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Abstract

The evaporation of multiple droplets is an interesting and abundant phenomena in na-
ture and industry and as a result has many applications. Most research to this point has
focused on studying the isolated case but in reality it is rare for droplets to evaporate
on their own. Droplets evaporating in close proximity to each other interact and their
dynamics are in uenced by this. To study them the evaporation rates must be extracted
from each droplet in the array. Traditionally for isolated droplets the volume and evapo-
ration rate has been established by imaging the droplet from the side and measuring its
pro le, however for multiple sessile droplets in two dimensional arrays not all droplets
can be seen simultaneously. A solution to this is to image the arrays from the top but
without knowing the droplet heights or contact angles, the volumes cannot be established.
In addition to this, it is dicult to dispense droplets repeatably and accurately before
they evaporate. Both these challenges have prevented authors from conducting careful ex-
perimental investigations of the evaporation. Because of this, theoretical work has moved
ahead of experimental work, with several recent analytical models for the evaporation
being proposed [1, 2]. In this thesis a technique is developed, validated and optimised
to image the droplets simultaneously (chapter 2). Experimental data is then taken for
multiple droplets and compared to these analytical models evaluating their performance
and demonstrating their limitations. It is found that the theory works well for small ar-
rays of droplets (chapter 3) but cannot capture the dynamics of large arrays or arrays
on heated substrates (chapter 4). Exhaled breath droplets are then investigated and it is
found that whilst the array is evaporating the larger droplets grow due to the Kelvin e ect
[3]. The diusive theory is modi ed to account for this and a simple mean eld model
is proposed, capturing the experimental array dynamics well (chapter 5). Finally, direct
numerical simulations (DNS) of multiple droplets are conducted and it is shown that the
model qualitatively captures the droplet evaporation rates (chapter 6). These simulations
make future investigations of the vapour and thermal dynamics of the arrays possible,

which are challenging to image and measure experimentally.
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Nomenclature

Acronyms

CA Constant contact angle (evaporation mode)
CCD Charge couple device

CR Constant contact radius (evaporation mode)
DI Di use Interface

DOF Depth of eld

FFT Fast fourier transform

FOV Field of view

LHS Left hand side

MFT Mean eld theory

PD Pattern Distortion

PSM Point source method

RHS Right hand side

RH Relative humidity (%)

Arrays

N Number of droplets

R Radius (of array)

re Radial distance from centre (of array)
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S Inter-droplet separation (centre to centre)
Droplet
‘fj—\t’ Isolated volumetric evaporation rate

Droplet evaporation lifetime

Equilibrium contact angle (always in radians, unless stated otherwise.)

a Base radius
h Height
] Interfacial ux

M Magni cation

r Radius of curvature

Ie Kelvin radius

T Temperature

Vv Volume

Liquid
Surface tension
Dynamic viscosity
Kinematic viscosity
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Other symbols
Thermal conductivity
Wavelength
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M, Molar mass



Ts Substrate temperature
Constants
g Gravitational acceleration
Ry  Ideal gas constant
Gas
Fractional relative humidity

sat  Saturation fraction (for interfacial curvature r, at temperature T)
c Concentration
G Saturation concentration (for at interfacer ! 1 , at temperature T)
Camb Ambient concentration
Csat  Saturation concentration

D Di usion coe cient



Chapter 1

Introduction

Evaporating multiple droplets are abundant in nature (e.g. raindrops, sweat on skin,
clouds and condensation from warm air) and industry (e.g. spray coating, ink-jet printing,
surface patterning and evaporative cooling) so understanding their dynamics has many
potential applications. There are many studies on the evaporation of droplets in isolation
[7], however there is much less work on how they evaporate collectively. Despite this,
droplets almost always appear in groups (arrays) and their individual evaporation is no
longer su cient to explain their dynamics.

Multiple droplet evaporation has attracted recent public interest due to the coronavirus
COVID-19 pandemic. The droplets exhaled within breath contain and transport the
viruses. It is thought that the droplet carrying the virus extends its survival time [8] and
therefore understanding and enhancing the multiple droplet evaporation is key to reducing
transmission.

The evaporation of isolated droplets gives rise to many interesting secondary e ects,
for example its evaporative ux controls the internal ow. When the droplet also contains
non-volatile solute, this ow leads to its transport and famously to the co ee ring e ect
[9]. Inink-jet printing these rings are seen as undesirable as they aim to build images from
a series of homogeneous circular stains left behind by the ink-droplets after it evaporates.
Multiple droplet evaporation can be used to in uence the evaporative ux and therefore
represents a method in which the internal ow could be controlled. By placing sacri cial
droplets around an evaporating ink droplet, it is possible that the shape of the stain could
be adapted and the resolution of the printers could be enhanced. This has been shown to

be possible by Pradhan and Panigrahi [10], with the data shown to agree well with theory



developed by Wray et al. [11].

Multiple droplets are also formed by drop-wise condensation. This process is impor-
tant for the formation of clouds [12]. Understanding how the growth of cloud droplets are
in uenced by inter-droplet interactions has applications in cloud seeding and in meteo-
rological predictions of precipitation. Fuel injection systems also study multiple droplets
as they evaporate, in order to optimise engine e ciency [13]. Droplets are also used to
enhance e ciency in industrial processes, using them to cool hot components [14]. These
applications make multiple droplet research important.

In the remaining sections of this chapter the important physics relevant to this thesis
is explained. The existing work on the subject of multiple droplets is presented to put the

thesis in is research context.

