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 A B S T R A C T

Low-frequency vibration generated by rotating machinery in submarines pose a persistent challenge for 
acoustic stealth, as they are readily detected by passive sonar and are poorly mitigated by conventional 
passive or active control technologies under variable operating conditions. This paper introduces a scalable 
computational framework that couples shape-grammar-driven generative design with finite element simulations 
to systematically explore viscoelastic metastructures for vibration attenuation. The generative design method 
is defined by six dimension-independent geometric parameters, enabling automated synthesis of a broad and 
non-intuitive design space beyond traditional unit-cell parameterizations. Vibration transmissibility of each 
metastructure is quantified through numerical simulations, which are validated against experimental mea-
surements on representative specimens. The results reveal viscoelastic metastructures exhibiting pronounced 
and tunable low-frequency attenuation bandwidths, therefore providing enhanced attenuation compared to 
conventional designs. The resulting dataset establishes a structured mapping between geometry and dynamic 
response, offering new insight into geometry-driven vibration mitigation mechanisms. Beyond forward analysis, 
the proposed framework provides a scalable foundation for data-driven and inverse design of metastructures 
targeting robust low-frequency vibration attenuation.
1. Introduction

Radiated noise poses a significant threat to submarine stealth as it 
can be captured by passive sonar, enabling tracking and identification. 
While substantial efforts have focused on mitigating external noise 
sources, such as propeller cavitation [1] and hull-fluid hydrodynamic 
interactions [2], at low operating speeds the radiated-noise signature 
is often dominated by structure-borne vibrations generated by onboard 
machinery [3]. Rotating machines are the primary sources of these vi-
brations, which produce broadband excitation under varying operating 
regimes. These vibrations propagate through air and solid paths, are 
transmitted via mounting systems, suspensions, and floating rafts, and 
ultimately radiate into the surrounding fluid through the hull [4–6].

Traditional vibration isolation relied on heavy mounting systems 
to ensure sufficient attenuation. However, weight reduction constraints 
have motivated the development of lightweight isolation concepts, in-
cluding floating rafts inspired by lattice structures [7,8] and alternative 
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suspension technologies. Despite these advances, two major challenges 
remain relatively unresolved: achieving high attenuation levels (typ-
ically exceeding 20 dB) while effectively mitigating low-frequency 
vibrations without compromising static stiffness. Numerous vibration 
control strategies have been proposed to address these challenges [9], 
including distributed dynamic vibration absorbers (DVA) [10,11], lo-
cally resonant (LR) structures [12], particle dampers (PD) [13], quasi-
zero-stiffness (QZS) systems [14], and active control approaches [15].

Several studies have shown that the trade-off between static stiffness 
and low-frequency attenuation can be partially controlled through 
thermal activation [16,17]. In addition, the resonance peak of the first 
mode can be mitigated using resonant metamaterials with a tailored 
distribution of internal resonance frequencies, without altering the 
static stiffness [18]. Bioinspired approaches have further expanded the 
design space. For example, Yan et al. [19] drew inspiration from insect 
leg to design a structure exhibiting modified QZS behavior, achieving 
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vibration isolation around 10 Hz. Similarly, Zhou et al. [20] investi-
gated a limb-inspired QZS structure capable of attenuating vibrations 
at ultralow frequencies. Wu et al. [21], on the other hand, coupled 
electromagnetic active vibration control with QZS, drawing inspira-
tion from a frog’s morphology to enhance low-frequency attenuation. 
Despite this notable progress, most of these technologies tend to lose 
effectiveness under varying operating conditions, which leaves residual 
low-frequency radiation. Furthermore, although conventional mounts 
may provide attenuation at low frequencies, amplification often oc-
curs at higher frequencies. Consequently, achieving reliable broadband 
vibration attenuation in variable environments remains a significant 
challenge [22].

Recent advances in additive manufacturing have enabled the fabri-
cation of complex geometries, renewing interest in mechanical meta-
materials and metastructures that combine lightweight design and 
tailored mechanical responses. Metamaterials derive unusual properties 
from their microstructure, whereas metastructures achieve functional 
performance primarily through architectural design. These concepts 
have been successfully applied to acoustic insulation [23,24], cloak-
ing, energy absorption, and vibration attenuation [25,26]. In the con-
text of vibration isolation, lattice structures – including auxetic [27,
28], chiral [29–31], origami-inspired [32], bio-inspired [33–35], and 
sandwich-type designs [36–39] – have demonstrated promising atten-
uation capabilities across low- and mid-frequency ranges [40].

