for the great volume of observations that can be obtained.

• To take advantage of an increase in the quality of timing by using a video 

camera and video frame analysis.

• To consider all mathematical terms which relate to the oscillations. These 

reflect the physical changes to the internal parts of the Gyrotheodolite, 

especially those due to the effect of changes in the angular velocity of the 

spinner and those due to friction and the damping forces.
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4.2 Description of the observations and experiments:

Two sets of time observations, see appendix B, were used in this 

research. The first set took about one and half-hours. The battery was not full 

charged and after two and half-hours was flat. This is similar to the practical 

case, which may occur in the field. The second set took about three hours and 

the battery was fully charged at the start. The method used in this work required 

a video camera to observe the oscillations of the moving mark. The camera was 

set to look through the gyro eyepiece onto the gyro scale and also, to record each 

time the moving mark crossed a scale division. The Gyrotheodolite was set up 

on a pillar, figure 17 to avoid vibrations that may have occurred by using a 

tripod. The gyro spinner was run up to its full speed. The only power source, 

which drove the motor was a battery. The mast was carefully dropped to make 

sure that the moving mark did not go beyond the limit of the scale divisions. The 

moving mark was allowed to settle down for a few minutes before observations 

were taken.

Figure 17 

Gyrotheodolite with a video camera
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The observations are summarised in the table below:

Set of 

observations

Range of 

oscillations

Number of 

readings

Observations 

per oscillation

complete

oscillations

1 -11 +10 552 44 > 12

2 -11 +11 1165 46 >25 j

This table shows that more than twelve oscillations of the moving mark were 

completed in the first set of observations and more than twenty-five oscillations 

were completed in the second set of observations. Only one or two oscillations of 

the moving mark are involved in conventional methods of observation. 

Therefore, this method leads to a substantial increase in the quantity of 

observations. In this method, many observations of time may be taken in a single 

oscillation of the moving mark. The readings of each scale division are repeated 

many times, therefore, the degrees of freedom are greatly increased.

4.2.1 Automated data capture of the maximum available data:

Observations of time at scale divisions are captured on videotape. The time 

was recorded when the moving mark crossed a scale division. In the laboratory, a 

time code was put on the videotape to extract each time observation. With the aid 

of video frames, the quality of timing improved from approximately 0.2 seconds, 

at best by manual methods to the time equivalent of one frame. One frame = 1/25 

seconds = 0.04 seconds. The accuracy of timing increased five times. Therefore, 

automated data capture leads to a great increase in the quantity and quality of 

observations. The good handling of data in terms of quality and quantity lets us not 

only increase the accuracy of the timing method but also to consider a new 

mathematical model for the theory of the suspended gyroscope, for the Wild 

GAK1. This model takes into account of all potentially significant terms that affect 

the changes in the physical environment of the suspended gyroscope, that is, to 

account for accelerations.
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4.2.2 Semi-automated data processing:

Video imagery using frame analysis is selected and the time data is 

extracted with the aid of a microcomputer, “laptop”, see figure 18. After 

processing the time data, it is used in a rigorous mathematical model and 

processed by least squares techniques, which lead to high quality solutions and 

statistical assessments.

Figure 18 

Data processing

*
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4.3 Procedure of determining the North:

The theodolite is directed approximately to North to within a few 

minutes of arc. The gyro spinner is run up to full speed. The motor is driven by 

a battery, which runs down with time. The mast is dropped carefully, and the 

gyro is released to seek true North and oscillate about the meridian.

Figure 19

Underground observations in railway tunnel under the River Severn

In fact, the gyro swings under the influence of many forces. Some of those 

forces are the precession torque due to a couple applied to the spinner axis, the
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torque due to the twisting tape, decelerating forces applied to the spinner due to 

the change in the rate of its angular velocity and finally the gravity forces. 

Therefore, the swinging gyro defines the direction in which the forces are in 

equilibrium rather than the direction of the North. The problem of determining 

azimuth is broken down into two parts (Breach, 1983). Firstly, determine the 

mid-point of swing in the spin and non-spin mode, equation (3-95) in Chapter 3, 

which is written once again here:

10 A t
£ [ 4 < r ' cos((0,+6>;o(/-B i) ) ] + e - A  = o
i=\

Secondly, relate the mid-point of swing, Q determined from the last equation to 

equation of Z, the reading on the horizontal circle of the theodolite, which is 

equivalent to North. See figure 20.

Figure 20 

Diagram of the scale of the Wild GAK1 gyroscope

Scale Scale Non-spin Spin North

Zero Readings Centre Centre

0 A Q ' Q" N

In figure 20:

A is the scale reading, the moving mark appears on the gyro scale as a double 

line.

Q 'is  the position that the moving mark would take when the gyro is in the non­

spin mode. This position would not be at the scale zero because the system 

cannot be adjusted that precisely.

<2"is the position that the moving mark would take when the gyro is in the spin 

mode.

N  is the direction of astronomical North.
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The position of scale zero depends on determining of two torques affecting on 

the gyroscope oscillations. The first torque is due to precession, which may be 

written as:

(4-1) - P amQ,Q$(j)sme (Thomas, 1976)

Where, tu and <j) are constants defined in previous chapters and appendix A.

Pa, is the angular momentum of the spinner. 

s  is an angle between the spinner axis and the North.

Since s, in radians is a very small angle the above equation becomes:

(4-2) Q x = K xs  

Where:

is a torque due to precession.

K x is the precession torque per unit angle e.g. arc second. K x is constant at a 

given latitude.

From figure 20, equation (4-2) may be written:

(4-3) Q l = K l(N ~ A )s

Where, s is the value of one scale unit in angular measure, for example, arc 

seconds.

The second torque is due to tape twisting, which may be written as:

(4-4) Q 2 = K 2s ' (Gregerson, 1972)

Where:

Q 2 is the torque due to tape twisting.

K 2 is the tape twisting torque per unit angle e.g. arc second.

A  is the rotation from the tape zero axis.

From figure 20, equation (4-4) may be written as:

(4-5) Ci2 = K 2( Q ' - A ) s

The total torque is the sum of the two torques Qj and Q 2 :

Q = Q 1+ Q 2 = K l( N - A  ) s  + K 2 ( Q' -  A  )s 

Q.=:s[KlN  + K 2Q :-A { K x + K 2)\

/ A / TS- TS \r-^H N  K 2Q
( 4 - 6 )  Q = s(Kx +  K 2)[—i -  A ]

1 2 K x+ K 2
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The ratio between the two torques Q { and Q 2 may be written as: 

K ,
(4-7) K  =

K,

At the mid-point of swing, the centre of oscillation, the total torque is 

zero, that is, when A = Q

Substitute A in equation (4-6) by (9 "and put E> equal to zero, we get:

(4 . 8) ^ ± M L e - = 0
K x + K 2

Then:

K ,N  + K 2Q' K ,
(4-9) e

K ,+ * 2 1 + *■2

Taking account of (4-7), the last equation becomes:

N  + KO'(4-10) Q" = £ L Z ± lL
1+ K

Where, K  is the constant of the torque ratio. Equation (4-10) may be re-arranged 

to get:

(4-11) N  = Q \1  + K ) - K Q '

Suppose Z, is the reading on the horizontal circle of the theodolite, which 

is equivalent to North. Z may be written as:

(4-12) Z = © + sN + E  (Thomas, 1976)

Where, 0  is the reading on the horizontal circle when the theodolite is clamped 

up ready for observations of the gyro.

E is an instrument constant.

Substitute (4-11) into (4-12) to get:

(4-13) Z  = S  + sQ"(l + K ) - s K Q ' + E

Finally, the azimuth of the line of a reference point may be written as:

(4-14) Az = H r - % ~  s[ Q \  1 + K ) ~  KQ#] -  E

Where, H R is the observed horizontal circle reading to a reference point.
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4.4 Practical application and limitations:

The observational process consists of a pre-orientation towards the North; 

this can be done from the use of the gyro in the unclamped method. The mast is 

dropped in the spin mode and the observer tries to rotate the theodolite slowly to 

keep following the moving mark on the zero division. At the extremity of the 

oscillation the theodolite is clamped up and the horizontal circle is read. A 

provisional estimate of North may be achieved by taking the mean of two 

successive readings. The pre-orientation to North must be determined as 

accurately as possible to ensure accurate azimuth determination and to reduce 

errors due to the centrifugal force of earth rotation, (Halmos, 1977). This process 

may take about 15 minutes and achieve a precision of a few minutes of arc. The 

Gyrotheodolite may be set up on a tripod or pillar. A pillar is preferable, because 

a wooden tripod may twist in damp or sunny conditions and may be knocked 

easily. The duration of 15-20 minutes of pre-orientation of the North is essential 

for the instrument to reach its equilibrium temperature before making any 

observations. Then, the observer is ready to make the required observations to 

determine the azimuth to a reference point. These observations include:

• Two observations of the horizontal circle readings H R to a reference point.

• Two observations of the horizontal circle readings and ©2 with the 

theodolite pointing about half a degree to the West and East of North.

• Observations of time versus scale divisions for determining the mid-point of 

swing twice in the spin mode and once in the non-spin mode. To reduce 

timing errors, a video camera is used to observe and record time on videotape 

at each instant the moving mark crosses a scale division. The data is 

extracted with the aid of a “laptop” computer and by using the video imagery 

with frame analysis.

The video camera is set up carefully to focus on the eyepiece of the gyro scale. 

The observer makes sufficient observations, about 1-2 hours, to determine the 

mid-point of swing for each spin and non-spin mode of the spinner. The method 

makes use of the maximum data available from the Gyrotheodolite.



A complete oscillation of the moving mark takes about eight minutes in 

the spin mode and about one minute in non-spin mode. In conventional methods, 

using a stopwatch for timing it is not possible to make good observations in the 

non-spin mode. The period between two successive observations of the moving 

mark can be less than one second, which is too rapid to make any sensible 

observations. However, using video imagery with frame analysis and with the 

facilities of “pause”, “backward” and “forward”, it is possible to obtain each time 

to the nearest frame as stated in (4.2.1).

The weight of Wild GAK1 including the video camera is approximately 

about 6 kg, this is not considered an excessive in comparison, for example, with 

the weight of Gyromat-2000. The latter is a bulky piece of equipment with a 

large mass of about 16 kg, which is difficult for handling in confined spaces, 

especially in the underground environment (Eyre et al. 1995). The second hand 

cost of the Wild GAK1 including the equipment used in this method is in the 

order of £5,000 to £10,000 while the cost of Gyromat-2000 is understood to be 

in the order of £50,000 to £70,000. Upgrading the observing and computing 

procedures applied to the Wild GAK1, using the methods described in this work, 

a precision of azimuth determination to ± 3" may be obtained. The result is 

comparable with the precision obtained by Gyromat-2000.

The method is very simple and safe to be used for practical application in 

surface and subsurface baseline orientation, for example, for azimuth 

determination in underground tunnels. Precautions need to be considered for the 

stability of the equipment and protection from sunshine and wind when used on 

the surface. Observations using a Wild GAK1 with video camera were carried 

out by Mr. Breach, the supervisor of this project in the railway tunnel under the 

River Severn, figures 19 and 21. However, additional precautions need to be 

considered if this method used in a mine, the system must be acceptable for mine 

safety for electrical equipment.
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The observations are processed in an appropriate rigorous mathematical 

model, equation (3-95) to determine the mid-point of swing and other 

parameters. The adjustment by using least squares techniques leads to high 

quality solutions and statistical assessments. The programme runs on Excel 

spreadsheets. The dislevelment of the theodolite especially, when it is in the 

Prime Vertical will affect each reading on the gyro scale by a constant error for 

each set up of the instrument. However, precise levelling of the Gyrotheodolite 

may be achieved when it is set on a pillar and this may reduce the dislevelment 

error according to Breach (Breach, 1983). Also the deflection of the vertical is 

neglected in the mathematical model (3-95). However, this error is negligible in 

surveying flat areas but may need to be taken into account in geodetic 

applications (Halmos, 1977).

Figure 21

Making observations by Wild GAK1 with a video camera 

in the railway tunnel under the River Severn

■ d s l B

Gyrotheodolites can be used in densification of geodetic networks for the 

orientation of surface and subsurface traverses and for azimuth determination in 

many industrial applications, for example, railway tunnels. They can be used at 

all times and under circumstances in environments where ground control is
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limited and the view of the sky is restricted. The azimuths determined by 

Gyrotheodolites are equivalent to astronomical azimuths because in both cases 

they are defined by the vertical and by true North. However, gyroscopic 

azimuths are determined without depending on astronomical observations, for 

which different observational conditions apply.

4.5 The precision of azimuth determination:

Equation (4-14) relates the values Q, which are the midpoint of swing in 

the spin and non-spin mode, and determines the azimuth of a reference point. If 

two sets of observations are made in the spin mode, each with the theodolite 

pointing about a half degree to West and East of North respectively. Then 

equation (4-13) may be written for both sets of observations as follows:

(4-15) Z = ©j + sQ "(1 + K )  -  sKQ' + E  (for one side of North).

(4-16) Z  — ©2 + sQ n2 (14- K ) -  sKQ' + E  (for the other side of North).

Subtract (4-15) from (4-16) to get:

half degree to the West and East of North respectively.

Q"x and Q \  are the midpoints of swing for the two sets of observations in the 

spin mode.

Substitute (4-17) into equation (4-14) to get:

Apply the law of error propagation from (Nassar, 1985) and use the variances of 

parameters of equation (4-18) to get:

(4-17) \+ K  = 02 1 (Thomas, 19B2)

Where:

©! and 0 2 are the horizontal circle readings with the theodolite pointing about a

(4 -1 9 )

2 .r( 0 2 - Q 1) ( e " - ! 2 ') 12 

®  m - Q D 2
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If <tq = cr@l = cr@2 and (7q > -  <Jq » = <j q,» = c r^ . Equation (4-19) becomes:

(4-20)

_ 2  _ 2  . _ 2  , 2 / -*f2 , 2 n  . Q Q \2*i
e  =  az  + < ? h r  + ° s Q  + < r ® V  +  2 (.̂ ~ ■) ]

+  c r ^ . [ s 2 - 2 5 ( ® 2  e ' ) +  2 ( (">-  ® !- ) 2 (1 +  ( ~  — ) 2 ) ]
e e r - e 2 e r - e ;  e r - e j

Assume these reasonable values for the parameters of equation (4-20):

=1”

crq» =0.0012 scale divisions (from computations).

0 -0= 1”

Q"=  0.2 scale divisions. 

f i '= 0 .1

Q "  i " Q " 2 = 2 scale divisions.

©2 - ©j -  1° = 3600 seconds.

The value of s, one unit of scale division is given in Wild GAK1 manual as 10' 

or 0.198r. Therefore, there is a difference of 15.6" between the two values of s 

mentioned in Wild GAK1 manual.

Suppose crs = 15.6" therefore, 

ct2Az — ct2e +11.2 (arc second)2

The precision of the azimuth to a reference point depends among other factors on 

the determination of the instrument constant, E. Practically, it is impossible to 

determine E  perfectly. The precision of E, the instrument constant, may be 

considered in the range from ± 1" to ± 5", then <j Az , the precision of the azimuth

will be in the range from ± 3.5" to ± 6.2", which is usually acceptable from the 

practical point of view.

In Chapter 5, two sets of time observation were used to test the validity 

of the mathematical model. Results by least squares adjustment for most 

parameters, in terms of equation (3-95), and their standard deviations were 

found.
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V. GYROTHEODOLITE ADJUSTMENT COMPUTATIONS

5.1 Mathematical model:

Measured quantities are the “observations” obtained through the data 

collecting process. They are used in observation equation. The mathematical 

model represents the mathematical relationship between x the unknown 

parameters and I the observables. The mathematical model may be written as: 

(5-1) F(x, /) = 0

In our case, we find in Chapter 3 the equation of motion of the moving mark 

may be written in the term of equation (5-1) as:

10
(5-2) F(x,l) = £  Ate~^  cos((6>;. + 0\t)(t - B t)) + Q -  A = 0

/= i

The vector of unknown parameters is:

(5-3) x = (A, 9, Q\ B , A, Q)

Suppose the scale divisions are equally spaced. This will depend on the 

manufacturer’s precision. Therefore, they are not considered as observable 

quantities. The only observable quantity is the time. The vector of time 

observations may be written as:

(5-4) / = (*j, t2, t n)

Where:

n is the number of observations.

5.2 Least squares adjustments:

The mathematical model (5-2) is a function of the observations and the 

parameters. The least squares adjustment follows a “general form”. The 

mathematical model is linearised as a Taylor series. The solution of which is 

given in most standard textbooks as:

(5-5) A x  + Bv + b = 0 (Yanicek, 1982)

Where:

A  and B are design matrices. 

b is a misclosure vector.

The matrices A  and B and the vector b may be written as:
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A = —~, B = —~, and b = F(l0, x ) 
ox dl

Where:

x  and / are the adjusted parameters and observations respectively. 

l0 represents the original observations, 

v is the vector of residuals for time observations. 

x  is the vector of corrections to the provisional values of parameters.

F represents the complete non-linear model given by (5-2).

For n observation equations, the elements of (5-5) are of dimensions:

(5-6) A x + B v + b = 0
n xu  n x 1 n xn  n x 1 n x 1

Where;

n is the number of observation equations; each observable has one observation 

equation.

u is the number of unknown parameters.

The elements of the matrix A  are formed by taking the partial derivatives of (5-2) 

with respect to the parameters (A, 6\ O', B, X, Q). Similarly, take the partial 

derivatives of (5-2) with respect to time observations to form the elements of the 

matrix B. Since the time is the only observable quantity, B is a non-unit diagonal 

matrix.

If i = 1 in terms of equation (5-2), u the number of parameters will be six. 

Then, the matrices A and B for one observation equation may be written as:

(5-7) A =
1x6

(5-8)

dF dF dF dF dF dF
a 4 30 dO’ dB dX dQ

and B = dF
lxi dt

B = - A e ^ '  [{20'ti -  G'B + 0)sin((0 + 6 )(/, -  B)) + X cos((0 + 6'U)(/, -  JS))]
lxl

Where:

dF_
dA

= e~x‘l cos{(9 + )(f j
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^  = - 0 ,  -  B )A e-*  sin((0 + 9't, )(/>, -  B)) 
8 0

8 F
- = - t x ( t { -  B ) A e ~ sin( (0  + 6%)^ -  B )) 

= (0  + 0 't l )A e ~ Xtx sin( (0  + 0 ' t ^  -  B ))

80

8 F  

8 B

8F
^ - = - t {Ae-̂cos((0 + 0'/,)(?, -  B))
8X

8F_

dQ
= \

The vector b is a column vector, b in terms of equation (5-2) for one 

observation equation may be written as:

(5-9) b  = A, -  A e~ Al'cos ((9 + 6 ’t,)(/, -  B -
lxl

This equation expresses the difference between the observed quantity A obs and 

the computed quantity A com . Equation (5-9) may be written as:

(5-10) b = A lobs — A lcom
lxl

Therefore, in terms of equation (5-2) if i — 1, equation (5-6) for one linearised 

observation equation may be written as:

(5-11)

8 F  8 F  8 F  8 F  8 F  8 F

8A  8 0  8 0 '  8B  8X  8 Q
1x6

dA  

d.0  

d 0 ' 

d B  

d /1 
d Q
6x1

+
8F_

8 tl
lxl

y  t\ f  b  lobs ~  A  Icom ]  ”  0'l
lxl lxl

Where, dA , d 0 , d 0 \  d B , d X  and d Q  are corrections to the provisional values of 

parameters A , 0, 0 \  B , X  and Q.

Equation (5-11) for n  observation equations may be written as:
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(5-12)

8F_
8A

( ^ )3A

3F_
30

( - )  3 0 1

3F
30'

3F_
3B

3F 3F) (~—) 
30' 3B

3F_
3X

3F (——-) 
31 1

3F_
3Q

(— ) 3Q n
77X6

- dA ....
t

d0  .... .... (d
d 0 ’ .... .... {d
dB .... .... (d
dX .... . ...  {

-[dQ  .... .... (dQ)„_
6X71

dF
0 0 .. .. 0

3tx

0
3F
dt2

0 .. .. 0

0 0 .............. .. 0

0 0 .. 0

0 0 3F

V ^ \ o b s  ^ l o o m

V>2 ^ 2 obs ~  ^ 2 c o m

. . . . + . . . .

_v J -^ n o b s  ~ ^ n c o m _
Tixl n x 1

The adjusted vector of estimated parameters might be written as:

(5-13) *  = x 0 + x

Where, x 0 is an initial approximation to the parameters and

(5-14) x =  (ArM~lA)~l (At M~,1>)(Mikhail, 1981) and (Vanicek, 1982)

Where;

M  = BW~lB T

W' is the inverse of the weight matrix for the observations.

The variance-covariance matrix for the estimated parameters may be written as:

(5-15) Cx =& 02(ATM~lA y [

Where cr02 is computed by formula:

„ 2 VTWV
= --------------n — u

v, the vector of residuals for time observations may be written as:

(5-16) v = - W - ' B TM ~ \ A x  + b)

The adjusted observations may be written as:

(5-17) / = /0 +v
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5.3 The weight of observations:

The observations are time at each moment the moving mark crosses a 

scale division. Since the scale divisions are considered equally spaced, the 

weight of each observed time should be considered. The correct weighting of 

each observed time may be given as a function of either the distance of its 

corresponding scale division from the midpoint of swing or the velocity of the 

moving mark. However, Breach (Breach, 1983) found that taking different 

weights for each observable time had no effect on the determination of the centre 

of oscillation Q or on its standard deviation <j q . Therefore, all time observations

should have equal weight. The weight matrix appears in equations (5-14), (5-15) 

and (5-16) is a unit diagonal matrix.

5.4 Simplification of computed matrices:

Since the only observed quantity is time, the second design matrix B is a 

non-unit diagonal matrix. Therefore, there is no need to construct B in the 

adjustment in its full dimensions n x n where n will be equal to the number of 

observation equations. Assuming the weight matrix is a unit matrix in equations 

(5-14), (5-15) and (5-16), we get the following equations:

(5-18) x  = {AT A T 1 {ATb)

(5-19) Cx = a ^ ( A T A ) '1

(5-20) v = - B r (Ax + b)

Where, x  is the vector of corrections to the provisional parameters, Cx is the

variance-covariance matrix for the estimated parameters and v is the vector of

residuals for time observations. &02 in this case will be:

T
- 2 V V <T0 = -------

n - u

Suppose r is the corresponding residuals vector for scale divisions, r may be 

written as:

r = Bv 

(5-21) r = - (A x  + b)

106



5.5 Some computing considerations:

The observations used in this project are two sets of 552 observations of 

time for the first set and 1165 observations of time for the second set. The 

moving mark oscillates in the spin mode. The extent of the swing in both the 

positive and negative directions is from -11 to +10 for the first set of 

observations. The oscillations involve 44 times at scale divisions per oscillations. 

However, the extent of the swing for the second set of observations is from -11 

to +11. The oscillations involve 46 times at scale divisions per oscillations. 

Thus, there is more than twelve complete oscillations for the first set of 

observations and more than twenty-five complete oscillations for the second set 

of observations. The observations are used in the mathematical model to 

determine the midpoint of swing and other parameters in terms of the equation:

10
(5-2) £  Ate~Al‘cos((0, + 0,7)0 -  B,) )  + Q-  A = 0

/=1

Least squares adjustment techniques are used to compute the different 

parameters for equation (5-2). See appendix C. Since the initial approximate 

values of the parameters are not known, good provisional values of the unknown 

parameters are used to get a convergent solution by an iterative least squares 

process. Since some parameters are numerically very much larger than others 

are, setting all parameters to zero, as initial values did not work. The problem of 

finding the provisional values of the parameters consists of the following steps:

• Put O'- 0 in equation (5-2), compute the provisional values of the parameters 

by non-rigorous means.

• Put 0' — 0 and X = 0 in equation (5-2), compute the values of the parameters 

by iterative least squares using the provisional values derived from the 

previous step.

• Put O' -  0, use the values obtained in the previous step to compute all the 

values of the parameters in equation (5-2) up to the next value of i by 

iterative least squares.

• Repeat these three steps to compute the values of the parameters in equation 

(5-2) up to the next value of i by iterative least squares.
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5.6 Results from using the first set of time observations:

The first set of observations took about one and half-hours, the battery 

was not full charged and after two and half-hours was flat. The values of these 

observations are shown in table B l, appendix B.

In all tables appear below, the precision, standard deviations of the 

parameters A, 0\ O', B, X and Q are computed from the diagonal elements, the 

variances, of the matrix (A TA)~l , see equation (5-19) and appendix C, by the

formula: crx -  ^/crY2 <r0 where, x is any parameter.

The parameters A, 0, O', B, X and Q have the following units:

A, the magnitude of the oscillations is in scale division units, one scale unit is 

about 600" arc seconds.

0 and O', the frequency of the oscillations and the rate of change in the frequency 

are in radians per frame and radians per (frame)2 respectively.

B, the phase is in frames.

X, the coefficient of damping is unitless.

Q, the centre of oscillations is in scale division units.

A least squares adjustment was performed in a step by step manner for

10

the mathematical model (5-2) ^ A fe~Ait cos((0{ + 0\t)(t -  Bt)) + Q -  A = 0. This
/= l

represents the equation of motion of the moving mark of the Gyrotheodolite. The 

model is in the form of a damped harmonic motion with ten periods for the 

oscillations. Put i = 1 in equation (5-2) to obtain the first model of the 

observation equation (5-22) for the first period of oscillations:

(5-22) Axe~k ' cos[(<9, + 6[t) (t-B ,) ]  + g -  A = 0

The provisional values of the parameters in terms of this equation (5-22) are 

found following the steps explained in paragraph (5.5). Where t, is time and its 

units are frames. See “table B l, appendix B”. Table 1 and figure 22 summarise 

the results for values of these parameters and their standard deviations computed 

by a least squares adjustment.
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5.6.1 Results from using the observation equation (5-22):

Table 1

Parameters A, 0, 6\ B, A, Q and their standard deviations

using the first set of data

Parameters Values fj

A 10.98296 0.004172
e 0.000592 1.23E-08
6' 9.29E-13 8.31 E-14
B 9273.193 0.55987
A 8.53E-08 4.38E-09
Q -0.1028 0.001126

°0 0.0272

Figure 22

Residuals 1 of the first set of time observations

re a d in g s

Table 1 shows that the main period of oscillations (2 n  19), is about seven 

minutes, 424.5 seconds, which is well known from the experiments. Most of the 

conventional observation methods use the mathematical model of a damped 

harmonic motion with just one period of oscillation (EMR, 1975). This model is 

inadequate for precise azimuth determination. The standard deviation of 9\ the

O'change in the frequency of oscillations is much less than its value, ----- = 11.2.
<70,

This suggests practical evidence for including the term 6't in the mathematical
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model. The midpoint of swing, Q and its standard deviation are shown in scale 

divisions, which in arc seconds are respectively, 61".68 and 0".67. Figure 22 

shows the observation residuals, values of which are shown in appendix C. From 

value of cj0 and the residuals, we can deduce whether the model may be 

improved or not. The value of cr0 in the experimental case was 0.0272.

Next, put i = 2 in equation (5-2) to obtain the second model of the 

observation equation (5-23) for the second set of oscillations:

(5-23) A ,e ^ '  cos[(0, + d[t){t- B,)] + A2ecos[(02

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 1.

The values of t are in frames, t = tl9 t2 tn, see table B l, appendix B, and n is

the number of observations

Table 2 and figure 23 summarise the results of values for the parameters 

of equation (5-23) and their standard deviations computed by a least squares 

adjustment.
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5.6.2 Results from using the observation equation (5-23):

Table 2

Parameters^,, 0X, 9 \ , B x, A,, Q, A2, 02, 0'2, B2, 

and their standard deviations using the first set of data

Parameters Values <y

A 11.00503 0.003392
% 0.000592 1.61E-08

o\ 4.48E-13 1.18E-13
B , 9277.126 0.637706
A, 1.1E-07 3.72E-09
Q -0.10486 0.000618
A2 0.044418 0.00472

0.000677 6.42E-06
e \ -1.7E-11 5.47E-11
b 2 6547.588 189.8212
A 8.87E-06 1.78E-06

<?0 0.0145

Figure 23

Residuals 2 of the first set of time observations

Residuals 2

readings
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Table 2 shows that the value of cj0 improved from 0.0272 to 0.0145. The 

standard deviation of the midpoint of swing, Q improved from 0.001126 scale 

divisions (0".67) to 0.000618 scale divisions (0".37). The second oscillation 

period, (2 n  10[), which is 371.2 seconds is about 87% of the main period of 

oscillation, the corresponding amplitude is 0.0444 scale divisions (26".64). 

Using a set with very few of time observations and another type of the 

Gyrotheodolite, Jeudy (Jeudy et al. 1981) found the second period of oscillation 

to be about half of the main period and the corresponding amplitude about 70". 

In our case, the main period is approximately the same, the second period of 

oscillation is much longer.

Now put i = 3 in equation (5-2) to obtain the third model of the 

observation equation (5-24) for the third set of oscillations:

(5-24) ± A ,e ~ *  cos[(0( + 0 'm  -  B,)] + Q -  A = 0
f=l

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 2.

The values of t are in frames, t = tl9 t2 tn, see table B l, appendix B, and n is

the number of observations

Table 3 and figure 24 summarise the results of values for the parameters 

of equation (5-24) and their standard deviations computed by a least squares 

adjustment.
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5.6.3 Results from using the observation equation (5-24):

Table 3

Parameters A lf 0lf 6 \, Bx, Q, A2, 02, 0'2, B2, A* A3, 03, 0'3, B3, A3 

and their standard deviations using the first set of data

Parameters Values CT

A 10.97568 0.059684
0, 0.000592 1.2E-06
0\ 3.26E-12 5.35E-12
A 9242.709 96.612
A, 8.03E-08 4.54E-08
Q -0.10441 0.000378
A2 0.101236 0.388769
02 0.00063 5.8E-05

0 \ 1.48E-10 3.05E-10
b 2 3436.839 1682.654
A 1.41E-05 3.87E-05
A 0.174148 0.707454
o, 0.000573 4.84E-05

0 \ -3.4E-10 3.25E-10
By 21812.25 528.0803
a3 2.43E-05 4.44E-05

<*0 0.0087 

Figure 24

Residuals 3 of the first set of time observations

R e s id u a Is 3

r e a d i n g s



Table 3 shows that the value of a 0 improved from 0.0145 to 0.0087. 

However, the ratios between some parameters and their standard deviations are 

much smaller than one. This suggests that the values of some parameters are 

insignificant. Therefore, we reduced one of these parameters at a time to see its 

effect on the values of the other parameters and their respective standard

deviations. Table 3 shows that —— = 0.36, then let us, put X, = 0 to see the
° * 2

effect of neglecting ^  upon the other parameters, equation (5-24) becomes:

(5-25) A'e~l"COS[(0‘ + ~ B')] + A* 0*m  ~
+  A 3 e ~ *  c o s [ ( ( 9 3 +  - B 3)] +  Q - A  =  0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 3.

The values of ( are in frames, t = tx, t2 tn, see table B l, appendix B, and n is

the number of observations

Table 3a and figure 25 summarise the results of values for the parameters 

of equation (5-25) and their standard deviations computed by a least squares 

adjustment.
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5.6.3.1 Results from using the observation equation (5-25):

Table 3a

Parameters A l9 <9„ 6\, £„  Q, A2, 02, 0'2, £ 2, 4 3, 03, 0'3, # 3, A3 

and their standard deviations using the first set of data

Parameters Values <j

A t 10.98186 0.007327
0, 0.000592 1.73E-07
Q\ 3.17E-12 9.42E-13
B} 9254.717 10.43212
A, 7.76E-08 7.96E-09
Q -0.10438 0.000378
A2 0.035627 0.007107
e2 0.000654 5.43E-06
Q'2 -2.9E-11 2.82E-11
B2 3872.234 464.4054
A3 0.082806 0.062044
0, 0.000564 1.56E-05

-2.5E-10 9.93E-11
B3 22202.39 434.1262
A3 1.4E-05 7.1 IE-06

0.0088

Figure 25

Residuals 3a of the first set of time observations

0.02

0
- 0.02

-0.04

Residuals 3a

readings
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Table 3a shows that the ratios between the values of most parameters and 

their standard deviations have been improved. However, the ratio between 0'2 

and its standard deviation is just about one. Let us, put 0'2 = 0 in equation (5-25) 

to see the effect of neglecting 0'2 upon the other parameters, equation (5-25) 

becomes:

(5-26) A'e ^  cos^ 1 + ~ B' ^  + Al cos<̂ 2 ̂  “  B l)
+ A3e~h ‘ cos[(03 + 03t)(t - B 3)] + Q -  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

3a. The values of t are in frames, t = tX912 tn, see table B l, appendix B, and n

is the number of observations

Table 3b and figure 26 summarise the results of values of the parameters 

of equation (5-26) and their standard deviations computed by a least squares 

adjustment.
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5.6.3.2 Results from using the observation equation (5-26):

Table 3b

Parameters A t, 0 t, 6 \ ,  B {, Q , A 2, 02, B 2, A 3, 03, 0 '3, B 3t 

and their standard deviations using the first set of data

Parameters Values CF

A 10.98135 0.006363
o, 0.000592 1.15E-07

0\ 3.09E-12 6.55E-13
B , 9256.621 6.298556
Ai 7.94E-08 7.35E-09
Q -0.10436 0.000377
a 2 0.035093 0.00535
02 0.00065 3.5E-06
B2 3693.42 400.9385
A 3 0.06544 0.02946
0, 0.000557 1.07E-05

0\ -1.9E-10 6.59E-11
B, 22143.32 388.8328

1.1 IE-05 4.03E-06

rr.. 0.0088

Figure 26

Residuals 3b of the first set of time observations

Residuals 3b

0.04

0.02
0

- 0.02
-0.04

readings

117



Table 3b shows that the effect of neglecting the parameters ^  and 6 \  

results in improvement of the ratios between the values of most other parameters 

and their standard deviations. However, let us, put A3 = 0 in equation (5-26) to 

see the effect of neglecting /L3 upon the other parameters, equation (5-26) 

becomes:

(5-27) A'e~M‘ cos^ 6>1 + ~ B] ^  + Al cos^ 2 ^  “  B l)
+ A3 c o s [(<9 3 + 93t){t - B 3)\ + Q -  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

3b. The values of t are in frames, t -  t{, t2 tn, see table B l, appendix B, and n

is the number of observations

Table 3 c and figure 27 summarise the results of values of the parameters 

of equation (5-27) and their standard deviations computed by a least squares 

adjustment.
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5.6.3.3 Results from using the observation equation (5-27):

Table 3c

Parameters A x, 6>„ 0\, B {, A , Q, A2, 02, B2, A3, 03, 0 3, B3 

and their standard deviations using the first set of data

imeters Values sigma

A 10.99328 0.004214
0. 0.000592 5E-08
0\ 2.74E-12 3.26E-13
B , 9263.026 2.03358

A IE-07 4.53E-09
Q -0.10445 0.000381
A2 0.030138 0.002247
02 0.000655 2.16E-06
B2 4137.216 263.8212
A 0.027563 0.002893
0, 0.000533 5.36E-06

0\ 1.48E-11 2.56E-11
B, 21968.72 365.1492

^0 0.0089

Figure 27

Residuals 3c of the first set of time observations
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Table 3 c shows that the effect of neglecting the parameter X3 results in 

improvement of the ratios between the values of most other parameters and their 

standard deviations. Finally, let us, put 0 \  = 0 in equation (5-27) to see the effect 

of neglecting 0 \ upon the other parameters, equation (5-27) becomes:

(5-28) A l C C 0 S ^6>1 + ~ B^  + cos^2 (* ~ B2 ))
+ A3 c o s (<93 (I -  B3)) + Q ~  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

3c. The values of t are in frames, t = tu t2 tn, see table B l, appendix B, and n

is the number of observations

Table 3d and figure 28 summarise the results of values of the parameters 

of equation (5-28) and their standard deviations computed by a least squares 

adjustment.



5.6.3.4 Results from using the observation equation (5-28):

Table 3d

Parameters A u 0 \ ,  B x, Q , A 2, 02, B 2, A 3, 03, B 3

and their standard deviations using the first set of data

Parameters Values CT

A 10.9941 0.004016
Ox 0.000592 4.48E-08

o\ 2.8E-12 2.94E-13
B , 9262.664 1.779515

A 1.01E-07 4.56E-09
Q -0.10446 0.000381
A 0.030424 0.002083
o1 0.000655 2.06E-06
B1 4114.494 250.2048
A 0.028061 0.002646
o3 0.000535 2.47E-06
b 3 22060.64 286.5536

&<) 0.0089

Figure 28

Residuals 3d of the first set of time observations
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Tables 3, 3a, 3b, 3c and 3d show that the change in the value of <j0 is 

very little and changes from 0.0087 to 0.0089. However, neglecting the 

parameters X2i 0'2, X3 and 6 \ improved the precision of most other parameters in 

equation (5-24). The most important result, which may be drawn so far, is that 

including the parameters X and O' in equation (5-2), further than i = 1 has 

insignificant effect. Therefore, table 3d gives the best results for the parameters 

in equation (5-2).

Table 3d shows that the value of cr0 improved from 0.0145 in the second 

period to 0.0089. The standard deviation of the midpoint of swing, Q improved 

from 0.000618 scale divisions (0".37) to 0.000381 scale divisions (0".23). The 

third oscillation period, (2 n  / 0 3) , is about eight minutes and the corresponding 

amplitude is 0.028 scale divisions (16".8). The amplitude is much smaller than 

the corresponding one obtained for the second period.

Now put i = 4 in equation (5-2) to obtain the fourth model of the 

observation equation (5-29) for the fourth set of oscillations:

(5 29) C0SK î + ~ )] + ^ 2  cos(02 (t - B 2)) + A3 cos(03 (t -  B3))
+ A4 cos(<94 (t -  B4)) + Q -  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

3d. The values of t are in frames, t=^tx, t 2 tn, see table B l, appendix B, and n

is the number of observations

Table 4 and figure 29 summarise the results of values of the parameters 

of equation (5-29) and their standard deviations computed by a least squares 

adjustment.
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5.6.4 Results from using the observation equation (5-29):

Table 4

Parameters Aj, fy, Bj, A,, Q (i = 1, 2, 3, 4) and their standard deviations

using the first set of data

imeters Values CT

A 10.99415 0.004035
0, 0.000592 4.5E-08

0\ 2.8E-12 2.96E-13
5, 9262.638 1.786141
A, 1.01E-07 4.58E-09
Q -0.10446 0.000381
A2 0.030455 0.002092
o2 0.000654 2.06E-06
B2 4112.509 250.6992
A 0.028098 0.002661
0, 0.000535 2.48E-06

10324.09 341.2761
A 0.00064 0.000537
o\ 0.005498 2.14E-05
B4 7161.258 303.6418

0.0089

Figure 29

Residuals 4 of the first set of time observations
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Table 4 shows that the fourth period of oscillations, (2 k  104), is about 45 

seconds, the corresponding amplitude is 0.00064 scale divisions (0".38). This 

amplitude is too small to be seen, even with electronic registration instruments. 

The precision of the midpoint of swing did not change. However, we are going 

to compute all terms of the mathematical model to the end, in order to find 

whether there are any significant components of amplitudes and periods of 

oscillations.

Now put i = 5 in equation (5-2) to obtain the fifth model of the 

observation equation (5-30) for the fifth set of oscillations:

(5-30) A{6~ht cos^ 6>1 +0iO(*“ £i)] + ^2 cos(02( t - B 2)) + A3 cos(03( t - B 3))
+ A4 co s(< 9 4 (t  - B a)) + A5 c o s (0 5 ( t  -  Bs)) + Q -  A  = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 4.

The values of t are in frames, t = t2 tn, see table B l, appendix B, and n is

the number of observations

Table 5 and figure 30 summarise the results of values of the parameters 

of equation (5-30) and their standard deviations computed by a least squares 

adjustment.
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5.6.5 Results from using the observation equation (5-30):

Table 5

Parameters Aj, Of, G\, Bj, A,, Q (/ = 1, 2,..5) and their standard deviations

using the first set of data

Parameters Values cr

A 10.994 0.003936
0. 0.000592 4.42E-08

o \ 2.83E-12 2.91 E-13
b x 9262.498 1.750326
a, 1.01E-07 4.48E-09
Q -0.10432 0.000372
A 2 0.030444 0.002066
o2 0.000654 2.03E-06
B2 4093.863 246.3591
A , 0.028479 0.002602
0 , 0.000535 2.4E-06
B3 10324.83 328.7829
a 4 0.000768 0.000524
04 0.005492 1.74E-05
B4 7140.605 246.9908
a 5 0.001192 0.000521
05 0.004989 1.13E-05
B5 9942.246 171.8059

^0 0.0086

Figure 30

Residuals 5 of the first set of time observations

R e s  id u a Is 5

0 .04

0.02

0

- 0 . 0 2

- 0 . 04

re ad ings

125



Table 5 shows that the fifth period of oscillations, (2 n  165), is about 50 

seconds, the corresponding amplitude is 0.0012 scale divisions (0".72). The 

precision of the midpoint of swing improved very little. Also, the improvement 

in the value of ct0 is small.

Now put i — 6  in equation (5-2) to obtain the sixth model of the 

observation equation (5-31) for the sixth set of oscillations:

6
(5-31) Axe -*  cos[(0x + 6[t)(t -  B])] + A, cos(0, (t -  B, )) + Q -  A = 0

1=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 5.

The values of t are in frames, t = tu t2 tn, see table B l, appendix B, and n is

the number of observations

Table 6  and figure 31 summarise the results of values of the parameters 

of equation (5-31) and their standard deviations computed by a least squares 

adjustment.
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5.6.6 Results from using the observation equation (5-31):

Table 6

Parameters Aj, Of, 6 \, Bf, Ax,Q ( i=  1, 2,..6) and their standard deviations

using the first set of data

Parameters Values cr

A 10.99251 0.002576
0.000592 3.12E-08

0 \ 2.16E-12 2.05E-13
A 9266.728 1.297892
A 9.92E-08 2.95E-09
Q -0.10434 0.000345
A 0.025733 0.001361
o1 0.000659 1.92E-06
b 2 4602.817 229.8256
A 0.02327 0.001527
o.\ 0.00053 2.06E-06

9652.699 287.3798
A 0.000783 0.000486
o4 0.005493 1.58E-05
b 4 7157.089 224.7367
A 0.001245 0.000483
% 0.004989 IE-05
b 5 9941.915 152.6644
A 0.004896 0.000518
o6 0.000786 3.03E-06
B6 8346.771 288.4146

°0 0.0080

Figure 31

Residuals 6 of the first set of time observations
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Table 6 shows that the sixth period of oscillations, (2 tz7 i96), is about 320 

seconds. The corresponding amplitude is 0.0049 scale divisions (2".9). The 

precision of the midpoint of swing improved very little. Also, the improvement 

in the precision of the value of &0 is small.

Now put i — 7 in equation (5-2) to obtain the seventh model of the 

observation equation (5-32) for the seventh set of oscillations:

7

(5-32) cos[(6»! + - Bx)] + YuAi cos(0,(f-£ ,) )  + g -  A = 0
/=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 6.

The values of t are in frames, t = t{, t2 tn, see table B l, appendix B, and n is

the number of observations

Table 7 and figure 32 summarise the results of values of the parameters 

of equation (5-32) and their standard deviations computed by a least squares 

adjustment.



5.6.7 Results from using the observation equation (5-32):

Table 7

Parameters Aj, 9\, 0\, Bj, A1? Q ( i =  1, 2,..7) and their standard deviations

using the first set of data

Parameters Values a

A 10.9923 0.002633
0.000592 3.25E-08

e \ 2.22E-12 2.14E-13
B, 9266.392 1.345589
A, 9.89E-08 3.02E-09
Q -0.10434 0.00034
^2 0.026187 0.001414
2̂ 0.000658 1.9E-06

b 2 4559.217 228.2145
A3 0.023631 0.001606
O3 0.00053 2.08E-06

9693.231 290.7822
A4 0.000783 0.000479
0\ 0.005493 1.56E-05

7157.433 221.4268
As 0.00122 0.000476
Os 0.004989 1.01E-05
Bs 9947.968 153.4587
A(, 0.004779 0.000519
e6 0.000783 3.15E-06
Bs 8171.162 305.0142
A1 0.002141 0.000485
0\ 0.000874 6.57E-06
By 10488.73 571.1728

Bo 0.0079
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Figure 32

Residuals 7 of the first set of time observations
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Table 7 shows that the seventh period of oscillations, (2 n  10^, is about 

287 seconds. The corresponding amplitude is 0.0021 scale divisions (1 ".26). The 

precision of the midpoint of swing improved very little. Also, the improvement 

in the value of <t 0 is small.

