Large Market Games, the Law of One Price, and Market

Structure®

Waseem A. Toraubally'

Lancaster University, Bailrigg, Lancaster, LA1 4YX, UK.

Abstract

This paper introduces a new class of market games featuring multiple posts per commodity,
in which trading posts are privately owned. It is demonstrated via three robust counterex-
amples, that in this setting the law of one price fails, thus showing, contrary to longstanding
belief in the literature, that price dispersion in large market games is extremely robust. Most
importantly, it is established that even in economies with a continuum of small agents and
infinitely many atoms (all of whom can arbitrage prices if they so wish), and an infinite num-
ber of markets per commodity, the set of equilibria—and the resulting market structure—is
influenced, both by strategic behaviour, and private ownership of posts.

JEL Classification: D49, D51, C72.

Keywords: Large Economies; Arbitrage Fquilibria; Law of One Price.

1 Introduction

The influence of strategic considerations on the process of price formation is a fundamental issue,
and one elegant theory capturing both these concepts is that of strategic market games (SMG).
An SMG, originating in Dubey—Shubik (1978), Shapley—Shubik (1977), and Shubik (1973), is a
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noncooperative trading model in which commodity prices depend on the buy-and-sell decisions of
agents. Such strategic decision making by agents has called into question the validity of the law of
one price’ (LOP) in SMG with multiple “trading posts” per commodity (MTPC). An important
implication of the failure of the LOP is that the set of equilibria depends nontrivially on the
structure of trading posts. Regarding the latter, it is interesting to note that in standard SMG
models, trading posts are typically assumed to be publicly and costlessly available. Surprisingly,
the question never seems to have been asked if (or how) the “privatisation” of trading posts would
affect the equilibrium allocations and prices in a meaningful manner. The purpose of this paper is
to demonstrate that private ownership of trading posts,? alongside strategic behaviour by agents,
in MTPC market games is indeed a material issue.

The following fact is established: even in wvery large economies, strategic considerations still
matter in the determination of the equilibrium market structure. We achieve this by proving, in a
new class of MTPC market games, that the LOP, an intimate feature of Walrasian markets, fails
to obtain in very general settings. Hence, trading posts cannot be consolidated.? This is in stark
contrast to the norm in SMG, where provided there are at least countably infinitely many agents
(large and/or small), the LOP always prevails. Indeed, Koutsougeras (1999; 2003a; 2003b) shows
the failure of the LOP when the number of agents is finite. Koutsougeras (2003a) then proves that
as the number of agents increases without bounds in MTPC models with publicly-available posts,
the uniformity of prices across trading posts is restored, independently of the characteristics—
preferences, endowments, measure, etc.—of agents. In our model, however, the failure of the

LOP to obtain effectively stems from the heterogeneity of agents. There are two types of agents

!The LOP postulates that at equilibrium, there is a single price that clears all markets for a commodity. It is a
central feature of Walrasian economies, in which markets for a commodity are consolidated and modeled as a single
trading spot where transactions take place. See Koutsougeras (1999; 2003b) for numerical examples in which the
LOP fails in SMG with finitely many agents, all of whom face no binding liquidity constraints.

Tt must be noted that in the model that we propose, post owners are not given any kind of “extreme” market
power. More precisely, they can neither “close down” their post, nor preclude agents from trading at their spots,
such that all agents are perfectly free to choose where to trade, and to arbitrage prices should they so wish.

3The equilibrium market /trading-post structure is determined by the distribution of prices across posts for each
commodity. Consider any commodity k. If for k the support of this distribution is a single point, then there is
effectively a single trading post for k. However, if equilibrium prices are not uniform across trading posts for k,
then it follows that the equilibrium structure of posts cannot be merged into a single trading platform. So, the
LOP—or the failure thereof—is a “tool” that we use to determine the market structure at equilibrium.

4Koutsougeras’ (2003a) limit economy need not be atomless—even if there exist finitely many non-price-taking
atoms in the limit, the LOP must still hold. Thus, note that that limit economy need not be perfectly competitive;
indeed, the validity of the LOP is a more general issue than the prevalence of perfect competition.



in this model, pure traders (the only kind of agents that Koutsougeras, 1999; 2003a; 2003b,
considers), and trading post owners. The latter not only buy and sell across posts, but also levy
a proportional “service charge” on agents who trade at their spots. We show, intriguingly, that
even with a continuum of price takers, and only as few as two, or as many as an infinite number
of “large” players, the LOP is still violated. This persistent price inequality is driven, both by
strategic play by agents, and the trading-post service charge, an intricate concept which looks
deceptively trivial.

To the best of our knowledge, none of the existing SMG models analyses the existence and
availability of trading posts. Thus far, the SMG literature has been content to assume that trading
posts somehow exist, and are somehow made publicly and costlessly available for all agents to trade
at, as though by some other “invisible hand.” In this paper, we depart from the literature and
introduce post owners, who in addition to commodities, are endowed with trading posts. These
agents also engage in trade, by presenting arrays of buy-and-sell strategies at their own, and/or
other post owners’ posts, as do the pure traders. Now, in most—if not all-—economic models,
privately-owned trading platforms are very rarely provided free of charge, and are even more so
in real-world economies. In this light, we assume that post owners levy a proportional service
charge per unit of (monetary) net trade on all agents who transact at their post.> Thus, an agent
whose net trade is zero at a post—and therefore derives no direct monetary benefit from trading
there—has no premium to pay. This service charge is reminiscent of the taxes and transactions
costs that agents pay and incur in Gabszewicz and Grazzini (1999), Koutsougeras and Ziros (2015),
and Rogawski and Shubik (1986). However, differently to these models, in the current paper, it
is agents who charge agents,® and solely on their net proceeds, a formulation which is unique to
this SMG. We assume that these trading-post service charges are exogenously given. Think of

some outside agency as selecting and allocating these charges at the outset, before trading starts.”

5In the present model, the focus is on how post owners charge other agents for trading at platforms that they
own. We acknowledge that ideally, setting up a trading post should also be costly. However, since it is assumed
that post owners are “endowed” with such posts, there is therefore no cost for them to set up a platform, nor can
they decide how many trading posts per commodity they would like to open or shut down.

6Thus, in addition to how their individual bids and offers directly affect their allocations, agents must also
consider how their strategies affect the premia payable that accrue to them. The introduction of this service charge
leads to a modification of agents’ strategy sets and holdings-surfaces, such that, as opposed to Koutsougeras (1999),
but similarly to Koutsougeras (2003a; 2003b), the SMG models considered in this paper are generalised games.

"While these charges can be endogenised, in our framework we choose to take these as being given, such that



Interestingly, this charge is the same across all markets for a commodity, but need not be the
same across different commodities—see more about the potency of this specification below.

We show that non-uniform prices in equilibrium are much more persistent than has been por-
trayed in previous models. Indeed, the LOP fails even in cases where conventional wisdom dictates
it should not, namely, with a continuum of small agents, and infinitely many atoms. Perhaps it
would be helpful at this point to spell out what the failure of the LOP is not. An unequal-price
equilibrium in our model does not simply mean different market-clearing prices and similar ef-
fective after-service-charge (ASC) prices across posts for a commodity. As previously remarked,
this service charge is equal at all posts for the same commodity. Hence, the failure of the LOP as
postulated in this paper not only means different market-clearing prices, but also different effective
ASC prices across different posts for a commodity. This is a strong result.

The intuition behind the failure of the LOP in every robust counterexample® considered in
this paper is the same: what to outside observers seems like an arbitrage opportunity, is actually
not for the active market participant. We explain why this is so. The large pure traders and
post owners (who also trade) affect market-clearing prices nontrivially. Hence, whenever they try
to take advantage of the price difference by altering their bid-and-offer decisions across any two
posts, the resulting net change affects them adversely. Consider the “insignificant” agents now. By
shifting his orders from one post to another, a negligible individual affects neither the equilibrium
price, nor the equilibrium allocation. Yet, he still cannot profit from the price difference, due to
the counterbalancing effect that is provided by the trading-post service charge. For clarity, let
us contemplate one such very small agent who shifts all of his bids from the more expensive to
the cheaper markets, and all of his offers from the cheaper to the more expensive posts. In doing
so, he incurs charges on the full amounts of: (i) his bids, and; (ii) his receipts from sales, across
both markets. The net gain obtained by the shift of orders is thus more than completely offset by
the increase in premia payable. So, no insignificant agent has any incentive to deviate, and this

unequal-price situation is indeed sustainable as an equilibrium.

extremely little to almost no market power is given to the post owners. Note also that these charges may instead
be viewed as taxes imposed by a government. This interpretation was suggested to me by Herakles Polemarchakis.

8More precisely, the following is true of all the counterexamples computed in this paper: any endowments, and
utility functions with the same marginal rate of substitution at the consumption allocations as computed in the
respective examples, would constitute equilibria with the same properties (such that the LOP still fails). This fact
attests to the robustness of our counterexamples in endowment and utility spaces.