1.1 Diusion

Physical quantities (such as temperature and concentration) often vary spatially across
solids, liquids and gases. In many cases these quantities spread over time often until they
become completely homogeneous. This spreading is called di usion and it originates from
asymmetric collisions between molecules. An example of a spatially varying quantity of
this sort might be concentration in binary gas mixtures. If you open a bottle of perfume
after some time the perfume can be smelt a distance away from the lid and therefore must
have been transported. Just after the lid has been opened the concentration of perfume
molecules around it increases, whilst far away from the lid the number of molecules is
zero, giving rise to a gradient. Because of this gradient, molecules of perfume are more
likely to collide with other perfume molecules from the direction in which the gradient is
larger. This increased probability results in a net movement of the molecules away from

the container. At a continuum level this movement is described by Fick's law [15]

j= D(¢Mre (1.1)

wherej is a mass ux (kgs 'm 2), cis the concentration of the di using substance and
T is temperature. The magnitude of depends on the speci ¢ substance and is captured
by the di usion coe cient, D which can be a function of bothc and T. The change in the

value of ¢ at a speci c point in space is described by the di usion equation and depends



on the divergence of the ux ¢ )

@c_ . .
ot r (D(c; Dr o: (1.2)

In cases wherd is weakly dependent orc and the di usion can be considered isothermal

(constant T) eq. 1.2 can be simpli ed to

@c 2
—= D : 1.
ot r<c (1.3)
It is also the case that heat di uses in the same way andcan be replaced byl in eq. 1.3.
A good empirical t to the variation of D with temperature for some quantities is given
by
D(T)= D(0)(1+0:007T) (1.4)

over 10<T( C) < 50 [16]. WhereD(0) is a coe cient speci c to the di using quantity
(see table 1.1).

H Quantity D(0) (m?s 1) H

water vapour 212 10 °
heat 189 10°

Table 1.1: The quantity speci c di usion coe cient, taken from Monteith and Unsworth
2013 [16].

1.2 Convection

Flow within a uid is referred to a convection. The extent to which a uid is in uenced

by convection compared to di usion is given by the Peclet number (Pe) de ned as

Pe= ——; (1.5)

where U is the characteristic velocity andL is a characteristic length scale. When con-
vection is caused by external movement.é. a fan or a door closing in a room), this is
called forced convection. Convection can also be caused by, density di erences within the
uid leading to ow caused by gravity, which is called natural convection. A parcel of less

dense uid will be displaced if it is beneath a parcel with higher density. This is because



gravity exerts a stronger force on the dense parcel, causing a ow which circulates them
around each other. Regions of circulating ow are called convection cells and the upward
and downward motion of the less and more dense parcels (respectively) are referred to as
convective plumes [17]. Density dierences ( ) in uids are often caused by variations

in temperature or composition. In these cases the convective ow has to compete with
the viscous dissipation of the parcels moving through the liquid which acts to prevent the
development of convective cells. Therefore the amount of gravitational potential energy
(GPE) must be enough to overcome the viscous dissipation. An example of where con-
vection is observed is above evaporating bodies of water (like oceans or lakes), as humid
air is less dense than dry air. The arrows in g. 1.1 depict the cells and plumes which can
form over evaporating liquids. The Pe can be used to characterise both or a combination
of natural and forced convection. When a system is dominated by natural convection the

Pe can be written in a more speci c form as the Grashof number (Gr), de ned as

gR® _ buoyancy forces

Gr= — - :
2 viscous forces

(1.6)

WhereR is a length scale which depends on the geometry of the systems the kinematic
viscosity and is the density of the bulk. This dimensionless number describes this
competition between gravity and viscosity. Convection can also be mediated by di usion,
for example consider a plume consisting of a higher concentration of a less dense uid.
As it rises, di usion acts to increase its density, as it generates a mass ux between the
plume and the surrounding uid. If the timescale for this di usion is comparable to that
of the convective ow the amount of GPE obtained will be reduced as their densities will
equilibrate.

Taller cells will provide the most GPE but will also have greater di usive ux, due
to the larger vertical contact area between the adjacent plumes. Shorter plumes however
will su er from greater dissipation relative to the amount of GPE. Therefore, the rate
of di usion in uences the size and shape of the convective plumes [18]. The ratio of the
momentum di usivity or viscosity ( ) to the mass di usivity (D) is called the Schmidt
number (Sc)

Sc= 5: (1.7)

In systems in which convection is predominantly mediated by di usion (and not viscous



Figure 1.1: Diagram of the convection cells and plumes which can form above liquid or
heated surfaces. The arrows represent a ow caused by convective plumes.

dissipation), the Gr can by multiplied by Sc resulting in the Rayleigh number (Ra)

R 3g
Ra = ; 1.8
5 (1.8)
noting that = . The Ra therefore compares the buoyancy driven natural convection

to the mass di usion in the system. Eq. 1.8 predicts that convective transport is enhanced
for large length scales and variations in density.
In this thesis “convection' is used to refer to natural convection and “advection' refers

to forced convection.

1.3 Droplet geometry

The geometry of droplets which form on surfaces is characterised by an equilibrium contact
angle () which measures the internal angle between the substrate and the tangent to the
interface at the contact line labelled in g. 1.2. The value for can be calculated according
to the “Young' equation

cos() = % (1.9)

and is dependent on the three surface energieg petween the substrate (S), liquid (L),

gas (G). These surface energies can be considered as forces acting to move the contact line.



Figure 1.2: Droplet diagram showing the radius of curvaturer}, base radius &), height
(h) and contact angle () of two droplets which are evaporating in CA and CR mode.

Therefore if sg is dominant or ¢ is large, then the contact line gets pulled outward
leading to very small contact angles and eventually liquid Ims. These substrates are
referred to as "hydrophilic' because of the equilibrium contact angle formed by water and
correspond to the range 0 < = 2 radians. Hydrophobic substrates with dominant
sL, refer to substrates which result in contact angles betweenr 2 radians.