Now put / = 8 in equation (5-2) to obtain the eighth model of the 

observation equation (5-33) for the eighth set of oscillations:

8

(5-33) Aje~*‘ cos[(6», + Q[t)(t -  5,)] + X  A> cos(^/('-#,■)) + {?- A = 0
;=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 7.

The values of t are in frames, t = r,, t2 tn, see table B l, appendix B, and n is

the number of observations

Table 8 and figure 33 summarise the results of values of the parameters 

of equation (5-33) and their standard deviations computed by a least squares 

adjustment.
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5.6.8 Results from using the observation equation (5-33):

Table 8

Parameters Af, 6i, 0 \, Bf, Al9 Q { i~  1, 2,..8) and their standard deviations

using the first set of data

Parameters Values C7

A 10.99321 0.002615
Ox 0.000592 5.88E-08

0\ 2.14E-12 3.84E-13
Bx 9266.792 2.472393
A 9.99E-08 3E-09
Q -0.10437 0.000338
A 0.025659 0.002568
o2 0.000659 3.36E-06
b 2 4659.981 400.6382
A 0.023251 0.002687
% 0.00053 3.18E-06
B3 9665.204 442.7895
a 4 0.000794 0.000475
04 0.005493 1.53E-05
B4 7160.485 216.6394
A 0.001228 0.000473
05 0.004989 9.95E-06
Bs 9947.454 151.254
A 0.004795 0.000623
o6 0.000785 5.96E-06
B6 8238.855 611.7966
A 0.001949 0.000512
o, 0.000876 7.35E-06
B1 10664.74 640.872
A 0.001777 0.000531
o, 0.000742 1.3E-05
B8 6188.041 1766.129

0.0078
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Figure 33

Residuals 8 of the first set of time observations
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Table 8 shows that the eighth period of oscillations, (2 n  /#8), is about 

339 seconds. The corresponding amplitude is 0.0018 scale divisions (1 ".07). The 

precision of the midpoint of swing improved very little. Also, the improvement 

in the value of <r0 is small.

Now put / = 9 in equation (5-2) to obtain the ninth model of the 

observation equation (5-34) for the ninth set of oscillations:

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 8.

The values of t are in frames, t = tx, t2 tn, see table B l, appendix B, and n is

the number of observations

Table 9 and figure 34 summarise the results of values of the parameters

of equation (5-34) and their standard deviations computed by a least squares

adjustment.

9
(5-34) Axe ~ ^  cos[(<9, + G[t){t - # , ) ]  + £  Ai cos(0 i (t ~ Bi )) + Q - A  = 0

i=2
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5.6.9 Results from using the observation equation (5-34):

Table 9

Parameters Aj, 6^ G\, Bj, Als Q (i=  1, 2,..9) and their standard deviations

using the first set of data

Parameters Values <7

A 10.9932 0.00239
0\ 0.000592 5.35E-08

o\ 1.97E-12 3.5E-13
9267.872 2.272653

A 9.99E-08 2.76E-09
Q -0.10439 0.000335
A 0.024545 0.002258
% 0.00066 3.26E-06
b 2 4827.704 387.1396
A 0.022187 0.002332
03 0.000529 3.06E-06
Bs 9470.922 427.8994
A 0.000796 0.000471
04 0.005493 1.51E-05
B4 7159.61 214.2411
A 0.001217 0.000468
05 0.004989 9.95E-06
Bs 9945.114 151.2847
A 0.005068 0.000768
06 0.000783 6.39E-06
b 6 8059.247 666.2624
A 0.002009 0.000508
0i 0.000877 7.02E-06
Bi 10635.44 613.1868
A 0.001758 0.000655
0s 0.000742 1.4E-05
B8 6577.401 1974.41
A 0.001701 0.000475
09 0.001091 7.41E-06
b 9 7883.404 522.7772

A
^0 0.0078
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Figure 34

Residuals 9 of the first set of time observations
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Table 9 shows that the ninth period of oscillations, (2 n /#9), is about 230 

seconds. The corresponding amplitude is 0.0017 scale divisions (1".02). The 

precision of the midpoint of swing improved very little. The value of <r0 did not 

change.

Finally, put i = 10 in equation (5-2) to obtain the tenth model of the 

observation equation (5-35) for the tenth set of oscillations:

10

(5-35) Axe~** cos[(0j + 0[t){t -  Bx)] + £  A, cos(0, (t -  Bt)) + Q -  A = 0
/= 2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table 9.

The values of t are in frames, t = tx, t2 tn, see table B l, appendix B, and n is

the number of observations

Table 10 and figure 35 summarise the results of values of the parameters

of equation (5-35) and their standard deviations computed by a least squares

adjustment.
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5.6.10 Results from using the observation equation (5-35):

Table 10

Param eters Aj, 0 \, Bf, /tl5 Q (i = 1, 2,. . . .10) and their standard deviations

using the first set o f data

Parameters Values (J

A 10.99447 0.002463
o, 0.000592 6.08E-08

o\ 2.02E-12 3.98E-13
B 9267.6 2.580415
A 1.01E-07 2.84E-09
Q -0.10438 0.000329
A 0.024696 0.00253
o2 0.000661 3.73E-06
b 2 4867.033 442.0997
A 0.022625 0.002685
o, 0.000529 3.34E-06
Bs 9550.117 464.9574
A 0.000825 0.000461
#4 0.005493 1.43E-05
b 4 7164.202 202.5521
A 0.001247 0.000459
05 0.004988 9.52E-06
B5 9928.548 144.8325
A 0.00522 0.001193
06 0.000778 7.8 IE-06
Be 7653.342 825.3774
A 0.002084 0.000501
0i 0.000881 7.04E-06
b 2 10956.17 609.9519
A 0.001949 0.001114
0s 0.000739 1.6E-05
B8 6776.634 2294.958
A 0.001468 0.00047
09 0.001091 8.68E-06
b 9 7968.57 612.4939
^10 0.002414 0.000483
010 0.000978 5.69E-06
Bio 12107.36 425.9293

A 0.0076
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Figure 35

Residuals 10 of the first set of time observations
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Table 10 shows that the tenth period of oscillations, (2 ft /9 ]0), is about 

257 seconds. The corresponding amplitude is 0.0024 scale divisions (1".45). The 

precision of the midpoint of swing improved very little. Also the improvement of 

the value of <r0 is small.

The maximum numbers of parameters, which is allowed, theoretically in 

terms of equation (5-2) is i = 10. However, we tried to find further parameters in 

the term i = 11 as a test of justification. Put i = 11 in terms of equation (5-2) to 

obtain the equation (5-35'):

n
(5-35') Axe~ht cos[(6>, + 0[t)(t - £ ,) ]  + £  A, cos(<9, (t -  )) + Q -  A = 0

/=2

We computed the adjustment by least squares using as approximate 

values of the parameters the values of table 10. The values of t are in frames, t = 

tx, t2 tn, see table B l, appendix B, and n is the number of observations.

Table 10a and figure 35a summarise the results of values of the

parameters of equation (5-35') and their standard deviations computed by a least

squares adjustment.
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5.6.10.1 Results from using the observation equation (5-35'):

Table 10a

Parameters A/, 0j, 0 \ , Bj, Al5 Q (i = 1, 2,....11) and their standard deviations

using the first set of data

Parameters Values <7

A 10.9943993 0.00245082
o, 0.00059224 6.0174E-08

e \ 2.0047E-12 3.9377E-13
B, 9267.69168 2.55537617

z, 1.0124E-07 2.8286E-09
Q -0.10441088 0.00033404

^ 2 0.02461678 0.00249635
e2 0.00066078 3.6917E-06
b 2 4878.10205 437.689886
a 3 0.02252202 0.00265208
03 0.00052928 3.3292E-06

9536.16782 463.845344
a 4 0.00082339 0.00046228
04 0.00549344 1.4336E-05
£ 4 7163.93418 203.348187
A5 0.00124632 0.00045971
05 0.00498813 9.5473E-06
B5 9928.94596 145.282313
a 6 0.00523253 0.00122206
% 0.00077847 7.8994E-06
b 6 7657.97113 834.986684
A7 0.00207499 0.00050305
0-1 0.00088034 7.1481E-06
Bj 10937.8214 617.161381
As 0.00195841 0.00113902
0s 0.00073998 1.6092E-05
B8 6828.62197 2303.54663
A 9 0.00147222 0.00047221
09 0.00109115 8.7542E-06
B9 8042.45075 615.776389
A 10 0.00239908 0.00048493
0io 0.0009773 5.7768E-06
B10 12094.3293 431.089758
A „ -0.00034121 0.00047258

0.00124744 3.6669E-05
20392.0278 1939.73513

^ 0 0.0076
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Figure 35a

Residuals 10a of the first set of time observations
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From table 10a, it is clear that the standard deviation of the parameter A ], 

is much greater than its value 0".2. This suggests that the term A n does not really 

exist and therefore all terms with subscript 11 also do not exist.

The conclusions, which may be drawn from the results obtained from 

paragraphs (5-6), are summarised as follows:

Least squares adjustment shows that the midpoint of swing may be determined at 

precision of 0".2 by using a video camera and video imagery with frames 

analysis. This research is the first, to our knowledge, to use least squares 

adjustments for Gyrotheodolite observations obtained with this technique. 

Obtaining ten periods of oscillations resulted in a better understanding of the 

motion of the gyroscope. However, we are really only concerned with precise 

determination of the midpoint of swing. That precision improves very little 

beyond the fourth period of the oscillations. Therefore, based upon the above 

experimental data the best model that may express the motion of the moving 

mark of Wild GAK1 suspended gyroscope is equation (5-28):

Axe A,r cos[(<9( + 6[t)(t -  Bx)] + A2 cos{02 (t -  B2)) + 
A3 c o s ( # 3 (/ -  Z?3)) + Q -  A = 0
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5.7 Results from using the second set of time observations:

The second set of observations took about three hours, the battery was 

fully charged at start. The values of these time observations are shown in “table 

B2, appendix B”. The same procedures are followed, as for the first set of 

observations, to obtain the parameters and the standard deviations of their values 

in equation (5-2). In all the tables below, the parameters A, 6, Q\ B, X and Q have 

the same units as described in paragraph (5.6).

A least squares adjustment was performed in a step by step manner for

10

the mathematical model (5-2) Ate~Xit cos((#,• + -  Bi)) + Q -  A = 0 . This
/=l

represents the equation of motion of the moving mark of the Gyrotheodolite. The 

model is in the form of a damped harmonic motion with ten periods for the 

oscillations.

Now put / = 1 in equation (5-2) to obtain the first model of the observation 

equation (5-22) for the first set of oscillations:

(5-22) Axe~̂'cos[(6>, + 9[t)(t-B ,) ]  + 8 -  A = °

The provisional values of the parameters of this equation (5-22) are found 

following the steps explained in paragraph (5.5). t, is the time in frames in table 

B2, appendix B. Table 11 and figure 36 summarise the results for values of these 

parameters and their standard deviations computed by a least squares adjustment.
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5.7.1 Results from using the observation equation (5-22):

Table 11

Parameters A , 6\ 0 \  B , A, Q  and their standard deviations

using the second set of data

Parameters Values cr
A 12.33664 0.009132
6 0.000597 1.26E-08
6 f 3.9E-12 4.52E-14
B 9056.718 1.159053
A 9.3E-08 4.6E-09
Q -0.93581 0.002431

<?0 0.082

Figure 36

Residuals 1 of the second set of time observations
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Table 11 shows that the main period of oscillations (2 n  16), is about 421 

seconds, which is approximately the same as for the first set of observations. The 

standard deviation of O', the change in the frequency of the main oscillation, as 

for the first set of observations, is much less than the value of O'. The damping 

coefficients, which are shown in tables 11 and 1, and obtained for the first period 

o f oscillations for both sets of observations, are very close. The standard 

deviation of the midpoint of swing, Q, is about 1".46 arc seconds. The value of 

cto is 0.082. Figure 36 shows the residuals of the observations, values of which 

are shown in appendix C.

Now put i  = 2 in equation (5-2), but take account of the reasoning in 

paragraph (5.6.3.4) about ignoring the parameters X and O' from the second 

period of oscillations. The observation equation for the second model for the 

second set of oscillations is:

(5-23') Axe~Xxt cos[(<9j + 0{t){t -  B])] + A2 cos[02 (t -  B2)] + Q -  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

11. The values of t are in frames, t = tl912 tn, see table B l, appendix B, and n

is the number of observations

Table 12 and figure 37 summarise the results of values of the parameters 

of equation (5-23') and their standard deviations computed by a least squares 

adjustment.
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5.7.2 Results from using the observation equation (5-23'):

Table 12

Parameters A x, 0 X, 0 \ ,  B x, A,, Q’ (92, B 2 and their standard deviations

using the second set of data

Parameters Values C7

A 12.3366 0.009141
0, 0.000597 1.27E-08
0 \ 3.9E-12 4.53E-14
Bs 9056.691 1.160211
A, 9.3E-08 4.6E-09
Q -0.9357 0.002436
A 2 0.003885 0.003399
02 0.001306 1.14E-05
B 2 10887.61 1318.179

<?o 0.082

Figure 37

Residuals 2 of the second set of time observations
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Table 12 shows that the second period of oscillations (2 n  10 )̂ is about 

192 seconds, 46% of the main period of oscillations, the corresponding 

amplitude is 2".3 arc seconds. The standard deviation of the midpoint of swing, 

Q, did not change. Also, the value of <x0 did not improve.

Now put i = 3 in equation (5-2) to obtain the third model for the third set 

of oscillations, the observation equation (5-28):

(5-28) Aie~A[‘ cos^ i  + 0[t)(t-B i)] + ^ 2 cos{92{ t - B 2))
+ A3 c o s (<9 3 (t -  B3)) + Q -  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

12. The values of t are in frames, t = t{, t2 tn, see table B l, appendix B, and n

is the number of observations

Table 13 and figure 38 summarise the results of values of the parameters 

of equation (5-28) and their standard deviations computed by a least squares 

adjustment.
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5.7.3 Results from using the observation equation (5-28):

Table 13

Parameters A t, 6X, 0 \, Bx, Q, A2, 02, B2, A3, B3

and their standard deviations using the second set of data

Parameters Values cr

A 12.33694 0.009187
0, 0.000597 1.27E-08

o\ 3.9E-12 4.57E-14
9056.522 1.167436

A 9.33E-08 4.63E-09
Q -0.9357 0.002437
A2 0.003892 0.003399
o2 0.001307 1.14E-05
B2 10881.49 1314.364
A 0.006502 0.003406
0, 0.000427 6.93E-06
B, 10637.74 2452.808

0.082

Figure 38

Residuals 3 of the second set of time observations
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Table 13 shows that the third period of oscillations (2 n /0 3) is about 588 

seconds, the corresponding amplitude is 3".9 arc seconds. The standard deviation 

of the midpoint of swing, Q, did not change. Also, the value of cr0 did not 

improve.

Now put z = 4 in equation (5-2) to obtain the fourth model for the fourth 

set of oscillations, the observation equation (5-29):

(5 29) cos[(6)1 + 6[t){t -  Bx)] + A2 cos(<92 (t - B 2)) + A2 cos(03 (t -  B3))
+ A  ̂cos($4 (t — B4)) + Q —■ A — 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

13. The values of t are in frames, t = tx, t2 tn> see table B l, appendix B, and n

is the number of observations

Table 14 and figure 39 summarise the results of values of the parameters 

of equation (5-29) and their standard deviations computed by a least squares 

adjustment.
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5.7.4 Results from using the observation equation (5-29):

Table 14

Parameters Aj, 0\, 9\, Bj, Xx,Q { i=  1, 2, 3, 4) and their standard deviations

using the second set of data

imeters Values a

A 12.33613 0.009147
0.000597 1.27E-08

o\ 3.9E-12 4.53E-14
9056.309 1.160395

A 9.27E-08 4.6E-09
Q -0.93589 0.002431
A2 0.004634 0.003388
Oi 0.001285 9.55E-06
B2 10821.27 1121.058
A 0.006904 0.00346
0, 0.00043 6.74E-06

9895.815 2340.092
A 0.012601 0.003463
o, 0.000391 3.68E-06
B4 10449.69 1399.952

^0 0.081

Figure 39

Residuals 4 of the second set of time observations
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Table 14 shows that the fourth period of oscillations (2 n  16^ is about 

643 seconds, the corresponding amplitude is 7".5 arc seconds. The standard 

deviation of the midpoint of swing, £), changed very little. Also, the value of cr0 

improved very little.

Now put i = 5 in equation (5-2) to obtain the fifth model for the fifth set 

of oscillations, the observation equation (5-30):

(5-30) ^  cos^<9i + )]+ A2 cos(6>2 (* -  B2 )) + A  cos(^3 (* ~ ))
+ A4 cos((94 (t -  Ba )) + A5 c o s (<95 (t -  B5)) + Q -  A = 0

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

14. The values of t are in frames, t = t{, t2 tn, see table B l, appendix B, and n

is the number of observations

Table 15 and figure 40 summarise the results of values of the parameters 

of equation (5-30) and their standard deviations computed by a least squares 

adjustment.
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5.6.5 Results from using the observation equation (5-30):

Table 15

Parameters yl/, $i, G\, Bj, Al9 Q (z = 1, 2,..5) and their standard deviations

using the second set of data

Parameters Values cr

A 12.32736 0.008204
o, 0.000597 1.18E-08

0\ 3.87E-12 4.19E-14
B , 9055.182 1.100592
A 8.91E-08 4.14E-09
Q -0.93568 0.002175
A2 0.00534 0.003034
e2 0.00128 7.48E-06
B2 10601.9 880.0046
A 0.052502 0.003073
0\ 0.000664 8.17E-07
B3 78262.35 120.2787
A 0.011313 0.003036
#4 0.000383 3.57E-06
B 4 9783.19 1410.636
A 0.007514 0.003043
% 0.000266 5.36E-06
b 5 104139.8 1693.834

o-n 0.073

Figure 40

Residuals 5 of the second set of time observations
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Table 15 shows that the fifth period of oscillations (2 n  /<95) is 945 

seconds, the corresponding amplitude is 4".5 arc seconds. The standard deviation 

of the midpoint of swing, Q, improved from T\46 arc seconds to 1". 30 arc 

seconds. Also, the value of <j 0 improved from 0.081 to 0.073.

Now put i = 6 in equation (5-2) to obtain the sixth model for the sixth set 

of oscillations, the observation equation (5-31):

6

(5-31) AyeT* cos[(0j + £;0(* ~£ i)] + £ 4  co s(0 ,(/-£,.)) + 0 - A  = O
i=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

15. The values of t are in frames, t — tl9t2 tn, see table B l, appendix B, and n

is the number of observations

Table 16 and figure 41 summarise the results of values of the parameters 

of equation (5-31) and their standard deviations computed by a least squares 

adjustment.
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5.7.6 Results from using the observation equation (5-31):

Table 16

Parameters A \, 6\, Alf Q (i = 1, 2,..6) and their standard deviations

using the second set of data

Parameters Values O'

A [ 12.35175 0.007335

% 0.000597 1.85E-08

o\ 3.43E-12 6.3E-14
B , 9065.596 1.689128
Xy 9.92E-08 3.91E-09
Q -0.93648 0.001657
a 2 0.003605 0.002314
o 2 0.001279 8.44E-06
B2 10499.88 995.5869
A3 0.076816 0.003091
^3 0.000562 7.98E-07

58581.56 145.9844
A4 0.00955 0.002324
o4 0.00039 3.23E-06
b 4 10053.47 1255.743
a 5 0.00582 0.002321
Os 0.000267 5.24E-06
Bs 103207.7 1666.777
A 0.050048 0.002369
o6 0.000662 6.92E-07
B(, 21163.52 148.697



Figure 41

Residuals 6 of the second set of time observations
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Table 16 shows that the sixth period of oscillations (2 tt/06) is about 380 

seconds, the corresponding amplitude is about 30" arc seconds, which is too 

large to be neglected. The standard deviation of the midpoint of swing, Q, 

improved from 1".30 arc seconds to 1" arc seconds. Also, the value of <r0 

improved from 0.073 to 0.055.

Now put i = 7 in equation (5-2) to obtain the seventh model for the 

seventh set of oscillations, the observation equation (5-32):

7
(5-32) Axe~Xyt cos[(<9, + 0[t)(t -  B])] + £  At cos(6>,. (t -  B,)) + Q -  A = 0

/=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

16. The values of t are in frames, t = t2 tn, see table B l, appendix B, and n

is the number of observations

Table 17 and figure 42 summarise the results of values of the parameters

of equation (5-32) and their standard deviations computed by least squares

adjustment.
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5.7.7 Results from using the observation equation (5-32):

Table 17

Parameters Af, fy, O'j, B\, Aj, Q ( i -  1, 2,..7) and their standard deviations

using the second set of data

Parameters Values CT

A 12.35147 0.007402

41 0.000597 1.89E-08
3.43E-12 6.42E-14

Bx 9065.537 1.72151
A 9.9E-08 3.95E-09
Q -0.9365 0.001659
A 0.003622 0.002317
e2 0.001279 8.42E-06
b 2 10498.54 993.0766
A 0.076759 0.003127
3̂ 0.000562 8.09E-07

A 58584.11 148.0386
A 0.009904 0.002431
oA 0.000391 3.36E-06

10171.82 1279.893
As 0.005793 0.002335
0, 0.000267 5.28E-06
Bs 103189.2 1675.208
A6 0.049999 0.002372

0.000662 6.97E-07
B6 21167.8 149.5173
A 0.002545 0.002429
o-\ 0.000431 1.31E-05
Bn 22854.72 4160.438



Figure 42

Residuals 7 of the second set of time observations
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Table 17 shows that the seventh period of oscillations (2 tz /&,) is about 

583 seconds, the corresponding amplitude is about T\5 arc seconds. The 

standard deviation of the midpoint of swing, Q, changed very little. The value of 

<70 did not change significantly.

Now put i = 8 in equation (5-2) to obtain the eighth model for the eighth 

set of oscillations, the observation equation (5-33):

8

(5-33) Axe~* cos[(<9, + 6\t){t -  5,)] + £  A, cos(<9,- (t -  Bi)) + Q -  A = 0
/=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

17. The values of t are in frames, t = t2 tn, see table B l, appendix B, and n

is the number of observations

Table 18 and figure 43 summarise the results of values of the parameters

of equation (5-33) and their standard deviations computed by a least squares

adjustment.

l l  4  , * .  1

iftMAAAAjV
-  I f  OJ CO , |  W  LO
r  M l0 5 !!!"  ° °  i H  ^ ------- t o1 W T - f  cm CO w w S  c o  ioi

 ̂O  O ) • - ... 1
o  o  I

153



5.7.8 Results from using the observation equation (5-33):

Table 18

Parameters A j , Of, 6 \ ,  Bj ,  A lt Q (i=  1, 2 ,..8 ) and their standard deviations

using the second set of data

Parameters Values <j

A x 12.35106 0.007428

6X 0.000597 1.89E-08
0\ 3.43E-12 6.44E-14
Bx 9065.548 1.726627
A, 9.88E-08 3.97E-09
Q -0.93657 0.001663
A 2 0.003617 0.002318
02 0.001279 8.46E-06
B 2 10484.55 998.5067
A 3 0.07679 0.003137
#3 0.000562 8.11E-07
B3 58588.72 148.3942
A 4 0.009894 0.002437
6> 0.00039 3.37E-06
B 4 10139.19 1286.75
A 5 0.00595 6 0.002353
Os 0.000267 5.21E-06
B 5 103148.8 1638.732
A 6 0.049964 0.002374
06 0.000662 6.98E-07
B 6 21170.13 149.7461
A.7 0.002556 0.002439
e, 0.000431 1.3E-05
B n 22638.5 4178.326
A 8 0.003347 0.002348
0% 0.000177 9.18E-06
B8 10738.4 7894.361

<70 0.055
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Figure 43

Residuals 8 of the second set of time observations

read ings

Table 18 shows that the eighth period of oscillations (2 /r /0 8) is a very 

long at about 1420 seconds, the corresponding amplitude is 2" arc seconds. The 

standard deviation of the midpoint of swing, Q, changed very little. The value of 

(jo did not change.

Now put i = 9 in equation (5-2) to obtain the ninth model for the ninth set 

of oscillations, the observation equation (5-34):

9
(5-34) Axe~^  cos[(<9, + 0[t){t -  B])] + Ai cos(0, {t -  Bi)) + Q -  A = 0

/=2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

18. The values of t are in frames, t = q, t2 tn, see table B l, appendix B, and n

is the number of observations

Table 19 and figure 44 summarise the results of values of the parameters 

of equation (5-34) and their standard deviations computed by a least squares 

adjustment.
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5.7.9 Results from using the observation equation (5-34):

Table 19

Parameters A [, Of, 0 \ ,  B j, A lf Q  (i = 1, 2,..9) and their standard deviations

using the second set of data

Parameters

A
0,

9\
B,
2,
Q
Ay

e2
b 2
a 3

#3
B ,

A  
0A 

B4
A

B
-̂6
06
B 6

Ay

By
By

Ag
0s
Bs

A 9

0
Bs

Values

12.35081
0.000597
3.43E-12
9065.557
9.87E-08
-0.93661
0.003618
0.001278
10482.32
0.076804
0.000562
58591.69 
0.009872 
0.00039 
10122.44 
0.005987 
0.000267 
103127.4 
0.049949 
0.000662
21171.69 
0.002531 
0.000431 
22607.63 
0.003419 
0.000176 
10164.16 
0.001996 
0.00013 
106587.9

0.007461
1.9E-08

6.46E-14
1.73114

3.99E-09
0.00167
0.00232
8.54E-06
1010.032
0.003146
8.14E-07
148.9161
0.002441
3.38E-06
1292.974
0.002362
5.21E-06
1636.478
0.002377
6.99E-07
150.0542
0.002445
1.32E-05
4230.685
0.002437
9.42E-06
8124.802
0.002447
1.59E-05
10098.07

dr 0.055
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Figure 44

Residuals 9 of the second set of time observations

R e s i d u a l s  9
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Table 19 shows that the ninth period of oscillations (2 n  I09) is about 

1933 seconds, the longest period so far, the corresponding amplitude is about 

1".2 arc seconds. The standard deviation of the midpoint of swing, Q, changed 

very little. The value of &0 did not change.

Finally, put i = 10 in equation (5-2) to obtain the tenth model for the 

tenth set of oscillations, the observation equation (5-35):

10

(5-35) Axe~Mi cos[(<9, + 6[t){t -  Bx)\ + Y , Ai cos(0f-(f-£,.)) + 0  -  A = 0
i= 2

To improve the mathematical model, we computed the adjustment by 

least squares using as approximate values of the parameters the values of table

19. The values of t are in frames, t = /„ t2 tn, see table B l, appendix B, and n

is the number of observations

Table 20 and figure 45 summarise the results of values of the parameters 

of equation (5-35) and their standard deviations computed by a least squares 

adjustment.
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5.7.10 Results from using the observation equation (5-35):

Table 20

Parameters .4/, 0\, Bj, A,u Q (i=  1, 2,....10) and their standard deviations

using the second set of data

Parameters Values (J

A 12.34984 0.007534
0.000597 1.91E-08

0 i 3.43E-12 6.5E-14
B , 9065.717 1.741303
A 9.81E-08 4.03E-09
Q -0.93657 0.001669
A 0.003643 0.002319
02 0.001278 8.47E-06
b 2 10495.15 1002.139
A 0.077101 0.003168
03 0.000562 8.18E-07
b 3 58603.83 149.4967
A 0.009882 0.002439
04 0.00039 3.51E-06
B\ 10113.06 1355.505
A 0.006373 0.002366
05 0.000267 5.04E-06
b 5 103041 1558.807
A 0.049872 0.002375
06 0.000662 7.02E-07
b 6 21169.74 150.7232
A 0.002523 0.002444
07 0.000431 1.34E-05
By 22403.58 4336.511
^8 0.003559 0.002433
08 0.000176 9.09E-06
B* 10170.49 7805.207
A 0.002102 0.002445
09 0.000131 1.52E-05
B9 106077 9565.012
A io 0.005566 0.002345
010 0.000339 5.82E-06

*10 115898.5 1386.915

^0 0.055

158



Figure 45

Residuals 10 of the second set of time observations

R esiduals 1 0
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Table 20 shows that the tenth period of oscillations (2 k !0x0) is about 741 

seconds, the corresponding amplitude is about 3".3 arc seconds. The standard 

deviation of the midpoint of swing, Q, changed very little. The value of <r0 did 

not change.

Figure 45, shows a number of waveforms. This suggests that the 

gyroscope may be affected by some systematic errors. It is very hard to analysis 

these errors because we do not know what other unmodelled forces there may 

have been within the internal gyro environment on this occasion. One possibility 

might be that there were step changes in the voltage or current output of the 

battery.

From the results obtained in the above paragraphs (5-7), we may deduce 

that at least three terms of the mathematical model (5-2) cannot be ignored. This 

is because the values of the amplitudes are significant. The precision of the 

midpoint of swing improved with the introduction of the fifth and sixth period of 

oscillations. Therefore, the best model that may express the motion of the 

moving mark, in this case, will be the equation:

Axe~h' cos[(<9, + 0[t)(t -  5,)] + As cos(<95(t - B s)) +
A6 c o s (<96 (t -  Be)) + Q -  A = 0
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5-8 Correlation between the parameters:

The diagonal elements of the parameters in Variance-Covariance matrix, 

equation (5-19) represent a measure of dispersion or uncertainty in the 

individual parameter estimates. Linear correlation coefficients among these 

parameters are computed from the equation:

(J X[X2 is the Covariance between x y and x2.

In terms of equation (5-2), if  i = 1 the unknown parameters will be A, 6, 

0\ B, X and Q. There are fifteen linear correlation coefficients presented in the 

form of a symmetric matrix. The matrix has ones along the diagonal and all 

off-diagonal elements are between -1 and +1 (see tables 21 and 22). Provided 

that the mathematical model is an accurate representation, the linear correlation 

coefficients are interpreted as a measure of independence between any two 

parameters such that when a coefficient is near 1 in absolute value, the 

parameters are highly correlated. This means that the pair is linearly dependent 

under the given model.

Tables 21 and 22 show that the correlation between the pairs of 

parameters (<9, 0), (A, A) and (6, B) is very strong. There is a significant 

correlation between the two parameters O' and B. However, the correlation 

between the other pairs of parameters is small.

(7

Where:

2 2c7X] and a X2 are the Variances of any two parameters x x and x2.
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Table 21

Correlation between parameters A , 0, O', B , A and Q

Using the first set of time observations

Parameters A e 0 f B /I Q
A 1 0.021205 -0.02097 0.020246 0.882757 0.027449
e 1 -0.96828 0.82316 0.022608 0.045306
0 ' 1 -0.69175 -0.02369 -0.04574
B 1 0.019576 0.041905
A 1 0.0179
Q 1

Table 22

Correlation between parameters A, 0\ O', B, and Q

Using the second set of time observations

Parameters A 0 O' B A Q
A 1 0.019961 -0.01962 0.0191 0.872975 -0.07436
0 1 -0.96951 0.857997 0.021891 -0.0066
0' 1 -0.73791 -0.02305 0.002178
B 1 0.018763 -0.0126
A 1 0.000851
Q 1
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5.9 Numerical comparisons:

In all conventional methods of observations, the midpoint of swing is 

determined uniquely, without any degrees of freedom, using the minimum data 

available from the Gyrotheodolite. The individual results obtained from such 

methods cannot be assessed from the observations since the standard errors of 

the parameters cannot be found. In this research, the midpoint of swing is 

determined using large sets of observations. The precision of time observations 

to one frame (0.04 seconds) is obtained with the aid of a video camera and video 

imagery with frame analysis. Using least squares adjustments, the midpoint of 

swing is determined with a precision of less than one second of arc.

Jeudy (Jeudy et al. 1981), in a model of the motion with five periods of 

oscillations, could not find the values of the parameters of the fifth period and 

some parameters of the fourth period of oscillations because he used too few 

observations. In the fourth term of the model, he was left with insufficient data.

Table 23

Comparison with Jeudy’s model

Jeudy’s work with a MoM Gyrotheodolite This research with a GAK1 Gyrotheodolite

i

A (amplitude) 

Arc seconds

T (period) 

Seconds

A (amplitude) 

Arc seconds

T  (period) 

Seconds

1 11534 412 6597 424

2 70 206 15 380

3 2.5 0.02 14 475

4 0.7 0.5 0.5 46

5 0.75 50

6 3 323

7 1.25 285

8 1.2 340

9 0.9 230

10 1.5 256
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Table 23 shows the periods of oscillations and the corresponding 

amplitudes obtained by Jeudy and by this research (the first set of observations). 

The first periods of oscillations in both models are very close and the other terms 

are different.

Jeudy (Jeudy, 1981 and 1982) assumed that the angular velocity of the 

spinner was constant. However, this assumption in practice is not true. In our 

model, we assumed the form of a linear change with time for the frequency. To 

see the effect of including the term O't on the values of the midpoint of swing 

and their standard deviations, we performed least squares adjustments for the 

mathematical model with including the term O't on one hand, and without this 

parameter on the other hand.

Tables 24, 25, 26, 27 and 28 summarise the results of values of the 

parameters A, 0, O', B, X and Q and their standard deviations with the term O't 

included and excluded. The observations used in the comparison are time t, in 

frames, values of which are shown in table B l, appendix B.

The units of parameters A, 6\ O', B, X and Q and their standard deviations that 

appear in the tables below are as follows:

A and Q the amplitude and the midpoint of swing respectively, are in scale 

division units, one scale unit is about 600" arc seconds.

0 and O', the frequency of the oscillations and the rate of change in the frequency 

are in radians per frame and radians per (frame)2 respectively.

B, the phase is in frames.

X, the coefficient of damping is unitless.
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Table 24

The effect of including the term O't in the model of the first period of

oscillations

A,e co$(0l( t - B ])) + Q - A  = 0 Axe cos[(^ + 0[t)(t - 5 1)] + g -  A = 0 |

Parameters C7 Parameters cr

B-i 10.98556381 0.005481049 A j 10.98296 0.004172

Ox 0.000592533 3.91789E-09 Ox 0.000592 1.23E-08

0\ 9.29E-13 8.31E-14

9278.415568 0.527370213 B , 9273.193 0.55987

K 8.9445E-08 5.7371 IE-09 8.53E-08 4.38E-09

Q -0.103916614 0.001470229 Q -0.1028 0.001126

0.0358 Bo 0.0272

Table 24 shows that including the term O't in the model of simple 

damped harmonic motion has improved the precision of the midpoint of swing 

from about 0.0015 scale divisions to about 0.0011 scale divisions. Also, the 

value of (To, improved from 0.0358 to 0.0272.
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Table 25

The effect of including the term O't in the model of the second period of

oscillations

Axe~

A2e

cos(6>1(? ~ 5 1)) +

~Z2t cos(02(t -  B2)) + Q -  A = 0

Axe~ht cos[(0J + 0[t)(t -2?!)] +

A2e~Xlt c o s [(<92 + 02t)(t - B 2)] + Q -  A = 0

Parameters cr Parameters <7

A 11.00088654 0.004425684 A 11.00503 0.003392

4 0.000592538 3.27955E-09 % 0.000592 1.61E-08

o\ 4.48E-13 1.18E-13

A 9279.038587 0.436770645 B x 9277.126 0.637706

A 1.06675E-07 4.63624E-09 A 1.1E-07 3.72E-09

Q -0.104171342 0.001158162 Q -0.10486 0.000618

A 0.03197437 0.001682284 A 0.044418 0.00472

o2 0.000678704 1.32046E-06 o2 0.000677 6.42E-06

0'2 -1.7E-11 5.47E-11

b 2 6794.11545 160.4282427 B2 6547.588 189.8212

A 5.33239E-06 2.08906E-06 A 8.87E-06 1.78E-06

A 0.0282 ^0 0.0145

Table 25 shows that including the term O't in the model of the second 

period of oscillations has improved the precision of the midpoint of swing from 

about 0.0012 scale divisions to about 0.0006 scale divisions. Also, the value of 

cj0, improved from 0.0282 to 0.0145.
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Table 26

The effect of including the term O't in the model of the third period of

oscillations

A] e Alt cos(0X (t -  Bx)) +
A2 cos{02{ t - B 2)) +
A3 c o s (03 (t -  B3)) + Q -  A -  0

Axe Ayt cosfC ĵ + 0[t)(t -  
A2 c o s(02( t - B 2)) + 
A3cos(03( t - B 3)) + Q -

B\ )] + 

A = 0

Parameters cr Parameters cr

A 10.98628428 0.004171234 A x 10.9941 0.004016

o, 0.00059254 3.00843E-09 0, 0.000592 4.48E-08

0r, 2.8E-12 2.94E-13

A 9279.216499 0.402215764 B 9262.664 1.779515

A 8.94842E-08 4.4194E-09 A 1.01E-07 4.56E-09

Q -0.10420133 0.001039673 Q -0.10446 0.000381

A 0.024359096 0.001640498 A 0.030424 0.002083

o2 0.000677214 1.61105E-06 02 0.000655 2.06E-06

b 2 6741.230918 194.5842175 b 2 4114.494 250.2048

A 0.019933854 0.001656441 A 0.028061 0.002646

03 0.000504654 1.99012E-06 03 0.000535 2.47E-06

B3 6434.062531 321.061865 b 3 22060.64 286.5536

A 0.0253 0-Q 0.0089

Table 26 shows that including the term O't in the model of the third 

period of oscillations has improved the precision of the midpoint of swing from 

about 0.0010 scale divisions to about 0.0004 scale divisions. Also, the value of 

cro, improved from 0.0253 to 0.0089.



Table 27

The effect of including the term O't in the model of the fourth period of

oscillations

A} e Xxt cos(<9j {t -  )) +
A2 c o s(02( t - B 2)) +
A3 c o s(03 (t -  B3)) +
A4 c o s (<94 (t -  B4)) + Q -  A = 0

Axe~*  cos[(^ + 0[t)(t- 
A2 cos(02( t~ B 2)) +
A3 c o s (<93 (it - B 3)) +
A4 c o s(04(t -  B4)) + Q

-£ ,) ]  +

-  A = 0
Parameters a Parameters cr

A 10.98633278 0.004174171 10.99415 0.004035

0.00059254 3.01007E-09 0.000592 4.5E-08

e \ 2.8E-12 2.96E-13

A 9279.217861 0.402434759 s , 9262.638 1.786141

A 8.95359E-08 4.42237E-09 1.01E-07 4.58E-09

Q -0.104198033 0.00104026 Q -0.10446 0.000381

A 0.024365453 0.00164147 A2 0.030455 0.002092

02 0.000677216 1.61146E-06 0, 0.000654 2.06E-06

b 2 6742.020879 194.6348392 b 2 4112.509 250.6992

A 0.019905835 0.001657492 A, 0.028098 0.002661

03 0.000504647 1.99403E-06 0s 0.000535 2.48E-06

B3 6434.090711 321.7005262 S 3 10324.09 341.2761

A 0.002256462 0.001469662 A4 0.00064 0.000537

04 0.005488696 1.55897E-05 04 0.005498 2.14E-05

b 4 7163.158769 231.4299844 B4 7161.258 303.6418

A 0.0253 0.0089

Table 27 shows that including the term O't in the model of the fourth 

period of oscillations has no effect upon the precision of the midpoint of swing. 

The same precision in both cases remained as in the previous model, from about 

0.0010 scale divisions to about 0.0004 scale divisions. Also, the value of cr0, 

remained the same for both cases, as in the previous model 0.0253 and 0.0089. 

This suggests that the effect of including the term O't is significant in the models 

for the first three periods of the oscillations. To justify this conclusion, let us 

carry on with this comparison with a fifth set of oscillations.
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Table 28

The effect of including the term O't in the model of the fifth period of

oscillations

Axe Alt cos(<9, (t -  Bx)) +
A2 cos(02( t~ B 2)) + 
A3cos(03( t - B 3)) +
A4 c o s ( 0 4 (tt ~ B 4)) +
A5 c o s (05 (t -  B5)) + Q -  A = 0

Axe~ht cos[(£, +0[t){t- 
A  cos(02( t - B 2)) +
A3 c o s ( 0 3 (t -  B3)) +
A4 c o s(04(t -  B4)) +
A  cos(05( t - B 5)) + Q

-£ ,)]  + 

-  A = 0
Parameters CT Parameters a

A 10.98632714 0.004182245 A, 10.994 0.00393 6

Ox 0.00059254 3.01593E-09 0.000592 4.42E-08

e\ 2.83E-12 2.91E-13

Bx 9279.218563 0.403206177 9262.498 1.750326

A 8.95236E-08 4.43101E-09 1.01E-07 4.48E-09

Q -0.104200214 0.001042233 Q -0.10432 0.000372

A 0.024351036 0.001644682 A2 0.030444 0.002066

o2 0.000677221 1.61556E-06 o2 0.000654 2.03E-06

b 2 6743.135698 195.1275634 b 2 4093.863 246.3591

A 0.019904261 0.001660686 A 0.028479 0.002602

03 0.00050465 1.99807E-06 03 0.000535 2.4E-06

B, 6435.118031 322.3574828 B, 10324.83 328.7829

A 0.00225562 0.001473417 A 0.000768 0.000524

04 0.005488487 1.56374E-05 04 0.005492 1.74E-05

B4 7159.740225 232.1017255 b 4 7140.605 246.9908

A 0.001325166 0.001465108 A 0.001192 0.000521

o5 0.004968315 2.67992E-05 05 0.004989 1.13E-05

Bs 9780.576531 428.7964224 b 5 9942.246 171.8059

B q 0.0254 ^0 0.0086

Table 28 shows that including the term O't in the model of the fifth period 

of oscillations has improved the precision of the midpoint of swing very little. 

Also, the value of 65 has improved very little from 0.0254 to 0.0086, which is 

approximately the same difference as for the previous case. Therefore, the effect 

of the term O't is significant in the models of the first three sets of oscillations.
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VI. EVALUATION OF RESULTS AND CONCLUSIONS

6.1 Summary:

In Chapter 5, the values for most of the parameters in terms of equation:

10

(5-2) £  Â'cos((0; + O'-t) (t -  B,)) + Q-  A = 0
1=1

are found.

The following values for the model of ten oscillations are summarised for the first set 

of time observations:

Table 29

Values of parameters Aj, Of, 0 \, A, and the periods T\ 

for the first set of observations

i

Ai

arc seconds
Oi

radians
sec.

O'i

radians

(sec. ) 2

unitless

period in seconds 

7) = —  when t = 0

1 6596.68 0.0148 5.05E-11 1.01E-07 424.54

2 14.82 0.016525 380.22

3 13.58 0.013225 475.10

4 0.46 0.137325 45.75

5 0.75 0.1247 50.39

6 3.13 0.01945 323.04

7 1.25 0.022025 285.27

8 1.17 0.018475 340.09

9 0 .8 8 0.027275 230.36

10 1.49 0.02445 256.98

From a review of the results obtained in the previous Chapter, three periods of 

oscillations, apart from the main period, have significant effect upon the values of the
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midpoints of swing and their respective standard deviations. Table 29 shows that the 

corresponding amplitudes of the second, third and sixth periods of oscillation are too 

large to be neglected.

The following values for the model with ten oscillations are summarised for 

the second set of time observations:

Table 30

Values of parameters Aj, 9\, 9 \, Xx and the period T\ 

for the second set of observations

i

M

arc seconds
Oi

radians
sec.

9'i

radians
(sec. ) 2

M
unitless

period in seconds

2  TCT: -  —  when / = 0

1 7409.91 0.014921 8.57E-11 9.81E-08 421.10

2 2.18 0.031957 196.61

3 46.26 0.014058 446.94

4 5.93 0.009744 644.84

5 3.82 0.006672 941.74

6 29.92 0.016539 379.90

7 1.51 0.010779 582.91

8 2.13 0.004405 1426.49

9 1.26 0.003271 1920.91

1 0 3.34 0.008485 740.54

From a review of the results obtained in the previous Chapter, only three 

oscillations, apart from the main period, have significant effect upon the values of the 

midpoints of swing and their respective standard deviations. Table 30 shows that the 

corresponding amplitudes of the third, fourth and sixth periods of oscillation are too 

large to be neglected. Tables 29 and 30 are re-arranged to take into account of only the 

significant terms. Table 31 shows the significant parameters Af, 9}, 9 \, 2, and the 

periods T\ of the best models for both sets of observations.
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Table 31

Values of parameters Aj, &j, 0 \, and the periods Tj of the best practical 

models for both sets of observations

First set 

i

M

arc seconds

radians
w sec.

radians U i „ 
(sec.) unitless

Periods T{ in 

seconds
1 6597 0.0148 5.05E-11 1.01E-07 424

2 15 0.0165 380

3 14 0.0132 475

6 3 0.0195 323

Second set Af radians
“i

radians 
“ i ...... y M Periods T} in

i arc seconds sec. (sec.) unitless seconds
1 7410 0.0149 8.57E-11 9.81E-08 421

3 46 0.0141 447

4 6 0.0097 645

6 30 0.0165 380

6.2 Evaluation of results:

From tables 29 and 30, we find that the values of parameters 0U 6\, and the 

period Tx for the first and second set of time observations are approximately the same. 