In the next section, we construct and show the failure of the LOP in a model with a continuum
of small agents, and finitely many large agents and trading posts. In Section 3, we extend this
model to include infinitely many trading posts per commodity. In Section 4, we generalise the
model in Section 3 to include infinitely many atoms. Our conclusions are summarised in Section

5. The Appendix contains all the technical proofs.

2 The failure of the LOP, Part 1: The model

In this section, we analyse a model featuring: (i) an atomless continuum of small agents; (ii)
finitely many atoms, and; (iii) finitely many markets per commodity.

We consider a pure exchange economy with small agents, represented by an atomless continuum,
and large agents, represented by atoms. So, we let the set of agents be denoted by N = Ny U A,
where Ny = (0,1], and A = {2, ..., H}. The collection of all half-open intervals in (0, 1] defined by
o = {(a,b] : a,b € Ny}, where (a,b] = 0 if b < a, is a semiring. So, let 14 be a measure on .
such that vy ((a,b]) = b—a, and denote the Carathéodory extension of vy by 1. Let Ny denote the
collection of all pp-measurable subsets of Ny (and recall that pg is in fact the Lebesgue measure
when restricted to Ny). Next, define the collection of all the subsets of A by .#4 = P(A), which is
trivially a o-algebra (and hence, a semiring). Finally, denote by u4 the counting measure on .#4.
We may now introduce the following properties of our set of agents:

The triple (N, N, u)—where N is the collection of all p-measurable sets of N, and p is an
extended real-valued, o-additive measure defined on N'—is a complete, finite measure space of
agents (See Appendix, Lemmata 1 and 2). Let Ay, denote the restriction of A" to Ny, and N4 the
restriction of A" to A. Then, the measure space (No, Ny, 1), where Ny, = N and p = o when
restricted to Ny, (See Appendix, Lemma 3), is atomless, while the measure space (A,./\/A,u),
where Ny = %4 and pu = ps when restricted to N4 (See Appendix, Lemma 4), is purely atomic.
Moreover, for each i € A, the singleton set {i} is an atom of the measure space (N, N, ). Thus,
one can describe Ny and A as being the sets of small and large agents, respectively.

We denote the set of commodities bought and sold in this economy by K = {1,2,...., L}. There

is also an (L + 1)"* commodity, m, which in addition to yielding utility in consumption, acts as



money. There are two types of agents in this economy, pure traders, and post owners.

Each pure trader h € N is characterised by a preference relation, which is representable by a
utility function uy, : RZ™ — R, and an initial endowment of commodities e(h) € REH.

Post owners, as opposed to pure traders, are also endowed with trading posts. Each post owner
¢ € N is characterised by a preference relation representable by a utility function wu; : R{;“ — R,
and initial endowments of commodities e(i) € RY™, and trading posts Y* = {Y%, T5,..., T}, ie.,
each i is endowed with only one post for each k € K, where T4 denotes the post for k owned by i.

We impose the following technical condition on post owners: any post owned by a “small” w €
Ny has capacity® y*™® = 0, while any post owned by an atom in A has capacity xy*°™ = u(N).1°

Before trading starts, an outside agency allocates a service charge to post owners, which all
agents then take as given when making their trading decisions. This proportional service charge
€ (0,1),k € K, is the same across all posts for a good k, but may differ across commodities—

o= PLE — ok

i.e., let |P| < oo denote the total number of (large) post owners, such that ¢bF = - =",

and ¢ = ... =P = for all k,1 € K, k # [, but ¢ need not be equal to .
Throughout this paper, we will employ the following assumptions:

Assumption (i) e(n) > 0 for eachn € N.

Assumption (ii) Preferences for each type of agents are strictly conver, C?, and differentiably

1

strictly monotone,'' and indifference surfaces through the endowment do not intersect the azes.

2.1 The strategic market game

Trade in the economy is organised through trading posts, at which agents offer commodities for
sale, and place bids for purchases of commodities. Bids, (b), for commodities 1, ..., L, are placed in

terms of commodity m, while sales, (¢), are made in terms of commodities 1, ..., L. The strategy

%.e., the measure of agents that the trading post can accommodate.

0Based on this rule, we may w.l.o.g., view all agents p-a.e,w € Ny, as being (small) pure traders, and view all
post owners and large pure traders as lying in N \ Ny only. While this condition makes the model more elegant
mathematically without any loss of intuition, it is actually also required for the well-definedness of our model—see,
e.g., Dubey and Shapley (1994: p. 264). We will therefore use this method throughout this paper.

Uje., if u represents =, then for all x € REY! 0v/og, > 0 Yk =m,1,2,..L.



2X|P|xL

sets of agents are described by a measurable correspondence S : N = 28+ such that
PIXL _ | P|XL Sl =
S(n) = {(b(n),q(n)) € REVEXRIE SN 53 (n)+A(n) < e (n }:% <ep(n), ke K},
k=1 s=1

where ¢f(n), ¢ = b,q, denotes the strategies of agent n € N at the post owned by s € A for
commodity k, and A(n) is the total premium payable!? by n (more on how A(n) is calculated is

|P|xL
]RJr

found below). A strategy profile consists of a pair of measurable mappings b : N — and

q: N — Rf'XL, such that (b(n),q(n)) € S(n) a.e in N, i.e., a strategy profile is a measurable
choice from the graph of the correspondence S, Gr(S). It is easily seen that S : N = QRQXIPIXL has a
measurable graph, and therefore such mappings exist, by Aumann’s Measurable Selection Theorem
(AMST). For a given strategy profile (b,q) € Gr(S), we then define Bf = [ bi(n)du < oo, and
Q; = fN ¢;(n)dp < oo. Transactions at each post clear through the price pi = (B;/Q%). For
ke K, welet zi(n) = (bi(n)/p}) — qi(n) denote the net trade in k of a player n € N by trading
at post Ti. We also define B®_; = fN\{ ! (n)dp, and Q° fN\{A/} g (n)du.

Consumption allocations, x, (b(h),q(h), B_,Q_p) = xpy, for commodities k = m,1,..., L,

to pure traders p-a.e,h € N, are as follows:

|P|
+§:@s 2 gi(n) it k # m;
Thk = (1)
’ L |P| s
ex(h) + ZZ (q,ﬁ(h) : B—% — 2(!1)) (L+ 7)) it k=m,

where th’k : R D 2i(h) — {—1,+1}, ¢* is the proportional service charge payable (per unit of
monetary net trade) at all trading posts for k, and as is standard in the SMG literature, any division
by zero, including 0/0, is taken to equal zero whenever it appears in the allocation rule above.
From here onwards, we will only write ¢ instead of ¢;"(z5(h)). The second expression in the
allocation rule above incorporates the total premia payable to post owners, in terms of commodity

m. The total premium payable at a post depends on the difference between an individual h’s total

12As mentioned in the introduction, the premium payable at a post T§ by an agent n depends on his net trade
there. His net trade at that post depends on the price at Y37, which in turn depends on the strategies of all the
players. Hence, the term A(n), and what is feasible depend on the strategies of all the players, such that the market
games considered in Sections 2, 3, and 4 of this paper are generalised games.



revenue and his bid placed, both at the same post. In this light, we stipulate that th’k = +1if
28 (h) > 0 (such that ¢;(h) - p; — bi(h) < 0), and t* = —1if z5(h) < 0 (s.t. i (h)-p; — b (h) > 0).
If z(h) = 0, then we use the following rule:!'?
N +1 if 30 € N, where pu(0 N Ny) > 0, such that p-a.e,w € (6 N Ny), zi(w) > 0;
" =
—1 otherwise.
In light of the above, the premium payable at a post T; by any agent n € N may be written
explicitly as —c* 5% (g3 (n) - p; — bj(n)), such that A(n) = Sr E'Pl — Rtk (gi(n) - pi — bi(n)).
Consumption allocations, x; (b(i),q(i), B_;, Q—;) = x;x, for k = m,1,..., L, to any (large)

post owner i € A, are determined as:

( |P| .
en(i) + Z(b;(@') . BT"”: - q;(¢)> if k £ m;
s=1
L .
J— N k . i,k i ‘ﬁ_ i, k1
= e -3 | e 5~ [ risvin)an) @)
LoIP)
+>_ > (a0 gs by (i )) (L+ 65k ifk=m
\ k=1 s=1 k

The conditions on t* are as for pure traders above. The second expression in the above rule also

includes total premia receivable at posts ¢ owns, and amounts payable (to other post owners).
An equilibrium for this model is defined as a profile of agents’ buy-and-sell decisions across

all trading posts and commodities (b,q) € Gr(S) which forms a Nash equilibrium (N.E). At an

equilibrium with positive bids and offers, agents can be viewed as solving the following problem:

max ){un((mmk(b(n) 4(n), By Q)i T (W), a(n), B @) ) | (3)

(b(n),q(n))eS(n

Before we proceed, we define, for a large post owner 1 € A, the net proceeds of commodity m,

from trading at his post T, by 27, (szfZ kat (n)dy - Q% — [ yth i (n ) + (q,ﬁ:(z) . 5’“ —
k

13Though it may appear abstract, the use of this rule has an important economic meaning. We use this specifi-
cation because for any n € N whose net trade is 0 at a post Tj, we have that B*, ,/Q°, , = B}/Qj, a condition
that for every small w € Ny, regardless of w’s net trade being positive, negative, or zero, is always true. In other
words, if z7(n) = 0, then agent n behaves like a price taker at post T;—but is not one, unless n € Ny. We also
emphasise at this point that this is a benchmark model, such that other specifications are also possible.



bi()) - (1+ V%), while p-a.e,n € N\ {i}, 2t p(n) = (gi(n) - g—% —bi(n)) - (1 +tikck).
In the sequel, we will derive properties of interior equilibria'# for our economy where there are
at least two (large) active posts per commodity. A post is active if price is positive and there is

trade. An equilibrium is interior if every agent is solving (3) in the interior of S(n).