A static droplet's shape is determined by a balance between the (Laplace) pressure
built inside the droplet and the hydrostatic pressure caused by gravity. The ratio of these

forces is the Bond number (Bo)
gh?

LG

Bo =

: (1.10)

The length scale which balances these forcase( Bo = 1) is nhamed the capillary length
(c= P "Le= g). When the height of the droplets f) is much less than . and surface
tension dominates (Bo 1), surface tension acts to minimise the surface area of the
interface and as such the shape is spherically capped. For larger droplets with  ,
gravity dominates (Bo 1) and droplets become puddles, attened in the centre.

The volume of a spherical cap\() is well known and is related to a number of geometric
measurements, namely the base radiug)( radius of curvature (r) as well as the previously
mentioned h and . Knowledge of any two of these measurements provides a complete
description. In chapter 2 of this thesis the most commonly measured parameters ae

and h, the expression relating these t& is

V= 6(e,azh + h3): (1.11)
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In chapter 4 and 5 the most commonly measured parameters areand r, the expression
relating these toV is
V= §r3(2 +cos )(1 cos )z (1.12)

1.4 Evaporation

When a liquid is evaporating there is a phase change happening at the interface. Molecules
which obtain enough energy are able to overcome the energy potential created by the inter-
molecular attractions which maintain the liquid. The energy to facilitate evaporation is
called the latent heat of vaporisation and is supplied as heat from the surroundings. When
the liquid is contained within a low-pressure environment the evaporation is largely limited
by the supply of latent heat. At low-pressure it is therefore possible for evaporation to
consume all of the available latent heat, reducing the liquid's temperature until it is cold
enough to freeze. The Hertz-Knudsen relation [19] describes the maximum molar ux

(molm 2?s 1) from the interface

jw = pﬁ"M—T"J (1.13)
whereM,, is the molar massRy is the universal gas constantp, is the vapour pressure of
the liquid and p is the surrounding gas pressure, with = 0 corresponding to a perfect vac-
uum. In many cases however liquids evaporate at standard temperatures and atmospheres,
and evaporation becomes inhibited by the surrounding gas. The vapour molecules exiting
at the interface (vaporising) will collide with the gas molecules, moving in a random walk.
Some of these molecules will re-enter the liquid (condensing). Once the interface region
becomes saturated the number of molecules vaporising and condensing will be equal and
a dynamic equilibrium is reached, with the volume of the liquid not changing [20]. If the
surrounding gas is unsaturated a concentration gradient exists normal to the interface,
leading to di usion (governed by eq. 1.3 discussed in section 1.1). This di usion acts to
reduce the saturation at the interface, lowering the number of condensing molecules and
increasing the number of vaporising molecules until the saturation equilibrium is reached
again. In general it is assumed that the interface is always at saturation and the net

amount of molecular ux across the interface is that which sustains this [21].
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This saturation concentration (; ) is given by the ideal gas law

_ psath

G = 1.14
L= PR T (1.14)

where psa: IS the saturation vapour pressure, which can be calculated with the semi-
empirical Antoine equation
Peat = 10* o7 (1.15)

A, B and C are tabulated, empirically obtained constants for a speci c liquid. The values
for water forO T( C) 100 are given in table. 1.4.

Both ¢, and p; are used interchangeably to quantify the volatility of a liquid.

A B c |
H 8.07131 1730.63 233.4%‘)

Table 1.2: Antoine coe cients for water.

1.5 Isolated Droplet Evaporation

The evaporation rates of sessile isolated droplets of low volatility liquidse(g. water) at
standard pressure and temperature are well described by existing theory. These rates
have been shown to be limited by di usive transport of its vapour into the surrounding
environment. The concentration of vapour surrounding a droplet is therefore governed
by eq. 1.3 (as described in section 1.1). If the timescale for di usio.{=D) is small in
comparison to the lifetime of the droplet, the evaporation can be assumed to be quasi-
steady. This means that the the concentration d does not vary in time and %f: 0.
Substituting this into eq. 1.3 shows the vapour concentration is given by the Laplace
equation

r 2c=0;: (1.16)

The exact solution to eg. 1.16 around an equi-convex lens was solved by N.N Lebedev [22]
as an electrostatics problem. Jackson showed that close to the contact line this ui)(

radially over the interface ) of the lens (droplet) varies with its contact angle [23],

j/ @ )= ok (1.17)

12



This function predicts: at = =2 radians, homogeneous ux on the interface; between
0< < = 2radians, enhanced ux near the contact liner¢ ! a); and between =2 <

< radians, suppressed ux near the contact line [24]. Integrating over the surface of
the droplet gives the total volumetric evaporation rate (n®s ) according to the di usion

limited model [25]

dV
g = aDc1 (e IFC); (1.18)
where = cimp=G is the fractional ambient humidity at r. = 1 . ¢4 iS saturation

fraction at the interface. f ( ) is a function representing the e ect of the substrate which

depends on the contact angle. Several simpli ed expressions fdr ) have been proposed

[25{27], one example which is continuous and de ned over O radians is
2
1+ cos

as reported by Hu, Wu, and Liu [28]

1.5.1 Thermal e ects and internal ow

As discussed in section 1.4 liquids require latent heat to evaporate, which is sourced from
its environment and the liquid itself. In this section the ux over a droplet's interface was
described to be in general non-uniform and therefore the amount of latent heat required
to sustain this lead to di erential cooling on the interface. Due to the low thermal con-
ductivity ( ) of gases (forair 26 10 *Wm K 1) [30]) in comparison to solids (for
glass 1Wm K 1) [31]), heat is largely supplied by conduction from the substrate.
The rate at which the latent heat can be transported to di erent points on the interface
depends on the conductivity of the droplet (for water = 0:586 W m K 1) [32]) and the
height of the droplet interface over which it must be conducted. The conduction distance
and the non-uniform evaporative ux are both dependent on the contact angle. For at
droplets, the di erence in height at the apex and near the contact line is similar but the
evaporative ux is pronounced near the contact line and therefore the cooling should be
greatest in this region. For droplets with higher contact angles & = 2) the temperature
should be lowest near the apex, because it is both furthest from the substrate and also

the region with the largest ux.