There are large differences in the values of the other terms of 0\ and T\ for the first 

and second set of time observations. However, there is no significant effect of these 

terms on the computed standard deviations of Q, the midpoint of swing.

Table 31 shows that the first term of the magnitudes of oscillations for both 

sets of observations is the largest. The second and third terms A2 and A3, for the first 

set of observations, and the third and sixth terms A3 and A6, for the second set of 

observations, have significant values. Tables 29, 30 and 31 show that the values of the 

other terms for both sets of observations are much smaller, but they are not negligible. 

The amplitudes of these terms range from 0.46 to 3.13 arc seconds for the first set of 

observations and they range from 1.26 to 5.93 arc seconds for the second set of 

observations. From the practical point of view, these terms may be ignored. However,
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they should not be ignored because their corresponding periods of oscillations are 

significant.

The damping coefficients for each set of observations are very similar for the 

first term of equation (5-2). However, the results of the previous Chapter show that 

the effect of this parameter is negligible in the terms i = 2 to 10 of equation (5-2).

The results in tables 2, 3, 3a, 3b and 3c, in Chapter 5, show that the standard 

deviations of some parameters are much greater than the values of these parameters. 

This is due to the effect of including parameters X& A,3, 9 \  and 9 \  in the observation 

equations (5-23), (5-24), (5-25), (5-26) and (5-27). Eliminating one of these 

parameters at a time improves the values of other parameters and their standard 

deviations.

From results obtained in Chapter 5, the values of Q, the midpoint of swing, 

and their standard deviations, <jq, are the most interesting parameters because the 

azimuth determination is concerned with Q observed on the gyro scale. Table 32 

shows the values of Q and their respective standard deviations for both sets of 

observations.

Table 32

Values of Q and cr0 in scale divisions for both sets of observations

First set of observations Second set of observations
i Q ° q

i Q a Q
1 -0.1028 0.00113 1 -0.9358 0.00243
2 -0.1049 0.00062 2 -0.9357 0.00244
3 -0.1044 0.00038 3 -0.9357 0.00244
4 -0.1045 0.00038 4 -0.9359 0.00243
5 -0.1043 0.00037 5 -0.9357 0.00218
6 -0.1043 0.00034 6 -0.9365 0.00166
7 -0.1043 0.00034 7 -0.9365 0.00166
8 -0.1044 0.00034 8 -0.9366 0.00166
9 -0.1044 0.00034 9 -0.9366 0.00167
10 -0.1044 0.00033 10 -0.9366 0.00167
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From table 32 and figures 46 and 47, we can see that the values of Q for the 

first set of observations had changed for the first three terms, that is, / = 1 ,2  and 3, 

and also the quality of their standard deviations improved. However, the values of Q 

and their standard deviations for the other terms, that is, i = 4, 5, 6, 7, 8, 9, and 10, 

remained approximately the same or changed very little. For the second set of 

observations the values of Q also changed for three terms, that is, i = 1,5 and 6, and 

the quality of their standard deviations improved. However, the values of Q and their 

standard deviations for the other terms remained approximately the same or changed 

very little. The reason of that values of Q and their standard deviations changed very 

little is likely to be due to the fact that the correlation between Q and the other 

parameters of equation (5-2) is very weak. This correlation is shown in tables 21 and 

22 for both sets of observations.

Figure 46

Standard deviations o f m idpoints o f swing  

for the first set o f observations

Standard deviations of Q

|  0.0015

3 0 . 0 0 1
r

*3 0.0005
4J

"3 0

" 1 2 3 4 5 6 7 8 9  10

terms of equation (5-2), i =1...10

Figure 46 shows that the standard deviations of the midpoint of swing, for the 

first set of observations, improved for the first three models. Additional terms in other 

models of equation (5-2) have insignificant effect on the values of Q and their 

respective standard deviations.
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Figure 47

Standard deviations of midpoints of swing

for the second set of observations

Standard deviations o f Q

g 0.003

: g  0 . 0 0 2  

—
0.001

0
2 3 4 5 6 7 8 9  10

terms o f equation (5-2), i = 1....10

Figure 47 shows that the standard deviations of the midpoint of swing, for the 

second set of observations, have improved in the fourth, fifth and sixth models. 

Additional terms in other models of equation (5-2) have insignificant effect on the 

values of Q and their respective standard deviations.

Table 32 is re-arranged to take account of the values of the midpoint of swing, 

Q and their respective standard deviations in the best models for both sets of 

observations. Table 33 shows the values of Q and their respective standard deviations, 

c7() in arc seconds. Figures 48 and 49 show the improvement in the precision of the

determination of the midpoint of swing for the first and second set of observations, 

respectively.
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Table 33

Values o f Q and their standard deviations cr0 in arc seconds

of the best models for both sets o f observations

First set of observations Second set of observations
i Q a Q i Q
1 -61.68 0.68 1 -561.49 1.46
2 -62.92 0.37 4 -561.53 1.45
3 -62.65 0.23 5 -561.41 1.30
6 -62.61 0.21 6 -560.89 0.99

Figure 48

Standard deviations o f m idpoints o f swing for the best 

m odels for the first set o f observations

Standard deviation of Q

0.8
0.6
0.4
0.2 T T r —  -----------------

models

Figure 49

Standard deviations o f m idpoints o f swing for the best 

m odels for the second set o f observations

Standard deviation of Q

.2
% 1.5
g 1
2 0.5 
£ 0

1 2  3 4 

models

From table 33 and figures 48 and 49, it can be seen that the precision of the 

midpoint of swing may be determined to less than one second of arc.
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6.3 Conclusions:

The conclusions, which may be drawn from this research, are summarised as

follows:

• Using a video camera and video imagery with frame analysis for Gyrotheodolite 

observations leads to a great increase in the quantity of data capture compared 

with conventional methods. The internal precision of time observed by this 

method is at least one frame (0.04 seconds), which is five times greater than the 

precision that may be obtained by manual stopwatch methods of observations. 

This research is believed to be the first to use video techniques in Gyrotheodolite 

applications.

• Least squares adjustment analysis showed that the precision of the midpoint of 

swing might be determined to less than one second of arc. The precise 

determination of the midpoint of swing leads to a precise determination of 

azimuth. The azimuth may be obtained with a precision of ± 3" or ± 6" assuming 

the knowledge of the instrument constant to about ± 1" or ± 5" respectively. The 

precision of the midpoint of swing and azimuth determination cannot be assessed 

from the observations in conventional methods.

• Modelling the linear change with time of frequency, of the main period of 

oscillation of the moving mark, has improved the precision of the computed 

midpoint of swing. The term O't should be added to all terms of the equation of 

motion of the moving mark whenever the value of O' is greater than its standard 

deviation.

• This research takes account of all significant terms, which affect the gyroscope. 

The mathematical model used for the motion of the moving mark is in the form of 

ten oscillations. The complete equation is expressed as:

10
cos((6>, +  e;t)( /  -  B,)) +  Q- A =  0

i=\
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• At least three terms of the above equation have significant effect on the values of 

the midpoint of swing and their respective standard deviations. The best 

mathematical model, which may express, in practice, the motion of the moving 

mark for the suspended gyroscope may be written in the form:

A cos[(0, + 6[t ){t -  B,)] +
A2 cos(#2 (t -  B2)) +
A3 cos(6)3 (t -  B3)) +
A4 c o s (0 4 ( t  -  B4)) + Q -  A = 0

• The observational method used in this research can be used safely in many 

industrial applications, for example, railway tunnels. However, The method must 

be made acceptable for mine safety for electrical equipment if used in a mine.

• Although a new automated Gyrotheodolite from Bochum University was used on 

the Channel Tunnel it was not used on the Jubilee Line extension because of cost. 

The purchase price is understood to be £50,000-70,000. The Wild GAK1 is 

1970’s technology but the solutions from existing instruments could be improved 

by application of the method used in this research, to a comparable precision at 

little cost compared with the cost of purchase a Bochum instrument.

6.4 Fu rther improvement and research:

Using a video camera and video imagery with video frame analysis for the 

Gyrotheodolite observations has greatly improved the observational method, 

especially in terms of the quantity of observations and the precision of the 

determination of the midpoint of swing. Correspondingly, the azimuth determination 

has also improved.

In this work the effect of dislevelment of the vertical has been neglected. From 

design, the axis of the spinner of the Gyrotheodolite should remain perpendicular to 

the vertical axis of the theodolite. However, if  the theodolite was not levelled 

precisely, the mast would still hang vertically but in a different position with respect 

to the zero position of the gyro scale. This dislevelment will cause error each time the
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instrument is set up. If the instrument is set up on a pillar and levelled as precisely as

possible, this may reduce the effect of the problem.

Further improvements upon this research may be made in these areas:

• The manual method of dropping the mast to release the gyro for swinging is not a 

simple operation and needs experience. This operation causes to the gyroscope to 

exhibit some rapid but small vibrations. It should be possible to improve this 

situation with automated mast dropping, possibly with the use of a small external 

hydraulic motor. The system must be acceptable for mine safety for electrical 

equipment. A design for such a device was produced but has not been included in 

this research.

• In this research, it was assumed that the gyro scale readings are perfectly engraved 

and therefore, are errorless. They were not considered as observed values. 

However, Caspary (Caspary et al, 1981) suggests that azimuths may be obtained 

by considering both time and scale readings as observed values. Even if the scale 

divisions of the gyro are assumed to be equally spaced, there is still a constant 

error associated with each scale reading. Therefore, the weight matrix in this case 

will not be a unit matrix for only time observations and the second design matrix 

will be of dimension n x 11 matrix, where n is the number of observations.

• The proof of the mathematical model was tested in the laboratory for two sets of 

observations, using many sets of gyro oscillations. The instrument used in this 

research was Wild GAK1 suspended gyroscope. Further research should consider 

other types of suspended gyroscopes such those manufactured by MoM and 

Sokkia companies.

• The video method of measuring time used in this research is an improvement over 

hand held stopwatch methods. The effect of most systematic timing errors should 

be eliminated or at least reduced by this method. However, there are still some 

unknown systematic errors that affect the gyroscope. An example of these errors 

may be seen in figure 45, Chapter 5. The approach to dealing with systematic
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errors may need to be “methodical rather than mathematical”. From a review of 

the results obtained in this research, further research may be required to study all 

the systematic errors that affect the behaviour' of the gyroscope. That research may 

take into account the effects of temperature and the behaviour of different types of 

batteries.
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APPENDIX A

NOTATIONS

The following notations have been used:

Oxyz is a system of reference fixed with respect to the earth’s surface. Figure 3. 

Gx t z > is a reference system having its axes parallel to those of 0 — . Figure 4.

G is a system of reference fixed with respect to the carriage. Figures 4 and 5.

C is the centre of gravity of the carriage. Figure 5.

G is the centre of gravity of the gyroscope. Figures 4 and 5.

T is the centre of gravity of the whole system gyroscope and carriage. Figure 5.

0  is the centre of gravity of the earth. Figure 4.

1 is a fixing point of the tape attached to the carriage. Figures 4 and 5.

A is a fixed end of the tape in the system . Figure 4.

S  is the tension of the suspension tape at point, I. Equation (2-75).

x J} y j  and z l are the co-ordinates of point I in the system . Figure 4.

I  is the length of the tape. Figure 4.

I is the distance from I to T (/ = IT). Figure 5. 

lc  is the distance from I to C (lc  = IC). Figure 5.

Ig is the distance from I to G (Iq -  IG). Figure 5.

a , [I and y are the Euler angles of the system Gxyz with respect to the system

GX'y-z' • Figures 4 and 11.

A and <p are angles allowing the marking of the position of the point I. Figure 4.

(f) is astronomical latitude. Figure 4.

f c is the absolute angular velocity of the carriage. Equation (2-2).

M c denotes the kinetic moment of the carriage with respect to the point I. 

Equation (2-1').

I c is the inertial moment of the carriage with respect to point G in the system 

Gxyz • Equation (2-3).

P 'is  the inertial moment of the carriage with respect to the axis Gx . Equation 

(2-4).
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Q ' is the inertial moment of the carriage with respect to the axis Gy . Equation 

(2-4).

R ' is the inertial moment of the carriage with respect to the axis Gz . Equation 

(2-4).

f G is the absolute angular velocity of the gyroscope. Equation (2-5).

M g denotes the kinetic moment of the gyroscope with respect to point I. 

Equation (2-5).

Iq is the inertial moment of the gyroscope with respect to point G in the system

G^z. Equation (2-6).

P is the inertial moment of the gyroscope with respect to its axis of rotation Gx . 

Equation (2-7).

Q is the inertial moment of the gyroscope with respect to any axis perpendicular 

to Gx and passing through G, for example, Gy and Gz . Equation (2-7).

M j is the total kinetic moment of the whole system, gyroscope and carriage;

(M j -  M Cl + M Gi) Equation (2-8).

M Gg is the kinetic moment of the gyroscope with respect to point G. Equation 

(2-83).

M E(3 is the moment of external forces acting on the gyroscope. Equation (2-85).

M e is the moment of external forces in the total system (gyroscope and 

carriage). Equation (2-10). 

w is the mass of an infinitely small element. Equation (2-1'). 

mc is the mass of the carriage. Equation (2-1'). 

mG is the mass of the gyroscope. Equation (2-6).

m is the mass of the gyroscope and the carriage (m = mc +mG) . Equation (2-10). 

m is the angular velocity vector of the earth with respect to inertial space. 

Figure 3.

D, E, and F  are components of m in Gxyz. Equation (2-41')

f  is the instantaneous angular velocity of the system Gxyz with respect to . 

Equation (2-31).
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d, e, and/ are components of f  in Gxyz. Equation (2-41').

p, q, and r are the components of f  in Gx rz <. Equation (2-73).

VP is the absolute velocity of the point P. Equation (2-1').

Vj is the velocity of point I with respect to the system . Equation (2-32).

ipP in a general way, describes the absolute acceleration of the point P. Equation 

(2-9).

* is the symbol of the vectorial product. Equation (2-1').

K  is the constant of suspension tape torsion. Equation (3-12).

X is the constant of damping forces. (3-51).

C is the constant equal to mc (lG ~l)(lG —lc ).  Equation (3-19).

L is the constant defined by: L = - l G(mc lG -  mclc -  ml) . Equation (2-51).

J i s  an arbitrary constant. J  = D + d+  co\. Equation (3-9).

a) is the angular velocity of the gyroscope with respect to the carriage. Figure 5.

coi is the component of 3  on the axis Gx . Equation (2-63).

S, t and p  are residual parameters used in linearised equations. Equations (3-26), 

(3-27) and (3-28).

/o is the value of angle y when the gyroscope is in the position of apparent 

balance, no torsion about the tape. Equation (3-13).
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APPENDIX B

TIME OBSERVATIONS DATA

The first set of data involves some 552-time observations versus scale divisions.

Table B1

The first set of data

scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~ 9'+i

5 0 4 57 3 7428
6 0 5 4 7 179 7607
7 0 5 11 24 192 7799
8 0 5 20 14 215 8014
9 0 5 30 15 251 8265
10 0 5 43 13 323 8588
10 0 6 37 19 1356 9944
9 0 6 50 20 326 10270
8 0 7 0 19 249 10519
7 0 7 9 5 211 10730
6 0 7 16 21 191 10921
5 0 7 24 4 183 11104
4 0 7 30 23 169 11273
3 0 7 37 12 164 11437
2 0 7 43 20 158 11595
1 0 7 50 1 156 11751 j
0 0 7 56 4 153 11904
-1 0 8 2 8 154 12058
-2 | 0 8 8 14 156 12214
-3 1 0 8 14 21 157 12371
-4 0 8 21 8 162 12533
-5 0 8 28 1 168 12701
-6 0 8 35 3 177 12878
-7 0 8 42 18 190 13068
-8 0 8 51 4 211 13279
-9 0 9 0 15 236 13515

-10 0 9 12 20 305 13820
-11 0 9 35 5 560 14380
-11 0 9 51 11 406 14786
-10 0 10 13 1 540 15326
-9 0 10 25 6 305 15631
-8 0 10 34 20 239 15870
-7 0 10 43 4 209 16079
-6 0 10 50 20 191 16270
-5 0 10 57 19 174 16444
-4 0 11 4 15 171 16615



scale 
divisions, A

time time, tf 
in frameshours minutes seconds frames H ~ H+\

-3 0 11 10 24 159 16774
-2 0 11 17 8 159 16933
-1 0 11 23 13 155 17088
0 0 11 29 18 155 17243
1 0 11 35 21 153 17396
2 0 11 42 2 156 17552
3 0 11 48 11 159 17711
4 0 11 55 1 165 17876
5 0 12 1 20 169 18045
6 0 12 8 24 179 18224
7 0 12 16 18 194 18418 1

8 0 12 25 1 208 18626
9 0 12 35 8 257 18883
10 0 12 48 9 326 19209
10 0 13 41 20 1336 20545
9 0 13 55 1 331 20876 !
8 0 14 5 4 253 21129
7 0 14 13 15 211 21340
6 0 14 21 10 195 21535
5 0 14 28 14 179 21714
4 0 14 35 9 170 21884
3 0 14 41 24 165 22049
2 0 14 48 7 158 22207
1 0 14 54 14 157 22364
0 0 15 0 17 153 22517
-1 0 15 6 21 154 22671
-2 0 15 13 2 156 22827
-3 0 15 19 12 160 22987
-4 0 15 25 22 160 23147
-5 0 15 32 16 169 23316
-6 0 15 39 19 178 23494
-7 0 15 47 8 189 23683
-8 0 15 55 18 210 23893
-9 0 16 5 6 238 24131
-10 0 16 17 11 305 24436
-11 0 16 41 8 597 25033
-11 0 16 54 14 331 25364
-10 0 17 17 16 577 25941
-9 0 17 29 18 302 26243
-8 0 17 39 6 238 26481
-7 0 17 47 14 208 26689
-6 0 17 55 6 192 26881
-5 0 18 2 8 177 27058
-4 0 18 9 2 169 27227

i "3 0 18 15 12 160 27387
-2 0 18 21 22 160 27547



scale time time, t[
divisions, A hours minutes seconds frames U ~ H+1 in frames

- 1 0 18 28 1 154 27701 i
0 0 18 34 7 156 27857 7
1 0 18 40 1 0 153 28010
2 0 18 46 19 159 28169 1
3 0 18 53 1 157 28326
4 0 18 59 14 163 28489
5 0 19 6 1 0 171 28660
6 0 19 13 14 179 28839
7 0 19 2 1 8 194 29033 .5
8 0 19 29 2 2 214 29247 '1
9 0 19 39 2 2 250 29497

1 0 0 19 53 0 328 29825
i

1 0 0 2 0 46 17 1342 31167
9 0 2 0 59 13 321 31488 ■4

8 0 2 1 9 15 252 31740 i
7 0 2 1 18 3 213 31953 ■ki
6 0 2 1 25 2 2 194 32147 i
5 0 2 1 33 1 179 32326
4 0 2 1 39 2 0 169 32495 7
3 0 2 1 46 1 0 165 32660 1
2 0 2 1 52 18 158 32818 d
1 0 2 1 58 23 155 32973 i
0 0 2 2 5 3 155 33128 j

- 1 0 2 2 1 1 7 154 33282
- 2 0 2 2 17 13 156 33438

h
i

-3 0 2 2 23 2 0 157 33595 ■?
-4 0 2 2 30 7 162 33757 4.
-5 0 2 2 37 0 168 33925 4vi
- 6 0 2 2 44 2 177 34102 Ms
-7 0 2 2 51 17 190 34292 ■
- 8 0 23 0 2 2 1 0 34502 i
-9 0 23 9 15 238 34740

- 1 0 0 23 2 1 23 308 35048
- 1 1 0 23 44 23 575 35623
- 1 1 0 23 57 19 321 35944
- 1 0 0 24 2 1 18 599 36543 i
-9 0 24 33 2 2 304 36847 j
- 8 0 24 43 9 237 37084 i
-7 0 24 51 2 2 213 37297

AHi
1<7- 6 0 24 59 9 187 37484

-5 0 25 6 1 2 178 37662 | £
-4 0 25 13 8 171 37833
-3 0 25 19 19 161 37994 1
- 2 0 25 26 2 158 38152 3
- 1 0 25 32 5 153 38305 '
0 0 25 38 1 1 156 38461 i

*
f

1



scale 
divisions, A

time time, tf 
in frameshours minutes seconds frames H~H+1

1 0 25 44 15 154 38615
2 0 25 50 24 159 38774
3 0 25 57 5 156 38930
4 0 26 3 2 0 165 39095 1
5 0 26 1 0 1 1 166 39261
6 0 26 17 18 182 39443
7 0 26 25 1 2 194 39637
8 0 26 33 24 2 1 2 39849
9 0 26 43 24 250 40099

1 0 0 26 57 7 333 40432
1 0 0 27 50 6 1324 41756
9 0 28 3 14 333 42089
8 0 28 13 19 255 42344
7 0 28 2 2 3 209 42553
6 0 28 29 24 196 42749
5 0 28 37 4 180 42929
4 0 28 43 2 2 168 43097
3 0 28 50 1 1 164 43261
2 0 28 56 2 0 159 43420
1 0 29 3 3 158 43578
0 0 29 9 7 154 43732
-1 0 29 15 1 1 154 43886
- 2 0 29 2 1 17 156 44042
-3 0 29 27 23 156 44198
-4 0 29 34 1 0 162 44360
-5 0 29 41 5 170 44530
- 6 0 29 48 7 177 44707
-7 0 29 55 2 2 190 44897
- 8 0 30 4 7 2 1 0 45107
-9 0 30 13 23 241 45348

- 1 0 0 30 26 1 303 45651
- 1 1 0 30 50 9 608 46259
-11 0 31 1 18 284 46543
- 1 0 0 31 25 18 600 47143
-9 0 31 37 24 306 47449
- 8 0 31 47 1 2 238 47687
-7 0 31 55 23 2 1 1 47898
- 6 0 32 3 13 190 48088
-5 0 32 1 0 15 177 : 48265
-4 0 32 17 9 169 48434
-3 0 32 23 2 1 162 48596
- 2 0 32 30 5 159 48755
-1 0 32 36 8 153 48908
0 0 32 42 13 155 49063
1 0 32 48 18 155 49218
2 0 32 55 0 157 49375 !



scale 
divisions, A

time time, t{ 
in frameshours minutes seconds frames H~H +1

3 0 33 1 9 159 49534
4 0 33 7 24 165 49699
5 0 33 14 17 168 49867
6 0 33 2 1 23 181 50048
7 0 33 29 15 192 50240
8 0 33 38 8 218 50458 !
9 0 33 48 9 251 50709

1 0 0 34 1 16 332 51041
1 0 0 34 54 1 1 1320 52361
9 0 35 7 15 329 52690
8 0 35 17 18 253 52943
7 0 35 26 3 2 1 0 53153

I 6 0 35 34 0 197 53350
5 0 35 41 3 178 53528
4 0 35 48 1 173 53701
3 0 35 54 16 165 53866
2 0 36 0 24 158 54024
1 0 36 7 4 155 54179
0 0 36 13 9 155 54334 |
-1 0 36 19 14 155 54489
- 2 0 36 25 18 154 54643
-3 0 36 32 0 157 54800
-4 0 36 38 16 166 54966
-5 0 36 45 1 1 170 55136
- 6 0 36 52 1 2 176 55312
-7 0 37 0 2 190 55502
- 8 0 37 8 1 1 209 55711
-9 0 37 18 2 241 55952

- 1 0 0 37 30 2 300 56252
- 1 1 0 38 5 1 1 884 57136
- 1 1 0 38 6 2 16 57152
- 1 0 0 38 29 18 591 57743
-9 0 38 41 2 1 303 58046
- 8 0 38 51 1 2 241 58287
-7 0 38 59 24 2 1 2 58499
- 6 0 39 7 15 191 58690
-5 0 39 14 17 177 58867
-4 0 39 2 1 1 1 169 59036
-3 0 39 27 23 162 59198
- 2 0 39 34 7 159 59357
-1 0 39 40 13 156 59513
0 0 39 46 19 156 59669
1 0 39 52 2 2 153 59822
2 0 39 59 4 157 59979
3 o 40 5 1 1 157 60136
4 0 40 1 2 0 164 60300



scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~ H+1

5 0 40 18 2 2 172 60472
6 0 40 26 1 179 60651
7 0 40 33 2 0 194 60845
8 0 40 42 1 0 215 61060
9 0 40 52 13 253 61313

1 0 0 41 5 2 0 332 61645
1 0 0 41 58 1 1 1316 62961
9 0 42 1 1 13 327 63288
8 0 42 2 1 16 253 63541
7 0 42 30 7 216 63757
6 0 42 38 0 193 63950
5 0 42 45 6 181 64131
4 0 42 52 1 170 64301
3 0 42 58 15 164 64465
2 0 43 4 24 159 64624
1 0 43 1 1 6 157 64781
0 0 43 17 9 153 64934

; -l 0 43 23 15 156 65090
- 2 0 43 29 2 1 156 65246
-3 0 43 36 3 157 65403
-4 0 43 42 17 164 65567
-5 0 43 49 1 1 169 65736
- 6 0 43 56 1 2 176 65912
-7 0 44 4 3 191 66103
- 8 0 44 1 2 15 2 1 2 66315
-9 0 44 2 2 4 239 66554

- 1 0 0 44 34 1 0 306 66860
- 1 1 0 44 57 2 0 585 67445
- 1 1 0 45 9 19 299 67744
- 1 0 0 45 33 1 2 593 68337
-9 0 45 45 2 1 309 68646
- 8 0 45 55 13 242 6 8 8 8 8
-7 0 46 3 2 2 209 69097
- 6 0 46 1 1 13 191 69288
-5 0 46 18 16 178 69466
-4 0 46 25 1 1 170 69636
-3 0 46 32 0 164 69800
- 2 0 46 38 5 155 69955
-1 0 46 44 1 2 157 70112
0 0 46 50 16 154 70266
1 0 46 56 23 157 70423
2 0 47 3 5 157 70580
3 0 47 9 1 2 157 70737
4 0 47 15 24 162 70899
5 0 47 2 2 2 0 171 71070 !
6 0 47 30 3 183 71253



scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~H+1

7 0 47 37 2 1 193 71446
8 0 47 46 14 218 71664
9 0 47 56 17 253 71917

1 0 0 48 9 18 326 72243

10 0 49 2 1 1308 73551
9 0 49 15 1 2 336 73887
8 0 49 25 17 255 74142
7 0 49 34 3 2 1 1 74353
6 0 49 42 0 197 74550
5 0 49 49 7 182 74732
4 0 49 55 24 167 74899
3 0 50 2 15 166 75065
2 0 50 8 24 159 75224
1 0 50 15 7 158 75382
0 0 50 2 1 9 152 75534
-1 0 50 27 18 159 75693
- 2 0 50 33 2 2 154 75847
-3 0 50 40 4 157 76004
-4 0 50 46 17 163 76167
-5 0 50 53 1 1 169 76336
- 6 0 51 0 14 178 76514
-7 0 51 8 5 191 76705
- 8 0 51 16 16 2 1 1 76916
-9 0 51 26 8 242 77158

- 1 0 0 51 38 18 310 77468
- 1 1 0 52 5 17 674 78142
-n 0 52 9 9 92 78234
- 1 0 0 52 37 6 697 78931
-9 0 52 49 17 311 79242
- 8 0 52 59 1 0 243 79485
-7 0 53 7 2 1 2 1 1 79696
- 6 0 53 15 13 192 79888
-5 0 53 2 2 14 176 80064
-4 0 53 29 1 0 171 80235
-3 0 53 35 23 163 80398
- 2 0 53 42 7 159 80557
-1 0 53 48 14 157 80714
0 0 53 54 19 155 80869
1 0 54 0 23 154 81023
2 0 54 7 6 158 81181
3 0 54 13 14 158 81339
4 0 54 2 0 2 163 81502

6 0 54 34 5 81855 81855
7 0 54 41 23 193 82048
8 0 54 50 14 216 82264



scale 
divisions, A

time time, ti 
in frameshours minutes seconds frames U ~ H+1

9 0 55 0 19 255 82519
1 0 0 55 14 6 337 82856
1 0 0 56 5 17 1286 84142
9 0 56 19 1 0 343 84485
8 0 56 29 15 255 84740
7 0 56 38 4 214 84954
6 0 56 45 24 195 85149
5 0 56 53 5 181 85330
4 0 57 0 2 172 85502
3 0 57 6 15 163 85665
2 0 57 13 0 160 85825
1 0 57 19 7 157 85982
0 0 57 25 1 0 153 86135

1 -1 0 57 31 18 158 86293
- 2 0 57 38 0 157 86450
-3 0 57 44 7 157 86607
-4 0 57 50 2 0 163 86770
-5 0 57 57 17 172 86942
- 6 0 58 4 19 177 87119
-7 0 58 1 2 9 190 87309
- 8 0 58 2 0 23 214 87523 !
-9 0 58 30 15 242 87765

- 1 0 0 58 43 3 313 88078
- 1 1 0 59 9 15 662 88740
- 1 1 0 59 13 7 92 88832
- 1 0 0 59 41 2 695 89527
-9 0 59 53 18 316 89843
- 8 1 0 3 1 0 242 90085
-7 1 0 1 1 24 214 90299
- 6 1 0 19 15 191 90490
-5 1 0 26 2 0 180 90670
-4 1 0 33 15 170 90840
-3 1 0 40 3 163 91003
- 2 1 0 46 1 1 158 91161
-1 1 0 52 2 0 159 91320
0 1 0 59 0 155 91475
1 1 1 5 4 154 91629
2 1 1 1 1 1 1 157 91786 '
3 1 1 17 2 1 160 91946
4 1 1 24 9 163 92109
5 1 1 31 7 173 92282
6 1 1 38 1 0 178 92460
7 1 1 46 8 198 92658 I
8 1 1 55 1 218 92876
9 1 2 5 3 252 93128

1 0 1 2 18 14 336 93464



scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~ H+\

1 0 1 3 1 0 9 1295 94759

9 1 3 23 18 334 95093
8 1 3 33 2 0 252 95345
7 1 3 42 1 1 216 95561

i 6 1 3 50 7 196 95757
5 1 3 57 15 183 95940
4 1 4 4 9 169 96109
3 1 4 1 0 24 165 96274
2 1 4 17 7 158 96432
1 1 4 23 16 159 96591 1
0 1 4 29 2 1 155 96746
-1 1 4 36 2 156 96902
- 2 1 4 42 8 156 97058
-3 1 4 48 15 157 97215 :
-4 1 4 55 3 163 97378
-5 1 5 1 24 171 97549
-6 1 5 9 3 179 97728
-7 1 5 16 2 0 192 97920
- 8 1 5 25 8 213 98133
-9 1 5 34 24 241 98374

- 1 0 1 5 47 7 308 98682
- 1 1 1  6 16 17 735 99417
- 1 1 1 6 18 8 41 99458
- 1 0 1 6 45 1 2 679 100137
-9 1 6 57 24 312 100449
- 8 1 7 7 17 243 100692
-7 1 7 16 6 214 100906
- 6 1 7 23 2 2 191 101097
-5 1 7 31 1 179 101276
-4 1 7 37 2 1 170 101446
-3 1 7 44 9 163 101609
- 2 1 7 50 19 160 101769
-1 1 7 57 0 156 101925 |
0 1 8 3 6 156 102081 j
1 1 8 9 1 1 155 102236 I
2 1 8 15 17 156 102392
3 1 8 2 2 1 159 102551
4 1 8 28 17 166 102717

! 5 1 8 35 13 171 102888
6 1 8 42 19 181 103069
7 1 8 50 15 196 103265
8 1 8 59 3 213 103478
9 1 9 9 16 263 103741

1 0 1 9 23 3 337 104078
1 0 1 1 0 14 5 1277 105355
9 1 1 0 27 17 337 105692



scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames U~U+1

8 1 1 0 37 24 257 105949
7 1 1 0 46 16 217 106166
6 1 1 0 54 1 1 195 106361
5 1 1 1 1 18 182 106543
4 1 1 1 8 14 171 106714
3 1 1 1 15 4 165 106879
2 1 1 1 2 1 1 2 158 107037
1 1 1 1 27 2 2 160 107197
0 1 1 1 34 1 154 107351
-1 1 1 1 40 7 156 107507
- 2 1 1 1 46 14 157 107664
-3 1 1 1 52 23 159 107823
. 4 1 1 1 59 1 0 162 107985
-5 1 1 2 6 7 172 108157
- 6 1 1 2 13 1 0 178 108335
-7 1 1 2 2 1 1 191 108526
- 8 1 1 2 29 1 2 2 1 1 108737
-9 1 1 2 39 9 247 108984

- 1 0 1 1 2 52 4 320 109304
- 1 1 1 13 2 0 1 0 706 1 1 0 0 1 0
- 1 0 1 13 49 16 731 110741
-9 1 14 2 3 312 111053
- 8 1 14 1 1 2 1 243 111296
-7 1 14 2 0 1 0 214 111510
- 6 1 14 28 2 192 111702
-5 1 14 35 6 179 111881
-4 1 14 42 1 170 112051
-3 1 14 48 1 2 161 1 1 2 2 1 2
- 2 1 14 54 23 161 112373
-1 1 15 1 7 159 112532
0 1 15 7 1 2 155 112687
1 1 15 13 16 154 112841
2 1 15 2 0 0 159 113000
3 1 15 26 1 1 161 113161
4 1 15 33 0 164 113325
5 1 15 39 2 1 171 113496
6 1 15 47 4 183 113679
7 1 15 55 1 197 113876
8 1 16 3 19 218 114094
9 1 16 13 23 254 114348

1 0 1 17 18 1 1251 115951
9 1 17 31 2 0 344 116295
8 1 17 42 2 257 116552
7 1 17 50 19 217 116769
6 1 17 58 17 198 116967



scale 
divisions, A

time time, tf 
in frameshours minutes seconds frames H ~ H+1

5 1 18 5 22 180 117147
4 1 18 12 20 173 117320
3 1 18 19 9 164 117484
2 1 18 25 19 160 117644
1 1 18 32 2 158 117802
0 1 18 38 7 155 117957
-1 1 18 44 13 156 118113
-2 1 18 50 21 158 118271
-3 1 18 57 4 158 118429
-4 1 19 3 18 164 118593
-5 1 19 10 13 170 118763
-6 1 19 17 16 178 118941
-7 1 19 25 8 192 119133
-8 1 19 33 22 214 119347
-9 1 19 43 16 244 119591

-10 1 19 56 2 311 119902

-10 1 20 53 15 121340 121340
-9 1 21 6 6 316 121656
-8 1 21 16 1 245 121901
-7 1 21 24 13 212 122113
-6 1 21 32 9 196 122309
-5 1 21 39 11 177 122486
-4 1 21 46 5 169 122655
-3 1 21 52 20 165 122820
-2 1 21 59 4 159 122979
-1 1 22 5 11 157 123136
0 1 22 11 17 156 123292
1 1 22 17 20 153 123445
2 1 22 24 5 160 123605
3 1 22 30 14 159 123764
4 1 22 37 6 167 123931
5 1 22 44 2 171 124102
6 1 22 51 7 180 124282
7 1 22 59 5 198 124480
8 1 23 7 22 217 124697
9 1 23 18 7 260 124957
10 1 23 32 4 347 125304
10 1 24 22 2 1248 126552
9 1 24 35 24 347 126899
8 1 24 46 4 255 127154
7 1 24 54 22 218 127372
6 1 25 2 20 198 127570
5 1 25 10 0 180 127750
4 1 25 16 23 173 127923
3 1 25 23 13 165 128088



scale time time, tj
divisions, A hours minutes seconds frames H ~ H+1 in frames

2 1 25 30 0 162 128250
1 1 25 36 5 155 128405
0 1 25 42 9 154 128559
-1 1 25 48 16 157 128716
-2 1 25 54 23 157 128873
-3 1 26 1 6 158 129031-4 1 26 7 19 163 129194
-5 1 26 14 16 172 129366
-6 1 26 21 20 179 129545
-7 1 26 29 11 191 129736
-8 1 26 37 24 213 129949
-9 1 26 47 17 243 130192

-10 1 27 0 7 315 130507

-10 1 27 57 11 131936 131936
-9 1 28 10 9 323 132259
-8 1 28 20 3 244 132503
-7 1 28 28 16 213 132716
-6 1 28 36 7 191 132907
-5 1 28 43 12 180 133087
- 4  ; 1 28 50 6 169 133256
- 3 1 28 56 22 166 133422
- 2 1 29 3 4 157 133579
- 1 1 29 9 11 157 133736
0 1 29 15 16 155 133891
1 1 29 21 22 156 134047
2 1 29 28 4 157 134204
3 1 29 34 12 158 134362
4 1 29 41 4 167 134529
5 1 29 47 24 170 134699
6 1 29 55 7 183 134882
7 1 30 3 3 196 135078
8 1 30 11 20 217 135295
9 1 30 22 1 256 135551
10 1 30 35 22 346 135897
10 1 31 25 21 1249 137146
9 1 31 39 21 350 137496
8 1 31 50 1 255 137751
7 1 31 58 21 220 137971
6 1 32 6 16 195 138166
5 1 32 13 24 183 1383494 1 32 20 20 171 138520
3 1 32 27 10 165 138685
2 1 32 33 20 160 138845
1 1 32 40 1 156 139001
0 1 32 46
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H ~ H+1

-1 1 32 52 14 156 139314
-2 1 32 58 22 158 139472
-3 1 33 5 6 159 139631
-4 1 33 11 21 165 139796
-5 1 33 18 15 169 139965
-6 1 33 25 19 179 140144
-7 1 33 33 10 191 140335
-8 1 33 42 0 215 140550
-9 1 33 51 19 244 140794
-10 1 34 4 16 322 141116
-10 1 35 1 17 1426 142542
-9 1 35 14 4 312 142854
-8 1 35 23 21 242 143096
-7 1 35 32 12 216 143312

-5 1 35 47 4 170 143679

The second set of data involves some 1165-time observations versus scale 

divisions.

Table B2

The second set of data

scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H — 0'+i

5 0 4 52 9 7309
6 0 4 58 21 162 7471
7 0 5 5 14 168 7639
8 0 5 13 2 188 7827
9 0 5 21 11 209 8036
10 0 5 31 20 259 8295
11 0 5 47 2 382 8677
11 0 6 20 9 832 9509
10 0 6 36 6 397 9906
9 0 6 46 9 253 10159
8 0 6 54 21 212 10371
7 0 7 2 6 185 10556
6 0 7 9 3 111 10728
5 0 7 15 10 157 10885
4 0 7 21 10 150 11035
3 0 7 27 6 146 11181
2 0 7 32 22 141 11322
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scale 
divisions, A

time time, ti 
in frameshours minutes seconds frames H~H+1

1 0 7 38 11 139 11461
0 0 7 43 21 135 11596
-1 0 7 49 9 138 11734
-2 0 7 54 21 137 11871
-3 0 8 0 5 134 12005
-4 0 8 5 17 137 12142
-5 0 8 11 11 144 12286
-6 0 8 17 7 146 12432
-7 0 8 23 9 152 12584
-8 0 8 29 20 161 12745
-9 0 8 36 15 170 12915

-10 0 8 44 4 189 13104
-11 0 8 52 22 218 13322
-11 0 10 15 9 2062 15384
-10 0 10 24 3 219 15603
-9 0 10 31 17 189 15792
-8 0 10 38 13 171 15963
-7 0 10 44 23 160 16123
-6 0 10 51 1 153 16276
-5 0 10 56 21 145 16421
-4 0 11 2 15 144 16565
-3 0 11 8 2 137 16702
-2 0 11 13 14 137 16839
-1 0 11 19 0 136 16975
0 0 11 24 11 136 17111
1 0 11 29 21 135 17246
2 0 11 35 12 141 17387
3 0 11 41 1 139 17526
4 0 11 46 23 147 17673
5 0 11 52 24 151 17824
6 0 11 59 7 158 17982
7 0 12 6 4 172 18154
8 0 12 13 14 185 18339
9 0 12 22 3 214 18553
10 0 12 32 8 255 18808
11 0 12 48 0 392 19200
11 0 13 20 23 823 20023
10 0 13 36 11 388 20411
9 0 13 46 17 256 20667
8 0 13 55 5 213 20880
7 0 14 2 14 184 21064
6 0 14 9 10 171 21235
5 0 14 15 20 160 21395
4 0 14 21 22 152 21547
3 0 14 27 18 146 21693
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scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~ H+1

2 0 14 33 7 139 21832
1 0 14 38 23 141 21973
0 0 14 44 8 135 22108
-1 0 14 49 20 137 22245
-2 0 14 55 5 135 22380
-3 0 15 0 17 137 22517
-4 0 15 6 5 138 22655
-5 0 15 11 24 144 22799
-6 0 15 17 18 144 22943
-7 0 15 23 20 152 23095
-8 0 15 30 6 161 23256
-9 0 15 37 2 171 23427

-10 0 15 44 19 192 23619
-11 0 15 53 8 214 23833
-11 0 17 15 19 2061 25894
-10 0 17 24 11 217 26111
-9 0 17 31 24 188 26299
-8 0 17 38 20 171 26470
-7 0 17 45 5 160 26630
-6 0 17 51 9 154 26784
-5 0 17 57 5 146 26930
-4 0 18 2 24 144 27074
-3 0 18 8 11 137 27211
-2 0 18 13 22 136 27347
-1 0 18 19 9 137 27484
0 0 18 24 20 136 27620
1 0 18 30 5 135 27755
2 0 18 35 21 141 27896
3 0 18 41 10 139 28035
4 0 18 47 6 146 28181
5 0 18 53 6 150 28331
6 0 18 59 16 160 28491
7 0 19 6 12 171 28662
8 0 19 13 23 186 28848
9 0 19 22 10 212 29060
10 0 19 32 20 260 29320
11 0 19 48 5 385 29705
11 0 20 20 15 810 30515
10 0 20 36 15 400 30915
9 0 20 47 0 260 31175
8 0 20 55 11 211 31386
7 0 21 2 22 186 31572
6 0 21 9 18 171 31743
5 0 21 16 2 159 31902
4 0 21 22 3 151 32053
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scale time time, t[ \
divisions, A hours minutes seconds frames H~H+) in frames f

3 0 21 28 0 147 32200 4

2 0 21 33 15 140 32340
-r
1.■i

1 0 21 39 4 139 32479 4
0 0 21 44 16 137 32616 i
-1 0 21 50 2 136 32752 jSt
-2 0 21 55 13 136 32888 a:

■ i
-3 0 22 0 23 135 33023 1
.4 0 22 6 12 139 33162 1
-5 0 22 12 5 143 33305 :
-6 0 22 18 1 146 33451 ?!
-7 0 22 24 3 152 33603 ■.5
-8 0 22 30 14 161 33764 iS
-9 0 22 37 12 173 33937 a ,jC

-10 0 22 45 2 190 34127 if
-11 0 22 53 18 216 34343
-11 0 24 15 23 2055 36398 -i
-10 0 24 24 16 218 36616
-9 0 24 32 5 189 36805
-8 0 24 38 24 169 36974
-7 0 24 45 13 164 37138 i
-6 0 24 51 17 154 37292

4
4.