2.2 Equilibrium Analysis

We proceed with two propositions which characterise equilibrium prices for a commodity between

pairs of trading posts. The failure of the LOP is crystallised in Theorem 1.

PROPOSITION 1.1 In an economy with a continuum of agents, and at least two (large) active
posts, at an interior N.E, the prices for any commodity £ € K between any such pair of trading

posts Y%, Y7 should satisfy the following (no-arbitrage) conditions:'®

, B! J 1 t],k k )
For any large pure trader 7 € N '\ N : (pz)Q :iiﬂiigl ::t ; (pk)2;
) 1 7.k k )
For p-a.e,w € Ny : pl = ( +iyc ) j

(1+ i) *

PROPOSITION 1.2 In an economy with a continuum of agents, and at least two active posts
owned by (large) agents i,j € A, i # j, at an interior N.E, the prices for any commodity k € K
between trading posts T4, Ti should satisfy the following (no-arbitrage) conditions for ¢ and j:
Bl—szJ—zk(l + tf’kck)
i i,k i j
Qi (fongy )| B

()"

For i: (p};)Q = [

B, [Qj*j,k +ct (fN\{j} t%’in(”)dﬂﬂ
i j ik
QLB (1417

For j:  (p})’ = ()"

THEOREM 1 Consider any commodity k& € K. Whenever at equilibrium 30 € N, such that
(6N Ny) > 0, and p-a.e,w € (8N Ny), z2(w) >0, 2 (w) <0, a, 3 € A, then p # pl.

1Dubey and Shubik (1978) proved the existence of equilibria—which may fail to be interior—for the species of
SMG we use. However, in this paper, we construct ad hoc counterexamples, in which non-trivial equilibria do exist.

15Recall—see footnote 10—that we may w.l.o.g. view all agents p-a.e,w € Ny, as being (small) pure traders.
Thus, as both conditions below characterise N.E prices for pure traders, they have been presented together.



PROOF: W.lo.g., let « = iand f§ = j, as in Proposition 1.1. Then, p-a.e,w € (0 N Np),
b (=) 0

i~ ()

A well-founded question is whether the LOP would still fail if the service charge became too small,
or too large. Theorem 1 gives us the possibility to elaborate on this matter. Take any commodity
k € K, and any “sufficiently small” € > 0. If ¢* = ¢, then so long as the conditions in the statement
of the theorem hold, it is clear that the LOP still has to fail. A similar argument would be true if
c® =1 — . This is because large agents cannot profitably deviate, for their actions affect market-
clearing prices adversely. On the other hand, small agents, who themselves “live in a world of
infinitesimals,” (Dubey and Shapley, 1994: p. 264) are hindered by any positive service charge.
Theorem 1 also shows that as c® decreases (increases), the degree of price dispersion decreases
(increases). So, suppose that c* were very large (close to 1). Would such a high ¢* not be prohibitive
to trade? It can be easily argued that this need not be the case. Using Theorem 1, we know that a
high ¢* implies that prices across posts for commodity k must be vastly unequal. Thus, if an agent
were, say, a net buyer at post Y% and a net seller at post Ti, and had no incentive to shift orders
across these posts, then this must be because: (i) his total expenditure (inclusive of the premium
payable) at T% is sufficiently low, and; (ii) his total revenue (net of the premium payable) that he
is receiving at Y7 is sufficiently high. (i) and (ii) imply that if pi < pl (or pi, > p}), then this
agent makes high (low) non-zero net trades at both posts—while agents on the other sides of the
corresponding markets make low (high) net trades. This discussion thus shows that a high c* does
not destroy agents’ incentives to trade. An analogous argument is true when c* is close to zero.
Yet another piece of information that can be gleaned from Theorem 1 is that at equilibrium,

only two different prices may be obtained across posts for any commodity k£ € K at any time.

2.3 Unequal-price equilibrium: an example

We exemplify the failure of the LOP in a setup with: (i) an atomless continuum of small agents;
(i) finitely many atoms, and; (iii) finitely many posts per commodity.'¢

Let (N, N, u) be a measure space of agents where N = NgU A = (0,1] U {2,3}, and p is as

16For the economy considered in this subsection—and the economies in the subsequent counterexamples as well—
equilibria in which the LOP holds can be trivially constructed, and are available from the author.

10



defined in Section 2. For the sake of clarity, we denote agents 2 and 3 by ¢ and j, respectively.
There are two commodities {k,[}, and i and j each own one trading post for each commodity.
Each trading post has capacity x*°™ = u(N) = 3. The service charges allocated to the post

owners for each commodity are (¢*, ') = (3, 75). The commodity endowments of the agents are:

5
(bl ale) = (P82 s
( £(0), (i), em z)) _ (152477 442521272017 40230823009>7
( (J)7€l() (J)) = (16257’ 442327252117 40230624039)‘

Consider the markets for k. We look for a profile which simultaneously satisfies the N.E conditions

in Propositions 1.1 (for w € Ny), 1.2, and Theorem 1, which the following strategies do:

(b%(w), q,i(w), bi(w), Qi(w)> = (27 27 57 z%)’ M—CL.G,U}GN(),
(0G0), ¢(@), b)), ¢@)) = (8, 3, 20, &),
(B.G), (), bG), dG)) = (3, 3 1 6)

For the above representation of bids and offers in the two markets for commodity &, the prevailing
market-clearing prices are pi, = 2, and p), = (4/3)."
Consider now the markets for commodity [. Tt can again be verified that the profile of strategies

below satisfies Propositions 1.1 (for w € Ny), 1.2, and Theorem 1:
(bi(w), ¢ (w), bi(w), ¢ (w)) = (15, 2, 2 3), paeweh,
(0j(0), qii), (i), qf(i)) = (&, I, 482 43),

(b;(])a QZZ<J)7 bg(])7 QIJ(.]) ) = ( 167%5736977 %7 %7 % )

For the above representation of bids and offers in the two markets for commodity [, the prevailing
market-clearing prices are pi = 3, and p] = (11/3).

Each agent ends up with consumption (z,x, Zni, Tnm) = (2000,2000,2000), p-a.e,n € N.
From here, one can proceed as in Koutsougeras (1999) to easily derive utility functions such that

the above profile of strategies constitutes an N.E. For concreteness, we present one solution:

IT"We remark that in the class of SMG that we propose in this paper, it is necessary that there be wash-sales for
the LOP to fail, consistent with Bloch and Ferrer’s (2001) finding. We also point out that agents u-a.e,w € Ny,
need not be identical. We have done this for simplicity, and to ensure that unnecessary matters do not detract from
the main message of the paper.

11



Uy (Xy) = 16In(xy k) + 33In(zw,) + 10In(zym), p-a.e,w € No,
wi(x;) = 779424 1n(x;,) + 769923In(x;;) + 2435701n(x;,,),
wi(x;) = 117376In(z;,) + 366630In(z;;) + 1048001n(z.m).

3 The failure of the LOP, Part 2: The model

We now analyse the failure of the LOP in a context featuring: (i) an atomless continuum of small
agents; (ii) finitely many atoms, and; (iii) infinitely many markets per commodity.

We consider a complete, finite measure space of agents (N, N, ), where N = NoUA, Ny = (0, 1],
and A = {2,...,H}. p is Lebesgue when restricted to Ny,, and the counting measure when
restricted to N4, where Ny, and N4 are as defined in Section 2. The commodity space is defined
by REFL and the consumption set of each agent by RY™. Each (large) post owner now owns
countably infinitely many trading posts for each commodity k € K = {1,2,...,L}. Now, define
Y = ¢! x (', where each factor (', the space of absolutely-summable real sequences, is equipped
with its 1-norm, i.e., is given its usual norm topology. We supply Y with the product topology, and
we equip it with the norm ||(z,y)|ly = ||zl + [|yllx < 00, (2,y) € Y. Next, consider © := ¢1 x (1
where ¢} denotes the positive cone of ¢'. The strategy sets of agents can then described by a

measurable correspondence S : N = 2€, such that'®

L |P| ~ |P|

S(n) = {(b(n), q(n)) € 4 xl} : ZZZbZT (n)+A(n) <en(n); Z ¢ (n) <ex(n),keK},

r=1 k=1 s=1 r=1 s=1

where (b(n), ¢(n)) = {{{b;"(n), ¢ (n) 21}2:1}21’ and |P| is the number of large post owners

in A. Note that in this section, T} represents the r*" trading post owned by post owner s € A
for commodity k. As before, posts owned by atoms have capacity x°™ = u(N), while y*m = 0.