Among these approaches, many metamaterials and metastructures 
have been developed using the two most widely adopted concepts: 
QZS and LR. A classical QZS metastructure was introduced by Fan 
et al. [41], who designed a 2D structure composed of sinusoidal beams 
to achieve QZS behavior and low-frequency vibration attenuation. 
Building on this concept, Zhao [42] developed 1D QZS structure using 
curved beams, then applied mirror operations to obtain a 2D configu-
ration, and finally translated the geometry in space to generate a 3D 
QZS metastructure. Zhou et al. [43] and He et al. [44] explored QZS 
metastructures inspired by origami principles, therefore achieving low-
frequency vibration attenuation. Later, Liu et al. [45] and Li et al. [46] 
proposed novel 3D QZS metastructures composed of curved beams. In 
particular, Li et al. [46] introduced an arched beam connected to the 
base of the unit cell to achieve unidirectional behavior by rotating 
the unit cell by 90◦, resulting in vibration isolation from 20 Hz up 
to 6 kHz. Using curved beams as well, Liu et al. [47] proposed a 
cylindrical QZS metastructure in which each level consisted of four 
pairs of curved beams, an they investigated how added mass influenced 
transmissibility performance. Bioinspired approaches have also been 
explored. Ravanbod et al. [48] proposed a 3D QZS metastructure in-
spired by the tongue of woodpecker, which achieved effective vibration 
attenuation. Furthermore, Lin et al. [49] and Cai et al. [50] introduced 
metamaterials coupling QZS and LR principles, where the curved beams 
acted as springs and internal structures served as local masses, thereby 
enabling vibration attenuation below 500 Hz.

LR metamaterials and metastructures have likewise been exten-
sively studied for vibration mitigation. For instance, Jiang et al. [51] 
and d. Li et al. [52] designed cubic unit cells connected by struts, lead-
ing respectively to vibration attenuation between 400 Hz and 1.5 kHz 
and multiple attenuation bands in the kilohertz range, respectively. 
Using LR principles, Li and Yan [53] proposed a chiral auxetic structure 
incorporating local resonators to obtain multiple attenuation regions 
between 0 and 5 kHz. Jiang et al. [54] embedded spherical masses 
within the cellular unit cells to induce vibration mitigation around 
2 kHz. Following a similar strategy, Abubakar et al. [55] designed a 
3D cubic re-entrant metamaterial with embedded masses and studied 
their influence on vibration mitigation performance. Wu et al. [56] 
subsequently resized a 3D re-entrant unit cell to function as a local 
resonator and investigated the influence of material properties on 
vibration isolation. Beyond cellular structures, tires have also shown 
potential for attenuation [57,58]. Wang et al. [59] further proposed 
a locally resonant metastructure inspired by a spider, combining an 
2 
origami-based main body with a central mass. Numerous other LR 
designs have been proposed, including beam lattices, syndiotactic chiral 
structures, and unit cells containing embedded masses [60–64].

Lightweight solutions such as sandwich structures [65] and pe-
riodic lattice exhibiting LR effects [66] have also been proposed as 
alternatives to traditional mounting systems and floating rafts. Sim-
ilarly, Yang et al. [67] introduced a particle damper composed of 
a lattice filled with granular material to enhance vibration mitiga-
tion. Gao et al. [68] proposed a re-entrant lattice with particles placed 
at the vertices to enable low-frequency vibration mitigation. By cou-
pling multiple dissipation mechanisms, Tomita et al. [69] developed 
a plate-based metamaterial combining local resonators with embedded 
particles, therefore achieving significant mitigation around 200 Hz.

While these designs may exhibit strong performance individually 
or when integrated with conventional mounting technologies, exhaus-
tively exploring the full design space via physical prototyping and 
experimental testing remains challenging. Therefore, there is a need 
for efficient strategies to investigate structural configurations exhibiting 
diverse dynamic behaviors across the frequency range of interest. One 
promising approach is the creation of a systematic dataset in which 
each geometry is paired with its corresponding performance metrics. 
Such a dataset is fundamental for inverse design, which aims to navi-
gate large design spaces to identify optimal solutions. In the physical 
sciences, datasets have been successfully employed to model properties 
such as energy absorption [70] and acoustic attenuation [71].