-5 0 24 57 11 144 37436 i
-4 0 25 3 5 144 37580
-3 0 25 8 19 139 37719 i
-2 0 25 14 3 134 37853 '
-1 0 25 19 14 136 37989
0 0 25 25 1 137 38126
1 0 25 30 14 138 38264
2 0 25 36 2 138 38402
3 0 25 41 19 142 38544
4 0 25 47 14 145 38689 4■M
5 0 25 53 15 151 38840 il
6 0 26 0 0 160 39000 i
7 0 26 6 22 172 39172
8 0 26 14 7 185 39357 i

-V9 0 26 22 20 213 39570
10 0 26 33 4 259 39829 Ji
11 0 26 48 14 385 40214 J
11 0 27 20 23 809 41023
10 0 27 36 22 399 41422 si

■’«

9 0 27 47 6 259 41681
8 0 27 55 16 210 41891 -i
7 0 28 3 3 187 42078 ■ ■i

6 0 28 10 0 172 42250
5 0 28 16 10 160 42410 'i

1
s4
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H~H+1

4 0 28 22 11 151 42561
3 0 28 28 7 146 42707
2 0 28 33 24 142 42849
1 0 28 39 13 139 42988
0 0 28 45 0 137 43125
-1 0 28 50 9 134 43259
-2 0 28 55 12 128 43387
-3 0 29 1 8 146 43533
-4 0 29 6 21 138 43671
-5 0 29 12 17 146 43817
-6 0 29 18 12 145 43962
-7 0 29 24 16 154 44116
-8 0 29 31 0 159 44275
-9 0 29 37 22 172 44447
-10 0 29 45 13 191 44638
-11 0 29 54 3 215 44853
-11 0 31 16 3 2050 46903
-10 0 31 24 20 217 47120
-9 0 31 32 13 193 47313
-8 0 31 39 9 171 47484
-7 0 31 45 22 163 47647
-6 0 31 51 24 152 47799
-5 0 31 57 19 145 47944
-4 0 32 3 12 143 48087
-3 0 32 9 2 140 48227
-2 0 32 14 14 137 48364
-1 0 32 20 1 137 48501
0 0 32 25 10 134 48635
1 0 32 30 23 138 48773
2 0 32 36 13 140 48913
3 0 32 42 3 140 49053
4 0 32 47 24 146 49199
5 0 32 54 2 153 49352
6 0 33 0 12 160 49512
7 0 33 7 9 172 49684
8 0 33 14 21 187 49871
9 0 33 23 9 213 50084
10 0 33 33 16 257 50341
11 0 33 49 22 406 50747
11 0 34 21 7 785 51532
10 0 34 37 3 396 51928
9 0 34 47 12 259 52187
8 0 34 56 0 213 52400
7 0 35 3 13 188 52588
6 0 35 10 9 171 52759
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scale 
divisions, A

time time, tf 
in frameshours minutes seconds frames H ~ H+1

5 0 35 16 21 162 52921
4 0 35 22 21 150 53071
3 0 35 28 17 146 53217
2 0 35 34 7 140 53357
1 0 35 39 24 142 53499
0 0 35 45 10 136 53635
-1 0 35 50 20 135 53770
-2 0 35 56 8 138 53908
-3 0 36 1 20 137 54045
-4 0 36 7 8 138 54183
-5 0 36 13 2 144 54327
-6 0 36 18 24 147 54474
-7 0 36 25 1 152 54626
-8 0 36 31 11 160 54786
-9 0 36 38 8 172 54958

-10 0 36 45 24 191 55149
-11 0 36 54 20 221 55370
-11 0 38 16 11 2041 57411
-10 0 38 25 6 220 57631
-9 0 38 32 22 191 57822
-8 0 38 39 19 172 57994
-7 0 38 46 5 161 58155
-6 0 38 52 8 153 58308
-5 0 38 58 5 147 58455
-4 0 39 3 23 143 58598
-3 0 39 9 11 138 58736
-2 0 39 14 24 138 58874
-1 0 39 20 10 136 59010
0 0 39 25 21 136 59146
1 0 39 31 8 137 59283
2 0 39 36 23 140 59423
3 0 39 42 13 140 59563
4 0 39 48 9 146 59709
5 0 39 54 9 150 59859
6 0 40 0 21 162 60021
7 0 40 7 19 173 60194
8 0 40 15 8 189 60383
9 0 40 23 19 211 60594
10 0 40 34 1 257 60851
11 0 40 50 4 403 61254
11 0 41 21 6 777 62031
10 0 41 37 12 406 62437
9 0 41 48 0 263 62700
8 0 41 56 11 211 62911
7 0 42 4 0 189 63100



scale 
divisions, A

time time, tf 
in frameshours minutes seconds frames H ~ H+\

6 0 42 10 22 172 63272
5 0 42 17 9 162 63434
4 0 42 23 10 151 63585
3 0 42 29 9 149 63734
2 0 42 35 0 141 63875
1 0 42 40 15 140 64015
0 0 42 46 3 138 64153
-1 0 42 51 15 137 64290
-2 0 42 57 3 138 64428
-3 0 43 2 16 138 64566
-4 0 43 8 5 139 64705
-5 0 43 13 24 144 64849
-6 0 43 19 22 148 64997
-7 0 43 26 0 153 65150
-8 0 43 32 13 163 65313
-9 0 43 39 13 175 65488

-10 0 43 47 5 192 65680
-11 0 43 56 1 221 65901
-11 0 45 17 13 2037 67938
-10 0 45 26 9 221 68159
-9 0 45 34 2 193 68352
-8 0 45 41 0 173 68525
-7 0 45 47 13 163 68688
-6 0 45 53 17 154 68842
-5 0 45 59 16 149 68991
-4 0 46 5 9 143 69134
-3 0 46 10 23 139 69273
-2 0 46 16 10 137 69410
-1 0 46 22 0 140 69550
0 0 46 27 12 137 69687
1 0 46 32 23 136 69823
2 0 46 38 16 143 69966
3 0 46 44 6 140 70106
4 0 46 50 5 149 70255
5 0 46 56 5 150 70405
6 0 47 2 19 164 70569
7 0 47 9 15 171 70740
8 0 47 17 5 190 70930
9 0 47 25 18 213 71143
10 0 47 36 6 263 71406
11 0 47 52 15 409 71815
11 0 48 22 19 754 72569
10 0 48 39 3 409 72978
9 0 48 49 16 263 73241
8 0 48 58 6 215 73456
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H ~ H+\

7 0 49 5 20 189 73645
6 0 49 12 16 171 73816
5 0 49 19 2 161 73977
4 0 49 25 3 151 74128
3 0 49 31 1 148 74276
2 0 49 36 17 141 74417
1 0 49 42 6 139 74556
0 0 49 47 19 138 74694
-1 0 49 53 7 138 74832
-2 0 49 58 19 137 74969
-3 0 50 4 6 137 75106
-4 0 50 9 20 139 75245
-5 0 50 15 14 144 75389
-6 0 50 21 11 147 75536
-7 0 50 27 13 152 75688
-8 0 50 34 2 164 75852
-9 0 50 41 1 174 76026

-10 0 50 48 18 192 76218
-11 0 50 57 16 223 76441
-11 0 52 18 18 2027 78468
-10 0 52 27 15 222 78690
-9 0 52 35 5 190 78880
-8 0 52 42 2 172 79052
-7 0 52 48 15 163 79215
-6 0 52 54 20 155 79370
-5 0 53 0 15 145 79515
-4 0 53 6 11 146 79661
-3 0 53 12 0 139 79800
-2 0 53 17 11 136 79936
-1 0 53 22 24 138 80074
0 0 53 28 10 136 80210
1 0 53 33 22 137 80347
2 0 53 39 13 141 80488
3 0 53 45 5 142 80630
4 0 53 51 0 145 80775
5 0 53 57 5 155 80930
6 0 54 3 13 158 81088
7 0 54 10 10 172 81260
8 0 54 18 0 190 81450
9 0 54 26 13 213 81663
10 0 54 37 4 266 81929
11 0 54 53 13 409 82338
11 0 55 23 2 739 83077
10 0 55 39 16 414 83491
9 0 55 50 8 267 83758
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scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H — H+1

8 0 55 58 23 215 83973
7 0 56 6 11 188 84161
6 0 56 13 7 171 84332
5 0 56 19 20 163 84495
4 0 56 25 22 152 84647
3 0 56 31 18 146 84793
2 0 56 37 10 142 84935
1 0 56 43 1 141 85076
0 0 56 48 12 136 85212
-1 0 56 54 0 138 85350
-2 0 56 59 14 139 85489
-3 0 57 5 2 138 85627
-4 0 57 10 17 140 85767
-5 0 57 16 9 142 85909
-6 0 57 22 6 147 86056
-7 0 57 28 11 155 86211
-8 0 57 34 23 162 86373
-9 0 57 41 23 175 86548
-10 0 57 49 18 195 86743
-11 0 57 58 10 217 86960
-11 0 59 19 13 2028 88988
-10 0 59 28 8 220 89208
-9 0 59 36 1 193 89401
-8 0 59 43 0 174 89575
-7 0 59 49 14 164 89739
-6 0 59 55 19 155 89894
-5 1 0 1 16 147 90041
-4 1 0 7 9 143 90184
-3 1 0 12 23 139 90323
-2 1 0 18 12 139 90462
-1 1 0 24 0 138 90600
0 1 0 29 11 136 90736
1 1 0 34 23 137 90873
2 1 0 40 16 143 91016
3 1 0 46 8 142 91158
4 1 0 52 6 148 91306
5 1 0 58 8 152 91458
6 1 1 4 20 162 91620
7 1 1 11 17 172 91792
8 1 1 19 8 191 91983
9 1 1 27 24 216 92199
10 1 1 38 13 264 92463
11 1 1 55 10 422 92885
11 1 2 23 16 706 93591
10 1 2 40 12 421 94012
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scale 
divisions, A

time time, tf 
in frameshours minutes seconds frames H~H+1

9 1 2 51 5 268 94280
8 1 2 59 23 218 94498
7 1 3 7 11 188 94686
6 1 3 14 11 175 94861
5 1 3 20 21 160 95021
4 1 3 26 24 153 95174
3 1 3 32 22 148 95322
2 1 3 38 14 142 95464
1 1 3 44 5 141 95605
0 1 3 49 19 139 95744
-1 1 3 55 4 135 95879
-2 1 4 0 18 139 96018
-3 1 4 6 7 139 96157
. 4 1 4 11 21 139 96296
-5 1 4 17 15 144 96440
-6 1 4 23 13 148 96588
-7 1 4 29 17 154 96742
-8 1 4 36 6 164 96906
-9 1 4 43 4 173 97079

-10 1 4 50 24 195 97274
-11 1 4 59 20 221 97495
-11 1 6 20 11 2016 99511
-10 1 6 29 8 222 99733
-9 1 6 37 3 195 99928
-8 1 6 44 0 172 100100
-7 1 6 50 15 165 100265
-6 1 6 56 17 152 100417
-5 1 7 2 14 147 100564
-4 1 7 8 10 146 100710
-3 1 7 13 24 139 100849
-2 1 7 19 12 138 100987
-1 1 7 25 0 138 101125
0 1 7 30 13 138 101263
1 1 7 36 1 138 101401
2 1 7 41 16 140 101541
3 1 7 47 9 143 101684
4 1 7 53 7 148 101832
5 1 7 59 7 150 101982
6 1 8 5 22 165 102147
7 1 8 12 17 170 102317
8 1 8 20 8 191 102508
9 1 8 29 1 218 102726
10 1 8 39 21 270 102996
11 1 8 57 0 429 103425
11 1 9 24 5 680 104105
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H — H+1

10 1 9 41 8 428 104533
9 1 9 51 24 266 104799
8 1 10 0 17 218 105017
7 1 10 8 7 190 105207
6 1 10 15 6 174 105381
5 1 10 21 17 161 105542
4 1 10 27 19 152 105694
3 1 10 33 18 149 105843
2 1 10 39 11 143 105986
1 1 10 45 2 141 106127
0 1 10 50 14 137 106264
-1 1 10 56 3 139 106403
-2 1 11 1 14 136 106539
-3 1 11 7 2 138 106677
-4 1 11 12 18 141 106818
-5 1 11 18 12 144 106962
-6 1 11 24 9 147 107109
-7 1 11 30 14 155 107264
-8 1 11 37 0 161 107425
-9 1 11 44 0 175 107600
-10 1 11 51 20 195 107795
-11 1 12 0 13 218 108013
-11 1 13 21 3 2015 110028
-10 1 13 30 0 222 110250
-9 1 13 37 19 194 110444
-8 1 13 44 19 175 110619
-7 1 13 51 6 162 110781
-6 1 13 57 10 154 110935
-5 1 14 3 9 149 111084
-4 1 14 9 3 144 111228
-3 1 14 14 17 139 111367
-2 1 14 20 4 137 111504
-1 1 14 25 17 138 111642
0 1 14 31 5 138 111780
1 1 14 36 19 139 111919
2 1 14 42 9 140 112059
3 1 14 48 0 141 112200
4 1 14 53 22 147 112347
5 1 15 0 0 153 112500
6 1 15 6 13 163 112663
7 1 15 13 10 172 112835
8 1 15 20 23 188 113023
9 1 15 29 15 217 113240
10 1 15 40 9 269 113509
11 1 15 57 0 416 113925
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scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~ U+1

11 1 16 25 0 700 114625
10 1 16 42 0 425 115050
9 1 16 52 18 268 115318
8 1 17 1 11 218 115536
7 1 17 8 24 188 115724
6 1 17 15 22 173 115897
5 1 17 22 8 161 116058
4 1 17 28 12 154 116212
3 1 17 34 8 146 116358
2 1 17 40 0 142 116500
1 1 17 45 17 142 116642
0 1 17 51 4 137 116779
-1 1 17 56 17 138 116917
-2 1 18 2 5 138 117055
-3 1 18 7 19 139 117194
-4 1 18 13 10 141 117335
-5 1 18 19 4 144 117479
-6 1 18 25 0 146 117625
-7 1 18 31 5 155 117780
-8 1 18 37 19 164 117944
-9 1 18 44 16 172 118116

-10 1 18 52 12 196 118312
-11 1 19 1 8 221 118533
-11 1 20 21 17 2009 120542
-10 1 20 30 13 221 120763
-9 1 20 38 9 196 120959
-8 1 20 45 8 174 121133
-7 1 20 51 19 161 121294
-6 1 20 58 0 156 121450
-5 1 21 3 22 147 121597
-4 1 21 9 18 146 121743
-3 1 21 15 7 139 121882
-2 1 21 20 21 139 122021
-1 1 21 26 6 135 122156
0 1 21 31 21 140 122296
1 1 21 37 9 138 122434
2 1 21 43 0 141 122575
3 1 21 48 15 140 122715
4 1 21 54 14 149 122864
5 1 22 0 16 152 123016
6 1 22 7 4 163 123179
7 1 22 14 2 173 123352
8 1 22 21 15 188 123540
9 1 22 30 8 218 123758
10 1 22 41 0 267 124025



scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H~H+1

11 1 22 58 9 434 124459
11 1 23 25 9 675 125134
10 1 23 42 13 429 125563
9 1 23 53 5 267 125830
8 1 24 1 23 218 126048
7 1 24 9 13 190 126238
6 1 24 16 11 173 126411
5 1 24 22 22 161 126572
4 1 24 29 1 154 126726
3 1 24 34 24 148 126874
2 1 24 40 18 144 127018
1 1 24 46 6 138 127156
0 1 24 51 19 138 127294
-1 1 24 57 6 137 127431
-2 1 25 2 19 138 127569
-3 1 25 8 8 139 127708
-4 1 25 13 23 140 127848
-5 1 25 19 19 146 127994
-6 1 25 25 13 144 128138
-7 1 25 31 20 157 128295
-8 1 25 38 10 165 128460
-9 1 25 45 8 173 128633

-10 1 25 53 1 193 128826
-11 1 26 1 23 222 129048
-11 1 27 22 3 2005 131053
-10 1 27 31 2 224 131277
-9 1 27 38 21 194 131471
-8 1 27 45 20 174 131645
-7 1 27 52 10 165 131810
-6 1 27 58 13 153 131963
-5 1 28 4 9 146 132109
-4 1 28 10 4 145 132254
-3 1 28 15 19 140 132394
-2 1 28 21 8 139 132533
-1 1 28 26 20 137 132670
0 1 28 32 10 140 132810
1 1 28 37 21 136 132946
2 1 28 43 10 139 133085
3 1 28 49 4 144 133229
4 1 28 55 2 148 133377
5 1 29 1 4 152 133529
6 1 29 7 18 164 133693
7 1 29 14 14 171 133864
8 1 29 22 6 192 134056
9 1 29 30 23 217 134273
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames U — H+1

10 1 29 41 16 268 134541
11 1 29 58 17 426 134967
11 1 30 26 3 686 135653
10 1 30 42 24 421 136074
9 1 30 53 20 271 136345
8 1 31 2 12 217 136562
7 1 31 10 0 188 136750
6 1 31 17 0 175 136925
5 1 31 23 11 161 137086
4 1 31 29 13 152 137238
3 1 31 35 13 150 137388
2 1 31 41 4 141 137529
1 1 31 46 20 141 137670
0 1 31 52 8 138 137808
-1 1 31 57 21 138 137946
-2 1 32 3 8 137 138083
-3 1 32 8 21 138 138221
-4 1 32 14 12 141 138362
-5 1 32 20 5 143 138505
-6 1 32 26 1 146 138651
-7 1 32 32 9 158 138809
-8 1 32 38 23 164 138973
-9 1 32 45 21 173 139146

-10 1 32 53 15 194 139340
-11 1 33 2 16 226 139566
-11 1 34 22 16 2000 141566
-10 1 34 31 14 223 141789
-9 1 34 39 7 193 141982
-8 1 34 46 7 175 142157
-7 1 34 52 22 165 142322
-6 1 34 59 1 154 142476
-5 1 35 4 23 147 142623
-4 1 35 10 19 146 142769
-3 1 35 16 7 138 142907
-2 1 35 21 23 141 143048
-1 1 35 27 10 137 143185
0 1 35 32 23 138 143323
1 1 35 38 11 138 143461
2 1 35 44 1 140 143601
3 1 35 49 17 141 143742
4 1 35 55 16 149 143891
5 1 36 1 18 152 144043
6 1 36 8 7 164 144207
7 1 36 15 6 174 144381
8 1 36 22 21 190 144571
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H ~H+1

9 1 36 31 16 220 144791
10 1 36 42 11 270 145061
11 1 36 59 9 423 145484
11 1 37 25 23 664 146148
10 1 37 43 9 436 146584
9 1 37 54 8 274 146858
8 1 38 2 22 214 147072
7 1 38 10 11 189 147261
6 1 38 17 11 175 147436
5 1 38 23 22 161 147597
4 1 38 30 0 153 147750
3 1 38 36 0 150 147900
2 1 38 41 17 142 148042
1 1 38 47 6 139 148181
0 1 38 52 8 127 148308
-1 1 38 58 10 152 148460
-2 1 39 3 19 134 148594
-3 1 39 9 12 143 148737
-4 1 39 14 24 137 148874
-5 1 39 20 19 145 149019
-6 1 39 26 16 147 149166
-7 1 39 32 22 156 149322
-8 1 39 39 10 163 149485
-9 1 39 46 10 175 149660

-10 1 39 54 2 192 149852
-11 1 40 3 0 223 150075
-11 1 41 22 20 1995 152070
-10 1 41 31 20 225 152295
-9 1 41 39 17 197 152492
-8 1 41 46 13 171 152663
-7 1 41 53 5 167 152830
-6 1 41 59 9 154 152984
-5 1 42 5 8 149 153133
-4 1 42 11 2 144 153277
-3 1 42 16 16 139 153416
-2 1 42 22 5 139 153555
-1 1 42 27 19 139 153694
0 1 42 33 6 137 153831
1 1 42 38 20 139 153970
2 1 42 44 11 141 154111
3 1 42 50 3 142 154253
4 1 42 56 0 147 154400
5 1 43 2 3 153 154553
6 1 43 8 15 162 154715
7 1 43 15 18 178 154893
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scale 
divisions, A

time time, ti 
in frameshours minutes seconds frames H ~ H+1

8 1 43 23 5 187 155080
9 1 43 31 21 216 155296
10 1 43 42 17 271 155567
11 1 44 0 9 442 156009
11 1 44 25 23 639 156648
10 1 44 43 11 438 157086
9 1 44 54 8 272 157358
8 1 45 3 3 220 157578
7 1 45 10 19 191 157769
6 1 45 17 16 172 157941
5 1 45 24 4 163 158104
4 1 45 30 7 153 158257
3 1 45 36 5 148 158405
2 1 45 41 23 143 158548
1 1 45 47 14 141 158689
0 1 45 53 4 140 158829
-1 1 45 58 13 134 158963
-2 1 46 4 3 140 159103
-3 1 46 9 9 131 159234
-4 1 46 15 7 148 159382
-5 1 46 21 0 143 159525
-6 1 46 26 24 149 159674
-7 1 46 33 3 154 159828
-8 1 46 39 17 164 159992
-9 1 46 46 17 175 160167

-10 1 46 54 13 196 160363
-11 1 47 3 12 224 160587
-11 1 48 23 6 1994 162581
-10 1 48 32 3 222 162803
-9 1 48 39 23 195 162998
-8 1 48 46 23 175 163173
-7 1 48 53 11 163 163336
-6 1 48 59 17 156 163492
-5 1 49 5 15 148 163640
-4 1 49 11 9 144 163784
-3 1 49 17 0 141 163925
-2 1 49 22 13 138 164063
-1 1 49 28 1 138 164201
0 1 49 33 12 136 164337
1 1 49 39 4 142 164479
2 1 49 44 18 139 164618
3 1 49 50 11 143 164761
4 1 49 56 9 148 164909
5 1 50 2 11 152 165061
6 1 50 9 1 165 165226

28



scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H — H+\

7 1 50 16 0 174 165400
8 1 50 23 14 189 165589
9 1 50 32 10 221 165810
10 1 50 43 5 270 166080
11 1 51 0 21 441 166521
11 1 51 25 15 619 167140
10 1 51 43 15 450 167590
9 1 51 54 14 274 167864
8 1 52 3 9 220 168084
7 1 52 10 24 190 168274
6 1 52 17 22 173 168447
5 1 52 24 10 163 168610
4 1 52 30 13 153 168763
3 1 52 36 13 150 168913
2 1 52 42 4 141 169054
1 1 52 47 21 142 169196
0 1 52 53 8 137 169333
-1 1 52 58 21 138 169471
-2 1 53 4 11 140 169611
-3 1 53 9 23 137 169748
-4 1 53 15 13 140 169888
-5 1 53 21 10 147 170035
-6 1 53 27 7 147 170182
-7 1 53 33 13 156 170338
-8 1 53 40 2 164 170502
-9 1 53 47 1 174 170676

-10 1 53 54 22 196 170872
-11 1 54 3 20 223 171095
-11 1 55 23 7 1987 173082
-10 1 55 32 7 225 173307
-9 1 55 40 4 197 173504
-8 1 55 47 2 173 173677
-7 1 55 53 17 165 173842
-6 1 55 59 22 155 173997
-5 1 56 5 22 150 174147
-4 1 56 11 15 143 174290
-3 1 56 17 6 141 174431
-2 1 56 22 20 139 174570
-1 1 56 28 8 138 174708
0 1 56 33 20 137 174845
1 1 56 39 8 138 174983
2 1 56 45 0 142 175125
3 1 56 50 17 142 175267
4 1 56 56 17 150 175417
5 1 57 2 20 153 175570
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scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames n —h+i

6 1 57 9 8 163 175733
7 1 57 16 8 175 175908
8 1 57 23 23 190 176098
9 1 57 32 18 220 176318
10 1 57 43 16 273 176591
11 1 58 1 19 453 177044
11 1 58 25 19 600 177644
10 1 58 43 18 449 178093
9 1 58 54 18 275 178368
8 1 59 3 11 218 178586
7 1 59 11 4 193 178779
6 1 59 18 2 173 178952
5 1 59 24 16 164 179116
4 1 59 30 18 152 179268
3 1 59 36 18 150 179418
2 1 59 42 10 142 179560
1 1 59 48 2 142 179702
0 1 59 53 15 138 179840
-1 1 59 59 2 137 179977
-2 2 0 4 16 139 180116
-3 2 0 10 4 138 180254
-4 2 0 15 21 142 180396
-5 2 0 21 15 144 180540
-6 2 0 27 14 149 180689
-7 2 0 33 18 154 180843
-8 2 0 40 8 165 181008
-9 2 0 47 10 177 181185

-10 2 0 55 5 195 181380
-11 2 1 4 6 226 181606
-11 2 2 23 10 1979 183585
-10 2 2 32 10 225 183810
-9 2 2 40 6 196 184006
-8 2 2 47 8 177 184183
-7 2 2 53 21 163 184346
-6 2 3 0 1 155 184501
-5 2 3 5 24 148 184649
-4 2 3 11 20 146 184795
-3 2 3 17 11 141 184936
-2 2 3 22 24 138 185074
-1 2 3 28 13 139 185213
0 2 3 33 24 136 185349
1 2 3 39 14 140 185489
2 2 3 45 6 142 185631
3 2 3 50 23 142 185773
4 2 3 56 21 148 185921
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scale 
divisions, A

time time, t[ 
in frameshours minutes seconds frames n ~ h+\

5 2 4 3 0 154 186075
6 2 4 9 14 164 186239
7 2 4 16 14 175 186414
8 2 4 24 4 190 186604
9 2 4 32 22 218 186822
10 2 4 43 20 273 187095
11 2 5 1 23 453 187548
11 2 5 25 15 592 188140
10 2 5 43 21 456 188596
9 2 5 54 19 273 188869
8 2 6 3 12 218 189087
7 2 6 11 5 193 189280
6 2 6 18 5 175 189455
5 2 6 24 19 164 189619
4 2 6 30 21 152 189771
3 2 6 36 20 149 189920
2 2 6 42 14 144 190064
1 2 6 48 5 141 190205
0 2 6 53 18 138 190343
-1 2 6 59 6 138 190481
-2 2 7 4 21 140 190621
-3 2 7 10 9 138 190759
-4 2 7 16 1 142 190901
-5 2 7 21 19 143 191044
-6 2 7 27 19 150 191194
-7 2 7 33 23 154 191348
-8 2 7 40 12 164 191512
-9 2 7 47 12 175 191687

-10 2 7 55 13 201 191888
-11 2 8 4 11 223 192111
-11 2 9 23 14 1978 194089
-10 2 9 32 12 223 194312
-9 2 9 40 9 197 194509
-8 2 9 47 8 174 194683
-7 2 9 53 24 166 194849
-6 2 10 0 4 155 195004
-5 2 10 6 2 148 195152
-4 2 10 11 22 145 195297
-3 2 10 17 14 142 195439
-2 2 10 23 1 137 195576
-1 2 10 28 15 139 195715
0 2 10 34 2 137 195852
1 2 10 39 16 139 195991
2 2 10 45 8 142 196133
3 2 10 51 1 143 196276
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scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H ~ H+\

4 2 10 57 0 149 196425
5 2 11 3 2 152 196577
6 2 11 9 15 163 196740
7 2 11 16 15 175 196915
8 2 11 24 6 191 197106
9 2 11 33 4 223 197329
10 2 11 44 0 271 197600
11 2 12 2 13 463 198063
11 2 12 25 15 577 198640
10 2 12 43 18 453 199093
9 2 12 54 18 275 199368
8 2 13 3 14 221 199589
7 2 13 11 5 191 199780
6 2 13 18 3 173 199953
5 2 13 24 19 166 200119
4 2 13 30 21 152 200271
3 2 13 36 21 150 200421
2 2 13 42 13 142 200563
1 2 13 48 6 143 200706
0 2 13 53 20 139 200845
-1 2 13 59 7 137 200982
-2 2 14 4 20 138 201120
-3 2 14 10 7 137 201257
-4 2 14 16 0 143 201400
-5 2 14 21 19 144 201544
-6 2 14 27 16 147 201691
-7 2 14 33 24 158 201849
-8 2 14 40 13 164 202013
-9 2 14 47 13 175 202188

-10 2 14 55 9 196 202384
-11 2 15 4 10 226 202610
-11 2 16 23 7 1972 204582
-10 2 16 32 7 225 204807
-9 2 16 40 4 197 205004
-8 2 16 47 6 177 205181
-7 2 16 53 20 164 205345
-6 2 17 0 1 156 205501
-5 2 17 6 0 149 205650
-4 2 17 11 21 146 205796
-3 2 17 17 10 139 205935
-2 2 17 22 24 139 206074
-1 2 17 28 12 138 206212
0 2 17 33 24 137 206349
1 2 17 39 14 140 206489
2 2 17 45 6 142 206631
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•1

scale 
divisions, A

time time, tj 
in frameshorns minutes seconds frames U “  H+1

3 2 17 51 0 144 206775 4 '

4 2 17 56 24 149 206924 '1
5 2 18 3 2 153 207077 i

6 2 18 9 16 164 207241 1
7 2 18 16 16 175 207416
8 2 18 24 7 191 207607
9 2 18 33 4 222 207829 ■I

10 2 18 44 6 277 208106
11 2 19 2 16 460 208566 .1
11 2 19 24 24 558 209124 i
10 2 19 43 8 459 209583 1
9 2 19 54 12 279 209862 "§

8 2 20 3 7 220 210082
7 2 20 11 1 194 210276 i
6 2 20 18 1 175 210451 j
5 2 20 24 14 163 210614 1
4 2 20 30 18 154 210768 4
3 2 20 36 18 150 210918
2 2 20 42 10 142 211060
1 2 20 48 2 142 211202 1
0 2 20 53 16 139 211341
-1 2 20 59 5 139 211480
-2 2 21 4 18 138 211618 1
-3 2 21 10 7 139 211757 ■I
-4 2 21 15 23 141 211898 •f
-5 2 21 21 19 146 212044 1
-6 2 21 27 18 149 212193 4

-7 2 21 33 24 156 212349
-8 2 21 40 13 164 212513 <#

-9 2 21 47 14 176 212689 4
-10 2 21 55 13 199 212888 1
-11 2 22 4 13 225 213113 J
-11 2 23 23 2 1964 215077
-10 2 23 32 5 228 215305
-9 2 23 40 2 197 215502 1
-8 2 23 47 3 176 215678
-7 2 23 53 17 164 215842
-6 2 23 59 23 156 215998 ■1
-5 2 24 5 23 150 216148 *J
-4 2 24 11 17 144 216292
-3 2 24 17 10 143 216435 %
-2 2 24 22 23 138 216573 4
-1 2 24 28 13 140 216713 4
0 2 24 34 2 139 216852 " £
1 2 24 39 15 138 216990

33



scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H~H+1

2 2 24 45 6 141 217131
3 2 24 51 0 144 217275
4 2 24 56 23 148 217423
5 2 25 3 2 154 217577
6 2 25 9 17 165 217742
7 2 25 16 16 174 217916
8 2 25 24 9 193 218109
9 2 25 33 7 223 218332
10 2 25 44 9 277 218609
11 2 26 3 11 477 219086
11 2 26 23 21 510 219596
10 2 26 43 5 484 220080
9 2 26 54 10 280 220360
8 2 27 3 5 220 220580
7 2 27 10 23 193 220773
6 2 27 17 24 176 220949
5 2 27 24 13 164 221113
4 2 27 30 17 154 221267
3 2 27 36 16 149 221416
2 2 27 42 10 144 221560
1 2 27 48 3 143 221703
0 2 27 53 15 137 221840
-1 2 27 59 4 139 221979
-2 2 28 4 19 140 222119
-3 2 28 10 8 139 222258
-4 2 28 16 0 142 222400
-5 2 28 21 18 143 222543
-6 2 28 27 19 151 222694
-7 2 28 34 0 156 222850
-8 2 28 40 16 166 223016
-9 2 28 47 19 178 223194

-10 2 28 55 15 196 223390
-11 2 29 4 19 229 223619
-11 2 30 22 23 1954 225573
-10 2 30 31 24 226 225799
-9 2 30 39 24 200 225999
-8 2 30 47 0 176 226175
-7 2 30 53 17 167 226342
-6 2 30 59 22 155 226497
-5 2 31 5 21 149 226646
-4 2 31 11 17 146 226792
-3 2 31 17 9 142 226934
-2 2 31 22 23 139 227073
-1 2 31 28 12 139 227212
0 2 31 34 2 140 227352



scale 
divisions, A

time time, tj 
in frameshours minutes seconds frames H — H+\

1 2 31 39 13 136 227488
2 2 31 45 7 144 227632
3 2 31 51 0 143 227775
4 2 31 57 0 150 227925
5 2 32 3 4 154 228079
6 2 32 9 19 165 228244
7 2 32 16 21 177 228421
8 2 32 24 11 190 228611
9 2 32 33 10 224 228835
10 2 32 44 15 280 229115
11 2 33 4 0 485 229600
11 2 33 23 12 487 230087
10 2 33 43 3 491 230578
9 2 33 54 5 277 230855
8 2 34 3 2 222 231077
7 2 34 10 20 193 231270
6 2 34 17 22 177 231447
5 2 34 24 12 165 231612
4 2 34 30 17 155 231767
3 2 34 36 15 148 231915
2 2 34 42 11 146 232061
1 2 34 48 1 140 232201
0 2 34 53 15 139 232340
-1 2 34 59 5 140 232480
-2 2 35 4 19 139 232619
-3 2 35 10 8 139 232758
-4 2 35 16 1 143 232901
-5 2 35 21 20 144 233045
-6 2 35 27 18 148 233193
-7 2 35 34 2 159 233352
-8 2 35 40 18 166 233518
-9 2 35 47 20 177 233695

-10 2 35 55 18 198 233893
-11 2 36 4 21 228 234121
-11 2 37 22 23 1952 236073
-10 2 37 32 1 228 236301
-9 2 37 39 23 197 236498
-8 2 37 46 24 176 236674
-7 2 37 53 16 167 236841
-6 2 37 59 23 157 236998
-5 2 38 5 22 149 237147
-4 2 38 11 17 145 237292
-3 2 38 17 10 143 237435
-2 2 38 22 24 139 237574
-1 2 38 28 12 138 237712
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scale 
divisions, A

time time, t[ 
in frameshours minutes seconds frames H~H+1

0 2 38 34 0 138 237850
1 2 38 39 16 141 237991
2 2 38 45 7 141 238132
3 2 38 51 0 143 238275
4 2 38 57 0 150 238425
5 2 39 3 6 156 238581
6 2 39 9 19 163 238744
7 2 39 16 20 176 238920
8 2 39 24 13 193 239113
9 2 39 33 10 222 239335
10 2 39 44 15 280 239615
11 2 40 4 12 497 240112
11 2 40 23 11 474 240586
10 2 40 42 19 483 241069
9 2 40 54 4 285 241354
8 2 41 3 3 224 241578
7 2 41 10 18 190 241768
6 2 41 17 19 176 241944
5 2 41 24 8 164 242108
4 2 41 30 13 155 242263
3 2 41 36 13 150 242413
2 2 41 42 6 143 242556
1 2 41 47 24 143 242699
0 2 41 53 13 139 242838
-1 2 41 59 2 139 242977
-2 2 42 4 14 137 243114
-3 2 42 10 4 140 243254
-4 2 42 15 21 142 243396
-5 2 42 21 16 145 243541
-6 2 42 27 15 149 243690
-7 2 42 33 21 156 243846
-8 2 42 40 10 164 244010
-9 2 42 47 14 179 244189orHI 2 42 55 11 197 244386

-11 2 43 4 16 230 244616
-11 2 44 22 15 1949 246565
-10 2 44 31 17 227 246792
-9 2 44 39 15 198 246990
-8 2 44 46 17 177 247167
-7 2 44 53 7 165 247332
-6 2 44 59 13 156 247488
-5 2 45 5 13 150 247638
-4 2 45 11 9 146 247784
-3 2 45 16 24 140 247924
-2 2 45 22 13 139 248063
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H ~ U+\

-1 2 45 28 3 140 248203
0 2 45 33 15 137 248340
1 2 45 39 6 141 248481
2 2 45 44 22 141 248622
3 2 45 50 18 146 248768
4 2 45 56 16 148 248916
5 2 46 2 20 154 249070
6 2 46 9 11 166 249236
7 2 46 16 11 175 249411
8 2 46 24 5 194 249605
9 2 46 33 2 222 249827
10 2 46 44 12 285 250112
11 2 47 4 18 506 250618
11 2 47 22 16 448 251066
10 2 47 42 10 494 251560
9 2 47 53 15 280 251840
8 2 48 2 13 223 252063
7 2 48 10 9 196 252259
6 2 48 17 8 174 252433
5 2 48 23 23 165 252598
4 2 48 30 3 155 252753
3 2 48 36 3 150 252903
2 2 48 41 21 143 253046
1 2 48 47 14 143 253189
0 2 48 53 5 141 253330
-1 2 48 58 18 138 253468
-2 2 49 4 7 139 253607
-3 2 49 9 22 140 253747
-4 2 49 15 13 141 253888
-5 2 49 21 10 147 254035
-6 2 49 27 9 149 254184
-7 2 49 33 15 156 254340
-8 2 49 40 5 165 254505
-9 2 49 47 10 180 254685

-10 2 49 55 9 199 254884
-11 2 50 4 15 231 255115
-11 2 51 22 3 1938 257053
-10 2 51 31 8 230 257283
-9 2 51 39 6 198 257481
-8 2 51 46 9 178 257659
-7 2 51 53 1 167 257826
-6 2 51 59 7 156 257982
-5 2 52 5 6 149 258131
-4 2 52 11 3 147 258278
-3 2 52 16 20 142 258420
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H~H+1

-2 2 52 22 9 139 258559
-1 2 52 27 24 140 258699
0 2 52 33 14 140 258839
1 2 52 39 3 139 258978
2 2 52 44 19 141 259119
3 2 52 50 15 146 259265
4 2 52 56 14 149 259414
5 2 53 2 20 156 259570
6 2 53 9 9 164 259734
7 2 53 16 12 178 259912
8 2 53 24 5 193 260105
9 2 53 33 5 225 260330
10 2 53 44 15 285 260615
11 2 54 5 7 517 261132
11 2 54 21 12 405 261537
10 2 54 42 1 514 262051
9 2 54 53 9 283 262334
8 2 55 2 10 226 262560
7 2 55 10 3 193 262753
6 2 55 17 4 176 262929
5 2 55 23 20 166 263095
4 2 55 30 0 155 263250
3 2 55 36 0 150 263400
2 2 55 41 19 144 263544
1 2 55 47 11 142 263686
0 2 55 53 1 140 263826
_1 2 55 58 15 139 263965
-2 2 56 4 4 139 264104
-3 2 56 9 18 139 264243
-4 2 56 15 11 143 264386
-5 2 56 21 7 146 264532
-6 2 56 27 6 149 264681
-7 2 56 33 13 157 264838
-8 2 56 40 6 168 265006
-9 2 56 47 9 178 265184
-10 2 56 55 7 198 265382
-11 2 57 4 11 229 265611
-11 2 58 21 21 1935 267546
-10 2 58 31 3 232 267778
-9 2 58 39 0 197 267975
-8 2 58 46 2 177 268152
-7 2 58 52 21 169 268321
-6 2 58 59 1 155 268476
-5 2 59 5 2 151 268627
-4 2 59 10 23 146 268773
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scale 
divisions, A

time time, t\ 
in frameshours minutes seconds frames H ~ H+1

-3 2 59 16 13 140 268913
-2 2 59 22 5 142 269055
-1 2 59 27 18 138 269193
0 2 59 33 8 140 269333
1 2 59 38 22 139 269472
2 2 59 44 15 143 269615
3 2 59 50 9 144 269759
4 2 59 56 8 149 269908
5 3 0 2 14 156 270064
6 3 0 9 3 164 270228
7 3 0 16 8 180 270408
8 3 0 24 0 192 270600
9 3 0 32 23 223 270823
10 3 0 44 6 283 271106
11 3 1 5 4 523 271629
11 3 1 21 2 398 272027
10 3 1 41 14 512 272539
9 3 1 53 1 287 272826
8 3 2 1 24 223 273049
7 3 2 9 18 194 273243
6 3 2 16 22 179 273422
5 3 2 23 12 165 273587
4 3 2 29 16 154 273741

39



APPENDIX C

LEAST SQUARES ADJUSTMENT FOR GYRO OBSERVATIONS

The mathematical model, equation (5-2):

1 0

F(x,l) = Y ,A .,e-Al‘cos {{0, + 6'tt) (t -  Bf)) + Q —A = 0
i=\

is linearised as a Taylor series. The solution may be written as:

(5-5) Ax  + Bv + b = 0

For i = 1, equation (5-2) may be written as:

(5-22) cos(((9j + 6»;0(? +

Least squares adjustment computations using the first set of time observation 

data are summarised below.