A strategy profile consists of a pair of measurable mappings b: N — %, and ¢ : N — (%, such
that (b(n),q(n)) € S(n) a.e in N. ¢1 is a separable Banach (complete normed vector) space. Y,
equipped with the norm as described above, is also a Banach space, and therefore, so is ©. Now, it

is well known that the countable Cartesian product of separable spaces is separable, and hence, we

18Since for agents p-a.e, n € N, e(n) < oo Vk € ({m}UK), we have that bids and offers must converge for every
individual, hence our choice of sequence space.
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have that the product vector space © is a separable Banach space. Considering S : N = 2° has
a measurable graph, we have that the measurable mappings b and ¢ exist, by AMST. A mapping
f: N — X is said to be p-measurable if there exists a sequence of simple functions {f,},en
such that p-a.e, lim,_, || f — f||x = 0. Seeing that every measurable mapping can be obtained
as the limit of some sequence of simple functions, it follows that b and ¢ are py-measurable. A
pu-measurable function f : N — X is called Bochner-integrable if there exists a sequence of
simple functions {f,}nen such that lim, o [ [|fo — fllx de = 0. It can equally be shown that
a p-measurable function f : N — X is Bochner-integrable iff its norm function || f|| is Lebesgue-
integrable, i.e., [y | fllyx du < oo (see, e.g., Diestel and Uhl, 1977: p. 45). As (N, N, pu) is a finite
measure space, it is easy to see that [, [|b][,s du < co and [, ||q|[,» dp < oo, and thus, we have that
b and g are Bochner-integrable. Furthermore, since the py-measurable mappings b and ¢ take values
in a separable Banach space, they are also weakly measurable, by Pettis” Measurability Theorem
(see, e.g., Diestel and Uhl, 1977: p. 42). This therefore implies that the coordinate functionals
{{{b” @’ ( }‘P‘ }k 1} _,» where b " : N xR, D N — Ry, are also measurable. Hence,
for a given strategy profile (b, q) € Gr(S), we deﬁne, foreach k € K, s € {1,2,...,|P|} and r € N,
By = fN by (n)dp < oo and Q)" = fN n)du < oo. Transactions at each post clear through
the price p;" = (B;"/Q7"). The allocation rule for pure traders p-a.e,h € N, is now:

oo |P| s,r
+3y (bs T qZ’T(h)) it k £ m:
Thp = rool sLl P BST (4)
+ZZZ( S B) (L) k= m,
r=1k=1s=1
while the distribution rule in (2) for any (large) post owner i € A, must now be rewritten as
( o |P| s,r
) + ZZ(b” Bsr 40) if k # m;
r= 1 5= 1
ra= e -3 ([ e 25 [ i ) o)
r=1k=1 v N
co L |P| r
YD (g —b”( ) - (L4 k) if k= m,
\ r=1k=1 s=1

where as before, any division by zero, including 0/0, is taken to equal zero. The conditions on ¢57*
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for each n € N and s € {1,2,...,|P|} are as in Section 2. We impose that the total endowment
and allocation of any commodity k € ({m} U K) in the economy be such that 0 < [, z,rdp <
[y ex(n)dp < co.

At an N.E with positive bids and offers, agents are viewed as solving the same programme as in
(3). By Assumption (ii), u(+) is (twice-) continuously differentiable, and since our commodity space
is still finite-dimensional, we have that u(-) is in fact (twice-) continuously Fréchet-differentiable!
(in ). As we show in the Appendix, Lemma 6, x;, ), and z;, as (well-) defined above, are in turn,

Gateaux-differentiable!® (in b and ¢). Hence, we are able to prove that:

PROPOSITION 2 The (no-arbitrage) equilibrium conditions in Propositions 1.1, 1.2 and The-

orem 1 are true for this section as well, mutatis mutandis.?

3.1 Unequal-price equilibrium: an example

We demonstrate the invalidity of the LOP in a framework featuring: (i) an atomless continuum of
small agents; (ii) finitely many atoms; and; (iii) infinitely many markets per commodity.

We let (N, N, u) be a complete, finite measure space as defined in Section 3, where N =
NoUA = (0,1] U{2,3}. As before, we denote agents 2 and 3 by i and j, respectively. There are
two commodities {k,[}, and i and j each own countably infinitely many trading posts for each
commodity. The capacity of each trading post is x*™ = p(N) = 3. The service charges allocated

1

to the post owners for each commodity are (¢*,¢') = (3, 1;). The commodity endowments of the

agents are as follows:

k l m
e(w) = (1999, L& 10086 4 qe w e N,
6(@) — ( % 7 221219171017 20110813009)7
6(]) — ( % 7 221115151117 20110614039).

At this point, it is helpful to note that in Propositions 1.1 (for w € Np) and 1.2, the prices, along
Bi,l"k Qiz’k Bi—j,k Qj_j’k'i_ck' ([N\{]} tziqu(n)dlt)

QL e (f]\l\{i} tfik%(”)d#) ’ B];i,k T QL B,
of degree zero in bids and offers, a fact which will be used throughout this example.

with the fractions , are homogeneous

19Please refer to Luenberger (1969: pp. 171-172) for a formal definition.
206# has an empty interior. Thus, in the statements of these results, the equilibria must be recharacterised,
instead of interior, as N.E with positive bids and offers, and no binding liquidity and offer constraints.
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In particular, using the above fact, we may easily reformulate the strategy profile in Section
2.3 to let ¢« and j both own countably infinitely many markets for each commodity, by simply
replicating posts as we next show. So first, we relabel the posts owned by ¢ for commodity & as
{Tﬁc’l, TZ’Q, .. } = {Tzr}zl, and similarly for posts owned by 7, {Ti’r}il. It can then be verified,
for any pair of trading posts Tff‘, Ti’ﬁ , a, B € N, that the following strategies satisfy Propositions
1.1, 1.2 and Theorem 1, mutatis mutandis, thus constituting an (unequal-price) N.E:

For commodity k, at posts Y3" and 17", r € N:

Bids at T;f Offers at TZ’T Bids at Tff Offers at Ti’r

pacweNo (A2 ()2 | ()5 ()
P R ) ()
P G [ ()

For the above representation of bids and offers in the markets for commodity k, the prevailing
market-clearing prices are pi” = 2, and p." = (4/3),r € N.

For commodity I, at posts Y;" and 17", r € N:

Bids at T;"  Offers at T;" | Bids at YJ" Offers at 1"
e weNy (7)1 ()2 | (R ()3
i 7)1 (55)3 (7) -5 (570) 43
j (7)o (7)) 5% | 7)) %% (77) 2

For the above representation of bids and offers in the markets for commodity [, the prevailing
market-clearing prices are p;” = 3, and p}” = (11/3), r € N.
It is also interesting to note that for both k£ and [, the LOP would still fail if instead of

2%1,7" € N, we multiplied every b and ¢ by ﬂl,l,r € N, where 7 € (1, 00).

Each agent ends up with consumption (2, g, Tn, Tnm) = (2000,2000,2000), p-a.e,n € N.

Utility functions, such that the above profile of strategies constitutes an N.E, are as in Section 2.3.

4 The failure of the LOP, Part 3: The model

In this section, we look at the failure of the LOP in a context featuring: (i) an atomless continuum

of small agents; (ii) infinitely many atoms, and; (iii) infinitely many markets per commodity.
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For this section, we let the set of agents be denoted by N = NyU AUC, where as before, Ny =
(0,1] and A = {2,..., H}, and we define C = {H+1,H +2,...}. We let S, L4, Nng, Na, 1o
and 4 be defined as in Section 2, and we define S = P (C). Trivially, /¢ is a o-algebra. So, let
fic be a measure on .%¢ such that for each agent (H+g) € C, g € N, we have e (H + g) = (1/29).
Then, as in the previous sections, the triple (N, N, ) is a complete, finite measure space of agents
(see Appendix, Lemma 7). There are finitely many commodities k¥ € K = {1,2,...,L}, and
each large post owner is endowed with infinitely many posts for each commodity, the capacity of
each post being equal to p(N). To keep notation tractable, we choose to let post owners lie in A
only.?! The commodity space is RE+! and the consumption set of every individual is RE*!. Let
the product vector space Y be defined as in Section 3, and consider © := ¢} x ¢1. The strategy

sets of agents are described by a measurable correspondence S : N = 29, such that

L |P] 0o |P]

S(n) = {(b(n),q(n)) € £} xLL ZZZb” n) <em(n):> > g (n) <ep(n), ke K},
r=1 k=1 s=1 r=1 s=1

where (b(n), g(n)) = {{{by"(n),q;" (n |P|1}k L}, and |P| is the number of post owners in A.