LAfter the submission of this thesis Wray and Moore published a more accurate expression to eq. 1.19
[29], which could be used in future work.

13



The ow inside droplets has been studied in detail by many authors, for example
Deegan et al. [9] who showed that the co ee ring e ect is caused by radial outward ow
as a result of a pinned contact line. Further theoretical work has since been carried out
modelling these ows more generally [2, 33]. In addition to ow driven by evaporation,
the variations in ux leads to further considerations. For example, the surface tension X
of the droplet depends on temperature and the non-uniform cooling on the surface can
therefore result in Marangoni ows. This is discussed in detail by Ristenpart et al. [34],
connecting these ows to the temperature pro les and shapes of the droplets. Marangoni
ows can also be generated by di erent components with dissimilar volatilities, binary
droplets of this sort have very complex ow patterns due to both Marangoni e ects and

density driven ow [35, 36].

1.6 Condensation

As described in section 1.4, air can become saturated with the vapour which evaporates
from a liquid. This occurs when the amount of vapour molecules condensing reaches a dy-
namic equilibrium with those vaporising. The speci ¢ equilibrium condensation depends
on its temperature (see eq. 1.14). If saturated air is cooled quickly the amount of vapour
within the air is greater than the equilibrium. Air in this state is referred to as supersatu-
rated. This often occurs near to a cold surface, which will cool the immediately adjacent
air, leading to condensation onto the surface. This continues until the concentration is
reduced and equilibrium is restored. The condensation can either be Im-wise or drop-
wise which depends on the specic properties of the surface and the contact angle the
liquid forms onto it (described by eq. 1.9). Typically, impurities on the substrate act as
nucleation sites for droplet condensation [37]. Arrays of these droplets of m size over

a surface are often referred to as breath gures and there is much work on the formation
and applications of them, see the book by Rodrguez-Herrandez and Bormashenko [38].
The growth of a single droplet due to a supersaturated environment can be predicted by
eq. 1.18 where (sat ) < 0. In drop-wise condensation the growth of each droplets can
also be due to water absorption onto the substrate, coalescence of adjacent droplets or by

direct droplet deposition from the air [39{41].

14



1.7 The Kelvin e ect

Liquid interfaces which are su ciently curved have a higher vapour pressure than at
interfaces. A molecule at a curved interface has fewer neighbouring molecules than at a
at interface. Therefore the inter-molecular forces exerted and the latent heat required
to vaporise it are less. As a result of this, there is an increased amount of molecules
escaping and the concentration of vapour molecules at the interface must be greater,
before the dynamic equilibrium between condensation and vaporisation is re-balanced.
The increase in saturation concentration at the interface due to its curvature, is called the
Kelvin e ect [42]. The reverse is also true, with concave interfaces having lower saturation
concentration.

For clouds to form, droplets must be able to grow from pure vapour due to conden-
sation. However the vapour pressure over droplets with a small radius of curvature) (
will have large vapour pressures and will therefore not be stable in saturation conditions.
Non-volatile impurities (solute) can aid in the process of droplet growth, by reducing the
vapour pressure of these small droplets and acting as nucleation sites [43]. This is called
the Raoult e ect.

The Raoult e ect and the Kelvin e ect can be combined [44] to show how the ratio of

the vapour pressure of droplets of di erent radii p(r)) to psa: Varies and is given by

p(r) _ le 3nM

Wherery, = 2M =RT | is the Kelvin radius, n is the number of moles of solute and
p(r)=p. = sa in €q. 1.18. The rst term in the brackets represents the Kelvin e ect and

the second the Raoult e ect.

1.8 Multiple droplets

When droplets evaporate within an array they do not evaporate as the sum of their
isolated constituents, instead they evaporate with group dynamics each in uencing their
neighbours and altering their individual evaporation rates. There are several possible
ways in which droplets in close proximity could in uence one another including thermally,

through precursor Ims or by changing local vapour concentrations.
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1.8.1 Diusive evaporation

For sessile isolated droplets of low volatility liquids €.9. water) at standard pressure
and temperature, it has been reported that the superimposition of the vapour elds sur-
rounding each droplet is a signi cant part of these interactions [45{49]. In these cases the
evaporation is found to be di usion limited and the local increase in vapour concentration
near the interface due to the presence of neighbours, is found to slow the evaporation rate
compared to the isolated case. This is because vapour mutually di uses into the regions
of air between the droplets, leading to it becoming saturated. Therefore the rate limiting
process for phase change at the interface is the time it takes for the vapour to be di used
away and for “space' to be created near the interface for molecules to escape the liquid.
This is often called the "Shielding e ect' as multiple droplets shield the evaporation of
their neighbours. Similar di usive interactions have also been observed for the case of
dissolution [50{53]. A series of analytical models have been proposed to capture the dy-
namics of these vapour interactions [1, 45, 54, 55]. A speci c description of each model is
given in the following sections (1.8.3, 1.8.4 and 1.8.5).

Multiple droplet evaporation is also investigated in reverse, in drop-wise condensation
literature, the formation and dynamics of which, are described in section 1.6. Similar
di usive interactions are observed for multiple droplet condensation, as droplets in close
proximity do not grow as fast due to local depletion of the vapour around the droplets
[56{58].