A
dF dF dF dF dF dF
dA dO dO' dB dA, dQ B a b

-0.45382 -33716.054 -196429731 -0.005794037 29038.2986 1 0.005794431 0.08705845
-0.36198 -33532.64 -201061710 -0.006061442 23837.8886 1 0.00606175 0.07843034
-0.27218 -32924.752 -202684775 -0.006257044 18402.5731 1 0.006257268 0.09217033
-0.18053 -31938.119 -201689224 -0.006395777 12520.746 I 0.006395916 0.08549778
-0.08904 -30637.072 -198252490 -0.006476789 6328.04757 1 0.006476844 0.08070724
0.004389 -29024.358 -192402468 -0.006502497 -319.557179 1 0.006502465 0.05459255
0.093061 -27258.828 -184787596 -0.006474226 -6928.74999 1 0.006474114 0.08070821
0.185071 -25210.403 -174859354 -0.00638993 -14098.3269 1 0.006389733 0.07016774
0.276048 -22988.933 -163083488 -0.006249339 -21507.7651 1 0.006249059 0.07097368
0.368461 -20550.642 -149177112 -0.006044152 -29375.6688 1 0.006043788 0.0560057
0.459458 -17985.504 -133596325 -0.005774202 -37483.2473 1 0.005773755 0.05658856
0.550801 -15259.401 -116078262 -0.005425296 -46017.9196 1 0.005424766 0.05338089
0.64187 -12401.435 -96718791 -0.004983437 -54980.0218 1 0.004982824 0.05317395

0.733948 -9379.2642 -75165424 -0.004412533 -64600.1944 1 0.004411837 0.0418808
0.826303 -6222.'7038 -51430647 -0.003656344 -75006.9031 1 0.003655564 0.0275531
0.918072 -2969.2558 -25499969 -0.002567122 -86594.0517 1 0.002566259 0.0196532
0.921295 -2848.8352 -28328817 0.00251584 -100618.735 1 -0.00251671 -0.0157388
0.829932 -6090.2351 -62546715 0.003619399 -93612.1013 1 -0.00362018 -0.0123039
0.739143 -9197.6827 -96750424 0.004373622 -85393.0027 1 -0.00437432 -0.0151788
0.649559 -12145.745 -130323846 0.004938964 -76548.6614 1 -0.00493958 -0.0312799
0.559688 -14977.354 -163567680 0.005384465 -67131.6807 1 -0.005385 -0.0442284
0.466853 -17760.373 -197211181 0.005746765 -56934.9791 1 -0.00574722 -0.0246312
0.376229 -20327.239 -229148963 0.006021495 -46581.2806 1 -0.00602187 -0.0293119
0.284678 -22757.49 -260277418 0.006230458 -35758.9829 1 -0.00623075 -0.0238066
0.193929 -24990.486 -289764681 0.006376213 -24696.323 1 -0.00637642 -0.0271129
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dF
dA

dF
dO

dF
dO'

dF
dB

dF
dA

dF
dQ Bn b

0.102662 -27042.434 -317775637 0.006465358 -13249.6039 1 -0.00646548 -0.0247314
0.012296 -28862.511 -343579337 0.006499195 -1607.63324 1 -0.00649923 -0.0322513
-0.07876 -30458.852 -367272835 0.006479372 10430.0851 1 -0.00647933 -0.0322086
-0.17032 -31792.677 -388315763 0.006404352 22847.8205 1 -0.00640422 -0.026576

-0.261 -32806.615 -405850633 0.006273672 35461.9831 1 -0.00627346 -0.0306602
-0.35219 -33467.526 -419448505 0.006082002 48478.6226 1 -0.0060817 -0.0291234
-0.44332 -33700.297 -428027478 0.005824147 61840.7036 1 -0.00582376 -0.0282382
-0.53457 -33408.294 -430232006 0.005490189 75608.3446 1 -0.00548972 -0.0260768
-0.62595 -32443.642 -423973517 0.005064716 89839.9244 1 -0.00506416 -0.0223986
-0.7181 -30546.477 -405626670 0.004517378 104730.21 1 -0.00451673 -0.0102966

-0.80783 -27367.954 -369877899 0.003822143 119910.637 1 -0.00382141 -0.0247903
-0.90023 -21608.304 -298626759 0.002815333 136640.414 1 -0.00281451 -0.0100515
-0.99203 -6501.1029 -93485860 0.000754143 156675.41 1 -0.00075322 -0.0018323
-0.99105 7491.34815 110767074 -0.000805014 160939.837 1 0.00080595 -0.012592
-0.90182 28524.706 437169645 -0.002791779 151798.02 1 0.002792651 0.00740635
-0.81001 40789.4238 637579484 -0.003800643 139057.486 1 0.00380144 -0.0009386
-0.71946 50179.729 796352299 -0.004506212 125400.771 1 0.004506933 0.00454839
-0.6284 58013.6029 932800722 -0.005049721 110972.985 1 0.005050364 0.00453274
-0.53675 64711.6519 1.053E+09 -0.005478983 95912.5185 1 0.005479546 -0.0021481
-0.44724 70317.5446 1.156E+09 -0.005809157 80773.3126 1 0.005809641 0.01482187
-0.35465 75271.2212 1.251E+09 -0.006073563 64717.1711 i 0.006073966 -0.0020964
-0.26528 79307.305 1.33E+09 -0.006263584 48871.3575 1 0.006263906 0.01631688
-0.17355 82727.3059 1.401E+09 -0.006398068 32276.4564 1 0.006398307 0.00892595
-0.08265 85410.5217 1.459E+09 -0.006474571 15511.8993 1 0.006474728 0.01056413
0.008943 87399.8386 1.507E+09 -0.006496521 -1693.58509 1 0.006496593 0.00457978
0.099283 88638.6671 1.542E+09 -0.006464504 -18968.9665 l 0.006464493 0.01237733
0.190548 89121.1969 1.564E+09 -0.006377221 -36732.4892 1 0.006377125 0.01001765
0.281887 88768.113 1.572E+09 -0.006232262 -54832.4491 1 0.00623208 0.00684405
0.374018 87471.4366 1.564E+09 -0.006023439 -73431.3595 1 0.00602317 -0.0050198
0.46467 85140.4192 1.536E+09 -0.005749966 -92091.7511 1 0.005749609 -0.0006513
0.55559 81553.6438 1.486E+09 -0.005397589 -111203.212 1 0.005397144 0.0007785

0.647047 76371.2163 1.407E+09 -0.004947365 -130887.353 1 0.00494683 -0.0036926
0.735588 69345.5022 1.292E+09 -0.004392333 -150478.14 1 0.004391708 0.02386905
0.829446 58650.8591 1.108E+09 -0.003615587 -172019.698 1 0.003614864 -0.0069668
0.920655 42139.9281 809465879 -0.002512523 -194231.977 1 0.002511699 -0.0087106
0.921644 .47476.497 -975404635 0.0024952 -207964.181 1 -0.00249611 -0.0195759
0.829238 -70815.188 -1.478E+09 0.003615629 -190127.894 1 -0.00361647 -0.0046883
0.736947 -87669.393 -1.852E+09 0.004380639 -171015.076 1 -0.00438141 0.00894283
0.647244 -100708.29 -2.149E+09 0.004944172 -151698.574 1 -0.00494487 -0.0058507
0.555331 -111698.84 -2.405E+09 0.005396536 -131345.795 1 -0.00539716 0.00362063
0.464415 -120722.33 -2.621E+09 0.005748574 -110755.506 1 -0.00574912 0.00214885
0.373226 -128217.18 -2.806E+09 0.006023161 -89705.1209 1 -0.00602363 0.00367945
0.281094 -134383.75 -2.963E+09 0.006231314 -68070.7353 1 -0.0062317 0.0155503
0.190347 -139180.35 -3.091 E+09 0.006374893 -46425.3983 1 -0.0063752 0.01222352

2



dF dF dF dF dF dF
BndA do dd' dB dA dQ b

0.098524 -142800.79 -3.194E+09 0.006462278 -24199.8166 1 -0.0064625 0.02071046
0.008217 -145172.03 -3.269E+09 0.006493692 -2032.13736 1 -0.00649383 0.01254946
-0.08274 -146357.57 -3.318E+09 0.006471473 20602.8875 1 -0.00647153 0.01157567
-0.17418 -146291.19 -3.339E+09 0.006394089 43668.2398 1 -0.00639406 0.01580676
-0.26641 -144868.71 -3.33E+09 0.006258042 67258.2555 1 -0.00625793 0.02872425
-0.35624 -142057.04 -3.288E+09 0.006065814 90563.7403 1 -0.00606561 0.01534613
-0.44763 -137573.75 -3.208E+09 0.005803684 114628.849 1 -0.00580339 0.01911554
-0.53902 -131182.82 -3.082E+09 0.005464809 139086.43 1 -0.00546443 0.0228815
-0.62949 -122560.22 -2.903E+09 0.005038645 163735.171 1 -0.00503817 0.01641462
-0.7207 -110840.99 -2.648E+09 0.004491395 189123.903 1 -0.00449082 0.01825085

-0.81054 -94998.392 -2.292E+09 0.003787775 214818.03 1 -0.0037871 0.00495878
-0.90194 -71111.065 -1.738E+09 0.002778308 242062.973 1 -0.00277753 0.00879674
-0.99396 -15264.368 -382112915 0.000573788 273276.221 1 -0.00057287 0.01943737
-0.99207 18938.0788 480345431 -0.000697239 276361.846 1 0.000698186 -0.001371
-0.8987 79356.0142 2.059E+09 -0.002820495 256048.384 1 0.002821411 -0.0267885
-0.80719 109309.533 2.869E+09 -0.003815973 232653.511 1 0.00381683 -0.0318465
-0.71675 131178.454 3.474E+09 -0.004516076 208458.376 1 0.00451687 -0.0252036
-0.62599 148605.846 3.966E+09 -0.005054948 183491.987 1 0.005055673 -0.02201
-0.53375 163010.704 4.382E+09 -0.005484479 157581.307 1 0.005485131 -0.0350198
-0.44259 174654.773 4.726E+09 -0.005817762 131526.418 1 0.005818339 -0.0362946
-0.35099 184151.926 5.014E+09 -0.006076374 104957.928 1 0.006076874 -0.0422807
-0.26102 191565.324 5.246E+09 -0.006265158 78512.6239 1 0.006265581 -0.0304171
-0.16871 197345.46 5.436E+09 -0.006397689 51042.8348 1 0.00639803 -0.0442653
-0.07842 201289.173 5.576E+09 -0.006471007 23859.2151 1 0.006471267 -0.0358891
0.013697 203601.373 5.672E+09 -0.006490396 -4190.56595 1 0.006490573 -0.0476329
0.103934 204177.118 5.719E+09 -0.006455603 -31973.3993 1 0.006455695 -0.038701
0.196793 202965.387 5.717E+09 -0.006363293 -60883.4492 1 0.006363298 -0.058565
0.286772 199939.779 5.663E+09 -0.006216784 -89215.7367 1 0.006216701 -0.0468074
0.377555 194872.78 5.552E+09 -0.006007838 -118134.383 1 0.006007665 -0.0438681
0.468995 187466.062 5.373E+09 -0.005728516 -147626.119 1 0.00572825 -0.0481477
0.559543 177463.92 5.118E+09 -0.005373264 -177228.102 1 0.005372904 -0.0426331
0.650546 164112.61 4.765E+09 -0.004920228 -207438.501 1 0.004919771 -0.0421229
0.740927 146511.251 4.285E+09 -0.004345465 -237999.554 1 0.004344907 -0.034773
0.831354 122432.754 3.611E+09 -0.003586419 -269328.836 1 0.003585754 -0.0279211
0.922118 85839.0521 2.56E+09 -0.002474352 -302055.234 1 0.002473567 -0.0247869
0.917097 -94249.028 -2.937E+09 0.002550252 -313927.558 1 -0.0025512 0.03036425
0.82645 -136199.5 -4.289E+09 0.003632124 -285812.249 1 -0.00363302 0.02593589
0.734209 -166541.06 -5.286E+09 0.004391449 -255944.685 1 -0.00439229 0.03900879
0.643416 -189796.73 -6.065E+09 0.004957667 -225799.46 1 -0.00495845 0.03618629
0.551781 -208690.82 -6.709E+09 0.005404967 -194816.73 1 -0.00540568 0.04261464
0.460746 -223926.4 -7.239E+09 0.005754528 -163580.901 1 -0.00575517 0.04244764
0.37003 -236180.71 -7.675E+09 0.006025274 -132060.432 1 -0.00602584 0.03877534

0.277881 -245995.93 -8.034E+09 0.006231398 -99676.8379 1 -0.00623189 0.05084386
0.187145 -253286.71 -8.312E+09 0.006373028 -67454.3179 1 -0.00637344 0.04739237
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0.096537 -258343.47 -8.518E+09 0.006457752 -34960.0783 1 -0.00645808 0.04253468
0.005118 -261253.32 -8.655E+09 0.006488058 -1862.22821 1 -0.00648831 0.04658537
-0.08575 -261965.82 -8.719E+09 0.006464024 31345.6914 1 -0.00646419 0.04461963
-0.17707 -260438.83 -8.709E+09 0.00638486 65029.1097 1 -0.00638494 0.04756521
-0.26745 -256601.17 -8.621E+09 0.006250171 98679.8483 1 -0.00625016 0.04013584
-0.35826 -250226.38 -8.447E+09 0.006054571 132826.293 1 -0.00605447 0.03757625
-0.44895 -241054.57 -8.178E+09 0.005792899 167276.109 1 -0.0057927 0.03356071
-0.53966 -228634.01 -7.797E+09 0.005455247 202125.718 1 -0.00545495 0.02989125
-0.63042 -212265.38 -7.279E+09 0.005026228 237431.638 1 -0.00502583 0.02661855
-0.72139 -190712.79 -6.58E+09 0.004478296 273359.007 1 -0.0044778 0.02578867
-0.81094 -162241.9 -5.636E+09 0.003774144 309412.789 1 -0.00377353 0.00932667
-0.90271 -119817.7 -4.199E+09 0.002753947 347481.438 1 -0.00275321 0.01724263
-0.9922 -28167.534 -1.003E+09 0.000633289 388195.14 1 -0.00063239 0.00011594
-0.99269 26942.571 968423772 -0.000598458 391883.909 1 0.000599413 0.00542226
-0.89883 129132.819 4.719E+09 -0.002805341 360743.71 1 0.002806303 -0.0254419
-0.80703 177215.846 6.53E+09 -0.003807476 326596.969 1 0.003808397 -0.0336042
-0.71718 211473.756 7.842E+09 -0.004504788 292101.754 1 0.004505657 -0.0204419
-0.62433 239175.873 8.921E+09 -0.005056172 255744.967 1 0.005056979 -0.0402166
-0.53458 260678.729 9.771E+09 -0.005474215 220077.565 1 0.005474958 -0.0259614
-0.44304 278406.569 1.049E+10 -0.005809841 183259.567 1 0.005810514 -0.0313004
-0.35046 292697.933 1.107E+10 -0.006071505 145621.758 1 0.006072106 -0.0481344
-0.25999 303534.39 1.153E+10 -0.006260995 108490.223 1 0.006261521 -0.0417448
-0.16891 311571.615 1.189E+10 -0.006391619 70775.4991 1 0.006392066 -0.0421088
-0.07929 316807.425 1.214E+10 -0.006464778 33357.6018 1 0.006465146 -0.0263595
0.012746 319491.986 1.229E+10 -0.006484715 -5384.12037 1 0.006485 -0.0371906
0.103497 319463.385 1.234E+10 -0.006450105 -43893.633 1 0.006450304 -0.0339005
0.196279 316612.025 1.228E+10 -0.006358082 -83586.2025 1 0.006358192 -0.0529296
0.285623 311023.364 1.211E+10 -0.006213 -122122.683 1 0.006213021 -0.0341828
0.377449 302125.97 1.181E+10 -0.006001875 -162068.612 1 0.006001802 -0.0427089
0.466191 290129.279 1.139E+10 -0.005731652 -201022.437 1 0.005731485 -0.0173573
0.558275 273566.552 1.079E+10 -0.005371846 -241845.319 1 0.005371577 -0.0287158
0.649264 252153.7 9.995E+09 -0.004919742 -282644.95 1 0.004919368 -0.0280376
0.738855 224597.235 8.95E+09 -0.004351709 -323367.163 1 0.004351225 -0.012014
0.829447 187035.87 7.5E+09 -0.003594545 -365292.961 1 0.003593942 -0.0069788
0.921616 129747.962 5.246E+09 -0.002466911 -409255.512 l 0.002466168 -0.019271
0.920048 -136508.49 -5.7E+09 0.002489664 -421938.06 1 -0.00249065 -0.0020502
0.827176 -200224.03 -8.427E+09 0.003614664 -382371.871 1 -0.00361563 0.01795752
0.734129 -244693.7 -1.036E+10 0.00438342 -341415.473 1 -0.00438433 0.03989764
0.645291 -277490.87 -1.181E+10 0.004939729 -301581.57 1 -0.00494059 0.0155997
0.552975 -304728.26 -1.303E+10 0.005392834 -259627.709 1 -0.00539363 0.02949363
0.461606 -326377.99 -1.401E+10 0.005745083 -217641.559 1 -0.00574582 0.03299581
0.371578 -343418.61 -1.48E+10 0.006015018 -175879.711 1 -0.00601568 0.02177868
0.28014 -356906.94 -1.544E+10 0.006221105 -133103.889 1 -0.0062217 0.02603444

0.188961 -366864.12 -1.593E+10 0.00636489 -90111.624 1 -0.00636541 0.02745017
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0.096696 -373597.69 -1.628E+10 0.006451862 -46280.2401 1 -0.0064523 0.04078921
0.005948 -377043.27 -1.649E+10 0.006482268 -2856.95255 1 -0.00648262 0.03746984
-0.08485 -377354.11 -1.656E+10 0.006458748 40896.0339 1 -0.00645902 0.03466819
-0.1761 -374441.76 -1.649E+10 0.006380147 85179.5374 1 -0.00638033 0.03685092
-0.26584 -368277.56 -1.628E+10 0.006247087 129044.897 1 -0.00624718 0.0224984
-0.35662 -358460.78 -1.59E+10 0.006052492 173746.529 1 -0.00605249 0.01953719
-0.44834 -344482.27 -1.534E+10 0.005788425 219268.377 1 -0.00578833 0.02685814
-0.53899 -326041.6 -1.458E+10 0.005451197 264649.875 1 -0.00545099 0.02245034
-0.62967 -302022.09 -1.356E+10 0.005022676 310492.968 1 -0.00502237 0.01847142
-0.72059 -270696.34 -1.221E+10 0.004475344 356984.739 1 -0.00447492 0.01697453
-0.81111 -229112.28 -1.039E+10 0.003762543 403978.735 1 -0.003762 0.01121198
-0.90131 -169455.83 -7.736E+09 0.002759671 451899.355 1 -0.00275898 0.0018008
-0.99291 -32178.447 -1.489E+09 0.000515428 504456.265 1 -0.00051453 0.0078389
-0.99213 36095.0779 1.68E+09 -0.000573758 507154.47 1 0.000574721 -0.0007301
-0.89936 177991.891 8.391E+09 -0.002784489 465661.765 1 0.002785497 -0.0195576
-0.80744 244473.161 1.16E+10 -0.003793862 420781.696 1 0.003794845 -0.029118
-0.71747 291425.909 1.39E+10 -0.004494481 375768.94 1 0.004495424 -0.0172984
-0.62573 328683.278 1.574E+10 -0.005041388 329172.425 1 0.00504228 -0.0248389
-0.53473 358168.109 1.722E+10 -0.00546674 282414.603 1 0.005467574 -0.0243309
-0.44384 381788.964 1.843E+10 -0.005800816 235274.248 1 0.005801587 -0.0225667
-0.35249 400599.297 1.94E+10 -0.006060351 187507.549 1 0.006061053 -0.0257982
-0.26161 414988.396 2.017E+10 -0.00625217 139626.744 1 0.0062528 -0.0239868
-0.17006 425483.726 2.074E+10 -0.006384477 91062.8037 1 0.006385032 -0.0294381
-0.08054 432074.576 2.113E+10 -0.006458349 43260.8329 1 0.006458826 -0.0126666
0.010825 435158.355 2.135E+10 -0.006479107 -5833.13269 1 0.006479501 -0.0160922
0.102093 434571.484 2.139E+10 -0.006445263 -55187.5652 1 0.006445571 -0.0184898
0.193657 430211.127 2.124E+10 -0.006355614 -105016.852 1 0.006355833 -0.0241251
0.284674 421941.284 2.09E+10 -0.006208826 -154871.182 1 0.006208951 -0.0237647
0.376444 409305.631 2.034E+10 -0.005998313 -205478.898 1 0.00599834 -0.031669
0.466181 392288.88 1.956E+10 -0.005725144 -255321.419 1 0.005725071 -0.0172492
0.557671 369423.825 1.849E+10 -0.005367515 -306537.67 1 0.005367336 -0.022075
0.647693 340277.508 1.71E+10 -0.004920866 -357386.217 1 0.004920575 -0.0107807
0.739693 301498.445 1.521E+10 -0.004336992 -409921.482 1 0.004336579 -0.0212152
0.830268 250107.145 1.268E+10 -0.003575947 -462405.254 1 0.003575401 -0.016002
0.921639 172808.744 8.82E+09 -0.002451123 -516653.475 1 0.002450419 -0.0195243
0.919245 -180879.3 -9.471E+09 0.002487003 -528637.994 1 -0.00248803 0.00677294
0.82778 -263704.19 -1.389E+10 0.003598332 -479029.357 1 -0.00359935 0.01133223
0.735896 -321549.43 -1.702E+10 0.004362232 -427901.73 1 -0.00436322 0.02048865
0.646997 -364603.51 -1.938E+10 0.004922645 -377701.737 1 -0.00492359 -0.003136
0.554483 -400215.85 -2.135E+10 0.005379312 -324893.864 1 -0.0053802 0.01294162
0.464368 -427962.76 -2.291E+10 0.005729124 -273000.029 1 -0.00572996 0.00266343
0.371834 -450558.53 -2.42E+10 0.006008127 -219305.993 1 -0.00600889 0.01896406
0.27993 -467840.57 -2.52E+10 0.006215499 -165608.887 1 -0.0062162 0.02833802

0.189411 -480296.82 -2.595E+10 0.006358459 -112385.445 1 -0.00635908 0.02251112
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0.098995 -488489.87 -2.647E+10 0.006444603 -58906.7346 1 -0.00644515 0.0155371
0.007748 -492596.86 -2.676E+10 0.006476433 -4623.72922 1 -0.0064769 0.01770022
-0.08356 -492554.79 -2.684E+10 0.006453682 50007.6066 1 -0.00645406 0.02055448
-0.17358 -488376.21 -2.669E+10 0.006377214 104175.384 1 -0.00637751 0.00927112
-0.26387 -479879.09 -2.63E+10 0.006244651 158812.729 1 -0.00624485 0.00084098
-0.35683 -466291.93 -2.563E+10 0.006045799 215411.62 1 -0.0060459 0.02179604
-0.44844 -447575.47 -2.468E+10 0.005781618 271555.095 1 -0.00578161 0.0279852
-0.53848 -423244.27 -2.341E+10 0.005446417 327122.9 1 -0.00544631 0.01693827
-0.62909 -391582.12 -2.173E+10 0.005018272 383480.199 1 -0.00501805 0.01210263
-0.71952 -350704.91 -1.954E+10 0.004474189 440254.804 1 -0.00447384 0.00527383
-0.81003 -296438.53 -1.659E+10 0.00376235 497780.718 1 -0.00376187 -0.0006345
-0.89948 -219739.63 -1.236E+10 0.002771092 555713.6 1 -0.00277045 -0.0181999
-0.99183 42616.3884 2.435E+09 -0.000527501 622394.714 1 0.00052847 -0.0039868
-0.99101 47572.792 2.719E+09 -0.000588654 622057.789 1 0.000589627 -0.0129317
-0.8998 226203.725 1.306E+10 -0.002764865 570641.639 1 0.002765919 -0.0147631
-0.80944 310016.978 1.8E+10 -0.003765767 516032.509 1 0.003766814 -0.00714
-0.71883 370377.838 2.159E+10 -0.004476849 460169.189 1 0.004477867 -0.002316
-0.62696 417728.548 2.444E+10 -0.005027445 402817.778 1 0.005028421 -0.0113098
•rO.53569 455085.236 2.671E+10 -0.005455873 345301.623 1 0.005456798 -0.0137184
-0.44497 484742.297 2.854E+10 -0.005790683 287688.377 1 0.00579155 -0.0101107
-0.35377 508261.154 3.001E+10 -0.006051018 229383.719 I 0.006051822 -0.0117127
-0.26302 526151.901 3.115E+10 -0.006243689 171006.887 1 0.006244424 -0.0084741
-0.17159 539089.24 3.2E+10 -0.006376905 111860.423 1 0.006377567 -0.0126652
-0.0804 547191.399 3.257E+10 -0.006452649 52551.2196 1 0.006453233 -0.0141807

0.011473 550647.499 3.286E+10 -0.006473306 -7518.69096 1 0.006473806 -0.0232082
0.101486 549467.645 3.287E+10 -0.006439886 -66678.3764 1 0.006440301 -0.0118145
0.192976 543534.326 3.26E+10 -0.006350623 -127122.526 1 0.006350947 -0.0166521
0.282796 532839.641 3.204E+10 -0.006206452 -186778.556 1 0.006206681 -0.0031373
0.373995 516653.256 3.115E+10 -0.005998575 -247686.203 1 0.005998704 -0.0047671
0.465834 494303.458 2.989E+10 -0.005719805 -309388.795 1 0.005719827 -0.0134337
0.556262 465411.74 2.823E+10 -0.005366724 -370541.315 1 0.005366635 -0.0066031
0.647176 427943.423 2.604E+10 -0.004916111 -432480.605 1 0.004915902 -0.0051086
0.737903 379475.113 2.317E+10 -0.004341222 -494852.152 1 0.004340883 -0.0015604
0.829248 314061.943 1.926E+10 -0.003575424 -558413.599 1 0.003574939 -0.0047904
0.920623 216742.234 1.336E+10 -0.002451852 -623302.631 1 0.00245119 -0.0083643
0.91949 -223640.66 -1.408E+10 0.002467881 -635825.694 1 -0.00246895 0.00407556

0.829239 -325808.81 -2.062E+10 0.003573545 -576395.088 1 -0.00357463 -0.0046956
0.737906 -397466.33 -2.526E+10 0.004339179 -514960.664 1 -0.00434024 -0.0015855
0.646746 -452132.7 -2.883E+10 0.00491641 -452877.942 1 -0.00491744 -0.0003893

0.5563 -495078.08 -3.166E+10 0.00536439 -390722.602 1 -0.00536537 -0.0070155
0.464853 -529730.79 -3.397E+10 0.00572093 -327418.051 1 -0.00572186 -0.0026583
0.374082 -556921.07 -3.581E+10 0.005995998 -264182.087 1 -0.00599687 -0.0057237
0.282913 -577937.06 -3.726E+10 0.006203775 -200306.671 1 -0.00620458 -0.0044174
0.191969 -593202.36 -3.834E+10 0.006349348 -136252.068 1 -0.00635008 -0.0055833
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dF
dA

dF
dO

dF
dO'

dF
dB

dF
dA

dF
3 0 Bn b

0.100497 -603175.78 -3.907E+10 0.00643784 -71502.3061 1 -0.00643849 -0.0009558
0.010516 -607908.57 -3.947E+10 0.00647052 -7499.47784 1 -0.00647109 -0.0126954
-0.08131 -607597.06 -3.955E+10 0.006449131 58127.9711 1 -0.00644962 -0.0041616
-0.17244 -602072.72 -3.928E+10 0.006372686 123570.928 1 -0.00637308 -0.0032781
-0.26267 -591268.65 -3.867E+10 0.006240826 188678.087 1 -0.00624113 -0.0123478
-0.35447 -574435.28 -3.766E+10 0.006045488 255263.23 1 -0.00604569 -0.0040353
-0.44557 -551291.49 -3.624E+10 0.005784553 321690.007 1 -0.00578465 -0.0035358
-0.53568 -521146.84 -3.435E+10 0.005451263 387781.457 1 -0.00545124 -0.0138805
-0.62685 -481794.85 -3.185E+10 0.0050227 455095.229 1 -0.00502256 -0.0125635
-0.7186 -430575.17 -2.855E+10 0.004472054 523382.063 1 -0.00447178 -0.0048384
-0.80839 -364239.23 -2.424E+10 0.003767291 590901.691 1 -0.00376687 -0.0186714
-0.89952 -267983.69 -1.792E+10 0.002757002 660532.244 1 -0.00275641 -0.0178679
-0.98991 -59369.331 -4.004E+09 0.000604647 733271.262 1 -0.00060377 -0.0250648
-0.99077 53290.3939 3.61E+09 -0.000539961 737159.989 1 0.000540939 -0.0156476
-0.90163 271729.298 1.857E+10 -0.002725636 676713.085 1 0.002726733 0.00538544
-0.81028 375618.914 2.578E+10 -0.003748114 610897.662 1 0.003749223 0.00204479
-0.71964 449080.329 3.094E+10 -0.00446296 544472.383 1 0.004464052 0.00653183
-0.6294 505597.866 3.494E+10 -0.005007079 477641.462 1 0.005008139 0.01542076
-0.53846 550807.698 3.816E+10 -0.005437446 409762.687 1 0.005438463 0.01670402
-0.44749 586836.659 4.077E+10 -0.005775986 341412.007 1 0.005776951 0.01760583
-0.35596 615334.426 4.285E+10 -0.006039423 272241.137 1 0.006040328 0.01228693
-0.26423 637044.033 4.447E+10 -0.00623556 202559.873 1 0.006236399 0.0048024
-0.17523 652125.259 4.562E+10 -0.006366876 134628.627 1 0.006367646 0.02730176
-0.08358 661852.746 4.64E+10 -0.006445174 64356.9642 1 0.006445867 0.02071502
0.007027 665860.473 4.679E+10 -0.006467831 -5422.83949 1 0.006468443 0.02562262
0.099328 664240.837 4.678E+10 -0.006435535 -76825.1823 1 0.006436059 0.0118881
0.190767 656845.646 4.636E+10 -0.006347591 -147878.157 1 0.006348022 0.00761348
0.280554 643709.703 4.553E+10 -0.00620476 -217963.039 1 0.006205095 0.02148264
0.370647 624227.955 4.426E+10 -0.006001158 -288615.717 1 0.006001391 0.03199753
0.462024 597296.588 4.245E+10 -0.00572636 -360637.082 1 0.005726481 0.02840588
0.554538 561503.056 4.001E+10 -0.00536731 -433964.271 1 0.005367311 0.01232832
0.645028 516356.757 3.689E+10 -0.004920444 -506145.578 1 0.004920319 0.01848897
0.737044 456909.225 3.274E+10 -0.004338747 -580114.619 1 0.004338481 0.00787468
0.828342 377876.604 2.718E+10 -0.003573774 -654275.551 1 0.003573348 0.00515049
0.918342 262801.978 1.899E+10 -0.002472588 -728650.754 1 0.002471971 0.01668975
0.921865 -261960.6 -1.927E+10 0.002414522 -744688.979 1 -0.00241563 -0.021999
0.830244 -387500.91 -2.863E+10 0.003553071 -673741.347 1 -0.00355421 -0.0157386
0.73858 -473620.24 -3.512E+10 0.004325647 -601424.665 1 -0.00432678 -0.008996

0.649909 -537271.11 -3.995E+10 0.004891072 -530726.147 1 -0.00489218 -0.0351266
0.557937 -589484.49 -4.395E+10 0.005350205 -456827.288 1 -0.00535128 -0.0249988
0.466192 -630856.55 -4.715E+10 0.005709783 -382640.618 1 -0.00571081 -0.0173725
0.37722 -662557.46 -4.962E+10 0.005981445 -310305.776 1 -0.00598241 -0.0401911

0.285124 -687779.97 -5.163E+10 0.006193484 -235065.984 1 -0.00619439 -0.0287007
0.194317 -705803.26 -5.309E+10 0.006340463 -160541.098 1 -0.0063413 -0.0313754
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dA

dF
dO

dF
dO'

dF
dB

dF
dA

dF

dQ Bn b
0.102375 -717575.47 -5.409E+10 0.006430812 -84757.9462 1 -0.00643157 -0.0215806
0.013071 -723001.83 -5.461E+10 0.00646458 -10843.3832 1 -0.00646526 -0.0407578
-0.08044 -722410.04 -5.468E+10 0.006443828 66876.5508 1 -0.00644442 -0.0136779
-0.17035 -715703.53 -5.428E+10 0.00636924 141902.132 I -0.00636975 -0.0263018
-0.26053 -702682.91 -5.341E+10 0.006238655 217478.272 1 -0.00623906 -0.0357959
-0.35177 -682649.26 -5.2E+10 0.006046023 294266.934 1 -0.00604633 -0.0337576
-0.44289 -655034.88 -5E+10 0.005786832 371313.46 1 -0.00578703 -0.033003
-0.53404 -618682.58 -4.734E+10 0.005451215 448780.364 1 -0.00545129 -0.0318649
-0.62522 -571796.59 -4.386E+10 0.005023833 526715.929 1 -0.00502378 -0.0304271
-0.7166 -511179.59 -3.932E+10 0.004477241 605361.108 1 -0.00447704 -0.026783
-0.80756 -431385.94 -3.328E+10 0.003764889 684342.15 1 -0.00376453 -0.0278406
-0.89963 -315582.14 -2.445E+10 0.002741701 765429.183 1 -0.00274115 -0.0166162
-0.99261 -29036.072 -2.269E+09 0.00024979 851890.169 1 -0.00024889 0.00462041
-0.99322 11930.1727 933345133 -0.000102495 853416.701 1 0.000103437 0.0113127
-0.90334 315989.773 2.494E+10 -0.002687591 783102.525 1 0.002688731 0.02415417
-0.81234 439213.8 3.48E+10 -0.003719047 706991.835 1 0.003720216 0.02473174
-0.72191 526051.455 4.181E+10 -0.004438931 630215.76 1 0.004440096 0.03153673
-0.6312 593130.126 4.727E+10 -0.004989961 552488.399 1 0.004991103 0.03524678

-0.54006 646463.884 5.164E+10 -0.005423868 473849.66 1 0.005424974 0.03422323
-0.45035 688252.867 5.51E+10 -0.005760125 396008.504 1 0.005761186 0.04894786
-0.35849 721868.547 5.792E+10 -0.006026904 315910.731 1 0.006027911 0.04011675
-0.2675 747149.28 6.007E+10 -0.00622368 236206.076 1 0.006224624 0.04075809
-0.17634 765189.946 6.164E+10 -0.006359741 156014.109 1 0.006360617 0.03949063
-0.08478 776401.52 6.267E+10 -0.006438745 75157.1729 1 0.006439545 0.0339526
0.006327 780910.643 6.315E+10 -0.00646212 -5619.11635 1 0.00646284 0.0333143
0.096794 778869.975 6.311E+10 -0.006431401 -86133.8473 1 0.006432034 0.03971952
0.188764 770010.272 6.251E+10 -0.006344275 -168303.452 1 0.006344813 0.02961076
0.279079 754345.698 6.136E+10 -0.006201586 -249313.182 1 0.006202025 0.03768603
0.369679 731169.06 5.959E+10 -0.005997484 -330912.227 1 0.005997816 0.0426254
0.45892 700225.946 5.719E+10 -0.005730422 -411636.194 1 0.005730642 0.06249931

0.552988 657518.016 5.382E+10 -0.005367127 -497141.929 1 0.005367219 0.0293524
0.643486 604514.54 4.96E+10 -0.00492139 -579864.071 1 0.004921348 0.03542243
0.734744 535497.429 4.405E+10 -0.004346618 -663842.835 1 0.004346427 0.03313454
0.826902 442267.64 3.65E+10 -0.003577378 -749423.388 1 0.003577014 0.02097021
0.919497 302908.407 2.51E+10 -0.00243892 -836745.762 1 0.00243834 0.00400344
0.923875 -298973.64 -2.516E+10 0.002365895 -853778.98 1 -0.00236704 -0.0440839
0.831447 -448188.49 -3.787E+10 0.003530518 -771495.721 1 -0.00353171 -0.0289494
0.740289 -548304.08 -4.646E+10 0.004304566 -688983.88 1 -0.00430577 -0.0277642
0.650675 -623249.24 -5.295E+10 0.004879104 -607109.705 1 -0.00488029 -0.0435361
0.559882 -683190.27 -5.817E+10 0.005334608 -523594.722 1 -0.00533577 -0.0463603
0.468901 -730936.79 -6.237E+10 0.00569385 -439442.589 1 -0.00569497 -0.0471205
0.377437 -768717.46 -6.573E+10 0.005974644 -354437.485 1 -0.00597571 -0.0425722
0.28713 -797297.66 -6.83E+10 0.006183555 -270147.739 1 -0.00618456 -0.0507384
0.19588 -818221.23 -7.022E+10 0.006332569 -184638.743 1 -0.00633351 -0.0485414



dF
dA

dF
do

dF
dO'
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dF
dX

dF

dQ Bn b
0.104628 -831672.97 -7.151E+10 0.006423506 -98803.8621 1 -0.00642438 -0.0463241
0.014826 -837894.96 -7.217E+10 0.006458681 -14025.5775 1 -0.00645947 -0.060034
-0.07803 -837101.59 -7.224E+10 0.006439331 73950.8258 1 -0.00644003 -0.0402279
-0.16962 -829025.91 -7.167E+10 0.006364238 161046.194 1 -0.00636485 -0.034319
-0.25973 -813726.68 -7.047E+10 0.006234109 247059.869 1 -0.00623462 -0.0445468
-0.35091 -790311.53 -6.858E+10 0.006041987 334412.431 1 -0.00604239 -0.0431917
-0.44355 -757489.73 -6.586E+10 0.005778239 423537.056 1 -0.00577853 -0.0257118
-0.53407 -715333.25 -6.232E+10 0.005444258 511007.996 1 -0.00544442 -0.0315695
-0.62467 -661105.13 -5.772E+10 0.00501929 599004.215 1 -0.00501932 -0.036463
-0.71719 -589692.27 -5.161E+10 0.004464861 689409.393 1 -0.00446474 -0.0203075
-0.80787 -497081.04 -4.363E+10 0.003752052 778720.96 1 -0.00375176 -0.0244053
-0.90032 -361555.81 -3.185E+10 0.002718246 870931.39 1 -0.00271774 -0.0090184
-0.99158 -36508.815 -3.24E+09 0.000272194 966416.254 1 -0.0002713 -0.0067772
-0.99237 10712.3225 951597036 -7.9774 IE-05 968197.143 1 8.0714E-05 0.00199183
-0.90444 360003.851 3.223E+10 -0.002657717 889314.125 1 0.002658899 0.03627247
-0.81258 504075.22 4.529E+10 -0.003706725 801809.264 1 0.003707955 0.02735871
-0.72282 603452.338 5.436E+10 -0.00442421 715160.32 1 0.004425448 0.04152657
-0.63102 681527.856 6.154E+10 -0.004983425 625816.858 1 0.00498465 0.03329448
-0.54049 742319.938 6.717E+10 -0.005415182 537160.951 1 0.005416378 0.03893454
-0.44882 791163.2 7.173E+10 -0.005758729 446941.229 1 0.005759885 0.03211612
-0.35754 829217.712 7.533E+10 -0.006023143 356712.181 1 0.006024248 0.02961686
-0.2666 857940.114 7.808E+10 -0.006219346 266466.211 1 0.006220392 0.03090208

-0.17608 878238.003 8.006E+10 -0.006354206 176296.854 1 0.006355186 0.03670503
-0.08343 890955.757 8.136E+10 -0.00643373 83682.2539 1 0.006434636 0.01916132
0.007598 895773.445 8.194E+10 -0.006456324 -7633.90273 1 0.006457149 0.01934505
0.09798 893079.623 8.183E+10 -0.006424873 -98603.3272 1 0.006425611 0.02668364

0.189276 882652.564 8.102E+10 -0.00633778 -190806.084 1 0.006338422 0.02398381
0.280625 864111.27 7.945E+10 -0.00619264 -283386.247 1 0.006193179 0.02070414
0.371087 837147.208 7.711E+10 -0.005987598 -375402.68 1 0.005988028 0.02716332
0.463294 799859.582 7.381E+10 -0.005708981 -469562.199 1 0.00570929 0.0144584
0.553077 752546.172 6.958E+10 -0.005359791 -561640.742 1 0.005359972 0.02837991
0.645681 689849.256 6.392E+10 -0.004901586 -657082.63 1 0.004901621 0.01131551
0.737321 609507.19 5.661E+10 -0.00431944 -752106.559 1 0.004319315 0.0048339
0.827851 503508.577 4.689E+10 -0.00355753 -846743.592 1 0.003557222 0.01054275
0.919603 344128.525 3.216E+10 -0.002421731 -943982.464 1 0.002421189 0.0028406
0.920151 -347871.37 -3.296E+10 0.00241099 -957632.675 1 -0.00241218 -0.0031827
0.829313 -512929.33 -4.878E+10 0.003541123 -866136.594 1 -0.00354238 -0.0055123
0.73911 -625328.24 -5.962E+10 0.004304456 -773973.264 1 -0.00430573 -0.0148088

0.648616 -711164.15 -6.796E+10 0.004883056 -680750.181 1 -0.00488432 -0.0209254
0.557279 -779356.93 -7.463E+10 0.005339161 -586087.626 1 -0.00534041 -0.0177737
0.465199 -833814.01 -8E+10 0.005700172 -490182.125 1 -0.00570138 -0.0064586
0.375286 -875597.26 -8.415E+10 0.005974165 -396137.216 1 -0.00597533 -0.0189509
0.283869 -908063.33 -8.742E+10 0.006183931 -300155.267 1 -0.00618504 -0.0149204
0.193779 -931119.74 -8.979E+10 0.006329452 -205233.177 1 -0.0063305 -0.0254699
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dF dF dF dF dF dF
BndA dO dO' dB dA dQ b

0.10141 -946151.3 -9.139E+10 0.006419922 -107581.31 1 -0.0064209 -0.0109834
0.010494 -952758.83 -9.218E+10 0.006453302 -11150.9611 1 -0.0064542 -0.0124617
-0.08109 -951302.62 -9.218E+10 0.00643197 86304.8164 1 -0.00643278 -0.0065613
-0.17199 -941697.8 -9.14E+10 0.006355716 183333.756 1 -0.00635643 -0.0082922
-0.26197 -923858.48 -8.981E+10 0.006224185 279711.711 1 -0.0062248 -0.019953
-0.35299 -896797.59 -8.733E+10 0.006030695 377523.716 1 -0.0060312 -0.0203123
-0.44492 -859298.1 -8.382E+10 0.00576733 476679.017 1 -0.00576771 -0.0106418
-0.53625 -810428.08 -7.92E+10 0.005428325 575575.674 1 -0.00542857 -0.0076338
-0.62747 -747652.97 -7.321E+10 0.004997006 674817.094 1 -0.00499711 -0.0056871
-0.71914 -666389.05 -6.539E+10 0.004443197 775077.784 1 -0.00444314 0.00103643
-0.80898 -561224.89 -5.521E+10 0.003731887 874050.758 1 -0.00373165 -0.0122242
-0.89961 -409619.87 -4.042E+10 0.002714402 975013.812 1 -0.00271394 -0.0168402
-0.99155 1329.07614 132132763 -8.7355E-06 1082668.54 1 9.66593E-06 -0.0070264
-0.99122 25187.7845 2.505E+09 -0.000165474 1082755.98 1 0.000166427 -0.0106365
-0.90206 410678.987 4.112E+10 -0.002677848 992082.732 1 0.002679075 0.01005287
-0.81101 571104.34 5.737E+10 -0.003711167 894731.81 1 0.003712457 0.0101227
-0.72077 683534.809 6.883E+10 -0.004429961 797092.725 1 0.004431271 0.01894599
-0.62887 771357.899 7.783E+10 -0.004987465 696942.59 1 0.004988771 0.00964832
-0.53828 839633.849 8.488E+10 -0.005417634 597670.595 1 0.005418919 0.01465141
-0.4471 894112.793 9.055E+10 -0.00575793 497313.159 1 0.00575918 0.01327242
-0.35584 936727.61 9.503E+10 -0.006021238 396470.071 1 0.006022442 0.01098679
-0.26494 968798.139 9.844E+10 -0.006216394 295667.282 1 0.006217542 0.01265177
-0.17331 991584.816 1.009E+11 -0.006351603 193715.356 1 0.006352686 0.00627947
-0.08247 1005282.72 1.025E+11 -0.006428504 92319.4519 1 0.006429515 0.00855715
0.009075 1010422.14 1.031E+11 -0.00645051 -10174.6109 1 0.00645144 0.00312655
0.099955 1006980.37 1.029E+11 -0.006417821 -112235.364 1 0.006418663 0.0049918
0.190567 994913.86 1.019E+11 -0.006330296 -214305.673 1 0.006331041 0.00980614
0.28124 973812.13 9.987E+10 -0.006185473 -316763.93 1 0.006186114 0.01395557

0.373227 942469.817 9.681E+10 -0.005975759 -421051.02 1 0.005976285 0.00366182
0.4642 900520.511 9.265E+10 -0.00569935 -524553.14 1 0.005699751 0.00450578

0.555284 845872.831 8.718E+10 -0.005343158 -628582.691 1 0.005343424 0.00413942
0.646685 775489.88 8.008E+10 -0.004888354 -733441 1 0.004888468 0.00028553
0.736093 686824.809 7.107E+10 -0.00431966 -836565.485 1 0.004319608 0.01832174
0.83019 561840.258 5.829E+10 -0.003523756 -945903.939 1 0.0035235 -0.0151389
0.921086 381150.37 3.967E+10 -0.002382007 -1052878.82 1 0.002381498 -0.0134492
0.920927 -386399.07 -4.071E+10 0.002382719 -1065612.81 1 -0.00238394 -0.0116984
0.829964 -573490.91 -6.061E+10 0.003524057 -963430.593 1 -0.00352537 -0.0126558
0.738185 -702037.07 -7.438E+10 0.004302497 -858976.359 1 -0.00430384 -0.0046528
0.647291 -798524.39 -8.478E+10 0.00488287 -754752.205 1 -0.00488422 -0.0063721
0.556451 -874359.55 -9.3E+10 0.005335855 -650022.364 1 -0.00533719 -0.0086744
0.464947 -934882.4 -9.961E+10 0.005694527 -544061.148 1 -0.00569583 -0.0036951
0.374033 -982041.61 -1.048E+11 0.005971286 -438380.308 1 -0.00597255 -0.005194
0.282664 -1018133.8 -1.088E+11 0.00618028 -331804.201 1 -0.00618149 -0.001686
0.19263 -1043676.3 -1.117E+11 0.006325092 -226452.955 1 -0.00632624 -0.0128527
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dF
dA

dF
e e

dF
dO'

dF
dB

dF
dA

dF
dQ Bn b

0.099744 -1060287.9 -1.137E+11 0.006415267 -117432.159 1 -0.00641634 0.00731859
0.009486 -1067313.7 -1.146E+11 0.006447638 -11184.7005 1 -0.00644864 -0.0013896
-0.08202 -1065377.6 -1.145E+11 0.006425723 96842.1993 1 -0.00642664 0.0035975
-0.1734 -1054217.6 -1.135E+11 0.006348268 205037.156 1 -0.00634908 0.00721553
-0.26441 -1033566.7 -1.114E+11 0.006213873 313114.574 1 -0.00621458 0.00676678
-0.35471 -1003009.1 -1.083E+11 0.006020263 420688.101 1 -0.00602086 -0.0014002

-0.447 -960331.92 -1.039E+11 0.005754082 530982.155 1 -0.00575455 0.01216316
-0.5376 -905497.18 -9.81E+10 0.005415778 639661.511 1 -0.00541611 0.00727544
-0.62815 -835236.86 -9.064E+10 0.004985939 748715.733 1 -0.00498613 0.00175111
-0.71879 -744889.92 -8.1E+10 0.004437182 858414.513 1 -0.0044372 -0.002791
-0.81053 -623938.43 -6.8E+10 0.003707489 970181.719 1 -0.00370731 0.00485493
-0.90337 -446860.25 -4.884E+10 0.002646785 1084481.3 1 -0.00264635 0.02449665
-0.99065 -5147.7573 -566304782 3.02769E-05 1196933.73 1 -2.9353E-05 -0.0169749
-0.90104 458675.471 5.079E+10 -0.002678298 1095905.85 1 0.002679568 -0.0010849

-0.81 637390.941 7.078E+10 -0.003710446 987951.074 1 0.003711797 -0.0009891
-0.71978 762528.34 8.487E+10 -0.004428338 879828.786 1 0.00442972 0.00810314
-0.62792 860193.916 9.592E+10 -0.00498507 769019.899 1 0.004986457 -0.0007806
-0.53688 936419.549 1.046E+11 -0.005416648 658652.177 1 0.005418021 -0.0006896
-0.44572 996825.364 1.115E+11 -0.005756004 547699.728 1 0.005757347 -0.001824
-0.3545 1043999.68 1.17E+11 -0.006018434 436268.084 1 0.006019736 -0.0037237

-0.26478 1079045 1.211E+11 -0.006210736 326321.087 1 0.006211986 0.01087504
-0.17265 1104364.23 1.241E+11 -0.006346543 213087.497 1 0.00634773 -0.0009498
-0.08013 1119567.88 1.26E+11 -0.006424009 99034.6749 1 0.006425124 -0.0171436
0.010756 1124854.75 1.268E+11 -0.006444673 -13312.1022 1 0.006445707 -0.0153349
0.100965 1120712.43 1.265E+11 -0.006411394 -125128.342 1 0.00641234 -0.0060923
0.19321 1106617.82 1.25E+11 -0.006321058 -239787.452 1 0.006321905 -0.0192144
0.284862 1082279.44 1.225E+11 -0.006172457 -354039.135 1 0.006173196 -0.0258336
0.375552 1047270.55 1.187E+11 -0.005963382 -467427.814 1 0.005964003 -0.0218679
0.466322 1000109.05 1.135E+11 -0.005685492 -581280.359 1 0.005685984 -0.0187949
0.558137 938091.153 1.066E+11 -0.005323583 -696851.004 1 0.005323931 -0.0271904
0.649614 858764.031 9.779E+10 -0.004864232 -812469.107 1 0.004864421 -0.031884
0.740485 757024.79 8.637E+10 -0.004279042 -927893.288 1 0.004279051 -0.0299104
0.830698 622126.522 7.114E+10 -0.003508037 -1043255.6 1 0.003507837 -0.0207157
0.924299 411482.008 4.72E+10 -0.002312513 -1164381.49 1 0.002312029 -0.0487402
0.921607 -424140.03 -4.918E+10 0.002355702 -1173652.24 1 -0.00235696 -0.0191689
0.829214 -635979.95 -7.396E+10 0.003520923 -1059123.92 1 -0.00352229 -0.0044195
0.737515 -778332.53 -9.072E+10 0.004298697 -944081.839 1 -0.00430011 0.00270721