A strategy profile consists of a pair of measurable mappings b : N — €+, and ¢ : N — (, such
that (b(n),q(n)) € S(n) a.e in N. By the same argument as in the preceding section, we have that
the p-measurable mappings b and ¢ exist, by AMST. Since (N, N, ) as defined in this section is
still a finite measure space, it easily follows that [, [|b]|, di < 0o and [ |||, dp < o0, such that
b and ¢ are Bochner-integrable. As in the previous section, b and ¢ are also weakly measurable, such
that the component functions {{{b” L ( ‘P‘l}k 1} _» where b " : NxR, DN — Ry,
are measurable. For a given strategy profile (b,q) € Gr(S), we then deﬁne, for each k € N,
se{l,2,...|Pl},and r e N, B)" = [, by"(n)dpu < oo and Q" = [, ¢¢" (n)dp < oo. Transactions
at each post clear through the price p;" = (B."/Qy").

Consumption assignments for £k = m,1,..., L, to pure traders pu-a.e,h € N, are defined as
in (4), while for any (large) post owner ¢ € A, the allocation rule is as in (5). As before, the

total endowment and allocation of every commodity k € ({m} U K) in the economy are such that

0 < [yznrdp < [y en(n)du < co.

21We could, with no major technical difficulty, let post owners lie in AU C. However, this comes at the cost of an
even more cumbersome notation, with no significant gain in intuition, and no change whatsoever in our conclusions.
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At an N.E with positive bids and offers, agents are viewed as solving the same problem as in
(3)-

PROPOSITION 3 The results in Propositions 1.1 through to 2 and Theorem 1, are true for this

section as well, mutatis mutandis.

PROQOF: The proof is identical to that of Proposition 2, and is therefore omitted. O

4.1 Unequal-price equilibrium: an example

We show the failure of the LOP in a framework featuring: (i) an atomless continuum of small
agents; (ii) infinitely many atoms, and; (iii) infinitely many markets per commodity.

Let (N, N, i) be a measure space of agents as defined in Section 4 above. Consider an economy
where N = NgUAUC, Ny = (0,1], A = {2,3}, and C = {4,5,...}, where agents 2 and 3 are
a large post owner and a large pure trader, respectively. We denote agent 2 by ¢, agent 3 by 7,
and the agents in C' by 3+ g, g € N. The set of commodities is K = {1,2,...,10}, and i owns
infinitely many markets for each commodity. The capacity of each post is u(N) = 4. The service

charges allocated to i for commodities a € Ko = {1,3,5,7,9} and b € Kg = {2,4,6,8,10} are:
(Caa Cb) = (%7 %0)

The commodity endowments of the agents are as follows:22
Va € Ko Vb € Kg m
1) -1999.92, (5i5) - 1999.92, 2003.17),
) -2000.62, (55=z) -2000.34, 1980.88),
) - 1999.46, (55mz) - 1999.74, 2015.95),
) (

p-a.e,w € Ny, e

)

20
1

)

M

2=
-2000.00, L ) -2000.00, 2000.00).

2b—2

Consider first a pair of commodities a € Ko and b € Kg. It can be verified that the strategies

below satisfy the conditions as in Theorem 1 and Propositions 1.1 and 1.2, mutatis mutandis,>

Z2For clarity of exposition, the numbers in this example have been rounded off. The ezact figures (rational
numbers), which were used in all computations throughout this example, are available from the author.

23There is now only one post owner i. So, at an equilibrium with positive bids and offers, and no binding liquidity
and offer constraints, the prices for any k € K between any two trading posts Y%, T;’C’ﬁ , o, B € N, should satisfy
the following (no-arbitrage) condition for i:

17



and therefore constitute an (unequal-price) N.E:

For any commodity a € Ko, at posts Y2271 and T%% g € N:

Agent Bids at T%%~1  Offers at T%%~! | Bids at T%29  Offers at 1%
pra.e,w € No,  (32m7) - 1.000 (5:205) - 0.000 | (552) - 0.000 (525 ) - 0.001
i (525) - 0429 (5:25) - 0.656 | (5:2=5) - 1.000 (5:2) - 0.058

T (525) - 9.000 (5:+) - 0.207 | (55205 ) - 0.100  (55=) - 0.001

Every agent € C' (575) - 9.240 (5205) - 0.765 | (5525) - 0.008 (57 - 0.000

For the above representation of bids and offers in the markets for commodity a, the prevailing

market-clearing prices are p>29~! = 12.08, and pi% = 18.13, g € N.

For any commodity b € Kp, at posts Tv*"" and Y1, g € N:

Agent Bids at Y% " Offers at Y;*~' | Bids at Y} Offers at T}*
pra.e,w € No,  (z2575) - 1.100 (552555) - 0.000 | (5575) - 0.000 (52575 ) - 0.001
i (55) 0429 (55+) - 0.368 | (525) - 1125 (5055) - 0.067

T (5r575) - 8273 (55m5) - 0327 | (35575 ) - 0.100 (5555 ) - 0.003

Every agent € C' (57575) - 11.60 (57557) - 0.824 | (5575) - 0.008 (552575 ) - 0.000

For the above representation of bids and offers in the markets for commodity b, the prevailing
market-clearing prices are p;*”' = 14.09, and p;*? = 17.22, g € N.

Certainly, the same can be done for every other pair of commodities ¢ € Ko \ {a} and d €
Kg \ {b}. In this light, the final consumption of all agents u-a.e,n € N, is (Tpa, Tnp, Tnm) =
(2000/2%71,2000/2°72,2000), Va € Ko, Vb € K. From here, one can follow Koutsougeras (1999)
to derive utility functions such that the above strategies form an N.E.

Before we close this section, we highlight a few striking features of this example. First, as in

the examples in Subsections 2.3 and 3.1, equal-price equilibria can also be easily constructed for

the economy considered in this example. Second, note that the allocated service charge is the same

i, 2 Bz—?k [Ql—fk +ct (.fN\{z‘ ti’ﬁ’kqi’ﬁ(n)du)} i B2
b =7 — )

Q0+ e - (g 150k (m)is)| - B,

This result follows as a simple corollary of Proposition 1.2, and is readily seen from (6) in the proof of Proposition
1.2. Proposition 1.1 still holds, with the only difference being that posts are now also indexed by «, 8 € N.
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at all posts for a commodity k € K, and yet, the LOP still fails across infinitely many posts, all
owned by the same agent.?? It is also interesting to note that Ya € Ky, and Vb € Kp, we have

) — 3 ‘»2 -1 '72 ‘a 'a '7 ‘7
that [pi?~" = pi®| > [ = pp™| > | =o' = [ — 07"

are as in Subsections 2.3 and 3.1. In other words, increasing the number of atoms denumerably

, 9,7 € N, where pi,pl, pi and p]

has, intriguingly, not decreased the degree of price dispersion. There is thus no convergence of
any kind to no-arbitrage equilibria, and definitely not to Walrasian (price-taking) equilibria. The
main message of this example (and of this paper, as a matter of fact) is that it is not who owns
the trading posts that matters, nor how many posts one owns—finitely or infinitely many. What
truly counts is merely that posts be privately owned, such that service charges are imposed, for

strategic behaviour to influence the resulting equilibrium market structure.

5 Conclusion

In this paper, we have presented a framework in which strategic behaviour by agents, and private
ownership of trading posts, affect the set of equilibria of large economies non-trivially. Indeed,
while Koutsougeras (2003a) shows that the structure of trading posts becomes immaterial as the
number of agents increases without bounds, this is not true for our model. This is evidenced by the
failure of the LOP even in economies with many agents and markets. Thus, we can conclude that
in large frictionless (in the sense that no money and/or commodity leaves the system or is “lost”)
SMG, it is strategic behaviour, alongside the private ownership of trading posts, that constitutes
the only source of equilibria with arbitrage.

In light of the above, we believe that the model proposed in this paper can be easily applied
to other fields of study, to provide a theoretical underpinning for the failure of the LOP that
is based on strategic behaviour by agents. In particular, fields such as differential-information,

5

international, macro-, and even public economics?® would be suitable avenues, for these are areas

24The presence of only one post owner does not weaken our conclusions in any way; if anything, it strengthens
them. This is because at a glance, it would seem that this post owner would have the strongest incentives to shift
his orders across posts (all of which he owns) in a way such that the aggregate net trade across the markets remains
unchanged. However, this unilateral deviation will not be profitable for him—see, for instance, Koutsougeras
(2003b) and Toraubally (2017b).

25The interested reader is referred to Goenka et al. (1998) for a pioneering and rigorous application of SMG to
macroeconomics. For an application of SMG to differential-information economics, see, e.g., Faias et al. (2010).
For a recent application of SMG to international trade, see, e.g., Toraubally (2017b). For the use of the SMG
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in which there are, not only large numbers of agents and markets, but also many well-documented
cases of inconsistent prices. In future research, given the crucial role that the trading-post service
charges play in this model, it would be worthwhile to analyse in greater detail how changes in
those charges affect the behaviour of net buyers and net sellers, and in particular, the direction of

trade.