Various design strategies have been proposed in this context. Some 
rely on control points to define geometries, as in QZS isolators [72] 
or unit-cell vertex parameterizations [73]. Others adjusted chiral-cell 
dimensions [74,75], or applied binary material distributions at the 
unit-cell scale [76–78]. Generative design offers an alternative frame-
work [79], encompassing topology optimization [80,81], machine-
learning-based generation [82], and grammar-based methods such as 
L-systems [83,84], graph grammars [85], and shape grammars. How-
ever, topology optimization typically targets a single optimal solution 
for a predefined objective, making it unsuitable for generating large 
populations of distinct lattice designs. Machine-learning-based gener-
ation holds great promise but is strongly dependent on the quality 
and printability of the initial dataset, which can limit its applica-
bility in inverse design problems. Grammar-based methods provide 
a compelling alternative: L-systems are generally restricted to fractal 
lattices, while graph grammars focus primarily on strut-based lattices. 
Shape grammars, in contrast, enable rule-based geometric transforma-
tions of predefined objects and have demonstrated versatility across 
architecture [86], product design [87], and engineering [88,89].

In this work, we propose a large-scale computational framework in-
tegrating shape-grammar-driven generative design with finite element 
(FE) analysis to systematically explore viscoelastic metastructures for 
vibration attenuation. Unit-cell geometries are parameterized using up 
to six dimension-independant geometric variables and assembled into 
metastructures through a set of grammar rules. This enables the auto-
mated generation of thousands of distinct structural designs through 
a design generator implemented in Rhinoceros 3D/Grasshopper® en-
vironment. Vibration transmissibility is evaluated using FE simulations 
implemented in the open-source FEniCSx platform, and selected config-
urations are validated experimentally. The resulting dataset establishes 
a structured relationship between geometry and dynamic response, 
which provides new insights into geometry-driven vibration attenua-
tion and laying out the foundation for future data-driven and inverse 
design strategies.

The remainder of the paper is organized as follows. Section 2 
details the generative design method. Section 3 presents the model-
ing approach, numerical implementation, and experimental validation. 
Section 4 introduces the digital pipeline used to build the large-scale 
metastructure dataset for vibration attenuation.
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Fig. 1. Generative design workflow of metastructures using shape grammar rules: (a) unit cell design space and example of variants; (b) shape grammar rules 
definition; (c) design strategies leading to different metastructure configurations.
2. Generative design methodology

The systematic exploration of metastructures and their vibration 
attenuation performance requires an appropriate generative design 
approach. In this work, we propose a bottom-up strategy that begins 
with the parameterization of a unit cell and progressively extends to 
more complex structures through the successive application of shape 
grammar rules. This approach is similar to layered shape grammar [90], 
where each additional rule incrementally increases geometric com-
plexity. Fig.  1 gives an overview of the proposed generative design 
methodology to build a large collection of metastructures suitable for 
vibration attenuation. Each step of the approach is described in the 
following subsections. Further technical details are left to Appendix  B.

2.1. Unit cell design

The systemic design of metastructures follows a structured workflow 
beginning at the unit cell level. As illustrated in Fig.  1a, the design 
space is first defined by a bounded square domain, representing the 
elementary unit of repetition. To ensure scalability and reduce de-
sign complexity, symmetric constraints are introduced, which limit the 
number of independent control parameters while ensuring seamless 
interfaces between adjacent cells. Within the constrained domain, two 
categories of control points are defined: fixed points, placed outside 
the unit cell boundaries to ensure structural continuity across adjacent 
cells, even under rotation, and variable points, which parameterize the 
unit cell geometry. The variable points span bounded ranges, enabling 
controlled variation while preventing degenerate or unstable configu-
rations. Two of these can move both inside and outside the unit cell, 
resulting in geometries with variable stiffness and interface lengths. An 
additional control point is positioned within a smaller square domain 
centered in the unit cell. When its two endpoints define a diagonal that 
serves as a symmetry axis, reflecting a point located in the upper half 
of the domain produces a rotated version of the original unit cell. If the 
3 
variables of the two peripheral control points are equal, this operation 
yields the same geometry rotated by 90◦, thereby eliminating the 
need to explicitly perform rotational transformations to explore such 
configurations within the design space. Moreover, when the central 
control point lies directly on the diagonal and the other variables 
remain equal, the unit cell exhibits four symmetrical planes. This 
parameterization created a vast but finite design space, thus enabling 
both systematic exploration and data-driven approaches like machine 
learning. Once the control points are specified, a sequence of shape 
grammar rules is applied to generate candidate geometries. These rules 
include (i) connection rules linking the control points, (ii) symmetry 
rules replicating and reflecting the geometry according to the imposed 
symmetry planes, and (iii) intersection rules trimming the resulting 
shape to the predefined design domain. The systemic application of 
these rules transforms abstract parameters into concrete unit cell ge-
ometries. The use of straight lines to connect control points, rather than 
splines, was motivated by practical considerations. In preliminary tests, 
splines interpolation tended to oversmooth the geometry, thus reducing 
geometric diversity for a given control-point configuration. Moreover, 
when scaled down, curved contours frequently intersected with the 
original shape, compromising geometric validity of the dataset. The 
adopted parameterization and associated rule set therefore represent 
a trade-off between geometric richness and dataset stability. Examples 
of the resulting cells, including special symmetric cases, are shown in 
Fig.  1c.