1.8.2 Convective evaporation

In addition to di usion, natural convection has also been observed by Carrier et al. [45]
and Kelly-Zion et al. [59] to enhance the evaporation rate of droplets. Kelly-Zion et al.
placed single at droplets of di erent R on pinned aluminium surfaces and measured their
evaporation. Carrier et al. conducted experiments with lled beakers of water also at
di erent length scales R). Both authors found a transition in which evaporation rate
increased from‘fj—\t’ / R'to dd—‘t’ / R>1. They both attributed this enhanced evaporation to
natural convection of the vapour and showed the transition is predicted by Ra. The e ect
of natural convection above dissolving liquid droplets was reported by Laghezza et al. [51],
who conducted experiments and simulations, showing that this enhanced evaporation can

overcome the di usive shielding e ect and enhance the droplet evaporation in the array,
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to even greater than that of the isolated case. Dietrich et al. [60] experimentally imaged
the ow around dissolving droplets nding the formation of a convective plume above the
droplets transporting the dissolving liquid away from them. A theoretical expression was
derived by Dollet and Boulogne [61] to describe the enhanced evaporation as a result of
the formation of a single plume by separating the droplet into an edge and intermediate
zone. The edge has a similar ux to that of an isolated droplet (see eq. 1.17). In the
intermediate zone the formation of a slender boundary layer with ow towards the centre

of the droplet is assumed and a ux in this region is given as

j — D(Csat Camb)Gr1:5_
R3=5(R rc)2:5 '

(1.21)

Simulations conducted by Chong et al. [53] demonstrated that these plumes also appear

above droplets dissolving, with individual plumes merging into one.

1.8.3 Carrier et al

Carrier et al. [45] developed an analytical model for the evaporation of an array of droplets.
The authors noticed that the combined vapour concentration eld around multiple droplet
has similarities to that of a single droplet. The inter-droplet regions will quickly saturate
and in the centre of the array, the evaporation will largely be governed by di usion of
vapour above and at the edge of the array. Therefore the evaporative ux is similar to
that of a single at “superdroplet' which spans over the entire array. The ux over its

surface is therefore predicted by eq. 1.17 with= 0, giving
jl (R? r2) ¥ (1.22)

This simpli cation allows the authors to combine the individual droplet contributions and
derive an approximate expression, characterising the total evaporation rate of an array of

N droplets with individual base radiusa as a single “superdroplet' with radiufR, as

dV _ 4 | NaCSatR.

dt ° R+ Na (1.23)

It is important to note that this expression doesn't give evaporation rates for the individual

droplets, but does give a prediction for the entire array.
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1.8.4 Diusive interactions of at droplets

Fabrikant [54] proposed an analytical model for the di usive transport of a species through
a porous membrane. An expression for the ux through each pore is derived, a ected by
the number and size of the neighbouring pores. Wray, Du y, and Wilson [1] recognised the
similarity of the problem to that of multiple droplets, then applied this model to predicting
the evaporation of at sessile droplets (no contact angle). Successfully re-deriving the
Fabrikant expression and comparing to the experiments of Khili et al. [62]. The theory
models the shielding e ect caused by the di usive vapour elds which form around each
of the individual droplets (as described in section 1.5). Because of the use of the Laplace
equation the theory assumes that the vapour is quasi-static and that the transient time
Is too short to in uence the evaporation. For the theory these transient transitions occur
instantly, both for the initially development of the vapour and when a droplets disappears

within the array. The evaporation rate of a K" droplet is the evaporation of the same

droplet in isolation ‘L—\t’ reduced by its interactions with its neighbours as
dv dv. X' dv
— = — — kn; (1.24)
dt d , _, dt

n6k

where the last term is the summation of the interactions of the% droplet with the n®"
over the N droplets in the array. These interactions depend on the evaporation rate of
the n" droplet and ¢, given as

a

2 .
i = —arcsin — ; (1.25)
Skn

containing the in uence of the base radiusd) and separation between® and n" droplets

(Skn)-

1.8.5 Diusive interactions of spherical cap droplets

An alternative but similar approach to Wray et al [1] is that of Masoud et al [55] who
redrived some of Fabrikant later work [63]. The model can be written in the same form
as eq. 1.24 but diers in its calculation of the interaction term ( ,). The model still
captures the di usion limited interactions but extends to droplets with > 0. To do this

the interaction term is instead inferred from the spherical cap vapour concentration eld
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around the K" droplet in isolation. Evaluating it at a distance s, from the centre of
the ki droplet to the centre of the " droplet. The value of the evaluated point in the
concentration eld is given by

a(sg  3hi)

an
=41 (144l Tk T 1.26
kn 1Skn ( 1 2) SEn ( )

wherel; and |, are integrals de ned as

Z 1
3 cosh ((2 ) )
[, = . 1+ cosh () d (2.27)
and zZ,

,cosh(@ 1)) !

2d : 1.28
0 cosh( ) ( )
For both the Wray et al and Masoud et al models eq. 1.24 can be written in matrix

form as
dv. = dv

T ; (1.29)

where ‘L—\t’ isaN 1 matrix with elements equal to the known isolated evaporation
rates of each droplet. is anN N matrix with the element at k; n representing the
interaction of the k™ droplet with the n™".

For both forms of the interaction term the diagonal elements equal unity, and the o
diagonal elements are calculated by eq. 1.25 or 1.26 for the Fabrikant-Wray et al and for
the Masoud et al models respectively. ‘L—‘t’ isan N 1 matrix with elements equal to
the unknown evaporation rates of each droplet in the array. By inverting the system of
equations can be solved for th&l unknown evaporation rates accounting for the di usive

interactions.
%—\t/ = OcIT\t/ L. (1.30)

Therefore by specifying the droplet positions and radii, eq. 1.30 allows for general pre-
dictions of the individual evaporation rates for any arbitrary con guration of multiple
droplets. The matrix of isolated values ‘(‘j—‘t’ can be measured or theoretically predicted
by eq. 1.18.