0.6467 -885112.25 -1.034E+11 0.00487857 -829372.168 1 -0.00488 0.00012425
0.55448 -970173.86 -1.135E+11 0.005337584 -712309.202 1 -0.005339 0.01296801

0.463995 -1036196.8 -1.214E+11 0.00569131 -596985.08 1 -0.00569271 0.00676462
0.372047 -1088742.6 -1.277E+11 0.005970344 -479390.356 1 -0.0059717 0.01662088
0.281262 -1128138.9 -1.325E+11 0.006177008 -362918.735 1 -0.00617832 0.01370776
0.190129 -1156410.1 -1.36E+11 0.006322457 -245661.665 1 -0.00632371 0.01462004
0.098458 -1174195.9 -1.383E+11 0.006410353 -127386.181 1 -0.00641154 0.02144009
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dF
dA

dF
do

dF
dO'

dF
dB

dF
dA

dF
dQ Bn b

0.007687 -1181680.3 -1.394E+11 0.006442014 -9958.11773 1 -0.00644312 0.01837689
-0.08373 -1179155.9 -1.393E+11 0.00641904 108619.229 1 -0.00642006 0.02241978
-0.17559 -1166308 -1.379E+11 0.006339898 228081.767 1 -0.00634082 0.03126588
-0.2659 -1143186.5 -1.354E+11 0.006205219 345859.231 1 -0.00620603 0.02319156

-0.35717 -1108507.3 -1.315E+11 0.006007955 465214.953 1 -0.00600865 0.02558443
-0.44821 -1061390.6 -1.261E+11 0.005743659 584625.821 1 -0.00574422 0.02542439
-0.53864 -1000352.2 -1.19E+11 0.005404568 703634.398 1 -0.00540499 0.01862564
-0.62944 -921821.98 -1.098E+11 0.004971593 823576.051 1 -0.00497186 0.01587926

-0.721 -819943.09 -9.786E+10 0.004413541 945070.169 1 -0.00441363 0.02147402
-0.81118 -687296.73 -8.219E+10 0.003691359 1065459.52 1 -0.00369124 0.01199329
-0.90138 -496927.71 -5.958E+10 0.002661416 1187003.06 1 -0.00266103 0.00257547
-0.98976 -3431.2502 -413863670 1.82591E-05 1311151.56 1 -1.7335E-05 -0.0267402
-0.90116 503610.466 6.111E+10 -0.002662604 1200951.38 1 0.002663916 0.00020562
-0.80921 703259.618 8.556E+10 -0.003707702 1081219.41 1 0.003709114 -0.0096874
-0.71825 842180.567 1.027E+11 -0.00443046 961613.833 1 0.004431915 -0.0087196
-0.62727 948634.487 1.158E+11 -0.004981108 841264.642 1 0.004982577 -0.0079707
-0.53432 1034108.89 1.265E+11 -0.005420505 717762.727 1 0.005421966 -0.028764
-0.44417 1099579.41 1.347E+11 -0.005754673 597519.735 1 0.00575611 -0.0189319
-0.35352 1150987.58 1.412E+11 -0.006014742 476230.349 1 0.006016142 -0.0145196
-0.26159 1190179.23 1.462E+11 -0.00621051 352870.097 1 0.006211861 -0.0241345
-0.17064 1217278.66 1.497E+11 -0.006343038 230476.27 1 0.006344328 -0.0230907
-0.07934 1233496.04 1.519E+11 -0.006418683 107300.116 1 0.006419903 -0.0258063
0.012054 1239067.09 1.528E+11 -0.006438853 -16322.8321 1 0.006439992 -0.0295932
0.101594 1234248.58 1.524E+11 -0.00640522 -137740.494 1 0.006406271 -0.0130061
0.194324 1218331.93 1.506E+11 -0.006313773 -263803.61 1 0.006314722 -0.0314486
0.284743 1191608.25 1.475E+11 -0.006166708 -387049.917 1 0.006167548 -0.0245238
0.376976 1152062.32 1.428E+11 -0.005953371 -513112.223 1 0.005954088 -0.0375072
0.467584 1099749.9 1.365E+11 -0.005674581 -637320.651 1 0.005675164 -0.0326599
0.557759 1032315.15 1.283E+11 -0.00531829 -761332.591 1 0.005318726 -0.0230491
0.649589 944346.593 1.176E+11 -0.004856733 -888090.339 1 0.004857002 -0.0316033
0.739923 832692.599 1.038E+11 -0.004274452 -1013355.21 1 0.004274532 -0.023742
0.831946 680387.79 8.502E+10 -0.003484779 -1141761 1 0.003484631 -0.0344327
0.923736 451554.984 5.658E+10 -0.002305838 -1271253.36 1 0.002305392 -0.0425549
0.921129 -464699.32 -5.881E+10 0.002347712 -1280291.29 1 -0.00234901 -0.0139226
0.828031 -699218.69 -8.873E+10 0.003522111 -1154048.34 1 -0.00352354 0.00857125
0.737099 -854116.75 -1.086E+11 0.00429306 -1029377.76 1 -0.00429454 0.00727841
0.645952 -971719.08 -1.238E+11 0.004875152 -903636.302 1 -0.00487666 0.00833265
0.553798 -1064887.7 -1.358E+11 0.005333642 -775923.463 1 -0.00533515 0.02046358
0.463379 -1137151.6 -1.453E+11 0.005686935 -650154.393 1 -0.00568842 0.01352731
0.371502 -1194613.8 -1.528E+11 0.005965595 -521949.915 1 -0.00596705 0.02261028
0.280227 -1237871 -1.586E+11 0.006173028 -394218.492 1 -0.00617444 0.02508245
0.188003 -1268933.8 -1.627E+11 0.006319318 -264814.93 1 -0.00632067 0.03796472
0.098135 -1287777 -1.654E+11 0.006404815 -138396.78 1 -0.0064061 0.02498392
0.008028 -1295775.8 -1.666E+11 0.006436279 -11335.1729 1 -0.00643749 0.01462751
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dF
dA

dF
do

dF
dO'

dF
dB

dF
d l

dF
dQ Bn b

-0.0839 -1292830.5 -1.664E+11 0.00641321 118602.189 1 -0.00641433 0.02422387
-0.17509 -1278675 -1.648E+11 0.006334665 247825.948 1 -0.00633569 0.02582308
-0.26534 -1253206.7 -1.617E+11 0.006200303 376017.554 1 -0.00620122 0.01696295
-0.35599 -1215340.1 -1.57E+11 0.006004785 505121.771 1 -0.00600558 0.01259129
-0.44803 -1162971.6 -1.504E+11 0.005737813 636565.674 1 -0.00573847 0.02345518
-0.53886 -1095479.8 -1.419E+11 0.005396783 766678.855 1 -0.0053973 0.02104199
-0.62907 -1009657.2 -1.31E+11 0.004966101 896351.078 1 -0.00496645 0.01183745
-0.72012 -898414.97 -1.167E+11 0.004411146 1027779.34 1 -0.00441131 0.01189623
-0.80993 -753643.43 -9.812E+10 0.003692895 1158117.15 1 -0.00369284 -0.001746
-0.90116 -542315.17 -7.078E+10 0.002650471 1291677.71 1 -0.00265013 0.00018106
-0.98877 18613.3833 2.443E+09 -9.04179E-05 1425286.89 1 9.13617E-05 -0.0376246
-0.90191 546065.717 7.205E+10 -0.002637716 1306910.08 1 0.002639068 0.00843517
-0.8083 769256.313 1.017E+11 -0.003706059 1174131.68 1 0.003707531 -0.0196833

-0.71778 920357.772 1.22E+11 -0.004425245 1044574.12 1 0.004426773 -0.0138017
-0.62645 1037108.33 1.376E+11 -0.004978 913125.063 1 0.00497955 -0.0169078
-0.53603 1128127.02 1.499E+11 -0.005406516 782452.169 1 0.005408066 -0.0099859
-0.44452 1200937.63 1.598E+11 -0.005747093 649752.045 1 0.005748625 -0.0150414
-0.35399 1257054.61 1.675E+11 -0.006007443 518074.59 1 0.006008942 -0.0093872
-0.2616 1300039.62 1.735E+11 -0.006204562 383342.021 1 0.006206014 -0.024047

-0.17188 1329217.83 1.776E+11 -0.006335807 252170.577 1 0.006337202 -0.0094005
-0.08068 1346951.88 1.801E+11 -0.00641224 118509.219 1 0.006413566 -0.0110585
0.010042 1353055.17 1.812E+11 -0.006433285 -14766.2192 1 0.006434532 -0.0074869
0.101262 1347675.26 1.807E+11 -0.006399696 -149081.581 1 0.006400852 -0.0093605
0.192191 1330607.71 1.786E+11 -0.006310708 -283280.472 1 0.006311764 -0.0080214
0.282015 1301749.4 1.749E+11 -0.006166044 -416167.778 1 0.006166989 0.0054363
0.374252 1258757.19 1.693E+11 -0.005954454 -552967.718 1 0.005955272 -0.0075994
0.464376 1202204.45 1.619E+11 -0.005679229 -686995.288 1 0.00567991 0.00257288
0.556101 1127526.2 1.521E+11 -0.005318689 -823809.751 1 0.005319215 -0.0048345
0.647065 1032608.88 1.395E+11 -0.004863364 -959956.609 1 0.004863717 -0.0038851
0.737552 910974.164 1.233E+11 -0.004283105 -1095957.18 1 0.00428326 0.00229825
0.828533 747728.145 1.014E+11 -0.003508449 -1233479.56 1 0.003508367 0.00305333
0.920926 499438.81 6.787E+10 -0.002337037 -1374528.47 1 0.002336638 -0.0116887
0.922061 -499848.32 -6.855E+10 0.002316112 -1388870.81 1 -0.00231744 -0.0241524
0.828976 -757861.88 -1.042E+11 0.003502068 -1251847.14 1 -0.00350355 -0.0018092
0.738495 -926795.48 -1.277E+11 0.004274209 -1117278.09 1 -0.00427576 -0.0080544
0.646823 -1056194.7 -1.457E+11 0.00486265 -980149.565 1 -0.00486424 -0.0012275
0.556339 -1156301.8 -1.598E+11 0.005315484 -844227.581 1 -0.00531708 -0.0074427
0.464651 -1236488.2 -1.711E+11 0.005676041 -706027.921 1 -0.00567763 -0.0004399
0.374021 -1298482.8 -1.799E+11 0.00595274 -569020.34 1 -0.0059543 -0.0050584
0.282925 -1345810.8 -1.866E+11 0.006161845 -430943.228 1 -0.00616336 -0.0045544
0.192002 -1379523.3 -1.915E+11 0.006308401 -292788.939 1 -0.00630986 -0.0059482
0.101686 -1400522.3 -1.947E+11 0.006396727 -155238.716 1 -0.00639812 -0.0140188
0.009919 -1409610.4 -1.962E+11 0.006430455 -15160.3102 1 -0.00643177 -0.0061447
-0.08135 -1406565.5 -1.96E+11 0.006408869 124468.278 1 -0.0064101 -0.0037645
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dF
dA

dF
dO

dF

d&
dF
dB

dF
dX

dF

dQ Bn b

-0.17307 -1391210.1 -1.94E+11 0.006331213 265112.002 1 -0.00633234 0.00362447
-0.26384 -1363396.9 -1.904E+11 0.006197072 404613.378 1 -0.00619809 0.00053164
-0.35554 -1321657 -1.848E+11 0.005999758 545893.889 1 -0.00600065 0.00773059
-0.44594 -1265689.6 -1.772E+11 0.005738262 685515.59 1 -0.00573902 0.00056286
-0.53679 -1192411.5 -1.671E+11 0.005398648 826229.525 1 -0.00539925 -0.0016261
-0.62705 -1099214.9 -1.543E+11 0.004969449 966471.182 1 -0.00496988 -0.0103153
-0.71899 -977189.25 -1.373E+11 0.004410548 1109877.51 1 -0.00441078 -0.0005277
-0.80914 -819110.73 -1.153E+11 0.003690203 1251196.79 1 -0.00369021 -0.010482
-0.90198 -583962.48 -8.241E+10 0.002624405 1397954.05 1 -0.0026241 0.00921628
-0.90016 595768.068 8.492E+10 -0.002648817 1409234.22 1 0.002650214 -0.0107525
-0.80996 829765.209 1.185E+11 -0.003680566 1270798.21 1 0.003682096 -0.0014183
-0.72079 992864.222 1.421E+11 -0.004396058 1132812.83 1 0.004397655 0.01925198
-0.62865 1121772.85 1.608E+11 -0.004958818 989482.728 1 0.004960449 0.00719399
-0.5356 1223714.43 1.756E+11 -0.005401516 844180.107 1 0.005403154 -0.0147822

-0.44939 1298553.34 1.866E+11 -0.005724609 709144.948 1 0.005726236 0.0384185
-0.34824 1366462.23 1.966E+11 -0.006015524 550253.529 1 0.00601712 -0.0724905
-0.27268 1404874.78 2.023E+11 -0.006178385 431272.004 1 0.006179945 0.09765976
-0.17004 1441752.58 2.079E+11 -0.006332109 269274.037 1 0.006333607 -0.0296293
-0.07832 1460683.69 2.108E+11 -0.006407751 124156.604 1 0.006409181 -0.0370457
0.011165 1466843.75 2.12E+11 -0.006427495 -17718.9545 1 0.006428846 -0.0198283
0.194282 1441591.56 2.088E+11 -0.006302165 -308993.757 1 0.006303322 -0.0309889
0.274431 1413874.63 2.049E+11 -0.006174574 -436891.851 1 0.00617563 0.08873269
0.382542 1358888.62 1.972E+11 -0.005925884 -609826.118 1 0.005926788 -0.0986395
0.461351 1304661.89 1.896E+11 -0.00568318 -736214.986 1 0.005683959 0.03579743
0.55122 1225940.86 1.783E+11 -0.00533325 -880708.934 1 0.005333872 0.04877591
0.642477 1123709.2 1.637E+11 -0.004881485 -1027897.95 1 0.004881926 0.04650071
0.731004 996414.014 1.454E+11 -0.00432182 -1171226.09 1 0.00432206 0.07421313
0.822637 821448.787 1.2E+11 -0.003556293 -1320346.32 1 0.003556285 0.06780855
0.912008 570888.477 8.361E+10 -0.00246569 -1467042.95 1 0.002465366 0.08625531
0.912973 -572405.66 -8.459E+10 0.002448617 -1481871.5 1 -0.00245 0.07565448
0.824685 -828103.95 -1.226E+11 0.003534194 -1341494.69 1 -0.00353574 0.0453159
0.736634 -1004433.5 -1.49E+11 0.004279125 -1200262.14 1 -0.00428075 0.01237987
0.648416 -1139235.7 -1.693E+11 0.004846029 -1058031.23 1 -0.00484769 -0.0187299
0.558697 -1247231.4 -1.855E+11 0.005298039 -912824.919 1 -0.00529972 -0.0333446

a ta
193.1976094 -1350569.283 -1.93121E+11 0.000939573 -162467736.4 -8.345412087

-1350569.283 2.85101E+14 3.2171E+19 -1835209.003 2.12104E+12 6219336.727
-1.93121E+11 3.2171E+19 3.83652E+24 -1.85938E+11 3.12203E+17 9.56383E+11
0.000939573 -1835209.003 -1.85938E+11 0.016352738 -8884.696749 -0.062798418
-162467736.4 2.12104E+12 3.12203E+17 -8884.696749 1.75353E+14 4510855.812
-8.345412087 6219336.727 9.56383E+11 -0.062798418 4510855.812 587
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(AtA)a
0.023465399 1.46136E-09 -9.79556E-15 0.0637533 2.17396E-08 0.000173846
1.46136E-09 2.02407E-13 -1.32859E-18 7.61268E-06 1.63519E-15 8.42745E-10

-9.79556E-15 -1.32859E-18 9.30158E-24 -4.33676E-11 -1.1615E-20 -5.76777E-15
0.0637533 7.61268E-06 -4.33676E-11 422.5535602 6.4693 IE-08 0.0356152

2.17396E-08 1.63519E-15 -1.1615E-20 6.4693 IE-08 2.5846E-14 1.18977E-10
0.000173846 8.42745E-10 -5.76777E-15 0.0356152 1.18977E-10 0.001709413

A Tb
-1.02876E-13 
4.0076 IE-06 
0.449004173 
-2.60539E-14 

1.2479E-07 
3.93408E-13

x  =  - ( A TA y lA Tb 
1.64525E-16 
1.66689E-20 

-2.08484E-26 
4.27873E-14 
6.88134E-22 
5.29187E-16

A 10.98296 0A 0.00417215

0 0.000592 0-0 1.2253E-08

0 ' 9.29E-13 0-0' 8.3066E-14

B 9273.193 ob 0.55986975

X 8.53E-08 Ox 4.3787E-09

Q -0.1028 0.00112608

M axim um  residual 0.098639492

0.027236175u o
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Least squares adjustment computations using the second set of time observation 

data are summarised below.

A

dF dF dF dF dF dF
dA d o dO ' dB dA dQ Bn b

0.503339 -18613.6 -1.4E+08 -0.00636 -45385.3 1 0.006355 -0.2137
0.584307 -15858.8 -1.2E+08 -0.00597 -53853.9 1 0.005967 -0.27257
0.662499 -13084.4 -1E+08 -0.00551 -62433.6 1 0.005507 -0.2372
0.742075 -10152.6 -7.9E+07 -0.00493 -71653.9 1 0.004926 -0.21889
0.819545 -7199.12 -5.8E+07 -0.00421 -81247.4 1 0.004208 -0.17461
0.897764 -4122.7 -3.4E+07 -0.00323 -91870.4 1 0.003229 -0.13958
0.973651 -1051.57 -9124473 -0.00165 -104224 1 0.001651 -0.07577
0.962946 -1486.42 -1.4E+07 0.001961 -112962 1 -0.00196 0.0563
0.873491 -5080.93 -5E+07 0.00357 -106746 1 -0.00357 0.15987
0.790596 -8305.87 -8.4E+07 0.004497 -99083.8 1 -0.0045 0.182513
0.707196 -11441.3 -1.2E+08 0.005195 -90481 1 -0.0052 0.211391
0.625133 -14413.3 -1.5E+08 0.005737 -81408.3 1 -0.00574 0.223772
0.541989 -17302.6 -1.9E+08 0.006178 -71730.8 1 -0.00618 0.249496
0.461093 -19988.4 -2.2E+08 0.006524 -61917.6 1 -0.00652 0.247471
0.380019 -22547.4 -2.5E+08 0.006802 -51733.8 1 -0.0068 0.247661
0.29818 -24985.8 -2.8E+08 0.007019 -41129.7 1 -0.00702 0.257276

0.216992 -27250 -3.1E+08 0.007179 -30308.4 1 -0.00718 0.258866
0.135451 -29355.5 -3.4E+08 0.007286 -19151.5 1 -0.00729 0.264799
0.055363 -31244.4 -3.6E+08 0.007343 -7919.92 1 -0.00734 0.252826
-0.02687 -32980.7 -3.9E+08 0.007351 3889.84 1 -0.00735 0.267315
-0.10833 -34475.9 -4.1E+08 0.007311 15864.51 1 -0.00731 0.272222
-0.1873 -35686.9 -4.3E+08 0.007223 27739.93 1 -0.00722 0.246512
-0.2668 -36637.7 -4.4E+08 0.007087 39964.92 1 -0.00709 0.227274

-0.34843 -37293.4 -4.6E+08 0.006892 52811.24 1 -0.00689 0.234303
-0.42857 -37568.6 -4.7E+08 0.006642 65728.68 1 -0.00664 0.222869
-0.50853 -37409.2 -4.7E+08 0.006329 78945.71 1 -0.00633 0.209312
-0.58864 -36716 -4.7E+08 0.005941 92552.87 1 -0.00594 0.19771
-0.66733 -35372.6 -4.6E+08 0.005471 106324.5 1 -0.00547 0.168446
-0.74672 -33118.7 -4.3E+08 0.004883 120714.6 1 -0.00488 0.147852
-0.82645 -29509.6 -3.9E+08 0.004129 135825.4 1 -0.00413 0.131387
-0.80429 46196.73 7.11E+08 -0.00436 152643.5 1 0.004358 -0.14196
-0.72028 55852.17 8.71E+08 -0.00509 138646.2 1 0.005093 -0.17832
-0.63785 63834.79 1.01E+09 -0.00566 124266.3 1 0.005657 -0.19525
-0.55626 70650.28 1.13E+09 -0.0061 109543.4 1 0.006106 -0.20185
-0.47465 76579.95 1.23E+09 -0.00647 94410.34 1 0.006468 -0.20856
-0.39257 81765.66 1.33E+09 -0.00676 78824.1 1 0.00676 -0.22122
-0.31175 86177.15 1.42E+09 -0.00698 63153.4 1 0.006984 -0.21829
-0.22917 90015.34 1.49E+09 -0.00715 46832.87 1 0.007155 -0.23697
-0.14904 93115.75 1.56E+09 -0.00727 30708.3 1 0.007269 -0.22559
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dF
dA

dF
dO

dF
do'

dF
dB

dF
dX

dF

dQ Bu b

-0.06791 95635.08 1.61E+09 -0.00733 14106.38 1 0.007334 -0.22647
0.013081 97522.58 1.66E+09 -0.00735 -2739.44 1 0.00735 -0.22557
0.09398 98764.36 1.69E+09 -0.00732 -19838.4 1 0.007318 -0.22358

0.173671 99328.62 1.71E+09 -0.00724 -36949.9 1 0.007239 -0.2067
0.255691 99179.84 1.72E+09 -0.00711 -54845 1 0.007105 -0.21855
0.334777 98273.04 1.72E+09 -0.00692 -72382.7 1 0.006925 -0.19421
0.415896 96474.93 1.71E+09 -0.00668 -90675.9 1 0.006682 -0.19495
0.495884 93717.62 1.67E+09 -0.00638 -109039 1 0.006379 -0.18173
0.575259 89840.27 1.62E+09 -0.00601 -127614 1 0.006007 -0.16094
0.655831 84472.4 1.53E+09 -0.00554 -146879 1 0.005541 -0.15493
0.73476 77388.85 1.42E+09 -0.00498 -166233 1 0.004975 -0.12866
0.81484 67562.65 1.25E+09 -0.00425 -186502 1 0.004245 -0.11657

0.892831 53712.94 1.01E+09 -0.00329 -207161 1 0.003286 -0.07873
0.971983 28448.3 5.46E+08 -0.00167 -230227 1 0.001673 -0.0552
0.964225 -34901.5 -7E+08 0.001899 -238180 1 -0.0019 0.040517
0.879246 -66167.4 -1.4E+09 0.003478 -221397 1 -0.00348 0.088874
0.797089 -86036.1 -1.8E+09 0.004422 -203227 1 -0.00442 0.102409
0.714486 -101646 -2.1E+09 0.005131 -184044 1 -0.00513 0.12146
0.633794 -114204 -2.4E+09 0.005676 -164697 1 -0.00568 0.116924
0.551938 -124927 -2.7E+09 0.006122 -144590 1 -0.00612 0.126753
0.470131 -134000 -2.9E+09 0.006482 -124087 1 -0.00648 0.135982
0.388436 -141654 -3.1E+09 0.006768 -103253 1 -0.00677 0.143824
0.306951 -148034 -3.2E+09 0.006992 -82145.8 1 -0.00699 0.149073
0.227201 -153154 -3.3E+09 0.007155 -61192.8 1 -0.00716 0.132919
0.144711 -157338 -3.5E+09 0.00727 -39227.3 1 -0.00727 0.150562
0.064766 -160340 -3.5E+09 0.007332 -17664.2 1 -0.00733 0.136815
-0.01679 -162340 -3.6E+09 0.007346 4607.183 1 -0.00735 0.142924
-0.09704 -163246 -3.7E+09 0.007312 26793.04 1 -0.00731 0.133
-0.17784 -163055 -3.7E+09 0.00723 49400.78 1 -0.00723 0.129746
-0.25802 -161711 -3.7E+09 0.007097 72112.96 1 -0.0071 0.118906
-0.33981 -159064 -3.6E+09 0.006908 95576.18 1 -0.00691 0.127935
-0.41909 -155138 -3.6E+09 0.006668 118619.4 1 -0.00667 0.105991
-0.49941 -149613 -3.5E+09 0.00636 142288.2 1 -0.00636 0.096809
-0.57998 -142235 -3.3E+09 0.005978 166397.1 1 -0.00598 0.090833
-0.65968 -132721 -3.1E+09 0.005512 190655 1 -0.00551 0.074073
-0.74095 -120058 -2.8E+09 0.00492 215896.7 1 -0.00492 0.076618
-0.82002 -103623 -2.5E+09 0.004185 241102.7 1 -0.00418 0.052153
-0.8096 121073.6 3.14E+09 -0.00429 258621.4 1 0.004293 -0.07649

-0.72751 143604.4 3.75E+09 -0.00503 234348.2 1 0.005027 -0.08911
-0.6465 161600.3 4.25E+09 -0.00559 209749.7 1 0.005595 -0.08861

-0.56571 176501.4 4.67E+09 -0.00605 184734.3 1 0.006051 -0.08518
-0.48478 189003.6 5.03E+09 -0.00642 159262.7 1 0.00642 -0.08361
-0.4027 199583.8 5.35E+09 -0.00672 133063.5 1 0.006721 -0.09616

-0.32174 208189.5 5.61E+09 -0.00695 106891 1 0.006953 -0.09497
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dF
dA

dF
dO

dF

dO'
dF
dB

dF
dA

dF

dQ Bn b
-0.2395 215228.4 5.83E+09 -0.00713 79992.24 1 0.007131 -0.10961
-0.1596 220518.8 6E+09 -0.00725 53576.27 1 0.007251 -0.09527

-0.07923 224356.5 6.14E+09 -0.00732 26730.28 1 0.007322 -0.08674
0.002252 226750 6.23E+09 -0.00734 -763.566 1 0.007345 -0.09197
0.083125 227626.6 6.29E+09 -0.00732 -28323.9 1 0.007319 -0.08967
0.162861 226991.7 6.3E+09 -0.00725 -55764.3 1 0.007246 -0.07335
0.245003 224709.1 6.27E+09 -0.00712 -84316.1 1 0.007119 -0.0867
0.324283 220831.7 6.19E+09 -0.00694 -112156 1 0.006945 -0.06475
0.405141 215024.1 6.06E+09 -0.00671 -140851 1 0.006711 -0.06226
0.485004 207225.9 5.87E+09 -0.00642 -169513 1 0.006417 -0.0475
0.565891 196902.5 5.61E+09 -0.00605 -198901 1 0.006047 -0.04538
0.646617 183652.3 5.26E+09 -0.00559 -228639 1 0.005591 -0.04127
0.726754 166758.1 4.81E+09 -0.00503 -258643 1 0.005029 -0.02989
0.807125 144559.5 4.2E+09 -0.00431 -289357 1 0.004313 -0.0214
0.887952 113488 3.33E+09 -0.00334 -321181 1 0.003342 -0.01853
0.967988 61077.53 1.81E+09 -0.00177 -354729 1 0.001765 -0.00591
0.968423 -62923.1 -1.9E+09 0.00175 -364565 1 -0.00175 -0.01128

0.8847 -124035 -3.8E+09 0.003387 -337413 1 -0.00339 0.021584
0.802946 -161313 -5E+09 0.004353 -308809 1 -0.00435 0.030156
0.722308 -189344 -5.9E+09 0.005061 -279676 1 -0.00506 0.024959
0.641691 -211971 -6.7E+09 0.005619 -249934 1 -0.00562 0.019506
0.56058 -230766 -7.3E+09 0.006071 -219524 1 -0.00607 0.020141

0.479909 -246306 -7.9E+09 0.006435 -188875 1 -0.00644 0.015351
0.399288 -259180 -8.3E+09 0.006727 -157889 1 -0.00673 0.009946
0.317684 -269820 -8.7E+09 0.006958 -126197 1 -0.00696 0.016656
0.237687 -278118 -9E+09 0.007129 -94829.1 1 -0.00713 0.003559
0.15662 -284504 -9.2E+09 0.00725 -62754.6 1 -0.00725 0.003654

0.075664 -288927 -9.4E+09 0.00732 -30445 1 -0.00732 0.002377
-0.0052 -291427 -9.5E+09 0.007341 2101.377 1 -0.00734 -2.7E-05

-0.08603 -292007 -9.6E+09 0.007313 34904.39 1 -0.00731 -0.00288
-0.1657 -290657 -9.6E+09 0.007238 67505.89 1 -0.00724 -0.01998
-0.2466 -287249 -9.5E+09 0.007112 100887.9 1 -0.00711 -0.02191
-0.32806 -281608 -9.4E+09 0.006931 134789.5 1 -0.00693 -0.01706
-0.40875 -273631 -9.2E+09 0.006695 168679.1 1 -0.0067 -0.02161
-0.48945 -262984 -8.8E+09 0.006395 202899.2 1 -0.00639 -0.02606
-0.57052 -249168 -8.4E+09 0.006019 237639.6 1 -0.00602 -0.02593
-0.65174 -231520 -7.9E+09 0.005554 272861.9 1 -0.00555 -0.02394
-0.7329 -208972 -7.1E+09 0.004975 308562 1 -0.00497 -0.02261

-0.81368 -179622 -6.2E+09 0.00424 344739.3 1 -0.00424 -0.02606
-0.81636 192823.5 7.02E+09 -0.00421 366571.2 1 0.004211 0.007005
-0.73526 228731.4 8.38E+09 -0.00495 332130.4 1 0.004955 0.00645
-0.65483 257168.9 9.47E+09 -0.00553 297325.1 1 0.005533 0.014202
-0.57583 280129.4 1.04E+10 -0.00599 262654.6 1 0.005991 0.039579
-0.49356 299919.9 1.11E+10 -0.00637 226127.3 1 0.006376 0.024652
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dF
dA

dF
dO

dF
dO'

dF
dB

dF
dA

dF

dQ
Bu b

-0.41199 316069.7 1.18E+10 -0.00668 189538.4 1 0.006683 0.018361
-0.33256 328888.3 1.23E+10 -0.00692 153585.6 1 0.006919 0.03843
-0.25067 339379.1 1.28E+10 -0.0071 116212.8 1 0.007103 0.028225
-0.16986 347201.5 1.31E+10 -0.00723 79042.47 1 0.007232 0.031374
-0.09086 352526.9 1.33E+10 -0.00731 42427.93 1 0.007308 0.056674
-0.01008 355650.6 1.35E+10 -0.00734 4723.447 1 0.007338 0.06015
0.071357 356431 1.36E+10 -0.00732 -33562.4 1 0.00732 0.055512
0.152901 354788.1 1.36E+10 -0.00725 -72176.8 I 0.007251 0.04953
0.233406 350695.9 1.35E+10 -0.00713 -110577 1 0.007134 0.056367
0.314585 343933.9 1.33E+10 -0.00696 -149586 1 0.006963 0.054897
0.395141 334384.3 1.29E+10 -0.00674 -188598 1 0.006736 0.061107
0.475874 321649.3 1.25E+10 -0.00645 -228017 1 0.006447 0.065128
0.557187 305133.3 1.19E+10 -0.00608 -268079 1 0.006083 0.062003
0.63891 284046.7 1.11 EH-10 -0.00563 -308754 1 0.00563 0.053808

0.719273 257722.9 1.01E+10 -0.00508 -349231 1 0.005077 0.062407
0.800884 223098.4 8.83E+09 -0.00436 -390960 1 0.004364 0.055594
0.882582 175480.5 6.99E+09 -0.0034 -433662 1 0.003403 0.047715
0.964648 95712.32 3.85E+09 -0.00183 -478567 1 0.001833 0.035295
0.96988 -89697.2 -3.7E+09 0.001675 -490843 1 -0.00168 -0.02925

0.888792 -179621 -7.4E+09 0.003313 -454180 1 -0.00331 -0.02889
0.808886 -233984 -9.8E+09 0.004281 -415932 1 -0.00428 -0.04312
0.729827 -274607 -1.2E+10 0.004992 -377170 1 -0.00499 -0.0678
0.649745 -307569 -1.3E+10 0.00556 -337283 1 -0.00556 -0.07985
0.56892 -334811 -1.4E+10 0.006021 -296534 1 -0.00602 -0.08275

0.488338 -357212 -1.5E+10 0.006393 -255497 1 -0.00639 -0.08863
0.408193 -375539 -1.6E+10 0.00669 -214326 1 -0.00669 -0.09992
0.327545 -390490 -1.7E+10 0.006926 -172571 1 -0.00693 -0.10499
0.246717 -402286 -1.7E+10 0.007106 -130418 1 -0.00711 -0.10784
0.165878 -411106 -1.8E+10 0.007232 -87969.8 1 -0.00723 -0.11057
0.085085 -417076 -1.8E+10 0.007307 -45266.6 1 -0.00731 -0.11385
0.005508 -420241 -1.8E+10 0.007334 -2939.6 1 -0.00734 -0.13214
-0.07054 -420756 -1.8E+10 0.007315 37758.35 1 -0.00732 -0.19392
-0.15676 -418324 -1.8E+10 0.007242 84188 1 -0.00724 -0.1303
-0.23717 -413059 -1.8E+10 0.007123 127774.4 1 -0.00712 -0.13835
-0.32047 -404368 -1.8E+10 0.006944 173231.5 1 -0.00694 -0.11066
-0.40079 -392597 -1.7E+10 0.006713 217367.7 1 -0.00671 -0.11974
-0.4828 -376743 -1.7E+10 0.006414 262760.8 1 -0.00642 -0.10805

-0.56318 -356860 -1.6E+10 0.006048 307612 1 -0.00605 -0.11643
-0.6444 -331503 -1.5E+10 0.005591 353341.5 1 -0.00559 -0.11446
-0.7266 -298937 -1.3E+10 0.005015 400124.9 1 -0.00502 -0.10041

-0.80778 -257190 -1.2E+10 0.004289 446973.6 1 -0.00429 -0.09889
-0.82216 262197.7 1.23E+10 -0.00414 475723.4 1 0.004137 0.078521
-0.7427 311363.1 1.47E+10 -0.00488 431734.3 1 0.004885 0.098256
-0.66153 351161.6 1.66E+10 -0.00548 386122.2 1 0.005481 0.096831
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dF
dA

dF
dO

dF
dO'

dF
dB

dF
dx

dF

dQ Bn b
-0.58224 382850.6 1.82E+10 -0.00595 341071.8 l 0.005949 0.118693
-0.50101 409582.4 1.95E+10 -0.00634 294493.5 l 0.006337 0.116549
-0.42097 431198.8 2.06E+10 -0.00664 248236.6 1 0.006646 0.129155
-0.34138 448647.6 2.15E+10 -0.00689 201915.7 1 0.006889 0.147303
-0.26038 462668.2 2.22E+10 -0.00708 154468.7 1 0.007078 0.148089
-0.17925 473205.7 2.28E+10 -0.00721 106645.7 1 0.007213 0.147141
-0.09864 480368.9 2.32E+10 -0.00729 58851.93 1 0.007297 0.152667
-0.01737 484347 2.35E+10 -0.00733 10392.18 1 0.007331 0.150081
0.062235 485109.6 2.36E+10 -0.00732 -37340.8 l 0.007318 0.168038
0.143792 482633.7 2.35E+10 -0.00725 -86518.9 1 0.007255 0.161903
0.225529 476734.8 2.33E+10 -0.00714 -136089 1 0.007141 0.153543
0.305689 467442 2.29E+10 -0.00698 -184988 1 0.006978 0.164637
0.387001 454181.2 2.23E+10 -0.00675 -234890 1 0.006755 0.161528
0.469044 436455.3 2.15E+10 -0.00647 -285572 1 0.006467 0.149383
0.550645 413855.3 2.05E+10 -0.00611 -336340 1 0.006107 0.142709
0.632742 385126.3 1.91E+10 -0.00566 -387829 l 0.005659 0.129899
0.714406 348986.2 1.74E+10 -0.0051 -439531 1 0.005104 0.12245
0.796529 302106.9 1.51E+10 -0.0044 -492150 1 0.004396 0.109321
0.878381 238415.1 1.2E+10 -0.00345 -545508 1 0.003447 0.099549
0.96503 125271.2 6.36E+09 -0.00179 -604155 1 0.001793 0.030581

0.970912 -114558 -5.9E+09 0.00161 -617239 1 -0.00161 -0.04197
0.892653 -232687 -1.2E+10 0.00324 -571849 1 -0.00324 -0.07653
0.814215 -304451 -1.6E+10 0.004214 -524201 1 -0.00422 -0.10886
0.735049 -358697 -1.9E+10 0.00494 -475165 1 -0.00494 -0.13222
0.655268 -402197 -2.1E+10 0.005515 -425111 1 -0.00552 -0.14799
0.575511 -437675 -2.3E+10 0.005978 -374582 1 -0.00598 -0.16406
0.494411 -467315 -2.5E+10 0.006359 -322785 1 -0.00636 -0.16355
0.415181 -491039 -2.6E+10 0.006659 -271826 1 -0.00666 -0.18613
0.334864 -510483 -2.7E+10 0.0069 -219845 1 -0.0069 -0.19529
0.255453 -525586 -2.8E+10 0.007082 -168151 1 -0.00708 -0.21562
0.173091 -537231 -2.9E+10 0.007216 -114239 1 -0.00722 -0.19954
0.093036 -544814 -2.9E+10 0.007295 -61559.5 1 -0.0073 -0.21194
0.012964 -548815 -3E+10 0.007327 -8599.5 1 -0.00733 -0.22412
-0.06897 -549224 -3E+10 0.00731 45867.04 1 -0.00731 -0.21335
-0.14984 -545925 -3E+10 0.007244 99905.78 1 -0.00725 -0.21562
-0.23029 -538868 -2.9E+10 0.007128 153935.9 1 -0.00713 -0.22315
-0.31256 -527539 -2.9E+10 0.006956 209483.7 1 -0.00696 -0.20821
-0.39416 -511855 -2.8E+10 0.006727 264885.1 1 -0.00673 -0.20159
-0.47533 -491364 -2.7E+10 0.006437 320325.1 1 -0.00644 -0.20022
-0.55653 -465254 -2.5E+10 0.006073 376145.1 1 -0.00607 -0.19847
-0.63814 -432227 -2.4E+10 0.005621 432655.9 l -0.00562 -0.1917
-0.72084 -389905 -2.2E+10 0.00505 490428 1 -0.00505 -0.1714
-0.80478 -334170 -1.9E+10 0.004307 549730.9 1 -0.00431 -0.13587
-0.82637 330250.5 1.9E+10 -0.00408 585283.8 1 0.004079 0.130441
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dF
dA

dF
dO

dF
do'

dF
dB

dF
dX

dF

dQ Bu b
-0.74672 393752.8 2.27E+10 -0.00484 530894.2 1 0.004841 0.147768
-0.66707 443848.8 2.57E+10 -0.00543 475842.4 1 0.005436 0.165249
-0.58791 484349.3 2.81E+10 -0.00591 420618.1 1 0.005911 0.188599
-0.50817 517873.2 3.01E+10 -0.0063 364582.4 1 0.006299 0.204963
-0.42804 545482.6 3.18E+10 -0.00661 307902.1 1 0.006614 0.216428
-0.34769 567864.6 3.32E+10 -0.00686 250729.7 1 0.006865 0.225091
-0.26694 585548.8 3.43E+10 -0.00706 192973.7 1 0.007058 0.228992
-0.18717 598646.1 3.52E+10 -0.00719 135627.1 1 0.007196 0.244911
-0.10614 607732.7 3.58E+10 -0.00728 77087.73 1 0.007285 0.245181
-0.02557 612681.6 3.62E+10 -0.00732 18613.19 1 0.007324 0.251238
0.055167 613598.8 3.63E+10 -0.00731 -40253.3 1 0.007315 0.255238
0.136125 610418.2 3.62E+10 -0.00725 -99555.3 1 0.007257 0.256491
0.217909 602911.2 3.58E+10 -0.00715 -159745 1 0.007148 0.247552
0.298169 591130.4 3.52E+10 -0.00699 -219096 1 0.006989 0.257414
0.379639 574356.4 3.43E+10 -0.00677 -279646 1 0.006771 0.25234
0.460331 552456.8 3.31E+10 -0.00649 -339935 1 0.006493 0.256877
0.543311 523664.8 3.14E+10 -0.00613 -402299 1 0.006135 0.233179
0.626295 487287.3 2.93E+10 -0.00569 -465082 1 0.00569 0.209433
0.709289 441306.8 2.66E+10 -0.00513 -528366 1 0.005134 0.185567
0.791234 382929.8 2.32E+10 -0.00444 -591468 1 0.004436 0.174641
0.873983 303023.7 1.84E+10 -0.00349 -656096 1 0.003493 0.1538
0.96179 162440.3 9.95E+09 -0.00186 -726795 1 0.001857 0.070555

0.972924 -133855 -8.3E+09 0.001508 -744534 1 -0.00151 -0.0668
0.895262 -284746 -1.8E+10 0.003184 -689587 1 -0.00319 -0.10871
0.816592 -375285 -2.4E+10 0.004176 -631640 1 -0.00418 -0.13819
0.738839 -441945 -2.8E+10 0.004899 -573420 1 -0.0049 -0.17897
0.659207 -496144 -3.1E+10 0.00548 -513155 1 -0.00548 -0.19659
0.579422 -540298 -3.4E+10 0.005949 -452276 1 -0.00595 -0.21231
0.498677 -576915 -3.7E+10 0.006333 -390246 1 -0.00634 -0.21618
0.419201 -606366 -3.9E+10 0.006638 -328832 1 -0.00664 -0.23572
0.337438 -630736 -4E+10 0.006886 -265315 1 -0.00689 -0.22703
0.257597 -649306 -4.1E+10 0.007071 -202987 1 -0.00707 -0.24207
0.176517 -663267 -4.2E+10 0.007205 -139401 1 -0.00721 -0.24182
0.095388 -672543 -4.3E+10 0.007287 -75493.2 1 -0.00729 -0.24096
0.014207 -677264 -4.4E+10 0.00732 -11268 1 -0.00732 -0.23945
-0.06766 -677442 -4.4E+10 0.007304 53777.3 1 -0.00731 -0.2295
-0.14906 -673002 -4.3E+10 0.007238 118733.9 1 -0.00724 -0.22523
-0.23003 -663871 -4.3E+10 0.007122 183622.4 1 -0.00712 -0.22635
-0.31224 -649522 -4.2E+10 0.00695 249794.1 1 -0.00695 -0.21225
-0.39431 -629674 -4.1E+10 0.00672 316173.8 1 -0.00672 -0.19975
-0.47591 -603857 -3.9E+10 0.006427 382502.6 1 -0.00643 -0.19308
-0.55846 -570637 -3.7E+10 0.006055 449971.5 1 -0.00606 -0.17472
-0.64117 -528723 -3.5E+10 0.005593 518003.4 1 -0.00559 -0.15429
-0.72384 -475788 -3.1E+10 0.005016 586505.5 1 -0.00502 -0.13444
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-51
f

dF
dA

dF
dG

dF
dG'

dF
dB

dF
dA

dF
dQ Bu b

i
4
4

-0.80716 -406683 -2.7E+10 0.004271 656218.8 1 -0.00427 -0.10654 1
-0.82378 403680.7 2.74E+10 -0.00409 690431.1 1 0.004095 0.098477 1
-0.74346 480706.2 3.28E+10 -0.00486 625144.4 1 0.004858 0.107668 1
-0.6627 541612.4 3.7E+10 -0.00545 558808 1 0.005456 0.111258 !

i
-0.58279 590428.4 4.05E+10 -0.00593 492673.4 1 0.00593 0.125501 4

-0.5018 630903.5 4.33E+10 -0.00632 425218.8 1 0.006319 0.126397 1
-0.42091 663841.2 4.57E+10 -0.00663 357472.6 1 0.006632 0.128466 4
-0.33926 690510.3 4.76E+10 -0.00688 288746.7 1 0.006881 0.121094 \
-0.25836 711073.3 4.92E+10 -0.00707 220347.3 1 0.007069 0.123063 AF.
-0.17791 726168.8 5.03E+10 -0.0072 152042.2 1 0.007202 0.13064