2.2. Shape grammar rules

Within the design framework, shape grammar rules constitute the 
core mechanism that governs the generation and transformation of 
unit cell geometries. Rather than being viewed as isolated geometric 
operations, these rules act as formalized procedures that enabled the 
controlled evolution of an initial unit cell into increasingly complex 
configurations. They ensure that design variation is not arbitrary but 
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instead follows a consistent and reproductible logic, therefore making 
them essential for generative and systematic design approaches. Here, 
the design workflow is structured around a set of fundamental shape 
grammar rules, such as illustrated in Fig.  1b and described hereafter:

• Rotation — reorients a geometry within its domain without alter-
ing its structural identity, preserving systematic coherence across 
the design space. This operation is characterized by a specified 
axis within a defined plane, and a given angle.

• Sizing — scales a geometry while maintaining proportional in-
tegrity, enabling systematic exploration of structural hierarchies.

• Difference — removes overlapping regions between shapes, creat-
ing voids or substructures that enrich diversity.

• Symmetry — generates mirrored counterparts across reference 
planes, ensuring continuity.

• Duplication — replicates shapes along spatial axes according to 
controlled parameters, enabling repetition and modularity in 
metastructures.

2.3. Design of 2D metastructures

Through this generative design framework, and considering the 
designed unit cell, four distinct strategies are introduced to generate 
periodic 2D metastructures. Each strategy, illustrated in Fig.  1c, repre-
sents a different pathway through the shape grammar rules workflow, 
ranging from the most elementary to the most complex configuration, 
as follows:

• Strategy 1 — Direct Duplication. The simplest pathway applies 
the duplication rule immediately after the design of the unit 
cell. This generates periodic repetitions across the design domain, 
producing the first class of metastructures. Here, the geometry is 
entirely determined by the positions of the variable control points, 
requiring only four design parameters.

• Strategy 2 — Cavity formation by sizing and difference. Complexity 
is increased by introducing a sizing rule followed by a differ-
ence operation, which reduces the initial unit cell and subtracts 
it from its original geometry, creating cavities. Applying du-
plication afterward produces lightweight lattices with tunable 
porosity. An additional sizing parameter extends the design space 
to five dimensions, with cavity size directly influencing structural 
weight.

• Strategy 3 — Rotation with symmetry correction. Another path-
way integrates rotation into the workflow. Since rotation alone 
disrupts continuity between neighboring cells, the geometry is 
subsequently restored through symmetry operations. The imposed 
symmetry planes ensure structural compatibility while constrain-
ing the rotation angle between 0◦ and 90◦. This introduces the 
rotation angle as a fifth parameter, yielding metastructures with 
directional anisotropy and controlled variation.

• Strategy 4 — Combined sizing, difference, symmetry, and rotation. 
The most complex pathway merges the cavity-forming and ro-
tation strategies. Here, the design process is governed by six 
independent parameters, generating a large set of configurations. 
This hybrid approach illustrates the full integrity of the design 
workflow, combining lightweighting and directional tailoring.