The models of Carrier et al. [45], Fabrikant-Wray, Duy, and Wilson [1, 54] and
Masoud, Howell, and Stone [55] are compared against repeatedly in this thesis and will

be henceforth be referred to as the Carrier et al, Wray et al and Masoud et al models
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respectively.

It is also noticed that a similar model, published before that of Wray et al and Ma-
soud et al was developed by Annamalai, Ryan, and Chandra [64] who used a point source
method (PSM), treating each droplet as a vapour point source to obtain a similar expres-
sion for the interaction term in eq. 1.25. They found good agreement with a full calculation
of the problem. These PSM models are widely used in the eld of fuel combustion [65].

Future work utilising these models will be discussed further in chapter 7, section 7.6.

1.9 One-sided model

In addition to di usion limited evaporation other models exist to describe evaporation with
phase change being the rate limiting process. These models are referred to as the one-sided
models [66] and are important when di usion becomes fast enough to no longer limit the
rate at which molecules can escape the surface. In this case the evaporative ux over the
interface of a droplet depends on the amount of heat supplied to the interface and therefore
the interfacial temperature. This model is applicable to droplets on heated substrates, for
evaporation into low pressure environments and when the liquid is contaminated with

solute which increases the latent heat of vaporisation [67, 68].
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Chapter 2

The Pattern Distortion technique

To capture the evaporation dynamics and characterise the droplet-droplet interactions, the
size of each droplet in an array must be measured throughout the evaporation process. The
most common method when studying isolated droplets is a side camera which captures
images of the droplet's prole. Calibrated measurements of the radius and height in
these images provide enough information to calculate a volume assuming the droplet is
radially symmetric (has a circular contact line) and is a spherical cap. For multiple
droplets (speci cally 2D arrays) side cameras are unable to image every droplet, as central
droplets are obscured by those at the edge. Top cameras have been used to view droplets
simultaneously however on their own they provide no information about the droplet's
height (or equivalently contact angle). Global evaporation rates for the entire array can
be measured with a mass balance but cannot resolve individual droplets and is incapable
of studying droplet-droplet interactions.

Clearly these limitations demonstrate the need for a new technique which is suited to
experimental multiple droplet research. This chapter explains the development, validation
and optimisation of a new "Pattern Distortion' (PD) technique, which does not su er from
the aforementioned restrictions.

The technique is a top camera approach which treats droplets as liquid lenses and relies
on geometrical optics to relate its optical properties to its shape. A situation where this
e ect can be observed is when raindrops land on phone screens. The droplet acts as a
lens and the embedded pixels act as the object imaged by this lens. The di erent images
which are formed by various droplets geometries in this situation can be seen in g. 2.1.

Qualitatively it can be observed that the image which forms is very sensitive to the lens
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Figure 2.1: iPhone 11 phone screen with di erent shaped water droplets forming images
of the underlying pixels.

which created it and the magni cation of the pixels is largest in the smallest droplets. The
aim of this chapter is to understand the connection of a spherical cap droplet geometry

and the resulting image formed.

2.1 Matrix transfer optics

In order to quantify how the magni cation by a droplet is related to its geometry we apply
an optical transfer matrix method. The method traces paraxial rays through an optical
system by combining matrices corresponding to how they propagate through it. One such
matrix describes translation events through a uniform medium of thicknessand can be

described by the matrix 0 1

@ A 2.1)
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The rays can also refract at curved interfaces between two refractive indicesand n;,

which is model by the matrix 0 1
1 0
@ A (2.2)
ni ng n;
my ng

Wherer is the radius of curvature of the interface, which is negative if it is concave. When
the interface is at r ' 1 and the bottom left element of matrix. 2.2 becomes nil. The
matrices 2.1 and 2.2 can be used individually to describe single events or consecutively
to describe composite optical systems. In either case the matrix (matrices) acts as an
operator () mapping points in the object plane to points in the image plane. The height
(Yobj) @and angle ( o) of each ray in the object plane with respect to the optical axis is
transformed by to the nal height (yim) and angle ( iy ) in the image plane as follows
0 1 0 1 0 10 1

@yimA _ @yObjA @ 2 @yobjA : (2.3)
im obj 21 22 obj

By multiplying out eq. 2.3 you obtain

Ym = 11Yim ¥ 12 obj; (2.4)
for the nal height of the ray and

im = 21Yobj * 22 obj; (2.5)

for the nal angle of the ray. If is a single translation (eq. 2.1), then by substitution

eq. 2.4 becomes

Yim = Yobj + d obj; (2.6)

where the small angle approximation has been used such thaf;  tan( o) = 222
and eq. 2.5 becomes
im =0+ op: (2.7)

In other words the height of the ray can change but its angle of propagation remains the
same. Equally, if eq. 2.2 is substituted in the same way (representing a single refraction),
Yobj = Yim and the angle changes according to Snell's law. Making the paraxial approxi-

mation here means that the width of the lens (or collection of lenses in the case of multiple
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Figure 2.2: Diagram tracing real (black) and virtual (grey) ray paths from the pattern
(di; ng), through the substrate (d;; ns) and droplet (h,n.), to the (virtual) image plane
(d3), for a time ty (left) and to + t (right, of the optical axis). yi, is the height of the
image formed andf is the focal point of the droplet.
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Figure 2.3: Replotting the LHS of g. 2.2 with numbered translation (circled) and refrac-
tion (squared) events of the paraxial rays.

droplets) must be su ciently small compared to the perpendicular distance to the imaging

camera. For our sessile droplet optical system in eq. 2.3 is a series of refractions and

translations (see g. 2.2). The rays of light originate from a point on the object plane

then undergo four translations and three refractions, namely:

1.