■M
1

-0.09742 736202.8 5.11E+10 -0.00728 83422.65 1 0.007285 0.137696 ■J

-0.01451 741395 5.16E+10 -0.00732 12446.82 1 0.007319 0.114775 J

0.066734 741465.6 5.17E+10 -0.0073 -57371.5 1 0.007304 0.112539
0.146939 736610.7 5.14E+10 -0.00724 -126571 1 0.007239 0.123074 •|

0.230216 726225.3 5.08E+10 -0.00712 -198710 1 0.007121 0.095716
.tj

0.310123 710862.3 4.98E+10 -0.00695 -268217 1 0.006954 0.10994 ■$
0.392771 688960.5 4.84E+10 -0.00672 -340419 1 0.006723 0.090342 -?
0.47283 661276.1 4.66E+10 -0.00643 -410682 1 0.006437 0.102676 i

0.555998 624768.8 4.41E+10 -0.00606 -484043 1 0.006065 0.076663 ■ jt
0.637026 580097.9 4.1E+10 -0.00561 -555929 1 0.005616 0.077049 $
0.719235 523075 3.71E+10 -0.00505 -629358 1 0.005048 0.062872 F

0.800347 450735.4 3.21E+10 -0.00433 -702437 1 0.004335 0.062225 1

0.882527 350765 2.5E+10 -0.00336 -777426 1 0.003359 0.048402 -1

0.96658 177328.8 1.27E+10 -0.00169 -856347 1 0.001686 0.011465
0.969842 -168057 -1.2E+10 0.00158 -868258 1 -0.00158 -0.02877 4

0.889142 -349071 -2.5E+10 0.00326 -800497 1 -0.00326 -0.03321
0.80893 -456315 -3.3E+10 0.004244 -730906 1 -0.00425 -0.04366 *!
0.728457 -536362 -3.9E+10 0.004972 -660128 1 -0.00498 -0.0509 i

0.647764 -599883 -4.4E+10 0.005545 -588514 1 -0.00555 -0.05541 i■ it
0.567622 -651088 -4.8E+10 0.006002 -516900 1 -0.00601 -0.06674 '*<
0.486748 -693328 -5.1E+10 0.006376 -444219 1 -0.00638 -0.06902 "I

0.406797 -727298 -5.4E+10 0.006673 -372012 1 -0.00668 -0.08269 i
0.325223 -754990 -5.6E+10 0.006911 -298007 1 -0.00691 -0.07635 ■1
0.245138 -775988 -5.8E+10 0.007088 -225051 1 -0.00709 -0.08837
0.164488 -791376 -5.9E+10 0.007213 -151291 1 -0.00722 -0.09342
0.083298 -801306 -6E+10 0.007288 -76756.4 1 -0.00729 -0.0918 i
0.001544 -805819 -6E+10 0.007314 -1424.93 1 -0.00732 -0.08323 ■4

-0.07963 -804888 -6E+10 0.00729 73645.07 1 -0.00729 -0.08185 1
-0.16026 -798550 -6E+10 0.007218 148494 1 -0.00722 -0.08706 1
-0.24098 -786612 -5.9E+10 0.007095 223692.4 1 -0.0071 -0.09133 £
-0.32283 -768460 -5.8E+10 0.006916 300251.3 1 -0.00692 -0.08149
-0.40393 -743970 -5.6E+10 0.006681 376405.4 1 -0.00668 -0.08106 A

-0.4845 -712488 -5.4E+10 0.006384 452394.8 1 -0.00639 -0.08709
-0.56694 -671763 -5.1E+10 0.006004 530514.5 1 -0.00601 -0.07011 4
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dF
dA

dF
dO

dF
dQ'

dF
dB

dF
dX

dF
dQ Bu b

-0.64844 -621280 -4.7E+10 0.005539 608170.9 1 -0.00554 -0.06467
-0.73021 -557483 -4.2E+10 0.004956 686597.9 1 -0.00496 -0.05584
-0.81308 -473758 -3.6E+10 0.004197 766754.2 1 -0.0042 -0.03352
-0.8197 479535.9 3.76E+10 -0.00412 793494.9 1 0.004127 0.048151
-0.73845 569931.8 4.48E+10 -0.00489 716864.8 1 0.00489 0.045799
-0.65856 639831.8 5.05E+10 -0.00547 640850.9 1 0.005474 0.060191
-0.5789 696334.3 5.5E+10 -0.00594 564562.6 1 0.005943 0.077475
-0.49776 743343.9 5.89E+10 -0.00633 486436.8 1 0.006329 0.076529
-0.41623 781701.6 6.2E+10 -0.00664 407550.9 1 0.006641 0.070636
-0.33671 811661.6 6.45E+10 -0.00688 330294.3 1 0.006881 0.089675
-0.2541 835784.8 6.66E+10 -0.00707 249714.7 1 0.007071 0.07053

-0.17365 852925.1 6.81E+10 -0.0072 170947.9 1 0.007202 0.078017
-0.09377 864056.6 6.91E+10 -0.00728 92470.24 1 0.007282 0.092617
-0.01209 869552.4 6.96E+10 -0.00731 11944.62 1 0.007314 0.084983
0.068484 869194.9 6.97E+10 -0.00729 -67766.2 1 0.007296 0.090953
0.149192 863020.1 6.93E+10 -0.00723 -147881 1 0.007231 0.095287
0.231206 850591.4 6.85E+10 -0.00711 -229577 1 0.007112 0.083505
0.312142 831912.8 6.71E+10 -0.00694 -310489 1 0.006942 0.085024
0.392467 806573.4 6.52E+10 -0.00671 -391090 1 0.006717 0.094095
0.47506 772671.6 6.25E+10 -0.00642 -474302 1 0.006421 0.075173

0.555057 731132.1 5.93E+10 -0.00606 -555253 1 0.006062 0.08828
0.636501 678296.9 5.51E+10 -0.00561 -638076 1 0.005611 0.083535
0.71863 611320.9 4.98E+10 -0.00504 -722093 1 0.005043 0.07034

0.799659 526478.7 4.3E+10 -0.00433 -805614 1 0.00433 0.070715
0.882561 407999.3 3.34E+10 -0.00334 -892030 1 0.003343 0.047976
0.966092 205107.3 1.69E+10 -0.00167 -981332 1 0.001671 0.017483
0.970348 -189569 -1.6E+10 0.001529 -994501 1 -0.00153 -0.03502
0.889979 -402925 -3.4E+10 0.003232 -916676 1 -0.00323 -0.04353
0.808979 -529479 -4.4E+10 0.004232 -835911 1 -0.00423 -0.04426
0.728718 -622374 -5.2E+10 0.00496 -754911 1 -0.00496 -0.05411
0.648652 -695657 -5.9E+10 0.00553 -673472 1 -0.00553 -0.06637
0.568703 -755016 -6.4E+10 0.005988 -591664 1 -0.00599 -0.08007
0.486966 -804506 -6.8E+10 0.006367 -507605 1 -0.00637 -0.0717
0.406573 -843970 -7.1E+10 0.006666 -424568 1 -0.00667 -0.07993
0.326194 -875462 -7.4E+10 0.006901 -341219 1 -0.00691 -0.08833
0.245635 -899807 -7.6E+10 0.00708 -257380 1 -0.00708 -0.0945
0.163897 -917651 -7.8E+10 0.007207 -172018 1 -0.00721 -0.08612
0.083951 -928744 -7.9E+10 0.007281 -88251.9 1 -0.00728 -0.09986
0.002268 -933762 -8E+10 0.007307 -2388.4 1 -0.00731 -0.09217
-0.08002 -932406 -8E+10 0.007283 84391.32 1 -0.00729 -0.07703
-0.16117 -924681 -7.9E+10 0.00721 170249.1 1 -0.00721 -0.07592
-0.24237 -910382 -7.8E+10 0.007086 256445.2 1 -0.00709 -0.07416

-0.323 -889308 -7.6E+10 0.006909 342320.1 1 -0.00691 -0.0795
-0.40401 -860658 -7.4E+10 0.006674 428909.2 1 -0.00668 -0.08012
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dF
dA

dF
dO

dF
dO’

dF
dB

dF
dA

dF
dQ Bu b

-0.48604 -823130 -7.1E+10 0.00637 516927.6 1 -0.00637 -0.06811
-0.56731 -776195 -6.7E+10 0.005994 604500.6 1 -0.006 -0.06547
-0.64912 -717102 -6.2E+10 0.005525 693071.7 i -0.00553 -0.05624
-0.73189 -641721 -5.6E+10 0.004932 783204.5 1 -0.00493 -0.03516
-0.81228 -547181 -4.8E+10 0.004194 871412.5 1 -0.00419 -0.04334
-0.81847 552288.7 4.91E+10 -0.00413 898529.7 1 0.004129 0.033014

-0.738 655074.5 5.84E+10 -0.00488 812192.7 1 0.004883 0.040296
-0.65688 736429 6.58E+10 -0.00547 724477.7 1 0.005476 0.0395
-0.57624 801728.3 7.18E+10 -0.00595 636771.5 1 0.005949 0.044622
-0.49452 855597.4 7.68E+10 -0.00633 547469.6 1 0.006335 0.036501
-0.41291 899154.6 8.08E+10 -0.00664 457917.1 1 0.006645 0.029781
-0.33224 933485.9 8.41E+10 -0.00688 369057.2 1 0.006886 0.034582
-0.25131 960082.8 8.66E+10 -0.00707 279597.1 1 0.00707 0.03611
-0.17088 979298.4 8.85E+10 -0.00719 190404.5 1 0.007199 0.043853
-0.08927 991813.8 8.97E+10 -0.00727 99624.1 1 0.007278 0.037094
-0.00764 997503.1 9.04E+10 -0.0073 8540.423 1 0.007308 0.030078
0.072855 996483.2 9.04E+10 -0.00728 -81552.8 1 0.007288 0.037022
0.153455 988789.4 8.99E+10 -0.00722 -172033 1 0.00722 0.042697
0.236478 973654 8.86E+10 -0.00709 -265525 1 0.007097 0.018472
0.317213 951527.4 8.67E+10 -0.00692 -356732 1 0.006923 0.022471
0.398921 921086 8.41E+10 -0.00669 -449348 1 0.00669 0.014469
0.479585 882201.4 8.07E+10 -0.00639 -541109 1 0.006395 0.01934
0.561189 832586.4 7.63E+10 -0.00602 -634302 1 0.006024 0.012627
0.642063 771156.1 7.08E+10 -0.00557 -727075 1 0.005567 0.014917
0.723896 693112 6.38E+10 -0.00499 -821450 1 0.004992 0.005364
0.805044 593583.1 5.47E+10 -0.00426 -915678 1 0.004264 0.004278
0.885924 457964.7 4.23E+10 -0.00328 -1010558 1 0.003279 0.006494
0.968903 217188.3 2.02E+10 -0.00155 -1110254 1 0.001547 -0.01719
0.969905 -213811 -2E+10 0.00151 -1119850 1 -0.00151 -0.02955
0.888331 -461076 -4.3E+10 0.003241 -1030280 1 -0.00324 -0.02321
0.806814 -605495 -5.7E+10 0.004242 -938404 1 -0.00425 -0.01756
0.725174 -712333 -6.7E+10 0.004978 -845399 1 -0.00498 -0.01039
0.644851 -795247 -7.5E+10 0.005545 -753255 1 -0.00555 -0.01948
0.562759 -863742 -8.2E+10 0.006011 -658578 1 -0.00601 -0.00674
0.482305 -918349 -8.7E+10 0.006379 -565377 1 -0.00638 -0.0142
0.401243 -962901 -9.2E+10 0.006676 -471110 1 -0.00668 -0.01418
0.319638 -998480 -9.5E+10 0.006911 -375879 1 -0.00692 -0.00744
0.238987 -1025384 -9.8E+10 0.007086 -281456 1 -0.00709 -0.01248
0.157204 -1044871 -1E+11 0.007208 -185413 1 -0.00721 -0.00355
0.075489 -1056874 -1E+11 0.00728 -89164.5 1 -0.00728 0.004533
-0.00438 -1061580 -1E+11 0.007301 5175.778 1 -0.0073 -0.0102
-0.08657 -1059212 -1E+11 0.007273 102545.4 1 -0.00728 0.003794
-0.16817 -1049520 -1E+11 0.007195 199486.8 1 -0.0072 0.010408
-0.2486 -1032547 -9.9E+10 0.007067 295328.9 1 -0.00707 0.0027
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dF
dA

dF
dG

dF 
dG'

dF
dB

dF
dA

dF

dQ Bn b
-0.33011 -1007386 -9.7E+10 0.006883 392749 1 -0.00689 0.008283
-0.41134 -973658 -9.4E+10 0.006642 490135.9 1 -0.00665 0.010315
-0.49243 -930352 -9E+10 0.006335 587700.8 1 -0.00634 0.010742
-0.57419 -875403 -8.5E+10 0.00595 686443 1 -0.00595 0.01941
-0.65445 -808103 -7.8E+10 0.005482 783792.7 1 -0.00548 0.009575
-0.73651 -721601 -7E+10 0.004884 883831.8 1 -0.00489 0.021816
-0.81737 -611312 -6E+10 0.004127 983099.8 1 -0.00413 0.019405
-0.81576 627499.1 6.24E+10 -0.00414 1001448 1 0.004146 -0.00049
-0.73421 744179.3 7.42E+10 -0.0049 903351 1 0.004904 -0.00649
-0.65189 836385 8.36E+10 -0.0055 803636.7 1 0.0055 -0.02203
-0.57191 908642.1 9.1E+10 -0.00596 706249.9 1 0.005964 -0.00874
-0.4895 969190.1 9.72E+10 -0.00634 605481.9 1 0.006349 -0.02537

-0.40936 1016825 1.02E+11 -0.00665 507124.1 1 0.00665 -0.014
-0.32865 1055056 1.06E+11 -0.00688 407728.3 1 0.006889 -0.00977
-0.24597 1085080 1.09E+11 -0.00707 305604.1 1 0.007074 -0.02969
-0.16552 1106072 1.12E+11 -0.0072 205927.7 1 0.0072 -0.02225
-0.08451 1119417 1.13E+11 -0.00727 105290.1 1 0.007275 -0.02158
-0.00294 1125180 1.14E+11 -0.0073 3662.697 1 0.007302 -0.02797
0.078659 1123299 1.14E+11 -0.00727 -98264.9 1 0.007279 -0.03458
0.159718 1113764 1.13E+11 -0.0072 -199799 1 0.007206 -0.03458
0.240839 1096314 1.11E+11 -0.00708 -301692 1 0.007082 -0.03533
0.321952 1070505 1.09E+11 -0.0069 -403870 1 0.006905 -0.036
0.40342 1035470 1.05E+11 -0.00666 -506802 1 0.006668 -0.04103

0.482767 991576.2 1.01E+11 -0.00637 -607376 1 0.006375 -0.0199
0.565547 933931.4 9.54E+10 -0.00599 -712674 1 0.005994 -0.04113
0.64508 864825.1 8.85E+10 -0.00554 -814251 1 0.00554 -0.02231
0.726466 776260.4 7.96E+10 -0.00496 -918692 1 0.004962 -0.02634
0.80775 662433.2 6.8E+10 -0.00422 -1023656 1 0.004224 -0.0291
0.889317 505347 5.2E+10 -0.00321 -1129988 1 0.003213 -0.03537
0.970775 228579.3 2.36E+10 -0.00145 -1238628 1 0.001446 -0.04028
0.969281 -238367 -2.5E+10 0.001497 -1244853 1 -0.0015 -0.02185
0.886303 -520419 -5.4E+10 0.003255 -1142964 1 -0.00326 0.001811
0.805185 -680954 -7.1E+10 0.004247 -1040998 1 -0.00425 0.002532
0.723467 -800515 -8.4E+10 0.004981 -937293 1 -0.00499 0.01066
0.642197 -894134 -9.4E+10 0.005553 -833508 1 -0.00556 0.013261
0.560493 -970096 -1E+11 0.006014 -728667 1 -0.00602 0.021218
0.479483 -1031290 -1.1E+11 0.006382 -624303 1 -0.00639 0.020606
0.398922 -1080487 -1.1E+11 0.006676 -520157 1 -0.00668 0.014462
0.316756 -1120201 -1.2E+11 0.006911 -413604 1 -0.00692 0.028103
0.235534 -1150072 -1.2E+11 0.007085 -307964 1 -0.00709 0.030113
0.153764 -1171380 -1.2E+11 0.007206 -201316 1 -0.00721 0.038876
0.073266 -1184168 -1.3E+11 0.007274 -96047.8 1 -0.00728 0.031953
-0.0089 -1189057 -1.3E+11 0.007294 11687.58 1 -0.0073 0.045656

-0.08924 -1185905 -1.3E+11 0.007264 117295.1 1 -0.00727 0.036772
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-0.17016 -1174682 -1.3E+11 0.007185 223932.9 i -0.00719 0.034981
-0.25163 -1154922 -1.2E+11 0.007054 331591.8 i -0.00706 0.040082
-0.33299 -1126211 -1.2E+11 0.006869 439394.5 i -0.00687 0.043763
-0.41349 -1088205 -1.2E+11 0.006627 546375.2 i -0.00663 0.036927
-0.49491 -1038909 -1.1E+11 0.006317 654906.3 i -0.00632 0.041369
-0.57498 -978098 -1.1E+11 0.005937 762000.7 i -0.00594 0.029141
-0.65595 -901513 -9.7E+10 0.005463 870729.2 i -0.00547 0.028092
-0.7377 -804270 -8.7E+10 0.004864 981017.9 i -0.00487 0.036587
-0.8172 -682225 -7.4E+10 0.004117 1088933 i -0.00412 0.017311

-0.81457 700475.9 7.71E+10 -0.00414 1105678 i 0.004146 -0.01513
-0.73302 830331.1 9.15E+10 -0.0049 996992.3 i 0.004904 -0.02117
-0.65116 932368.2 1.03E+11 -0.00549 887209.1 i 0.005496 -0.03107
-0.56979 1014018 1.12E+11 -0.00596 777566.8 i 0.005967 -0.03495
-0.48889 1079974 1.2E+11 -0.00634 668148.2 i 0.006344 -0.03293
-0.40773 1133480 1.26E+11 -0.00664 558011.2 i 0.006649 -0.03411
-0.32593 1176258 1.31E+11 -0.00688 446649 i 0.006889 -0.04337
-0.2444 1208849 1.34E+11 -0.00707 335364.5 i 0.00707 -0.04908

-0.16399 1231897 1.37E+11 -0.00719 225306 i 0.007195 -0.04109
-0.08363 1246348 1.39E+11 -0.00726 115038.3 i 0.00727 -0.03249
-0.00212 1252488 1.4E+11 -0.00729 2915.615 i 0.007296 -0.03807
0.079407 1250116 1.4E+11 -0.00727 -109502 i 0.007272 -0.04381
0.160973 1239116 1.39E+11 -0.00719 -222257 i 0.007198 -0.05006
0.242001 1219355 1.37E+11 -0.00707 -334550 i 0.007074 -0.04967
0.321893 1190763 1.34E+11 -0.00689 -445555 i 0.006898 -0.03527
0.402743 1151863 1.29E+11 -0.00666 -558196 i 0.006663 -0.03268
0.483584 1101812 1.24E+11 -0.00636 -671152 i 0.006364 -0.02999
0.565246 1038193 1.17E+11 -0.00598 -785626 i 0.005987 -0.03743
0.645591 960165.4 1.08E+11 -0.00552 -898665 i 0.005528 -0.0286
0.725584 862999.6 9.75E+10 -0.00496 -1011699 i 0.004959 -0.01545
0.806481 736936.6 8.35E+10 -0.00422 -1126655 i 0.004226 -0.01345
0.887832 562969.1 6.39E+10 -0.00322 -1243248 i 0.00322 -0.01705
0.967993 265228.7 3.02E+10 -0.00151 -1360467 i 0.00151 -0.00597
0.967748 -268099 -3.1E+10 0.001517 -1368480 i -0.00152 -0.00295
0.884949 -578457 -6.7E+10 0.003259 -1256035 i -0.00326 0.018514
0.80306 -757476 -8.7E+10 0.004257 -1142462 i -0.00426 0.028758
0.721178 -889616 -1E+11 0.004989 -1027914 i -0.00499 0.038899
0.640696 -991944 -1.1 EH-11 0.005553 -914687 i -0.00556 0.031777
0.559475 -1075378 -1.2E+11 0.006011 -799926 i -0.00602 0.033768
0.478505 -1142945 -1.3E+11 0.006379 -685106 i -0.00638 0.032676
0.396904 -1197860 -1.4E+11 0.006676 -569028 i -0.00668 0.039347
0.316432 -1240695 -1.4E+11 0.006905 -454228 i -0.00691 0.032107
0.235852 -1273398 -1.5E+11 0.007078 -338970 i -0.00708 0.026198
0.153576 -1297007 -1.5E+11 0.007199 -220991 i -0.0072 0.041203
0.073145 -1310983 -1.5E+11 0.007268 -105377 i -0.00727 0.03345
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-0.00837 -1316202 -1.5E+11 0.007287 12065.61 1 -0.00729 0.039011
-0.08982 -1312472 -1.5E+11 0.007257 129700.9 1 -0.00726 0.043847
-0.17124 -1299672 -1.5E+11 0.007177 247571.9 1 -0.00718 0.048309
-0.25262 -1277482 -1.5E+11 0.007046 365671 1 -0.00705 0.052283
-0.33388 -1245389 -1.5E+11 0.006859 483884.7 1 -0.00686 0.054717
-0.41373 -1203340 -1.4E+11 0.006619 600367.5 1 -0.00662 0.039894
-0.49505 -1148547 -1.4E+11 0.006309 719318.2 1 -0.00631 0.043116
-0.57646 -1079672 -1.3E+11 0.005921 838766.2 1 -0.00592 0.047376
-0.65587 -996074 -1.2E+11 0.005454 955711.2 1 -0.00546 0.027106
-0.73789 -887703 -1.1E+11 0.004852 1076998 1 -0.00485 0.038842
-0.81817 -750502 -8.9E+10 0.004094 1196414 1 -0.0041 0.029319
-0.81391 772392.5 9.31E+10 -0.00414 1210350 1 0.004141 -0.02329
-0.73285 914872.9 1.1E+11 -0.00489 1091804 1 0.004895 -0.0233
-0.65023 1028413 1.24E+11 -0.00549 970291.2 1 0.005493 -0.04253
-0.56938 1117749 1.35E+11 -0.00596 850870.4 1 0.005961 -0.03992
-0.48908 1189899 1.44E+11 -0.00633 731836.6 1 0.006336 -0.03061
-0.40695 1249491 1.52E+11 -0.00664 609720.8 1 0.006644 -0.04384
-0.32631 1295854 1.58E+11 -0.00688 489492.4 1 0.006882 -0.03866
-0.24373 1332111 1.62E+11 -0.00706 366051.9 1 0.007065 -0.05743
-0.16337 1357286 1.65E+11 -0.00718 245651 1 0.00719 -0.0487
-0.0819 1373145 1.68E+11 -0.00726 123281.4 1 0.007265 -0.05386

-0.00222 1379506 1.69E+11 -0.00728 3345.932 1 0.00729 -0.0368
0.080414 1376623 1.68E+11 -0.00726 -121322 1 0.007265 -0.05622
0.161317 1364333 1.67E+11 -0.00719 -243657 1 0.007191 -0.0543
0.242841 1342151 1.65E+11 -0.00706 -367215 1 0.007066 -0.06003
0.32208 1310632 1.61E+11 -0.00689 -487595 1 0.006891 -0.03758

0.403924 1266918 1.56E+11 -0.00665 -612239 1 0.006653 -0.04725
0.484111 1211848 1.49E+11 -0.00635 -734688 1 0.006355 -0.03648
0.565645 1141519 1.41E+11 -0.00597 -859562 1 0.005977 -0.04234
0.646295 1054812 1.3E+11 -0.00551 -983499 1 0.005515 -0.0373
0.726083 947526.3 1.17E+11 -0.00494 -1106600 1 0.004946 -0.02161
0.807074 807786.9 1E+11 -0.00421 -1232206 1 0.004208 -0.02077
0.887506 617479.6 7.66E+10 -0.00321 -1357929 1 0.003209 -0.01302
0.96944 274997.4 3.42E+10 -0.00142 -1488484 1 0.001423 -0.02382

0.967385 -290552 -3.6E+10 0.001495 -1493385 1 -0.0015 0.001529
0.884273 -634671 -8E+10 0.003253 -1369761 1 -0.00326 0.026861
0.802852 -830440 -1E+11 0.004247 -1246283 1 -0.00425 0.031312
0.721138 -975464 -1.2E+11 0.004979 -1121377 1 -0.00498 0.039389
0.639899 -1088864 -1.4E+11 0.005549 -996548 1 -0.00555 0.041614
0.558732 -1180246 -1.5E+11 0.006006 -871335 1 -0.00601 0.042944
0.477816 -1254202 -1.6E+11 0.006374 -746097 1 -0.00638 0.041165
0.396274 -1314262 -1.7E+11 0.00667 -619524 1 -0.00668 0.047121
0.314741 -1361633 -1.7E+11 0.006902 -492633 1 -0.00691 0.052963
0.233046 -1397604 -1.8E+11 0.007076 -365178 1 -0.00708 0.060807
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0.15313 -1422437 -1.8E+11 0.007193 -240212 1 -0.0072 0.046702
0.072175 -1437641 -1.8E+11 0.007261 -113342 1 -0.00727 0.045418
-0.00868 -1443087 -1.8E+11 0.007281 13643.34 1 -0.00729 0.042878
-0.09006 -1438794 -1.8E+11 0.00725 141734.1 1 -0.00726 0.046852
-0.17141 -1424556 -1.8E+11 0.00717 270052.9 1 -0.00718 0.050425
-0.25214 -1400234 -1.8E+11 0.00704 397686.5 1 -0.00704 0.046433
-0.33445 -1364360 -1.7E+11 0.006851 528103.1 1 -0.00686 0.061812
-0.41314 -1318704 -1.7E+11 0.006614 653083.8 1 -0.00662 0.032535
-0.49542 -1257672 -1.6E+11 0.006299 784116.1 1 -0.0063 0.047634
-0.57718 -1181424 -1.5E+11 0.005909 914699.8 1 -0.00591 0.056316
-0.65687 -1088917 -1.4E+11 0.005439 1042389 1 -0.00544 0.039405
-0.73745 -971700 -1.3E+11 0.004845 1172021 1 -0.00485 0.033517
-0.81796 -820505 -1.1E+11 0.004084 1302206 1 -0.00409 0.02668
-0.81377 842956 1.1E+11 -0.00413 1315666 1 0.004131 -0.025
-0.73171 1000711 1.31E+11 -0.00489 1185013 1 0.004895 -0.03738

-0.65 1123393 1.48E+11 -0.00548 1054235 1 0.005486 -0.04542
-0.56925 1220941 1.61E+11 -0.00595 924494.3 1 0.005954 -0.04156
-0.48699 1301503 1.72E+11 -0.00633 791883.6 1 0.006338 -0.05642
-0.40646 1365092 1.8E+11 -0.00663 661707.4 1 0.006639 -0.04985
-0.32644 1415270 1.87E+11 -0.00687 532028.9 1 0.006875 -0.03699
-0.24451 1454546 1.92E+11 -0.00705 398942.4 1 0.007057 -0.0477
-0.16367 1482180 1.96E+11 -0.00718 267314.4 1 0.007183 -0.0451
-0.08226 1499402 1.99E+11 -0.00725 134498.6 1 0.007258 -0.04936
-0.00147 1506278 2E+11 -0.00728 2410.574 1 0.007283 -0.04602
0.081089 1502875 2E+11 -0.00725 -132859 1 0.007259 -0.06455
0.160752 1489477 1.98E+11 -0.00718 -263651 1 0.007186 -0.04733
0.241069 1465573 1.95E+11 -0.00706 -395793 1 0.007063 -0.03817
0.322513 1430078 1.91E+11 -0.00688 -530082 1 0.006883 -0.04291
0.403723 1382465 1.84E+11 -0.00664 -664295 1 0.006646 -0.04477
0.483833 1322181 1.77E+11 -0.00634 -797018 1 0.006349 -0.03306
0.565771 1244740 1.66E+11 -0.00596 -933139 1 0.005969 -0.0439
0.645408 1151041 1.54E+11 -0.00551 -1065847 1 0.005512 -0.02635
0.726755 1031241 1.38E+11 -0.00493 -1201907 1 0.00493 -0.0299
0.80713 879128.8 1.18E+11 -0.00419 -1336993 1 0.004196 -0.02146
0.887551 670413 9.02E+10 -0.00319 -1473143 1 0.003192 -0.01358
0.96798 303719.8 4.1E+10 -0.00144 -1611725 1 0.001441 -0.00581
0.965624 -322587 -4.4E+10 0.001522 -1615974 1 -0.00152 0.023259
0.883744 -690202 -9.4E+10 0.003245 -1483537 1 -0.00325 0.033385
0.801115 -906414 -1.2E+11 0.004253 -1347506 1 -0.00426 0.052748
0.719709 -1063306 -1.5E+11 0.004981 -1212505 1 -0.00499 0.057025
0.639354 -1185276 -1.6E+11 0.005544 -1078613 1 -0.00555 0.048335
0.557287 -1285701 -1.8E+11 0.006005 -941366 1 -0.00601 0.060765
0.476385 -1365921 -1.9E+11 0.006372 -805652 1 -0.00638 0.058829
0.395947 -1430232 -2E+11 0.006664 -670361 1 -0.00667 0.051152
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0.313366 -1482263 -2E+11 0.006898 -531126 1 -0.0069 0.069933
0.233433 -1520415 -2.1E+11 0.007068 -396053 1 -0.00707 0.056034
0.151845 -1547840 -2.1E+11 0.007188 -257891 1 -0.00719 0.062556
0.070947 -1564085 -2.2E+11 0.007255 -120616 1 -0.00726 0.060566
-0.01043 -1569712 -2.2E+11 0.007274 17752.41 1 -0.00728 0.064504
-0.09115 -1564736 -2.2E+11 0.007243 155271.8 1 -0.00725 0.060295
-0.17184 -1549096 -2.1E+11 0.007163 293012 1 -0.00717 0.055694
-0.25306 -1522186 -2.1E+11 0.007031 431959.8 1 -0.00704 0.057767
-0.3336 -1483783 -2.1E+11 0.006846 570023.4 1 -0.00685 0.051357

-0.41331 -1433295 -2E+11 0.006606 706967.2 1 -0.00661 0.03471
-0.49601 -1366235 -1.9E+11 0.006289 849385.3 1 -0.00629 0.054907
-0.57716 -1283565 -1.8E+11 0.005901 989515.4 1 -0.00591 0.056012
-0.65674 -1182772 -1.6E+11 0.00543 1127351 1 -0.00543 0.037739
-0.73759 -1054427 -1.5E+11 0.004834 1267904 1 -0.00484 0.035164
-0.81921 -886668 -1.2E+11 0.004058 1410493 1 -0.00406 0.042094
-0.81248 915879.5 1.3E+11 -0.00413 1418953 1 0.004133 -0.04092
-0.73079 1086086 1.54E+11 -0.00489 1278297 1 0.004892 -0.0487
-0.64957 1218367 1.73E+11 -0.00547 1137767 1 0.00548 -0.05072
-0.56842 1324656 1.88E+11 -0.00594 996865.6 1 0.00595 -0.05176
-0.48621 1411856 2.01E+11 -0.00633 853674.9 1 0.006334 -0.06599
-0.4052 1481050 2.11E+11 -0.00663 712207.4 1 0.006636 -0.0654

-0.32466 1535536 2.19E+11 -0.00687 571236.6 1 0.006873 -0.05897
-0.24219 1578024 2.25E+11 -0.00705 426568.9 1 0.007055 -0.07636
-0.16254 1607215 2.3E+11 -0.00717 286551.4 1 0.007178 -0.05903
-0.08002 1625794 2.33E+11 -0.00725 141205.6 1 0.007253 -0.07707
0.000713 1632812 2.34E+11 -0.00727 -1259.12 1 0.007277 -0.07298
0.082022 1628815 2.33E+11 -0.00725 -145025 1 0.007252 -0.07606
0.162772 1613716 2.32E+11 -0.00717 -288078 1 0.007177 -0.07224
0.243555 1587138 2.28E+11 -0.00705 -431472 1 0.007052 -0.06884
0.32319 1549070 2.23E+11 -0.00687 -573110 1 0.006875 -0.05126

0.404835 1496793 2.15E+11 -0.00663 -718635 1 0.006636 -0.05849
0.48481 1431104 2.06E+11 -0.00633 -861511 1 0.006337 -0.04512

0.566592 1346821 1.94E+11 -0.00595 -1007984 1 0.005957 -0.05403
0.647392 1243033 1.79E+11 -0.00549 -1153119 1 0.00549 -0.05083
0.727597 1114070 1.61E+11 -0.00491 -1297685 1 0.004914 -0.04029
0.808687 946447.5 1.37E+11 -0.00416 -1444505 1 0.004167 -0.04067
0.888988 717928.8 1.04E+11 -0.00315 -1590902 1 0.003155 -0.03131
0.967731 322910.3 4.7E+10 -0.00141 -1736867 1 0.001414 -0.00273
0.966599 -333477 -4.9E+10 0.001453 -1742754 1 -0.00146 0.011233
0.883099 -745838 -1.1E+11 0.003239 -1596956 1 -0.00324 0.041336
0.799571 -982112 -1.4E+11 0.004257 -1448610 1 -0.00426 0.071793
0.719314 -1149269 -1.7E+11 0.004974 -1305105 1 -0.00498 0.061891
0.638612 -1281759 -1.9E+11 0.005539 -1160170 1 -0.00555 0.057489
0.556604 -1390191 -2E+11 0.006001 -1012387 1 -0.00601 0.069194
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0.47576 -1476766 -2.2E+11 0.006367 -866289 1 -0.00637 0.066528
0.394843 -1546549 -2.3E+11 0.00666 -719696 1 -0.00667 0.064777
0.312305 -1602545 -2.4E+11 0.006894 -569829 1 -0.0069 0.083015
0.231848 -1643790 -2.4E+11 0.007064 -423433 1 -0.00707 0.075589
0.151471 -1672763 -2.5E+11 0.007182 -276897 1 -0.00719 0.067171
0.077107 -1689184 -2.5E+11 0.007245 -141076 1 -0.00725 -0.01542
-0.01244 -1696061 -2.5E+11 0.007267 22785.67 1 -0.00727 0.089293
-0.09132 -1690511 -2.5E+11 0.007236 167406 1 -0.00724 0.062413
-0.17484 -1672604 -2.5E+11 0.007152 320815.2 1 -0.00716 0.092742
-0.25366 -1643939 -2.4E+11 0.007023 465875.1 1 -0.00703 0.065138
-0.33522 -1601522 -2.4E+11 0.006835 616266.3 1 -0.00684 0.071301
-0.41533 -1546141 -2.3E+11 0.006591 764291.7 1 -0.0066 0.059579
-0.49682 -1474184 -2.2E+11 0.006278 915210.3 1 -0.00628 0.064919
-0.57734 -1385132 -2.1E+11 0.005892 1064704 I -0.0059 0.058295
-0.65767 -1274671 -1.9E+11 0.005415 1214264 1 -0.00542 0.049299
-0.7375 -1137154 -1.7E+11 0.004824 1363394 1 -0.00483 0.034085

-0.81796 -958281 -1.4E+11 0.004059 1514395 1 -0.00406 0.026732
-0.81372 982305.3 1.49E+11 -0.0041 1526556 1 0.004107 -0.02568
-0.73168 1167781 1.78E+11 -0.00487 1374683 1 0.004875 -0.03774
-0.64894 1313401 2E+11 -0.00547 1220814 1 0.005475 -0.05843
-0.56979 1425411 2.18E+11 -0.00593 1073118 1 0.005935 -0.03486
-0.48675 1520676 2.32E+11 -0.00632 917718.5 1 0.006324 -0.05935
-0.40585 1595296 2.44E+11 -0.00662 765969.7 1 0.006627 -0.05733
-0.32431 1654769 2.53E+11 -0.00686 612663.3 1 0.006867 -0.06333
-0.24305 1699880 2.61E+11 -0.00704 459585.7 1 0.007047 -0.06579
-0.1629 1731554 2.66E+11 -0.00716 308308.3 1 0.007172 -0.05456

-0.08163 1751322 2.69E+11 -0.00724 154629.7 1 0.007246 -0.05719
0.000207 1759024 2.7E+11 -0.00726 -392.256 1 0.007271 -0.06674
0.080862 1754735 2.7E+11 -0.00724 -153457 1 0.007246 -0.06176
0.162136 1738335 2.68E+11 -0.00717 -307974 1 0.007172 -0.0644
0.243432 1709395 2.63E+11 -0.00704 -462815 1 0.007045 -0.06732
0.323553 1667908 2.57E+11 -0.00686 -615709 1 0.006868 -0.05574
0.404031 1612208 2.49E+11 -0.00663 -769589 1 0.006632 -0.04857
0.48447 1540888 2.38E+11 -0.00633 -923723 1 0.006331 -0.04092
0.56521 1451163 2.25E+11 -0.00595 -1078795 1 0.005956 -0.03698

0.647785 1336677 2.07E+11 -0.00547 -1237826 1 0.005479 -0.05567
0.726621 1199815 1.86E+11 -0.00491 -1390147 1 0.004912 -0.02825
0.806329 1022739 1.59E+11 -0.00418 -1544791 1 0.00418 -0.01158
0.887198 776085.7 1.21E+11 -0.00316 -1702687 1 0.003166 -0.00923
0.968514 331268.9 5.17E+10 -0.00135 -1864029 1 0.001347 -0.0124
0.966753 -348727 -5.5E+10 0.001411 -1868261 1 -0.00141 0.009325
0.88417 -794881 -1.2E+11 0.003208 -1713444 1 -0.00321 0.028129
0.802006 -1047724 -1.6E+11 0.00422 -1556910 1 -0.00423 0.041749
0.719951 -1232926 -1.9E+11 0.004959 -1399573 1 -0.00496 0.054033
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0.638572 -1376958 -2.2E+11 0.005531 -1242877 1 -0.00554 0.057987
0.558138 -1491651 -2.4E+11 0.005985 -1087510 1 -0.00599 0.050264
0.476458 -1586036 -2.5E+11 0.006356 -929319 1 -0.00636 0.057918
0.395662 -1661117 -2.6E+11 0.00665 -772475 1 -0.00666 0.054669
0.314353 -1720660 -2.7E+11 0.006882 -614304 1 -0.00689 0.057752
0.233449 -1765500 -2.8E+11 0.007055 -456615 1 -0.00706 0.055835
0.152006 -1797153 -2.9E+11 0.007174 -297580 1 -0.00718 0.060571
0.070073 -1815995 -2.9E+11 0.007243 -137301 1 -0.00725 0.071352
-0.00881 -1822138 -2.9E+11 0.007261 17286.24 1 -0.00727 0.044557
-0.09116 -1816066 -2.9E+11 0.00723 178936.1 1 -0.00724 0.060469
-0.16765 -1798841 -2.9E+11 0.007155 329334.4 1 -0.00716 0.004055
-0.2528 -1766066 -2.8E+11 0.007018 497064 1 -0.00702 0.054509
-0.3332 -1721191 -2.7E+11 0.006833 655733.8 1 -0.00684 0.046353
-0.41437 -1660954 -2.7E+11 0.006587 816240.5 1 -0.00659 0.047732
-0.4948 -1584717 -2.5E+11 0.006278 975617.6 1 -0.00628 0.039985

-0.57583 -1488596 -2.4E+11 0.005891 1136547 1 -0.0059 0.039584
-0.65617 -1370030 -2.2E+11 0.005416 1296534 1 -0.00542 0.0307
-0.73758 -1219163 -2E+11 0.004813 1459190 1 -0.00482 0.03511
-0.81818 -1025889 -1.6E+11 0.004044 1620897 1 -0.00405 0.029386
-0.81213 1055643 1.72E+11 -0.00411 1628902 1 0.004112 -0.04517
-0.7312 1251721 2.04E+11 -0.00486 1468581 1 0.004869 -0.04358
-0.64945 1406322 2.29E+11 -0.00546 1305950 1 0.005463 -0.05213
-0.56854 1529169 2.5E+11 -0.00593 1144482 1 0.005934 -0.05027
-0.48757 1628798 2.66E+11 -0.00631 982464.5 1 0.006313 -0.0492
-0.40573 1709857 2.8E+11 -0.00661 818340.6 1 0.006621 -0.0588
-0.32482 1773159 2.9E+11 -0.00685 655739.5 1 0.006859 -0.05698
-0.24365 1821533 2.98E+11 -0.00703 492311.7 1 0.00704 -0.05833
-0.16242 1855894 3.04E+11 -0.00716 328467.2 1 0.007166 -0.06042
-0.0818 1876804 3.08E+11 -0.00723 165569.4 1 0.00724 -0.05501

-0.00063 1884964 3.1E+11 -0.00726 1273.303 1 0.007265 -0.05643
0.079375 1880455 3.09E+11 -0.00723 -160922 1 0.007241 -0.04341
0.162338 1862462 3.06E+11 -0.00716 -329403 1 0.007165 -0.06689
0.242417 1831804 3.02E+11 -0.00703 -492309 1 0.007041 -0.0548
0.323047 1786997 2.94E+11 -0.00686 -656624 1 0.006862 -0.0495
0.404001 1726775 2.85E+11 -0.00662 -821908 1 0.006625 -0.0482
0.483843 1650728 2.72E+11 -0.00632 -985249 1 0.006327 -0.03319
0.56597 1552590 2.57E+11 -0.00594 -1153636 1 0.005944 -0.04636

0.646596 1432517 2.37E+11 -0.00547 -1319365 1 0.005478 -0.041
0.726218 1284261 2.13E+11 -0.0049 -1483528 1 0.004905 -0.02328
0.807501 1089788 1.81E+11 -0.00415 -1651775 1 0.004156 -0.02604
0.887569 825991.3 1.37E+11 -0.00314 -1818512 1 0.003145 -0.0138
0.967991 350236.2 5.83E+10 -0.00133 -1988554 1 0.001329 -0.00595
0.967599 -355099 -5.9E+10 0.001342 -1995137 1 -0.00134 -0.00111
0.884333 -846367 -1.4E+11 0.003189 -1828355 1 -0.00319 0.026122
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0.801879 -1119052 -1.9E+11 0.004209 -1660593 1 -0.00421 0.043325
0.720007 -1317259 -2.2E+11 0.004948 -1492999 1 -0.00495 0.053353
0.63923 -1470641 -2.5E+11 0.005518 -1327000 1 -0.00552 0.049865

0.558484 -1594145 -2.7E+11 0.005975 -1160569 1 -0.00598 0.045996
0.476928 -1695156 -2.9E+11 0.006347 -992049 1 -0.00635 0.052124
0.396243 -1775513 -3E+11 0.006641 -824965 1 -0.00665 0.047507
0.31392 -1840009 -3.1E+11 0.006876 -654152 1 -0.00688 0.063098

0.234224 -1887248 -3.2E+11 0.007046 -488488 1 -0.00705 0.046274
0.152285 -1921337 -3.3E+11 0.007167 -317866 1 -0.00717 0.057131
0.072186 -1941148 -3.3E+11 0.007235 -150796 ] -0.00724 0.045285
-0.00898 -1947958 -3.3E+11 0.007254 18783.75 1 -0.00726 0.046651
-0.09126 -1941316 -3.3E+11 0.007223 190962.8 1 -0.00723 0.0617
-0.17116 -1921625 -3.3E+11 0.007144 358435.7 1 -0.00715 0.047389
-0.25162 -1888140 -3.2E+11 0.007013 527356.4 1 -0.00702 0.039955
-0.33419 -1838673 -3.1E+11 0.006823 701017.7 1 -0.00683 0.058598
-0.41418 -1774901 -3E+11 0.006581 869555.8 1 -0.00659 0.045377
-0.49555 -1692104 -2.9E+11 0.006267 1041346 1 -0.00627 0.049222
-0.57643 -1589019 -2.7E+11 0.00588 1212478 1 -0.00589 0.047038
-0.65617 -1462730 -2.5E+11 0.005407 1381610 1 -0.00541 0.030743
-0.73745 -1301251 -2.2E+11 0.004804 1554525 1 -0.00481 0.033415
-0.81755 -1095445 -1.9E+11 0.004039 1725637 1 -0.00404 0.021655
-0.8134 1120651 1.94E+11 -0.00408 1736817 1 0.004087 -0.02954