Taken together, these strategies demonstrate how the systematic 
application of shapes grammar rules – i.e., duplication, sizing, differ-
ence, rotation, and symmetry – enables scalable exploration of the 
design space. The method balances simplicity and complexity, therefore 
providing a structured way to navigate from four-parameter unit cells 
to highly configurable metastructures. Let us finally refer to Appendix 
B where some of the technical aspects of the generative design method-
ology are further detailed, and some extensions to 3D metastructures 
are discussed.
4 
3. Transmissibility computation

This section presents the numerical framework developed to com-
pute the transmissibility of each designed metastructure, each enabling 
systematic quantification of vibration attenuation efficiency across the 
generated geometries. The methodology integrates high-fidelity FE 
analysis with a compact design-to-simulation workflow and is validated 
against experimental data.

3.1. Definition

Here, the transmissibility 𝑇 ∶ R+ → R of the metastructures is 
assessed using a simple mounting system [91], quantifying the ratio 
between the output 𝑈out and input 𝑈in displacement magnitudes under 
harmonic excitation: 

𝑇 (𝜔) =
𝑈out (𝜔)
𝑈in

, (1)

where 𝜔 is the excitation angular frequency. It serves as a measure of 
the structure’s ability to isolate or amplify vibrations across frequency 
ranges, as illustrated in Fig.  2.

For a simple mounting system, the frequency response of the system 
can be divided into three regimes (see again the example depicted in 
Fig.  2). At low frequencies, the transmissibility 𝑇 (𝜔) is approximately 
equal to one, indicating that the supported mass follows the imposed 
motion without significant amplification or attenuation. This behavior 
is typically referred to as rigid-body motion. As the frequency increases, 
the system may enter a resonance regime characterized by 𝑇 (𝜔) > 1 (or 
even 𝑇 (𝜔) ≫ 1), where the output amplitude exceeds the input and a 
resonance peak appears before the response begins to decrease. Beyond 
this point, the transmissibility drops below one, marking the beginning 
of the attenuation regime. In this final regime, the metastructure effec-
tively filters out vibrations. In what follows, we consider that when the 
metastructure has interesting vibration absorption properties 𝑇 (𝜔) <
10−2.

3.2. Numerical modeling of the mounting system

The evaluation of the transmissibility of a metastructure is done 
numerically, based on the model illustrated in Fig.  2a. It involves a FE 
model of the metastructure (i.e., the antivibration mount) coupled to a 
rigid body model of the mounting mass.
Formulation. More specifically, the metastructure is modeled as a vis-
coelastic continuum with material parameters: storage modulus 𝐸, 
Poisson’s ratio 𝜈, loss factor 𝜂, and density 𝜌. We assume small displace-
ments and denote by 𝒖1 ∶ (𝛺1,R+) → C𝑑 the displacement field within 
the metastructure domain 𝛺1 ⊂ R𝑑 . We also assume plane strains for 
2D configurations (i.e., when the spatial dimension 𝑑 = 2). The bottom 
side (or the input side) of the metastructure, defined by 𝛤𝑏 (see also 
Fig.  2(a)), is subjected to a harmonic displacement in the 𝑦-direction. 
In addition, the metastructure supports an item of mass. This mounted 
item is assumed to be a rigid body of mass 𝑚2 and inertia tensor 𝐈2
measured relative to its center of mass. We denote by 𝒖2 ∶ R+ → C𝑑 and 
𝜽2 ∶ R+ → C𝑑 the displacements and rotations of the mounting item, 
expressed at the center of mass as well. We assume a perfect coupling 
between the metastructure and the item of mass at their interface 𝛤𝑡
(Fig.  2). The overall vibration problem to be solved reads as follows. 
We are looking for 𝒖1, 𝒖2 and 𝜽2 solutions of: 

[Balance] 𝜌1𝒖̈1(x, t) = div(𝝈1(x, t)), in 𝛺1, (2a)

[Constitutive law] 𝝈1(x, t) = (1 + 𝗂𝜂)𝐂 ∶ 𝜺(𝒖1(x, t)), in 𝛺1, (2b)

[Euler’s first law] 𝑚2 𝒖̈2(t) = −∫𝛤𝑡
𝝈1 ⋅ 𝒏 𝑑𝑙, (2c)

[Euler’s second law] 𝐈2 𝜽̈2(t) = − (𝝈1 ⋅ 𝒏) × 𝒓 𝑑𝑙, (2d)
∫𝛤𝑡
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Fig. 2. Modeling and transmissibility analysis of a simple mounting system. (a) FE model of the considered problem, (b) Plot of the transmissibility w.r.t. the 
excitation frequency associated to the metastructure on the left, and (c) FE results showing the time-dependent deformed configuration for different frequencies 
(note: the colormap is associated to the vertical displacement).
[Continuity of the disp.] 𝒖1(x, t) = 𝒖2(t) + 𝜽2(t) × 𝒓(x), over 𝛤𝑡, (2e)