Appendix

LEMMA 1 The set function v : . — [0, 00], where ¥ ={W C N: W =KUL; K € ;L € %4},
such that v(W) = vy (W N Ny) + ua (W N A) for each W € .7, is a measure.

PROOF: It can be easily shown, given . and .4 are semirings, that .¥ is also a semiring. So,

for each countable family {W,}, _ of pairwise disjoint sets in ., with |~ W, € ., we have

v (Ui W) = o ((UnZy W) N1 No) + pea ((UnZy W) N A)
= vy (UpZy (W N Ng)) + pa (Uney (W N A))
= Y e WanNo)+ Y pa(Wan A)
= 3T W N+ s (Wan A) = 37 v (W)

n=1

So v is o-additive. Finally, by construction, we have that v(0) = vy (0) + pa (0) = 0. O

Since v is a measure on .7, it generates a nonnegative extended real-valued set function pu, the
Carathéodory extension of v, defined on P(N). pu is, as is well known, an outer measure. So,
a set W C N is said to be p-measurable if u(Y) = p(Y N W) 4+ p (Y NW¢), for each Y C N.
Next, denote by N the collection of all the pu-measurable subsets of N. Thus, we have that A is
a o-algebra, and p is a complete measure (see, e.g., Aliprantis and Border, 2006: p. 387) when

restricted to A/. We then have that:

LEMMA 2 The triple (N, N, u) is a complete, finite measure space of agents. Moreover, p is the

unique extension of v to a measure on N.

PROOF: Since u(N) = H < oo, we have that the measure space (N, N, p) is finite. This implies

that the measure v on .¥ is also finite, and therefore, o-finite. Since N is a semiring with . C N,

mechanism in public economics, see, e.g., Faias et al. (2014).
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our result follows (see, e.g., Aliprantis and Border, 2006: pp. 382-383). O

Consider now the set function vy : % — [0,00]. Since vq is a measure on %5, it also generates
a nonnegative extended real-valued set function ug, the Carathéodory extension of 1y, defined on
P(Ny). Denote by Ny the collection of all the ug-measurable subsets of Ny. Then, we have that
Ny is a o-algebra, and g is a measure when restricted to Ny. Thus, the triple (N, No, pio) is
a complete, finite measure space, and g is the unique extension of 1y to a measure on Ny. Let

Ny, = {NoNW : W € N'} denote the restriction of ' to Ny. We then have the following result.

LEMMA 3 The triple (No, Ny,, pt) is a measure space such that Ny, = Ny, and p = po when
restricted to Ny, .

PROOQOF: We first prove the second part of our lemma, which involves appropriately manipulating,

for every W in Ny, the following formula for p, the Carathéodory extension of v, thus:

p(W) =inf {300, v (W) : {Wo},en € 75 W C UL, Wi}
=inf {307, (vo (W N No) + pa (W, N A)) : {W,}, oy € W C Ui, Wi}

=inf {307 (1o (W N Np)) : {Wo}en © W NA=0,ne N;W C U2, (W, No) }
=inf {307 o (Wy) : {Wo},en S WoNA=0n e N;W C U2, (W, N Ng)} = o (W)

Now, since Ny is p-measurable, Ny, is then, by definition, a collection of y-measurable subsets of
Np. So, let W € N, and consider any Y C N. By the o-subadditivity of u, and given u(0) = 0,

we have

n(Y)

IN

(Y NW) + (Y nWwe)
p(NoNY W) +p(ANY NW) +u(NoNY NWE) + p(ANY NWe)
p(NoNY W) +pu(NoNY NW) + pu(ANY).

IN

Since = g for every W C Ny, and using the pg-measurability of W, we may show that

p(NoNY W) + u(NoNY NWe) + u(ANY)
=po(NoNY NW) + po(NoNY NWe) + p(ANY)
= (NoNY) 4+ p(ANY)

=pu(NoNY) +pu(AnY)

=p(Y).
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This implies that p (Y N W)+u (Y N W) = u(Y'), which then implies that W is also u-measurable,
thereby showing that My C Ny,. To show the reverse inclusion, we first let W € Ny,, then use
the p-measurability of W, and subsequently, the o-additivity of x4 on N, to show that W is also
po-measurable, such that the result that Ny, C Nj easily follows. Thus, we have Ny = Ny,. O

Consider now the triple (A, S, MA)~ Since .#4 is the collection of all the p4-measurable subsets
of A, and py is a measure defined on P (A), we have that the triple (A,yA,,uA) is a complete
measure space. Let Ny = {ANW : W € N} denote the restriction of N to A. The following fact

characterises the restriction of the measure space (N, N, i) to A.

LEMMA 4 The triple (A, N4, p) is a measure space such that Ny = .4, and g = pa when
restricted to Nj.

PROOF: The result that © = py when restricted to Ny can be easily obtained by using a
similar line of reasoning as in the proof of Lemma 3. To prove that N4 = .#4, note that because
4 =P (A), we only need to show that .74 C N4, which is trivial, since /4 C ¥ CN = Sy =
{ANL:Le S} C{ANW : W e N} = Ny. O

From Lemmata 3 and 4 respectively, it is easy to show that the measure space (NO,NNO,,u) is
atomless, while the measure space (A,NA,M) is purely atomic. Moreover, for each i € A, the

singleton set {i} is an atom of the measure space (N, N, p).

The following lemma shows that the set of all feasible net trades is convex. We will use this result

in the proofs of Propositions 1.1, 1.2, and 2.
LEMMA 5 For each n € N, the set of all feasible net trades is convex.

PROQOF: To avoid repetition and to save space, we prove the result for when there are countably
many trading posts per commodity. This way, the result automatically holds true for all of the
constructions in Sections 2 through to 4. For ease of exposition, we will adopt a different notation
to the one that has been used thus far for the purposes of the first part of the proof only.

So, let Z,, denote the set of all feasible net trades for some n € N. Let z, and 2,, € Z,,, where Z,
and z, are obtained by the vectors of strategies (I;n, Gn) and (Bn, Gn), respectively, i.e., Z, = z(l;n, Gn)

A~

and z, = 2(b,,dn). We need to show that, given the strategies of all the other agents, for any
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A€ [0,1], Az +(1 — \) 2, € Z,. Inother words, if Z,, == AZ,+(1 — A) 2, then we want to show that
El(bn, () feasible such that z(zn, n) = Zn. So, first, fix a A € [0,1]. Now, we may rewrite , and 2,
explicitly as Z, = (Zpms Znts - Znk- s 2n) > a0d 20 = (Bums Znts o Zno - -1 Zns) 5 where
)T+ (1= 2) Gams Znts s 20p) | =
(A + (1= ) Zpms Azt + (1= A) 2ty Aoz + (1= N 202) = G Znts oo s 2nr) - But
there are multiple posts for each k € K. So, for every k € K, we have that Az, x + (1 — \) 2,4 =
AL DN el = (PBar - N a3
) = ZT L Z‘P‘ Az +(1=X) QZH =y ZLP|1 Zﬁ; — Znx. Here, I' < 0o denotes the

number of posts that an agent s € A owns, and |P| is the number of post owners in A. So, our

.. * ~ ~ ~
T denotes transposition. Hence, z, = /\(zmm,sz, ey ZnL

strategy will be to proceed post by post, and show that each z ,se{l,...,|P|},redl,.... T},
is feasible, such that zmk has to be feasible. One can then repeat the algorithm for every other
commodity | € K\ {k}.

With these preliminary remarks out of the way, consider a commodity k € K, any one trading

post r for k owned by an atom ¢, and the net trade of an agent n € N there, z:fk,% and define,

~tr 7i,r A\ .
Zn,k = Z (bn,k7 qn k)
24T 74,7 AlT
Zn,k: - Z(bn,k7 qn k)
Next, define
i,?' _ M ~’i7T "i7r .
gn ko min (qn,k7 qn,k) )
) ,r . (~i,7’ Ai,7’ )
qn T max qn,k’ qn,k :

Since 2", is decreasing in ¢, (holding b" . constant), we have that

~i,r

Zi‘rk = <bzrk’q’;rk) < Z(Z):er’q;m = (b:fkv ”) = Zok
Lo = (b;Tk,q;Tk) S Z(%Tka(iffk) < (b;rlw ZTk:) = 37

But 2,7, is increasing and concave in )", (holding ¢, constant), such that we have

200,45) < AZT A+ (1- )2
< Z’k: =250+ (1=N) 2
< AF (1= N B
< 00+ (105500 = 200

26 As noted before, for the first part of the proof, we will use z k to denote the more elaborate zk "(n).
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z:LTk is continuous and increasing in b;r (holding ¢" x constant ), while z:fk is continuous and decreas-
ing in qﬁlrk (holding bffk constant). So, define two continuous surjections 2 : [0, Ab;rk] — z(-, Q:fk),
and 2 : (Q;Tk’ cj:fk} — 2(0,-), and let us consider two cases: (i) 2;'k > z(O,g;’fk), and; (ii)
E;er < z(O,giTk). If (i) is true, then note that 2(0) < Effk < 2(*b.",) implies that Ell*ﬁfk e [0,%0,",]
such that %’(&fk) = Z*:fk, by the Intermediate Value Theorem (IVT). If (ii) is true, then observe
that Q(cj;Tk) < ;;Tk < Q(g;’”k), such that by the IVT, Elc*jifk € (¢ Tk,qn "], with Q(c*];Tk) = ka
Notice that the above procedure can now be repeated for each post Y;", s € {1,...,|P|},
r € {1,...,I'}, such that ?nk is budget-feasible. Certainly, the same can also be done for all
commodities £ € K to get %, feasible. Hence, the set of all budget-feasible net trades in commodi-
ties k € K is convex. Denote this set by Z.