-0.73174 1333124 2.31E+11 -0.00485 1564479 1 0.004855 -0.03698
-0.64932 1499931 2.6E+11 -0.00545 1389851 1 0.005455 -0.0537
-0.56949 1629642 2.83E+11 -0.00591 1220178 1 0.005921 -0.03863
-0.48766 1737366 3.02E+11 -0.0063 1045842 1 0.006306 -0.04814
-0.40645 1823357 3.17E+11 -0.0066 872462.1 1 0.006612 -0.04995
-0.32454 1891809 3.29E+11 -0.00685 697229.8 1 0.006853 -0.0605
-0.24401 1943008 3.39E+11 -0.00702 524651.2 1 0.007033 -0.05397
-0.16286 1979658 3.45E+11 -0.00715 350448.7 1 0.007159 -0.05509
-0.08172 2002066 3.5E+11 -0.00723 175999.6 1 0.007234 -0.056
-0.00062 2010656 3.51E+11 -0.00725 1328.24 1 0.007259 -0.05658
0.079906 2005647 3.51E+11 -0.00723 -172358 1 0.007235 -0.04996
0.160472 1986974 3.48E+11 -0.00715 -346411 1 0.007161 -0.04387
0.242224 1953597 3.42E+11 -0.00703 -523315 1 0.007035 -0.05242
0.322229 1906068 3.34E+11 -0.00685 -696726 1 0.006858 -0.03941
0.404205 1840845 3.23E+11 -0.00661 -874723 1 0.006617 -0.05072
0.484466 1758936 3.09E+11 -0.00631 -1049326 1 0.006317 -0.04087
0.565495 1655318 2.91E+11 -0.00593 -1225967 1 0.005939 -0.04049
0.646489 1526363 2.68E+11 -0.00547 -1402956 1 0.00547 -0.03969
0.726387 1367166 2.41E+11 -0.00489 -1578044 1 0.004894 -0.02536
0.80713 1160472 2.05E+11 -0.00414 -1755647 1 0.004148 -0.02146

0.887788 875731.1 1.55E+11 -0.00312 -1934082 1 0.003125 -0.01651
0.968758 353677.3 6.26E+10 -0.00126 -2115892 1 0.001258 -0.01541
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0.966934 -375224 -6.7E+10 0.00133 -2119064 1 -0.00133 0.0071
0.884377 -897683 -1.6E+11 0.003173 -1943037 1 -0.00318 0.025577
0.801941 -1189423 -2.1E+11 0.004197 -1764641 1 -0.0042 0.042555
0.721086 -1398871 -2.5E+11 0.00493 -1588661 1 -0.00494 0.040035
0.639242 -1565004 -2.8E+11 0.005509 -1409869 1 -0.00552 0.049714
0.558617 -1696573 -3E+11 0.005966 -1233239 1 -0.00597 0.044363
0.476656 -1804787 -3.2E+11 0.00634 -1053262 1 -0.00635 0.055476
0.396586 -1889779 -3.4E+11 0.006633 -877076 1 -0.00664 0.043274
0.314358 -1958485 -3.5E+11 0.006868 -695804 1 -0.00688 0.057696
0.234176 -2009115 -3.6E+11 0.00704 -518739 1 -0.00705 0.046868
0.152308 -2045332 -3.7E+11 0.007161 -337655 1 -0.00717 0.056839
0.071692 -2066447 -3.7E+11 0.007229 -159056 1 -0.00724 0.051381
-0.00882 -2073512 -3.7E+11 0.007248 19590.66 1 -0.00726 0.044664
-0.09045 -2066458 -3.7E+11 0.007217 200979 1 -0.00722 0.051644
-0.17087 -2045310 -3.7E+11 0.007137 379963.7 1 -0.00715 0.043748
-0.2524 -2008966 -3.6E+11 0.007005 561703 1 -0.00701 0.049536

-0.33321 -1957246 -3.5E+11 0.006819 742144.8 1 -0.00683 0.046508
-0.41422 -1888357 -3.4E+11 0.006573 923337.6 1 -0.00658 0.045906
-0.49449 -1801274 -3.3E+11 0.006264 1103195 1 -0.00627 0.036105
-0.57581 -1690858 -3.1E+11 0.005875 1285807 1 -0.00588 0.039403
-0.6568 -1553898 -2.8E+11 0.005393 1468093 1 -0.0054 0.03854

-0.73748 -1382588 -2.5E+11 0.004793 1650195 1 -0.0048 0.033813
-0.81837 -1160198 -2.1E+11 0.004017 1833493 1 -0.00402 0.031809
-0.81352 1188351 2.18E+11 -0.00407 1842483 1 0.004073 -0.02806
-0.7321 1414407 2.6E+11 -0.00484 1660107 1 0.004842 -0.03254

-0.65033 1591055 2.93E+11 -0.00543 1476253 1 0.00544 -0.04133
-0.56878 1732185 3.19E+11 -0.00591 1292381 1 0.005917 -0.04736
-0.48803 1845260 3.4E+11 -0.00629 1109880 1 0.006297 -0.04355
-0.40693 1936719 3.57E+11 -0.0066 926226.4 1 0.006603 -0.04402
-0.32623 2008666 3.71E+11 -0.00683 743129.1 1 0.006842 -0.03964
-0.24411 2064332 3.81E+11 -0.00702 556508.9 1 0.007026 -0.05269
-0.16303 2103234 3.89E+11 -0.00714 371959 1 0.007153 -0.0529
-0.08256 2126878 3.94E+11 -0.00722 188495.8 1 0.007227 -0.0457
-0.00093 2136077 3.96E+11 -0.00724 2135.216 1 0.007253 -0.05266
0.078936 2130796 3.95E+11 -0.00722 -180493 1 0.007229 -0.03799
0.160602 2110618 3.91E+11 -0.00715 -367508 1 0.007155 -0.04548
0.242281 2074997 3.85E+11 -0.00702 -554839 1 0.007029 -0.05312
0.322211 2024346 3.76E+11 -0.00684 -738449 1 0.006851 -0.03919
0.403036 1955927 3.64E+11 -0.00661 -924420 1 0.006614 -0.0363
0.483776 1868346 3.48E+11 -0.00631 -1110527 1 0.006312 -0.03235
0.56523 1757497 3.27E+11 -0.00593 -1298652 1 0.005932 -0.03723
0.646134 1620363 3.02E+11 -0.00546 -1485928 1 0.005464 -0.03531
0.725934 1451119 2.71E+11 -0.00488 -1671149 1 0.004888 -0.01978
0.805898 1233544 2.3E+11 -0.00415 -1857398 1 0.00415 -0.00626
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0.886596 931225.6 1.74E+11 -0.00312 -2046374 1 0.003128 -0.00181
0.967688 376983.9 7.07E+10 -0.00126 -2238951 1 0.001262 -0.0022
0.966962 -386522 -7.3E+10 0.001289 -2244333 1 -0.00129 0.006755
0.884048 -950095 -1.8E+11 0.003162 -2056862 1 -0.00317 0.029635
0.802532 -1257661 -2.4E+11 0.004179 -1869906 1 -0.00418 0.035271
0.721984 -1480227 -2.8E+11 0.004912 -1684170 1 -0.00492 0.028959
0.640397 -1656823 -3.1E+11 0.005492 -1495377 1 -0.0055 0.035472
0.55902 -1798239 -3.4E+11 0.005956 -1306562 1 -0.00596 0.039387

0.477188 -1913150 -3.6E+11 0.00633 -1116267 1 -0.00634 0.048921
0.39723 -2003416 -3.8E+11 0.006623 -929971 1 -0.00663 0.035324

0.315664 -2075970 -3.9E+11 0.006858 -739593 1 -0.00687 0.041578
0.234449 -2130532 -4E+11 0.007032 -549724 1 -0.00704 0.043502
0.153239 -2168721 -4.1E+11 0.007153 -359574 1 -0.00716 0.045359

0.0727 -2191213 -4.2E+11 0.007221 -170714 1 -0.00723 0.038939
-0.00833 -2198802 -4.2E+11 0.007241 19579.49 I -0.00725 0.038603
-0.09048 -2191198 -4.2E+11 0.00721 212765.1 1 -0.00722 0.051982
-0.17083 -2168646 -4.1E+11 0.007131 402009.9 1 -0.00714 0.043236
-0.25228 -2129977 -4.1E+11 0.006998 594148 1 -0.00701 0.048149
-0.33247 -2075440 -4E+11 0.006814 783587 1 -0.00682 0.037418
-0.41396 -2001827 -3.8E+11 0.006567 976412.4 1 -0.00657 0.042733
-0.49415 -1909362 -3.7E+11 0.006258 1166495 1 -0.00626 0.032012
-0.57493 -1792923 -3.4E+11 0.005871 1358329 1 -0.00588 0.028471

-0.655 -1649444 -3.2E+11 0.005396 1548923 1 -0.0054 0.016294
-0.73807 -1462110 -2.8E+11 0.004778 1747190 1 -0.00478 0.041072
-0.81771 -1229188 -2.4E+11 0.004012 1937968 1 -0.00402 0.023567
-0.81284 1258278 2.44E+11 -0.00406 1946260 1 0.004069 -0.03652
-0.73229 1495646 2.91E+11 -0.00482 1755402 1 0.00483 -0.03025
-0.65025 1683797 3.28E+11 -0.00542 1560336 1 0.005432 -0.04226
-0.57026 1830939 3.56E+11 -0.00589 1369606 1 0.005901 -0.02913
-0.48818 1953097 3.81E+11 -0.00628 1173469 1 0.006289 -0.04173
-0.40718 2049986 4E+11 -0.00659 979544.7 1 0.006595 -0.04098
-0.32656 2126206 4.15E+11 -0.00683 786209.6 1 0.006835 -0.03548
-0.2451 2184833 4.27E+11 -0.00701 590525.7 1 0.007018 -0.04046

-0.16354 2226401 4.35E+11 -0.00714 394296.4 1 0.007146 -0.0467
-0.08372 2251335 4.4E+11 -0.00721 201997.4 1 0.007221 -0.03135
-0.00217 2261212 4.43E+11 -0.00724 5239.827 1 0.007247 -0.03741
0.078222 2255657 4.42E+11 -0.00721 -188998 1 0.007224 -0.02919
0.159247 2234525 4.38E+11 -0.00714 -385040 1 0.007151 -0.02877
0.240879 2196948 4.31E+11 -0.00702 -582836 1 0.007025 -0.03582
0.321326 2143025 4.21E+11 -0.00684 -778055 1 0.006847 -0.02827
0.402638 2070072 4.07E+11 -0.0066 -975683 1 0.006609 -0.03139
0.482287 1978586 3.89E+11 -0.0063 -1169594 1 0.006311 -0.01399
0.563253 1862158 3.66E+11 -0.00593 -1367078 1 0.005935 -0.01284
0.644201 1717256 3.38E+11 -0.00546 -1564937 1 0.005468 -0.01146
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0.724467 1537380 3.03E+11 -0.00488 -1761633 1 0.00489 -0.00168
0.806157 1301691 2.57E+11 -0.00413 -1962489 1 0.004135 -0.00945
0.886023 983788.8 1.94E+11 -0.00312 -2159875 1 0.00312 0.005272
0.967868 383671 7.6E+10 -0.00121 -2364920 1 0.001213 -0.00443
0.966403 -403777 -8E+10 0.001273 -2368220 1 -0.00128 0.013644
0.884881 -996427 -2E+11 0.003133 -2173391 1 -0.00314 0.019351
0.803306 -1324604 -2.6E+11 0.004159 -1975756 1 -0.00416 0.025717
0.721906 -1563449 -3.1E+11 0.004903 -1777519 1 -0.00491 0.029914
0.641351 -1748440 -3.5E+11 0.005477 -1580682 1 -0.00549 0.023699
0.56114 -1896671 -3.8E+11 0.005936 -1384190 1 -0.00594 0.013238

0.478519 -2020069 -4E+11 0.006317 -1181366 1 -0.00633 0.032498
0.398712 -2115797 -4.2E+11 0.006611 -985086 1 -0.00662 0.017047
0.316724 -2193260 -4.4E+11 0.006848 -783108 1 -0.00686 0.028498
0.236752 -2250432 -4.5E+11 0.007021 -585789 1 -0.00703 0.015088
0.154494 -2291674 -4.6E+11 0.007145 -382534 1 -0.00715 0.029873
0.073451 -2315743 -4.7E+11 0.007214 -181993 1 -0.00722 0.029676
-0.00692 -2323827 -4.7E+11 0.007235 17167.19 1 -0.00724 0.02123
-0.08783 -2316194 -4.7E+11 0.007206 217931.3 1 -0.00721 0.019401
-0.16757 -2292986 -4.6E+11 0.007128 416042.1 1 -0.00714 0.003031
-0.24958 -2252296 -4.5E+11 0.006997 620109.9 1 -0.00701 0.01481
-0.33032 -2194600 -4.4E+11 0.006812 821302 1 -0.00682 0.010864
-0.41021 -2118814 -4.3E+11 0.006572 1020678 1 -0.00658 -0.00358
-0.49252 -2018971 -4.1E+11 0.006257 1226446 1 -0.00626 0.011872
-0.5733 -1896096 -3.8E+11 0.005871 1428748 1 -0.00588 0.008367

-0.65339 -1744651 -3.5E+11 0.005398 1629758 1 -0.0054 -0.00358
-0.73455 -1552092 -3.1E+11 0.004797 1833987 1 -0.0048 -0.00227
-0.81555 -1303272 -2.6E+11 0.004023 2038495 1 -0.00403 -0.00301
-0.81529 1316723 2.69E+11 -0.00402 2057669 1 0.00403 -0.00627
-0.73464 1570510 3.22E+11 -0.00479 1856157 1 0.004801 -0.00123
-0.65306 1769971 3.63E+11 -0.0054 1651620 1 0.005405 -0.00766

-0.572 1928625 3.96E+11 -0.00588 1447865 1 0.005884 -0.00766
-0.49115 2056609 4.22E+11 -0.00626 1244222 1 0.006269 -0.00501
-0.40986 2160185 4.44E+11 -0.00657 1039068 1 0.006579 -0.00792
-0.32887 2241703 4.61E+11 -0.00681 834356.2 1 0.006822 -0.00702
-0.24698 2304418 4.74E+11 -0.007 627039.8 1 0.007008 -0.01729
-0.16726 2347874 4.84E+11 -0.00713 424924.2 1 0.007135 -0.0008
-0.08638 2375150 4.89E+11 -0.0072 219601 1 0.007213 0.001455
-0.0055 2386013 4.92E+11 -0.00723 13979.62 1 0.007241 0.003606
0.07484 2380720 4.91E+11 -0.00721 -190517 1 0.007219 0.012538
0.156409 2358776 4.87E+11 -0.00714 -398434 1 0.007148 0.006246
0.238019 2319578 4.79E+11 -0.00702 -606742 1 0.007024 -0.00054
0.31902 2262673 4.68E+11 -0.00684 -813790 1 0.006846 0.000182

0.400333 2186027 4.52E+11 -0.0066 -1021948 1 0.006609 -0.00295
0.480512 2089131 4.33E+11 -0.0063 -1227532 1 0.006312 0.00791
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0.561968 1965686 4.07E+11 -0.00593 -1436761 1 0.005934 0.003011
0.642906 1812896 3.76E+11 -0.00546 -1645077 1 0.005467 0.00452
0.723175 1623213 3.37E+11 -0.00488 -1852175 1 0.00489 0.01427
0.804549 1375837 2.86E+11 -0.00414 -2062793 1 0.00414 0.010378
0.886063 1032924 2.15E+11 -0.0031 -2274815 1 0.003104 0.004774
0.966988 403667.4 8.42E+10 -0.00121 -2488063 1 0.001209 0.006436
0.967289 -399620 -8.4E+10 0.001194 -2495498 1 -0.0012 0.002713
0.887096 -1034405 -2.2E+11 0.003082 -2293632 1 -0.00309 -0.00798
0.805268 -1386548 -2.9E+11 0.004126 -2084832 1 -0.00413 0.001512
0.724825 -1638138 -3.4E+11 0.004869 -1878534 1 -0.00488 -0.00609
0.643436 -1837033 -3.9E+11 0.005455 -1669138 1 -0.00546 -0.00203
0.562559 -1995610 -4.2E+11 0.005921 -1460548 1 -0.00593 -0.00427
0.481668 -2123908 -4.5E+11 0.006297 -1251503 1 -0.00631 -0.00635
0.401026 -2226767 -4.7E+11 0.006596 -1042737 1 -0.00661 -0.01151
0.319205 -2308931 -4.9E+11 0.006835 -830577 1 -0.00684 -0.0021
0.23937 -2369694 -5E+11 0.00701 -623265 1 -0.00702 -0.01721

0.157811 -2413430 -5.1E+11 0.007134 -411180 1 -0.00714 -0.01104
0.07687 -2439426 -5.2E+11 0.007206 -200418 1 -0.00722 -0.0125
-0.0046 -2448579 -5.2E+11 0.007228 12002.58 1 -0.00724 -0.00743

-0.08545 -2440921 -5.2E+11 0.007201 223087.8 1 -0.00721 -0.00999
-0.1663 -2416371 -5.1E+11 0.007123 434434.8 1 -0.00713 -0.01261

-0.24713 -2374355 -5E+11 0.006995 646023.3 1 -0.007 -0.01544
-0.32896 -2312979 -4.9E+11 0.006809 860541.6 1 -0.00682 -0.00587
-0.40989 -2232055 -4.7E+11 0.006566 1072984 1 -0.00657 -0.00755
-0.49111 -2128203 -4.5E+11 0.006255 1286553 1 -0.00626 -0.00552
-0.57188 -1998878 -4.2E+11 0.005871 1499286 1 -0.00588 -0.00915
-0.65241 -1838486 -3.9E+11 0.005395 1711829 1 -0.0054 -0.01568
-0.73471 -1632346 -3.5E+11 0.004785 1929581 1 -0.00479 -0.00036
-0.81517 -1371088 -2.9E+11 0.004015 2143168 1 -0.00402 -0.0077
-0.81659 1378039 2.96E+11 -0.004 2166691 1 0.004003 0.009837
-0.73525 1649290 3.55E+11 -0.00478 1952930 1 0.004786 0.00634
-0.65391 1859597 4.01E+11 -0.00538 1738455 1 0.005391 0.002813
-0.57352 2026048 4.37E+11 -0.00586 1525993 1 0.005868 0.011144
-0.49288 2161211 4.66E+11 -0.00625 1312428 1 0.006254 0.016318
-0.41176 2270679 4.9E+11 -0.00656 1097224 1 0.006566 0.0156
-0.33038 2357438 5.1E+11 -0.0068 880968.5 1 0.006812 0.011578
-0.24974 2422981 5.24E+11 -0.00699 666386.1 1 0.006996 0.016769
-0.16783 2470353 5.35E+11 -0.00712 448115.6 1 0.007128 0.006253
-0.08761 2498980 5.41E+11 -0.0072 234079.3 1 0.007206 0.016646
-0.00563 2510644 5.44E+11 -0.00722 15043.31 1 0.007235 0.005229
0.075811 2504806 5.43E+11 -0.0072 -202811 1 0.007213 0.000562
0.156144 2481857 5.39E+11 -0.00713 -417985 1 0.007142 0.009527
0.237118 2440897 5.3E+11 -0.00701 -635159 1 0.007019 0.01058
0.318067 2381075 5.17E+11 -0.00683 -852561 1 0.006842 0.011934
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0.398798 2301086 5E+11 -0.0066 -1069684 1 0.006608 0.015984
0.479473 2198584 4.78E+11 -0.0063 -1286986 1 0.006309 0.020729
0.561376 2067900 4.5E+11 -0.00592 -1507969 1 0.005929 0.010326
0.641805 1908056 4.16E+11 -0.00546 -1725396 1 0.005466 0.0181
0.722848 1706335 3.72E+11 -0.00488 -1944990 1 0.004883 0.018299
0.80443 1444653 3.15E+11 -0.00413 -2166719 1 0.00413 0.011848
0.885707 1083591 2.37E+11 -0.00309 -2388663 1 0.003093 0.009167
0.967851 395919.5 8.67E+10 -0.00113 -2615893 1 0.001127 -0.00421
0.968995 -376759 -8.3E+10 0.001069 -2625082 1 -0.00107 -0.01833
0.887172 -1082280 -2.4E+11 0.003065 -2408714 1 -0.00307 -0.00891
0.805396 -1454179 -3.2E+11 0.004112 -2189472 1 -0.00412 -7.2E-05
0.725185 -1718944 -3.8E+11 0.004856 -1973386 1 -0.00486 -0.01054
0.644434 -1927280 -4.3E+11 0.00544 -1755179 1 -0.00545 -0.01434
0.563284 -2095250 -4.6E+11 0.005909 -1535382 1 -0.00592 -0.01322
0.482031 -2231131 -4.9E+11 0.006287 -1314880 1 -0.0063 -0.01083
0.401497 -2339372 -5.2E+11 0.006588 -1095962 1 -0.0066 -0.01731
0.320329 -2425342 -5.4E+11 0.006825 -874987 1 -0.00683 -0.01597
0.239461 -2490222 -5.5E+11 0.007003 -654521 1 -0.00701 -0.01833
0.157397 -2536436 -5.6E+11 0.007128 -430493 1 -0.00714 -0.00594
0.07769 -2563348 -5.7E+11 0.007199 -212620 1 -0.00721 -0.02263
-0.00371 -2573076 -5.7E+11 0.007222 10156.81 1 -0.00723 -0.01843
-0.08566 -2564888 -5.7E+11 0.007194 234738.4 1 -0.0072 -0.00737
-0.16644 -2538935 -5.6E+11 0.007116 456364.1 1 -0.00713 -0.01088
-0.24776 -2494247 -5.5E+11 0.006986 679781.9 1 -0.007 -0.00761
-0.32785 -2430982 -5.4E+11 0.006805 900091 1 -0.00681 -0.01962
-0.4098 -2344772 -5.2E+11 0.006559 1125839 1 -0.00657 -0.00864

-0.49094 -2235482 -5E+11 0.006249 1349702 1 -0.00626 -0.00764
-0.57257 -2097641 -4.7E+11 0.005859 1575290 1 -0.00587 -0.00061
-0.6538 -1926642 -4.3E+11 0.005377 1800223 1 -0.00538 0.001544

-0.73464 -1712823 -3.8E+11 0.004776 2024588 1 -0.00478 -0.00117
-0.81623 -1432898 -3.2E+11 0.003991 2251742 1 -0.004 0.005358
-0.8171 1441584 3.25E+11 -0.00398 2273833 1 0.003985 0.016065
-0.73685 1724464 3.89E+11 -0.00475 2052572 1 0.004762 0.026077
-0.65456 1949141 4.41E+11 -0.00537 1824960 1 0.005378 0.010893
-0.57436 2124198 4.8E+11 -0.00585 1602597 1 0.005856 0.021465
-0.49236 2268801 5.14E+11 -0.00624 1374814 1 0.006249 0.009868
-0.41184 2382960 5.4E+11 -0.00655 1150765 1 0.006559 0.016521
-0.33109 2473531 5.61E+11 -0.00679 925746.9 1 0.006803 0.020363
-0.24941 2543321 5.77E+11 -0.00698 697825.5 1 0.006991 0.012754
-0.16815 2592663 5.88E+11 -0.00711 470746 1 0.007122 0.010187
-0.08742 2622889 5.96E+11 -0.00719 244889.8 1 0.0072 0.014276
-0.00609 2635000 5.99E+11 -0.00722 17067.52 1 0.007228 0.01093
0.075866 2628781 5.98E+11 -0.0072 -212786 1 0.007207 -0.00012
0.154973 2605057 5.93E+11 -0.00713 -434922 1 0.007137 0.023968
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0.237602 2561099 5.83E+11 -0.007 -667237 1 0.007012 0.004605
0.317911 2498564 5.69E+11 -0.00683 -893323 1 0.006836 0.013857
0.399639 2413224 5.5E+11 -0.00659 -1123716 1 0.006598 0.005611
0.48019 2305262 5.26E+11 -0.00629 -1351124 1 0.006298 0.011882

0.561952 2167719 4.95E+11 -0.00591 -1582324 1 0.005918 0.003213
0.643551 1996487 4.56E+11 -0.00544 -1813493 1 0.005446 -0.00344
0.723088 1787504 4.09E+11 -0.00487 -2039320 1 0.004872 0.015334
0.804789 1511209 3.46E+11 -0.00411 -2271963 1 0.004114 0.007426
0.886455 1127510 2.58E+11 -0.00306 -2505573 1 0.003065 -6E-05
0.968196 392447.4 9.01E+10 -0.00106 -2742407 1 0.001064 -0.00847
0.968767 -381865 -8.8E+10 0.001032 -2749846 1 -0.00104 -0.01552
0.886639 -1133073 -2.6E+11 0.003057 -2522095 1 -0.00306 -0.00233
0.806042 -1519246 -3.5E+11 0.004093 -2295589 1 -0.0041 -0.00804
0.725371 -1799791 -4.2E+11 0.004845 -2067825 1 -0.00485 -0.01283
0.644795 -2018492 -4.7E+11 0.005429 -1839661 1 -0.00544 -0.01879
0.563319 -2195785 -5.1E+11 0.005901 -1608431 1 -0.00591 -0.01365
0.481661 -2339155 -5.4E+11 0.006281 -1376257 1 -0.00629 -0.00627
0.400665 -2453271 -5.7E+11 0.006583 -1145590 1 -0.00659 -0.00704
0.320102 -2542686 -5.9E+11 0.006818 -915829 1 -0.00683 -0.01317
0.238169 -2611461 -6.1E+11 0.006998 -681842 1 -0.00701 -0.00239
0.157889 -2658770 -6.2E+11 0.007121 -452286 1 -0.00713 -0.01201
0.077088 -2687330 -6.2E+11 0.007193 -220956 1 -0.0072 -0.01519
-0.00483 -2697328 -6.3E+11 0.007215 13854.72 1 -0.00723 -0.00459
-0.08613 -2688530 -6.3E+11 0.007187 247170.1 1 -0.0072 -0.00163
-0.16683 -2661113 -6.2E+11 0.007109 479048 1 -0.00712 -0.00605
-0.24864 -2613652 -6.1E+11 0.006978 714405.9 1 -0.00699 0.003236
-0.32918 -2546452 -5.9E+11 0.006794 946403.7 1 -0.0068 -0.00315
-0.40941 -2457591 -5.7E+11 0.006553 1177797 1 -0.00656 -0.01345

-0.492 -2340531 -5.5E+11 0.006236 1416362 1 -0.00624 0.005451
-0.57346 -2195546 -5.1E+11 0.005846 1652052 1 -0.00585 0.010437
-0.65407 -2016887 -4.7E+11 0.005366 1885705 1 -0.00537 0.004898
-0.73552 -1789985 -4.2E+11 0.004758 2122300 1 -0.00476 0.00962
-0.81645 -1497301 -3.5E+11 0.003976 2358128 1 -0.00398 0.008075
-0.81585 1511951 3.57E+11 -0.00398 2376025 1 0.003987 0.000603
-0.7348 1810507 4.28E+11 -0.00476 2142067 1 0.004769 0.000805

-0.65372 2041993 4.83E+11 -0.00537 1907279 1 0.005374 0.000485
-0.57356 2225221 5.27E+11 -0.00584 1674668 1 0.005852 0.011657
-0.49162 2376536 5.63E+11 -0.00624 1436416 1 0.006245 0.000709
-0.41009 2497360 5.92E+11 -0.00655 1198998 1 0.006558 -0.00508
-0.32936 2591798 6.15E+11 -0.00679 963566.9 1 0.006801 -0.00102
-0.24828 2664030 6.32E+11 -0.00698 726803.3 1 0.006986 -0.00128
-0.16648 2715702 6.45E+11 -0.00711 487657.6 1 0.007117 -0.01033
-0.08581 2746923 6.53E+11 -0.00718 251490.7 1 0.007195 -0.00561
-0.00512 2759146 6.56E+11 -0.00721 15028.96 1 0.007222 -0.00096

38



dF
a 4

dF
dO

dF
dO'

dF
dB

dF
dA

dF

dQ B n b
0.075591 2752557 6.55E+11 -0.00719 -221804 1 0.007201 0.003274
0.157523 2726420 6.49E+11 -0.00712 -462489 1 0.007128 -0.00749
0.238332 2680830 6.38E+11 -0.00699 -700160 1 0.007004 -0.0044
0.31855 2615035 6.23E+11 -0.00682 -936381 1 0.006828 0.005981

0.400176 2525355 6.02E+11 -0.00658 -1177062 1 0.006589 -0.00101
0.481636 2410381 5.75E+11 -0.00628 -1417593 1 0.006285 -0.00596
0.562256 2267651 5.41E+11 -0.0059 -1656011 1 0.005909 -0.00053
0.643277 2089124 4.99E+11 -0.00543 -1896039 1 0.005439 -5.9E-05
0.723891 1866476 4.46E+11 -0.00485 -2135371 1 0.004855 0.005428
0.804622 1579321 3.78E+11 -0.0041 -2375720 1 0.004104 0.009478
0.88606 1177296 2.82E+11 -0.00305 -2619233 1 0.003055 0.004806

0.968421 387694.9 9.31E+10 -0.001 -2868631 1 0.001003 -0.01124
0.967736 -401317 -9.7E+10 0.001036 -2872262 1 -0.00104 -0.00279
0.887479 -1175091 -2.8E+11 0.003027 -2639344 1 -0.00303 -0.01269
0.804879 -1591175 -3.8E+11 0.004094 -2396526 1 -0.0041 0.006308
0.723419 -1887011 -4.6E+11 0.00485 -2155976 1 -0.00486 0.01126
0.644082 -2112001 -5.1E+11 0.005424 -1921041 1 -0.00543 -0.00999
0.563145 -2296425 -5.6E+11 0.005893 -1680861 1 -0.0059 -0.0115
0.482089 -2445623 -5.9E+11 0.006272 -1439903 1 -0.00628 -0.01154
0.401203 -2565183 -6.2E+11 0.006574 -1199080 1 -0.00658 -0.01369
0.319636 -2660019 -6.4E+11 0.006813 -955890 1 -0.00682 -0.00742
0.239469 -2730583 -6.6E+11 0.006989 -716570 1 -0.007 -0.01843
0.157551 -2781225 -6.8E+11 0.007114 -471723 1 -0.00713 -0.00784
0.076816 -2810979 -6.8E+11 0.007186 -230125 1 -0.0072 -0.01183
-0.00445 -2821306 -6.9E+11 0.007208 13337.22 1 -0.00722 -0.0093
-0.08452 -2812384 -6.8E+11 0.007181 253480.7 1 -0.00719 -0.02155
-0.16574 -2783716 -6.8E+11 0.007104 497383.4 1 -0.00711 -0.01948
-0.24694 -2734634 -6.7E+11 0.006974 741474.6 1 -0.00698 -0.01782

-0.328 -2664069 -6.5E+11 0.00679 985469.8 1 -0.0068 -0.01776
-0.40872 -2570565 -6.3E+11 0.006548 1228741 1 -0.00656 -0.02196
-0.48974 -2450646 -6E+11 0.006238 1473247 1 -0.00625 -0.02247
-0.57029 -2301388 -5.6E+11 0.005854 1716734 1 -0.00586 -0.02868
-0.65192 -2112988 -5.2E+11 0.005371 1963897 1 -0.00538 -0.02166
-0.73308 -1877373 -4.6E+11 0.004768 2210163 1 -0.00477 -0.02045
-0.81487 -1569025 -3.8E+11 0.003981 2459077 1 -0.00399 -0.01138
-0.81671 1572914 3.88E+11 -0.00396 2484254 1 0.003965 0.011265
-0.73645 1884342 4.65E+11 -0.00474 2242170 1 0.004746 0.021074
-0.65529 2128253 5.26E+11 -0.00535 1996698 I 0.005355 0.019939
-0.57493 2321424 5.74E+11 -0.00583 1753087 1 0.005837 0.028535
-0.49419 2478325 6.13E+11 -0.00622 1507904 1 0.006227 0.032492
-0.41342 2604652 6.45E+11 -0.00653 1262230 1 0.00654 0.035981
-0.33234 2704865 6.7E+11 -0.00678 1015313 1 0.006787 0.035802
-0.25086 2781587 6.89E+11 -0.00696 766820.3 1 0.006975 0.030526
-0.17091 2835292 7.03E+11 -0.00709 522744.2 1 0.007106 0.044299
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-0.09035 2868973 7.12E+11 -0.00717 276507.9 1 0.007186 0.050481
-0.00859 2882854 7.16E+11 -0.0072 26296.08 1 0.007216 0.041759
0.071487 2876851 7.14E+11 -0.00719 -219013 1 0.007197 0.053907
0.15339 2850461 7.08E+11 -0.00712 -470205 1 0.007127 0.043494

0.234199 2803731 6.97E+11 -0.00699 -718327 1 0.007006 0.046579
0.316108 2734241 6.8E+11 -0.00682 -970123 1 0.006828 0.036103
0.396671 2642400 6.58E+11 -0.00658 -1218091 1 0.006594 0.04223
0.477185 2524710 6.29E+11 -0.00629 -1466241 1 0.006296 0.048951
0.559414 2373685 5.92E+11 -0.00591 -1720049 1 0.005916 0.034528
0.640106 2188905 5.46E+11 -0.00544 -1969539 1 0.005451 0.039052
0.721319 1955775 4.88E+11 -0.00486 -2221149 1 0.004866 0.037156
0.80227 1656390 4.14E+11 -0.00411 -2472616 1 0.004117 0.038501

0.885278 1229174 3.07E+11 -0.00305 -2731562 1 0.003051 0.014457
0.968224 388699.2 9.74E+10 -0.00096 -2993541 1 0.000962 -0.00882
0.968135 -390480 -9.8E+10 0.000964 -2998616 1 -0.00097 -0.00772
0.887952 -1218336 -3.1E+11 0.003003 -2755674 1 -0.00301 -0.01853
0.807543 -1646310 -4.1E+11 0.004053 -2508923 1 -0.00406 -0.02656
0.727182 -1955347 -4.9E+11 0.004809 -2261253 1 -0.00482 -0.03517
0.645815 -2198838 -5.5E+11 0.005404 -2009796 1 -0.00541 -0.03138
0.566104 -2390059 -6E+11 0.00587 -1762948 1 -0.00588 -0.04801
0.484835 -2547713 -6.4E+11 0.006253 -1510848 1 -0.00626 -0.04542
0.404173 -2673387 -6.8E+11 0.006557 -1260260 1 -0.00657 -0.05032
0.322796 -2773250 -7E+11 0.006798 -1007114 1 -0.00681 -0.0464
0.242787 -2847752 -7.2E+11 0.006976 -757917 1 -0.00699 -0.05936
0.161002 -2901469 -7.3E+11 0.007104 -502890 1 -0.00712 -0.05041
0.079205 -2933676 -7.4E+11 0.007178 -247536 1 -0.00719 -0.04132
-0.0014 -2944992 -7.5E+11 0.007202 4374.33 1 -0.00721 -0.04693

-0.08257 -2936082 -7.4E+11 0.007176 258347.3 1 -0.00719 -0.0455
-0.16375 -2906546 -7.4E+11 0.0071 512610.1 1 -0.00711 -0.04402
-0.24435 -2856129 -7.3E+11 0.006973 765322.8 1 -0.00698 -0.04978
-0.32651 -2781843 -7.1E+11 0.006787 1023248 1 -0.0068 -0.0362
-0.4072 -2684474 -6.8E+11 0.006546 1276885 1 -0.00656 -0.04072
-0.4882 -2559533 -6.5E+11 0.006237 1531830 1 -0.00625 -0.04142

-0.56923 -2402947 -6.1E+11 0.005852 1787232 1 -0.00586 -0.0418
-0.65127 -2205209 -5.6E+11 0.005366 2046253 1 -0.00537 -0.02974
-0.73313 -1956571 -5E+11 0.004757 2305265 1 -0.00476 -0.01982
-0.81505 -1632896 -4.2E+11 0.003967 2565178 1 -0.00397 -0.0092
-0.81838 1629216 4.19E+11 -0.00393 2595233 1 0.003934 0.031916
-0.73753 1959246 5.04E+11 -0.00472 2340914 1 0.004726 0.034409
-0.65667 2214318 5.7E+11 -0.00533 2085893 1 0.005337 0.036966
-0.57609 2417509 6.23E+11 -0.00581 1831183 1 0.005823 0.042814
-0.49453 2583485 6.66E+11 -0.00621 1572939 1 0.006218 0.03659
-0.41386 2715427 7.01E+11 -0.00652 1317154 1 0.006531 0.041418
-0.33343 2819499 7.28E+11 -0.00677 1061805 1 0.006778 0.049248
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dF
dA

dF
dQ

dF
dO'

dF
dB

dF
dX

dF
dQ Bn b

-0.25149 2900310 7.49E+11 -0.00696 801312.1 1 0.006968 0.038331
-0.17048 2957136 7.64E+11 -0.00709 543488.6 1 0.0071 0.038934
-0.08998 2992124 7.74E+11 -0.00717 287026.2 1 0.00718 0.045913
-0.00828 3006454 7.78E+11 -0.0072 26441.21 1 0.00721 0.038022
0.07347 2999678 7.76E+11 -0.00718 -234605 1 0.00719 0.029437
0.154131 2972093 7.7E+11 -0.00711 -492434 1 0.00712 0.03436
0.234857 2923051 7.57E+11 -0.00699 -750757 1 0.006998 0.03847
0.316674 2850266 7.39E+11 -0.00681 -1012868 1 0.00682 0.029121
0.397673 2753451 7.14E+11 -0.00657 -1272671 1 0.006584 0.029868
0.479075 2628501 6.82E+11 -0.00627 -1534105 1 0.006281 0.025634
0.560135 2472280 6.42E+11 -0.0059 -1794809 1 0.005904 0.025633
0.641981 2275578 5.91E+11 -0.00542 -2058474 1 0.00543 0.015924
0.722464 2032871 5.29E+11 -0.00484 -2318257 1 0.004847 0.023039
0.804055 1715448 4.47E+11 -0.00408 -2582301 1 0.004086 0.016476
0.886324 1268705 3.31E+11 -0.00301 -2849633 1 0.003019 0.001552
0.968686 371277.5 9.7E+10 -0.00088 -3120615 1 0.000881 -0.01452
0.968978 -363460 -9.5E+10 0.00086 -3126397 1 -0.00086 -0.01812
0.888067 -1263107 -3.3E+11 0.002984 -2870969 1 -0.00299 -0.01995
0.807084 -1714286 -4.5E+11 0.004046 -2611983 1 -0.00405 -0.02089
0.72568 -2040583 -5.4E+11 0.004812 -2350556 1 -0.00482 -0.01664

0.645598 -2290340 -6E+11 0.005396 -2092700 1 -0.00541 -0.0287
0.565037 -2491849 -6.6E+11 0.005867 -1832788 1 -0.00588 -0.03484
0.483295 -2656842 -7E+11 0.006251 -1568633 1 -0.00626 -0.02642
0.402648 -2787430 -7.3E+11 0.006555 -1307646 1 -0.00657 -0.0315
0.321297 -2891108 -7.6E+11 0.006795 -1044047 1 -0.00681 -0.02792
0.240758 -2968822 -7.8E+11 0.006973 -782765 1 -0.00699 -0.03434
0.159586 -3023931 -8E+11 0.007099 -519132 1 -0.00711 -0.03294
0.078427 -3056925 -8.1E+11 0.007172 -255258 1 -0.00718 -0.03171
-0.0027 -3068469 -8.1E+11 0.007195 8780.251 1 -0.00721 -0.03092
-0.0838 -3058771 -8.1E+11 0.007169 273030.1 1 -0.00718 -0.03039
-0.16432 -3027876 -8E+11 0.007092 535660.7 1 -0.0071 -0.03703
-0.24596 -2974174 -7.9E+11 0.006963 802240.9 1 -0.00697 -0.02983
-0.32745 -2896793 -7.7E+11 0.006778 1068623 1 -0.00679 -0.02451
-0.40803 -2794915 -7.4E+11 0.006536 1332342 1 -0.00655 -0.03042
-0.48942 -2663391 -7.1E+11 0.006224 1599022 1 -0.00623 -0.02645
-0.57169 -2496446 -6.6E+11 0.00583 1869022 1 -0.00584 -0.01143
-0.65254 -2291813 -6.1E+11 0.005349 2134771 1 -0.00536 -0.01404
-0.73373 -2033394 -5.4E+11 0.004742 2402183 1 -0.00475 -0.01239
-0.81472 -1698655 -4.5E+11 0.003958 2669636 1 -0.00396 -0.01326

-0.818 1694484 4.53E+11 -0.00392 2699891 1 0.003926 0.027129
-0.73652 2041139 5.47E+11 -0.00472 2433087 1 0.004725 0.022023
-0.65613 2305318 6.18E+11 -0.00532 2169117 1 0.005332 0.030288
-0.5761 2515763 6.75E+11 -0.0058 1905777 1 0.005815 0.042891
-0.49363 2690624 7.22E+11 -0.0062 1634007 1 0.006215 0.025558
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dF
dA

dF
dO

dF
dO'

dF
dB

dF
dX

dF
dQ Bu b

-0.41354 2827015 7.59E+11 -0.00651 1369677 1 0.006526 0.037488
-0.33209 2936633 7.89E+11 -0.00676 1100519 1 0.006775 0.032641
-0.25075 3019922 8.12E+11 -0.00695 831413.7 1 0.006963 0.029181
-0.17094 3078205 8.28E+11 -0.00708 567105.2 1 0.007093 0.044693
-0.08878 3115284 8.38E+11 -0.00716 294684.2 1 0.007175 0.031069
-0.00831 3129778 8.43E+11 -0.00719 27608.72 1 0.007204 0.038374
0.073373 3122661 8.41E+11 -0.00717 -243794 1 0.007184 0.030635
0.153966 3093876 8.34E+11 -0.0071 -511841 1 0.007114 0.03639
0.235758 3041868 8.2E+11 -0.00698 -784165 1 0.00699 0.027351
0.316373 2966905 8E+11 -0.0068 -1052864 1 0.006814 0.032832
0.397304 2866041 7.74E+11 -0.00657 -1322924 1 0.006579 0.034423
0.478637 2735887 7.39E+11 -0.00627 -1594665 1 0.006276 0.031045
0.559626 2573180 6.95E+11 -0.00589 -1865629 1 0.005899 0.031908
0.642279 2365873 6.4E+11 -0.00541 -2142597 1 0.00542 0.012243
0.722202 2114214 5.72E+11 -0.00483 -2410924 1 0.00484 0.026263
0.802993 1786646 4.84E+11 -0.00408 -2682836 1 0.004086 0.029579
0.884774 1325127 3.59E+11 -0.00302 -2959159 1 0.003027 0.020677
0.967973 380223.5 1.03E+11 -0.00087 -3243667 1 0.000866 -0.00572
0.968288 -371280 -1 EH- 1 0.000844 -3249477 1 -0.00085 -0.00961
0.888554 -1304501 -3.6E+11 0.00296 -2987509 1 -0.00297 -0.02595
0.806811 -1781098 -4.9E+11 0.004036 -2715529 1 -0.00404 -0.01753
0.72674 -2116523 -5.8E+11 0.004793 -2448030 1 -0.0048 -0.02972

0.646504 -2378296 -6.5E+11 0.005381 -2179301 1 -0.00539 -0.03987
0.564717 -2591776 -7.1E+11 0.005861 -1904852 1 -0.00587 -0.0309
0.483565 -2762493 -7.6E+11 0.006243 -1632101 1 -0.00625 -0.02975
0.403553 -2897719 -7.9E+11 0.006544 -1362816 1 -0.00656 -0.04267

a ta
346.9127 -4676801 -1.3E+12 0.002388 -6E+08 97.77561
-4676801 2.73E+15 5.63E+20 -9316825 1.56E+13 13475755
-1.3E+12 5.63E+20 1.23E+26 -1.7E+12 4.41E+18 3.65E+12
0.002388 -9316825 -1.7E+12 0.042788 -34755.9 0.007768
-6E+08 1.56E+13 4.41E+18 -34755.9 1.36E+15 -1.7E+08

97.77561 13475755 3.65E+12 0.007768 -1.7E+08 1165
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(ArA y l
0.012411 3.43E-10 -1.2E-15 0.030087 5.45E-09 -0.00025
3.43E-10 2.38E-14 -8.2E-20 1.87E-06 1.89E-16 -3E-11
-1.2E-15 -8.2E-20 3.04E-25 -5.8E-12 -7.1E-22 3.56E-17
0.030087 1.87E-06 -5.8E-12 199.9246 1.49E-08 -0.00528
5.45E-09 1.89E-16 -7.1E-22 1.49E-08 3.14E-15 1.41E-12
-0.00025 -3E-11 3.56E-17 -0.00528 1.41E-12 0.000879

A Tb
-8.4E-13
-2.9E-05
-5.62878
9.28E-14
1.85E-06
-1.2E-12

x  = ~(At  A y 1 A r b 
-2.7E-16 
-4.3E-20 
L16E-25 
-2.6E-12 
1.21E-21 
-6.9E-16

A 12.33664 Oa 0.009132

e 0.000597
<7q

1.26E-08

e f 3.9E-12 <76' 4.52E-14

B 9056.718 <7B 1.159053

a. 9.3E-08 <7k 4.6E-09

Q -0.93581 <?Q 0.002431

Maximum residuals 0.273701
A- 0.081973
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