[Imposed harmonic disp.] 𝒖1(x, t) = 𝑈in exp(𝗂𝜔t)𝐞𝑦, over 𝛤𝑏, (2f)

where 𝝈, 𝜺 are respectively the linearized Cauchy stress and Green–
Lagrange strain tensors, 𝐂 is the Hooke material tensor, 𝒏 is the 
outward unit normal to 𝛺1, and 𝒓 the distance vector from points on 
𝛤𝑡 to the center of mass 𝐺 of the mounting item. The output vibration 
magnitude is measured from the vertical displacement of this item of 
mass, i.e., 𝑈out (𝜔) = |𝐮2(𝜔) ⋅ 𝐞𝑦|.

Numerical solution. Problem (2) is solved classically by using the FE 
method (first-order Lagrange triangular elements) together with modal 
superposition. In practice, it leads to complex-valued linear systems of 
5 
equations of the following form: 

𝐃̄(𝜔)𝐝rel = 𝜔2𝐌̄ 𝐝0, (3)

where 𝐃̄(𝜔) and 𝐌̄ denote the dynamic stiffness and mass matrices, 
respectively. The displacement and rotation unknowns contained in 
vector 𝐝rel are obtained by solving (3) approximately based on a set 
of eigenmodes (𝜔𝑘, 𝐯𝑘), as follows:

𝐝rel(𝜔) ≈
𝑛𝑀
∑

𝑘=1
𝐯𝑘 𝛼𝑘(𝜔), with 𝛼𝑘(𝜔) = 𝐯⊤𝑘 𝐌̄ 𝐝0 𝜔2

(1 + i𝜂)𝜔2
𝑘 − 𝜔2

.

For more details on the different operators and quantities involved in 
this numerical model, see Appendix  A.
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Fig. 3. Experimental framework for transmissibility analysis. (a) Experimental setup employed to measure vibration transmissibility and validate the numerical 
model with the geometric model of the metastructure used for simulations and experimentation; (b) to (d) Comparisons of simulated and measured transmissibility 
curves for three distinct metastructures, demonstrating the model’s predictive accuracy.
Implementation details. The full computational workflow is automated 
as follows. First, the geometry generation of metastructures is im-
plemented within the Rhinoceros 3D (Version 7)/Grasshopper® en-
vironment using the shape grammar rules described in Section 2.2. 
Generated geometries are then exported in STEP files and meshed using 
GMSH [92]. The steady-state dynamic analysis is implemented using 
the open-source FE platform FEniCSx [93], where harmonic excita-
tion is applied and the transmissibility is evaluated. This systematic 
simulation pipeline enables high-throughput computation of vibration 
transmissibility, forming the foundation of the large dataset used for 
subsequent data-driven and inverse design studies.

3.3. Experimental validation

The final stage of the computational design methodology involves 
validating the numerical model through direct comparison with exper-
imental measurements. This crucial step ensures that the simulation 
framework used to compute the transmissibility accurately captures the 
physical behavior of the metastructures designed in the previous stages.

The experimental setup is presented in Fig.  3a. The metastructure 
is fixed to the mounting mass and to the seismic mass through two 
intermediate regions, added at the top and bottom parts of the metas-
tructure. This enables to screw and align the metastructure to the 
mounting mass (top interface) and to the shaker (or the seismic mass, 
bottom interface). The metastructure and the intermediate regions 
are manufactured as a single part using 3D printing with PolyJet™ 
6 
technology, based on the commercial VeroClear™ material. For this 
experimental validation, we printed three metastructures generated 
using Strategy 4 (see Section 2.3). The mounting mass consists in 
a 80mm × 80mm × 25mm aluminum block. The input acceleration 
was recorded using an accelerometer attached to the shaker, whereas 
the output response was measured with another accelerometer placed 
on the upper surface of the mass, see again Fig.  3(a). Based on the 
measurements, the transmissibility is evaluated as the ratio of the 
output-to-input acceleration amplitudes over the frequency range. The 
transmissibility of the three tested metastructures are depicted on Figs. 
3 b, c, and d.