Now, the net proceeds of commodity m to any p-a.e,w € Ny, z,(w), can be written as a

function of {{{z"(w) |Pll}k 1}r , s shown below:

r L |P| BT sr(w)

Y3 -G, (),

r=1 k=1 s=1 —w,k

For large pure traders 7 € N \ Ny, z,(7) can be written as a function of {{{z,"(7) ‘P‘l}k l}r .

as follows:
r L |P] BST 5T
ZZZ —7k” r(7) — (1 _l_ti,r,kck)7
r=1 k=1 s=1 ) - Q*T,k)
while for large post owners i € A, z,,(i) is expressible as a function of {{{z;"(¢) ‘P‘l}k l}r | thus:
r L | B, |
nli) = 35 = ([t e [ (n)an)
2,; e (@7 — 2 () - (@) Sy " "
I L 7,7 T I L s,r _S,T
B~z () BTz (1) k
+ R - . ir + s, . . ST . 1+tfm Ck )
220 p) -0y T T - @) )

where, as in the main body of the paper, ¢;"(n), ¢ = b, ¢, denotes the strategies of agent n € N
at the r'" post owned by s € A for commodity k. Now, over the convex set Zg, it can be verified
that z,,(w), being the sum of countably many concave functions is concave, while z,,(7) and z,,(7),

being the sum of countably many strictly concave functions, are both strictly concave functions.
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Given that the hypograph of a concave function is a convex set, we finally have that for every

agent p-a.e,n € N, the set of all feasible net trade bundles, Z,, is indeed convex. O

PROOF OF PROPOSITION 1.1: The Lagrangian to the programme in (3) for large pure

traders 7 € N \ Ny can be written as

L= ur(x) = X'+ (5 2 Br) + A7) = em(m)) = 205, M- (2.0 6i(r) — ex(r),
where x = (2,0, Tr1, ..., T7.1), and A’ and {\}}£_| are the Lagrange multipliers associated with
the constraints in (3). Next, consider any post Y% for any & € K. Solving for the first-order
necessary and sufficient®” conditions, we have, at an interior equilibrium, that?®

Ou, QZBiT,k ou, Q_Tk
Oty (Bi)” e Qi

_Ou, Biy | Ou, BRQL,
0, Bi OZrm (sz

(1R R) =0,

(1 +tERck) =o0.

It is easy to see that both equations above imply that

auT/axr,k _ (Bk) —rk . (1+tz‘,kck)_
Our[Orrm — (Qi)°B., ’

Now, consider another post for commodity k, say Tf;. Then, by the same argument as above, at
an interior N.E, it must be true that

8ur/ax7,k o (Blj;)QijT,k
e~ (@A

(1 4 tEkcF).
(1+4

The conclusion for large pure traders 7 € N \ Ny is implied by the last two equations above.

Next, consider small pure traders and post owners in Ny. Since by construction y*™* = 0,
one may view all agents in Ny as being small pure traders. So, it is easy to see that since Ny
is an atomless set of agents, we have that B*,, , = [y, bi(n)du = [ bi(n)dp = By, s =i, j.
Similarly, Q% , = fN\{w} gi(n)dp = [y qi(n)dp = Qf, s = i,j. Hence, p-a.e,w € Ny, it has to be

true that

2"By construction, zy, : 2 — ex + 21, Vk € ({m}UK). So, define a new function v = wox : REF! 5 2 - R. uisa
smooth strictly concave function of x; trivially therefore, v is a smooth strictly concave function of z. By Lemma 5,
we have that the set of all feasible/attainable net trades is convex. Hence, by the Supporting Hyperplane Theorem,
a unique optimum exists, i.e., there is a unique “net trade bundle” that is a best response to the strategies played
by other agents.

To simplify exposition, we make use of the fact that zj(n) - (9ti*/0zL(n)) - (92L(n)/0bi(n)) = zi(n) -
0tk /021 (n)) - (021 (n) /gt (n)) = 0 in what will follow. We do this in the proof of Proposition 1.2 as well.

25



Bzka]wk(1+t]kk) Vi 7
QB (14 e )(p’“> TP

(1485
(Lt -

PROOF OF PROPOSITION 1.2: The Lagrangian to the programme in (3) for large post

owners ¢ € A (for whom pu(7) = 1) can be written as

Ly =u;(x) = A+ (S, S B2(0) + AG) — em(i) = Xpy M- (S0 g3(0) — exl@).

The first-order conditions of (3) at an interior equilibrium, at i’s post Y%, for any k € K, are:

Ous Bin@h | Ou (-5 @t O (1)) =0
Oriy (BY)?  Orim Q’ Qk

Ou By 0w gy ( QU — & [ it L1+t ’“)> — 0
Orix By  Ovi (Q)? (@) N

Both equations above imply that

Ou; [0z (B;)? (Ql—zk +ct fN\{i} tﬁ;kq};(n)d,u) (©)

OOz (Q})? B
Consider now another post for k, owned by some other large agent j € A\ {¢}. Then, at an interior

equilibrium, it has to be true that

ou; Bii,ij ou; Qj—i,k(l + tg’kck)

8$i,k (Bli)Q axz . Q] !
aui Bj—z,k: auz —1 kBJ (1 + tj * k) 0
Orix Bl O0%im (Q1)2 o

both of which are equivalent to

Ou;/0xiy (Bi)Q ]—zk
Oui /O m (Qi)QBii,k

(1 tPECR). (7)
The condition for ¢ € A is implied by equations (6) and (7) above. The condition for j € A\ {i}
can be obtained by following an argument analogous to the one above. a
LEMMA 6 The distribution rules, as defined in Section 3, are Gateaux-differentiable.

PROOF: Let a strategy profile (b,q) € Gr(S) be given. We first prove that x, 5, k& # m, is
Gateaux-differentiable at (b, q).
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Gdteauz-differentiability of x, 5, k # m:

For clarity of exposition, we introduce some notation. Let £} D hy(n) = {{{h”k ‘P‘l}keK}T r

srk

define the terms hy, b, and h”’k analogously. Next, let £1 D b(n) = {{{b” ‘P‘l}keK}T ,» and

0L o b(n) = {{{by"(n) ‘P‘l}keK}T .» where each 0" (n) =

=1. We

and ¢} D hy(n) = {{{h”k ‘P‘l}keK}r .» where each ﬁ;’;’“ = , such that th

I

@‘

Hb|(!71) g(n) and ¢(n) are defined
¢

analogously Finally, let Bi(n {b do2 1Z‘P‘ 0 (n) = 1; 300 1Z‘P‘ by"(n) < en(n)},
and Q(n) == = {qg(n): 372, ZISP|1 ;" (n) < ex(n), k € K}. We may now proceed.

Using the definition of the Gateaux differential as in Luenberger (1969: p. 171) and taking limits,
we have that the Gateaux differential of x,,, which we denote by d,,,((b,q), h), is

0o |P| oo |P| BT
Sk @i k —nok
IS DM I
r=1 s=1 r=1 s=1
where fli’;k and ﬁzzk are the increments associated with b;"(n) and ¢, (n), respectively. Clearly,
0z,,,((b,q), h) is linear in its increments hy, and h,. We need to prove that —oo < 6., ,((b,q), h) <
00. So let us begin by noting that
) \P\ EX oo [Pl ~sr

—n lc k 7 8,1,k k 78,1,k
E § Bs T hn,b S E E :BS,T ) hn,b '
k

r=1 s=1 r=1 s=1

Since [y ex(n)dp < oo Vk € ({m} U K), we have that [, @, ,du < oo. So, bearing in mind that
q(n), and hence ¢(n), lie in £1, it has to be true that for any b(n) € By(n), 300, Z‘Pl b2 (n) - 9

ERNS
Bk

is finite a.e in N. Now, since h; is normalised, we may choose some b(n) € By(n), such that

B:’Lg’“ = lézr(n) for each s € {1,2,...,|P|} and r € N. Hence,

o~ |P| o |P

SN i = Y ) < .

r=1 s=1 r=1 s=1

We next show that -2, S°IP1 BE;"Tk hs k< oo, Basily, 3220, SIP Bé;nrk hs k< e P hS ork
< 00, since {{h”k |P|1}r , € £}. Combining these two results yields —oo < d,, ,((b,q),h) < occ.