2.

7.

Transfer a distanced,; through the air beneath the substrate.

Refract from the air of refractive index,ng into the substrate of refractive index,

Ns.
Transfer through the substrate of thickness,.

Refract from the substrate into the liquid of refractive indexn, .
Transfer through the droplet of height,h.

Refract at the droplet interface of radius of curvature, back into the air.

Transfer through air to the image plane at positionds.

For clarity the LHS of g. 2.2 has been replotted in g.2.3 with the translations and

refractions numbered corresponding to the above list. These seven events result in the

25



following seven matrices,

0 10 10 10 1
ot % Mgl Oag MA@l Oa
0 1 e ML g1 (QBs
0 10 M1o0"™ 1 o0 " (2.8)
@1 d2A @1 OA @1 d]_A - @ 11 12A
0 1 0 Zle 0 1 21 22

Ns

Hereng; ns; n. denote the refractive indices of the gas, substrate and liquid respectively.
Matrix multiplication of eq. 2.8 reduces to a single 2 2 matrix describing how points
in the object plane {/,,;) are mapped onto the image planey(,). In order for an image
to form, all rays from the object plane must come to a single point on the image plane.
Therefore, the nal height of each ray on the image plang,, cannot depend on the initial
angle of the rays at the object plane o,. Consequently at the position where the image

is formed the element 1, is equal to zero. For our situation of seven matrices this leads

to
" (L ng)(dy + e 4+ m) #
12= 01 +(d3 h) = o -+
G (2.9)
+ hn—G + dznG =0:
ne Ns

Rearranging, results in an expression for the position of the image plarg)X

2 d h d 3
me &+ I+ &2
ds=h 4 ®fe Mo ns 5: (2.10)
(e ng) b+l 4y

For thick lenses under the paraxial approximation the image plane is measured from the
principle point of the interface which forms the image. For the spherical cap (plano-
convex) droplet (lens) the principle point of the curved interface lies at the apex and so
the image distance ig; h. Recognising this, eq. 2.10 can be written into the form of a

standard lens equation

= + ; (2.11)
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Where the LHS can be shown to be the plano-convexflfrom the Lens-maker's equation.

The term 1, in eq. 2.8 represents the linear magni cation of the system and

im d h)(n n
Yim _ 11=M:(3 )(Ne c)

Yobj Mme

+1: (2.12)

Eq. 2.10 can be used to substitute for the unknowds, which after rearrangement yields
an expression relatingVl to the radius of curvature of the droplet's interface in terms of
known distancesd; and d, and refractive indicesn,, ng and ng,

M = Me : (2.13)

hng 4 dong
Mme  di+t T&+ 3¢ (ng Nn)

If the droplet is undistorted by gravity i.e. Bo 1, its shape can be considered a spherical

cap andr can be related to the heighth and base radiusa by

h? + a2
= : 2.14
r °h (2.14)
By substituting into eq. 2.13
h? + a2
M = ; 2.1
(2n  1)h2  2nlh + a2’ (2.15)
where
n= e (2.16a)
ne
=M Ne G G . (2.16b)
n Ng Ns

The term | has units of length and captures the various optical and geometric parameters
of the setup. This de nition also simpli es the form of eq. 2.15.
By expressingh in terms of the contact angle (), eg. 2.15 can be rewritten as
tan® 5 +1

M = : (2.17)

|
(2n 1tan® ; 2n - tan ; +1

In g. 2.4, eq. 2.17 is used to plot the calculated values ¥ for a range ofl=a and
values, which can be used to optimise the experimental setup to provide the largest

sensitivity to changes in the droplet's shape. The white region represents high magni -
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Figure 2.4: The magni cation M mapped over and l=a. Dashed line indicatesM = 1 .
The black cross at [j; (I;=8)] indicates the approximate initial position of the droplets in
g. 2.7 and 2.8 (in section 2.3), the vertical and horizontal lines show the evolution &f

for CA and CR evaporation respectively.

cation, with the black dashed line indicating an in nitely magni ed image, determined
mathematically by setting the denominator in eq. 2.17 equal to zero. The length-scdle
emerges as the radius of a droplet with contact angle= 90 that forms an image with

in nite magni cation.

2.2 Image processing

To extract the magni cation from the top images, a MATLAB circle detection script (avail-
able at: https://doi.org/10.6084/m9.figshare.26587522.v1 ) was written to place a
region of interest (ROI) over the central portion of each droplet and measure the median
diameter of the dots inside the droplet in each frame. The size of this region is chosen
based on the following considerations: if the region is made too big the magni cation of
the distorted dots at the edge lead to increased certainty in the measured diameter and
consequently the height. Additionally magni cations will vary across this ROI due to

the fact the interface is curved therefore an average of the magni cation would give an
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average height of the interface within the ROI. Determining the volume of a spherical cap
requires the height at the apex and so for larger ROI the volume can be made arti cially
smaller. Within these considerations the largest ROI is optimum as it provides averages
to be taken to reduce uncertainty in determination of dot sizes.

The raw images are made binary by performing an Otsu threshold and inverting. The
MATLAB function bwconncomjs used to nd connected pixel components (the dots) in
the image. This function detects a component if eight or more black pixels in the binary
image are connected by their edges or corners. Thegionprops function is then called
to extract positional information for each component as well as a radius, calculated by
tting an ellipse and averaging its minor and major axes. Trigonometry is then used to
extract only the components which lie completely within the ROI speci ed by the user.
The median or mean radii of the detected dots is computed and the process is repeated
across each frame. Fig. 2.5 shows an example of a raw (left) and processed (middle)
image along with the corresponding feature extraction (right) determined by the code.
The median dot radius for each frame is divided by the median radius in the nal frame
(when the droplet has evaporated), to calculat® . The mean also returns similar values
and has a statistical advantage in images with minimal noise and artefacts but the median
was used in this case because it is found to be less susceptible to uncertainty caused by

misdetections.