Along with these experimental results, Fig.  3 also presents the nu-
merical results for the three designs. The material parameters used for 
the simulation are a Young’s modulus 𝐸 = 1.2GPa, Poisson’s ratio 𝜈 =
0.312, and density 𝜌 = 1.18 gmm−3, identified through additional in-
house mechanical tests. A good agreement between the experimental 
and numerical results is observed. Especially, the relative error in terms 
of resonant frequencies are 0.32%, 3.1% and 4.1% for the three studied 
designs, respectively. It remains the question of the loss factor. Indeed, 
one can notice that the maximal resonance peaks are slightly different 
for each structure. Thus, one would require different values of loss 
factors to capture these maximal transmissibilities accurately. This has 
been done in the results presented in Fig.  3 where the loss factor is 
set as 𝜂 = 0.045, 0.025 and 0.06, respectively. Additionally, let us 
note that the current experimental setup does not allow us to measure 
the transmissibility above 2 kHz. Therefore, we choose to identify a 
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Fig. 4. Influence of shape grammar rules influence on the transmissibility of metastructures for different construction strategies: (a) Strategy 1, (b) Strategy 2, 
(c) Strategy 3, and (d) Strategy 4. Each strategy is evaluated over two frequency ranges to highlight low- and high-frequency behavior.
constant loss factor based on these experimental results and not to 
introduce a frequency-dependent loss factor in our numerical model. 
Furthermore, we select a single value 𝜂 = 0.1 during the dataset 
construction (see Section 4.2), mainly for the sake of simplicity. The 
value of the loss factor principally influences the maximal peaks, but 
less the general shape of the transmissibility curve and the values of 
resonant frequencies. Therefore, we believe that such a constant loss 
factor is valid in our context of design-related investigations.

4. Results and discussion

This section explores how the previously generated metastructures 
influence the corresponding mechanical and dynamic behaviors. The 
first part examines the influence of successively applied shape grammar 
rules, demonstrating that each additional rule not only modifies the dy-
namic response but also promotes the emergence of low transmissibility 
while enriching the diversity of mechanical performance. The second 
part focuses on constructing the complete dataset and analyzing the 
transmissibility characteristics of the resulting lattice configurations.

4.1. Influence of layered shape grammar rules on transmissibility perfor-
mance

Increasing the number of applied shape grammar rules system-
atically enhances the geometric and mechanical complexity of the 
metastructures. To quantify this effect, transmissibility analyses were 
performed on 2D metastructures corresponding to different design 
layers. To illustrate the variability introduced by the simplest config-
uration, five metastructures were examined using only the duplication 
rule. The first design corresponds to the reference unit cell intro-
duced in the design methodology, while the remaining four represent 
geometric extrema within the design space.

Fig.  4a presents their transmissibility responses over two frequency 
ranges. The first plot divided into two graphs covering different fre-
quency ranges. The first plot (0–4 kHz) highlights the resonance be-
havior. The stiffest design (Design 5) exhibits the highest resonance 
frequency, reaching approximately 2.4 kHz, whereas the lighter, more 
compliant designs resonate near 1.2 kHz. This confirms the expected 
7 
relationship between stiffness and resonance frequency (remember that 
for an one DOF spring-mass system (𝑘, 𝑚), the natural frequency is given 
by 𝜔0 =

√

𝑘∕𝑚). Beyond 3 kHz, significant divergence appears between 
designs, as shown in the second plot. While all designed metastructures 
exhibit attenuation behavior at higher frequencies — initiating around 
1.7 kHz for the first three designs, 2.25 kHz for the fourth, and 3.3 kHz 
for the fifth. The orange line in the figure indicates the attenuation 
threshold (𝑇 = 1), while the green line marks the objective (𝑇 <
0.01). As observed, none of the designs crosses this threshold up to 
15 kHz, confirming that the duplication rule alone cannot achieve the 
attenuation targeted in the frequency range studied.