Finally, note that hb, hq € (1 were arbitrarily chosen. Hence, z,, is indeed Gateaux-differentiable.

Giteauz-differentiability of x5, kK =m
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We now prove that z; ,,, for some post owner ¢ € A (such that pu(i) = 1) is Gateaux-differentiable
at (b,q). That x,,,, p-a.e,n € N\ {i}, is also Gateaux-differentiable at (b, ¢) then follows as a
direct consequence of this result. The Gateaux differential of x; ,, at (b, q), ds,,.((b,q), h), is

0o zrk ik |P| ~s,r s,k
Sy (T I O e ST AT Gy

i,T 5T

k s=1 k

\3
Il
—_
T
—

ii (570 QN+ i ot e (n)dp i ZP:Q_l B (1 + fhe) i),
r=1 k=1 (Qk )2 ’ s=1 (Qk )2 N
where as before, both sequences of increments have been normalised. Clearly, d.,,, ((b, ), k) is also
linear in its increments hy, and h,. For ease of exposition, let the summation in the first row in the
expression just above be represented by #', and the summation in the second row by %/. We first
show that # is finite. We begin by noting that
L |P| Zkl—i-tsrk k) ) oo L |P]

o L |P|
ZZZ -hf;z;”“gzzz (17 k) - hepha 23 SO S Rt < o,

r=1 k=1 s=1 r=1 k=1 r=1 k=1 s=1

where the last inequality follows from the fact that {{{h”'C |Pll}keK}r € (% . Next,

zkr i,
t k ( )d/,b 71,7k

—00 < 22 thgk < ZZ il ik fN\iT} : hzb

r=1 k=1 r=1 k=1 k
oo L i,T + Qi,r co L )
<chk k — k. zrk ZZQCk hzrk ZZ zrk
r=1 k=1 Qk r=1 k=1 r=1 k=1
So # is finite. Looking at % next, we have that
oo L Z"'k i,r,k |P| ~s,r s, srk’k
" + [ b d B (144 )
_%<ZZ<B;¥T k k f]\Z\T{Q qk ( ) ’u zrk+ZQ ik ( _|_2 ) 'hi,;’,k)
r=1k=1 ( k ) )
Bzr || Bsr 1+tsrk k) A
< ZZ(zc BTk Z W) <

r=1 k=1

where &7 = 227?1125:1(2% ”k ZLP‘lgs . h”k) Now, by construction, since [y €, (n)du <

00, we have that [y 2, ,dp < oo. Thus, as b(i), and hence l;(z), lie in ¢%, it has to be true that

o sk ZLP|1 6 (i) - g’;: is finite for any ¢(i) € Q(i). Since h, is normalised, we may therefore
pick some ¢(i) € Q(i), such that ﬁf;k = ¢, (i) for each s € {1,2,...,|P|}, r € N, and each
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ke K. Thus, 0%, S0F Zﬂl g’;r : ﬁf;k is finite, implying that 3.0, 7% Q” h””“ s also
finite. Hence, —oo < % < oo, such that —oo < 0, ,,((b,q),h) < oco. Finally, recall that in this
part of our proof as well, fu” qu € E}F were arbitrarily chosen. Hence, x; ,, is Gateaux-differentiable.

That z,m, p-a.e,n € N \ {i}, is also Gateaux-differentiable at (b, ¢), follows as a corollary. O

PROOF OF PROPOSITION 2: Let the positive bids and offers of all agents other than
some n € N be given. By Assumption (ii), u(-) is strictly concave in x. Define a new mapping
v=uox: R D> Z, 3 2(n) = R, where z : REF! O 7, 5 2(n) — RY™, and Z, is agent n’s set
of all feasible net trades, which by Lemma 5 is convex. Trivially therefore, v(-) is strictly concave.
So, at an interior equilibrium, each agent p-a.e,n € N, solves inf.(,yez,{—v (-)}. Since —v(-) is
strictly convex, if this problem has a solution, then it is unique. We may therefore move back to
strategy space to derive the first-order necessary and sufficient conditions. This will be achieved
by using a Generalised Kuhn—Tucker theorem (GKTT) as in Luenberger (1969: p. 249). Thus,
we need to show that all of the conditions of that theorem hold for our construction in Section 3.
To help the reader, we relate each piece of notation from the GKTT to the symbols that we use
in our model. In particular, X will now be represented by Y (for conciseness, X =Y, Z = R+
P=RI f=-(, G=G, m9=s, 25 =¢*, and Z* = RLHL

We proceed by noting that Y := ¢* x ¢! (equipped with the norm |||y = |||lx + ||I'[[,1, as
defined in Section 3), is a normed vector space, and so is RET! (endowed with its usual Euclidean
norm), whose positive cone RZ*! contains an interior point. By Assumption (i), u(-) is Fréchet-
differentiable in x. By Lemma 6, z(-) is Gateaux-differentiable in b and ¢, and is linear in its
increments (hy and hy). Thus, ( :=uoxz:Y D} x ¢} 5 (b,q) — R, is a Gateaux-differentiable
functional possessing linear increments, and hence, so is —((-). Let G(-) be a mapping G : Y D

0t x 04 > (b,q) — R¥™, such that

[ T S B () + A) — en(n) 0
S 12‘;"1 ¢;” (n) — ex(n) 0

IN

S @ (n) — en(n) I

A(n) can be explicitly written as 3.0, S7F ZIP| —cMt R (g (n) - pp" — b (n)). In this regard,

it can be easily shown that G(-) is a Gateaux-differentiable mapping with linear increments (see
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Luenberger, 1969: p. 171, and, e.g., Lemma 6). Next, suppose that the strategy s(n) = (b(n), ¢(n))
minimises —((+) subject to G(s(n)) < 0, where 0 is a null vector. We need to show that s(n) is
a regular point (see Luenberger, 1969: p. 248). This is straightforward. Choose an increment

h = h(e) € Y (see Luenberger, 1969: pp. 171-172) such that for a given and sufficiently small

e € R, , we have

[ >~ L |P| 1 [ o L |P| ktser L 1
ZZZQZ'W +A(n) —en(n) ZZZ (s+r+k) ( i lecr_n>
T:1k=18:1|p‘ r=1lk=1s=1 o IP| — 0 .

~ IP| n ~ [P < |0
: . 0
o |P| oo |P| L ¥
i ;2‘] —er(n ] i ;; 2(s+r+L) |

where the first, second, and third matrices correspond to G(s(n)), 6G(s(n);h) == G'(s(n)) - h,
and 0, respectively, with G'(s(n)) denoting the Gateaux derivative of G(-) at s(n). Note that
—1 < (k@™ #/Qr") < 1, such that [1 + (c FesmkQ®r #/ Q)] > 0. So, it is easy to see, by
considering one row at a time, that each sum above is strictly negative, whether the constraints
are binding or not. Hence, s(n) is a regular point, i.e., G(s(n)) < 0, and Fh € Y, such that
G(s(n)) + 0G(s(n); h) < 0.

Since all the conditions of the GK'IT'T are met, we have, at an N.E with positive bids and offers,
that there exists ¢* > 0 in (REF||-l,), where ¢* = (5, {¢;’k}£:1), such that

A
— g1+ asﬂgm‘ —0, ke K:
s(n) A" (1) |y

ou,, 0Ty 1
0Ty . by (n)
8Un 8xn,k
awn,k aQZ’T(")

n ou,, 0%y, m
s(n) OTpm OB (1)

N ou,, 0Ty m,
s(n) ax”vm an’r (n)

s(n)

V- G(s(n)) =0.
Propositions 1.1 and 1.2, for Section 3, mutatis mutandis, can be easily derived by plugging into the
above system of equations the respective allocation rules for each type of agents—and by noting
that at an N.E with positive bids and offers, and no binding liquidity and offer contraints, ¢* = 0.

The corresponding version of Theorem 1 can be subsequently retrieved. O
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LEMMA 7 The set function v : . — [0,00], where ./ = {W C N : W = KULUM;K €
S0 L € SayM € Sc}, such that v(W) = vo(W N No) + pa (W N A) + pc (WnNC) for each
W € ., is a measure. Moreover, the triple (N, N, u)—where N is the collection of all the pu-
measurable subsets of N, and p is the unique extension of v to a measure on N—is a complete,

finite measure space of agents.

PROQOF: The first part of the lemma is easily proved by following the workings in Lemma 1.
Now, since v is a measure on .7, it generates a nonnegative extended real-valued set function p,
the Carathéodory extension of v, defined on P(N). In this regard, note that u(N) = H + 1 < oo,
such that the measure space (N, N, i) is finite (and complete). This implies that the measure v on

< is also finite, and therefore, o-finite. Since N is a semiring with . C A/, our result follows. O

Remark. The other properties of the new measure pu, together with those of the measure spaces
(No, Ny, 1t), (A, Na, ), and (C,Ng, i), where No denotes the restriction of N to C, can be

derived by following the workings in Lemmata 3 and 4.
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