Figure 2.5: An example of the image processing and dot detection process used to deter-
mine the magni cation in each frame of the Pattern Distortion data. In the right panel
the blue circles represents dots detected within the ROI indicated by the red circle.
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Figure 2.6: A method for selectively hydrophobising a surface by using laser cut tape to
mask the substrate before coating.

2.3 Validation

In order to validate the technique, a single high resolution repeating hexagonal dot pattern
is used as the object. Alternatively, single features could be placed under each droplet
however this requires careful alignment such that they are placed directly under the apexes
of each droplet. For this reason a repeating pattern is used, ensuring there is always a
feature near the centre of the droplet. The pattern is purchased from JD Photo Data
and is manufactured by printing chrome dots lithographically on soda-lime glass (item:
SL12) with a diameter of 1000 0:4 m and a pitch of 150 m with a cumulative ac-
curacy of 2 m over 707 mm. To ensure the droplets maintain a known circular base
radius throughout evaporation, the contact line is pinned. To achieve this, a clean glass
slide in (ns = 1:46) is covered with polyimide tape and a 10W UV 355nm (TRUMPF,
SCII10SL) laser is used to make circular incisions in the tape. The outer part of the
tape is then removed and the slide is hydrophobised by spray coating with Glaco Mirror
Coat Zero [SOFT99], baked for 12 mins at 5€ and left then to cure for 10 mins at
room temperature. Finally, the remaining circular pieces of tape are removed, revealing
uncoated hydrophilic glass regions, surrounded by the hydrophobic coating. See g. 2.6
for a diagram of this process. Controlling the size and position of these circular incisions
means bespoke templates can be created which pin the location and contact lines of the
droplets for approximately 80% of their drying time.

De-ionised (DI) water was produced with an 18 M cm PURELAB Chorus 1 ELGA
system. A DI water droplet (n, = 1:33) with a=1:06 0:04 mm, 97 andVy, 3 L
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is deposited by hand into the hydrophilic region of the prepared substrate of thickness
d, =1:05 0:01 mm with the pattern placed directly beneath ¢, = 0 mm). To prevent air
currents the droplets were contained within an acrylic boxW = 722mm, H = 510 mm,

D =473 mm) with an ambient fractional humidity (RH) of 38 5% and temperature T)

of 229 1.0 C. Images are taken simultaneously by a top camera with a0:3 rectilinear
lens and side camera with a 4 objective lens to measure the magni cation and height
respectively. The magni cation is extracted as described in section 2.2. By rearranging
eg. 2.15 the quadratic can be solved for the two roots arMd is converted to a height,h.
The appropriate root can be determined by knowing if the image is virtual/real, as the

positive root is the larger/smaller value ofh,

Mnl p(Mnl)2 aM@n 1) L)((M 1)

h= M@n 1) 1

(2.18)

The height determined from top camera magni cation and eq. 2.18(,,) is plotted against
the height measured directly by a side camerd{qe) in g. 2.7. The grey region represents
the variation in hy, within the uncertainty of the measured base radius. The uncertainty
in the base radius comes from the technique which is used to pin the droplets contact
line and is therefore not a limit of Pattern Distortion itself. If this pinning technique was
improved, the uncertainty in the measurement of height would be set by the measurement
of the size of the dots within the resolution limits of the camera. Therefore it is possible
to more accurately determineh (or equivalently ). Regardless, the data agrees well with
the black line (hyp = hsige), con rming the Pattern Distortion (PD) technique's ability to
capture the shape of the droplet from its magni cation.

To further validate the PD technique the same method was applied to a three-droplet
line. In g. 2.8 hyp is plotted against hgjge for the left (L, blue), middle (M, green) and
right (R, red) droplets with initial base radii of a. =0:99 0:03mm,ay =1:03 0:04mm
and ar = 0:98 0:05mm respectively, and a centre to centre separation ef= 4a. For
this multiple droplet system the PD data again agrees closely with the side camera heights
for the blue and red series. The slight non-circularity of the middle droplet's contact line
results in the topology of the liquid interface diverging from a spherical shape. As a result,
the imaged dots become marginally distorted which causes the minor discrepancy seen in
the green series and highlights the sensitivity of the method to the shape of the contact

line. The extension to non-circular contact lines and non-spherical droplets is discussed in
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Figure 2.7: Height determined by the top camerah(,) by substitution of M into eq. 2.18
against side camera heighthjjge) for an isolated droplet. The surrounding insets show
three top and side frames during evaporation. The shaded regions are the variatiorhig,
due to the uncertainty in the base radius §).
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section 2.5.4. By plotting the data in this way the di erence in evaporation rate cannot

be seen however the middle droplet took 11% longer (200s) to evaporate.

Figure 2.8: Height determined by the top camerah(,,) by substitution of M into eq. 2.18
against side camera heighthsige) for a three droplet line with the left (L), middle (M) and
right (R) coloured blue, green and red respectively. The surrounding insets show the rst
experimental frames from the top and side cameras. The lled regions are the variation
in hyp due to the uncertainty in the base radius §).

The uncertainty due to the paraxial approximation is< 1% for these experiments.
The ratio of the distance of the droplet from the centre of the FOV and the distance of
the camera from the substrate was=10. This ratio must remain small for the paraxial

approximation to be valid.

2.4 Optimisation

To experimentally measure the magni cation, an object placed beneath each droplet must
be imaged from above using a xed top-down camera. For repeating patterns the maximum

absolute magni cation jM *j should be chosen such that each droplet has at least one
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