The rotation angle represents a key parameter that governs both 
the geometry and the mechanical anisotropy of the metastructure. 
Fig.  4(b) shows the transmissibility for metastructures rotated by 0◦, 
15◦, 30◦, 45◦, 60◦, 75◦, and 90◦. The first and last designs exhibit 
markedly distinct transmissibility curves, highlighting the anisotropic 
nature of the metastructure. In contrast, unit cells with four planes 
of symmetry would yield identical responses for rotations of 0◦ and 
90◦. Rotation modifies the material distribution and, consequently, 
the effective stiffness of the metastructure. In this case, increasing the 
rotation angle results in stiffer structures. The fourth and fifth designs, 
which differ geometrically, resonate both near 1.5 kHz but exhibit 
distinct high-frequency behaviors. Although none of the rotated designs 
achieve the targeted vibration attenuation within the studied frequency 
range, the variation in transmissibility confirms that rotation effectively 
tunes stiffness and material distribution, serving as a valuable means of 
adjusting dynamic behavior without altering the underlying geometry 
or topology of the unit cell.

The influence of the sizing rule on transmissibility is illustrated 
in Fig.  4c. The first design corresponds to the baseline metastructure, 
while the others incorporate sizing parameters of 0.1, 0.2, 0.3, and 
0.4, where 0.1 and 0.4 represent the lower and upper bounds of the 
parameter range. As the sizing parameter increases, the metastructure 
becomes more compliant, leading to sharper and more pronounced 
resonance peaks. Moreover, the resonance frequency shifts toward 
lower values: the unsized metastructure resonates around 1.2 kHz, 
while the most compliant design (sizing = 0.4) resonates near 400 Hz. 
The smallest sizing value produces a response nearly identical to the 
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Fig. 5. Dataset performance overview. (a) Transmissibility curves for the complete set of simulated metastructures, illustrating the diversity of dynamic responses 
across the dataset. (b) 2D design space representing the relationships between the attenuation bandwidth, resonance frequency, with each metastructure colored 
by its corresponding mass ratio feature, highlighting the distribution of generated designs. (c) 2D projection of the design space for a fixed mass ratio of 7.0, 
showing representative metastructures color-coded by the number of absorption bandwidth (red: none, blue: one, green: two, orange: three). (d) Comparison of 
the transmissibility curves for the best- and worst- performing designs within the subset of metastructures having a mass ratio of 7.0 with traditional designs, 
demonstrating the strong influence of resonance frequency and total bandwidth on vibration attenuation performance.
baseline design, as expected from their similar geometries. In the high-
frequency domain, transmissibility curves exhibit comparable trends; 
however, metastructures with higher sizing parameters display more 
efficient filtering behavior. A narrow absorption bandwidth appears 
around 4 kHz for a sizing of 0.3, while a wider one (∼3 kHz) emerges 
above 12 kHz for the 0.4 configuration. These results suggest that 
larger sizing parameters promote both the formation and widening of 
absorption bandwidth while lowering resonance frequencies, therefore 
demonstrating the critical role of sizing in tailoring metastructure 
dynamics.

After independently analyzing the effects of the sizing and rotation 
shape grammar rules, the final strategy assesses their coupled influence 
on transmissibility performance (Fig.  4d). In this strategy (i.e., Strategy 
4), the sizing parameter is set to its maximum value, while the rotation 
angle varies according to the same increments used in the previous 
analysis. In the low-frequency domain, two designs exhibit resonance 
peaks near 700 Hz, whereas the other strategies reach resonance be-
tween 300 and 400 Hz. More importantly, all designs resulting from the 
construction Strategy 4 display at least one wide absorption bandwidth. 
The first design shows a absorption bandwidth initiating at 12 kHz, 
while the second and third present similar attenuation starting near 
11.8 kHz. The Design 4 reaches this regime around 10 kHz. The last 
three designs (i.e., Design 5, Design 6, and Design 7) are particularly 
notable, with absorption bandwidth emerging as low as 6 kHz. These 
results demonstrate that increasing the complexity of the metastructure 
through the successive application of shape grammar rules enriches 
the diversity of transmissibility profiles and enhances overall dynamic 
8 
performance. Owing to its superior attenuation performance, this final 
strategy has been selected as the reference architecture for constructing 
the large-scale dataset.

4.2. Dataset construction

The first step in constructing the large-scale dataset consisted of 
generating the full set of geometries serving as its foundation. This 
was achieved using a Python script developed within the Rhinoceros 
7/Grasshopper® environment. Each generated metastructure was ex-
ported as a STEP file, while the associated design parameters – in-
cluding the four geometric coordinates, the sizing parameter, and the 
rotation angle – were recorded in a CSV file sharing the same identi-
fier as the corresponding geometry. All geometries were subsequently 
processed though an in-house numerical simulation workflow. While 
geometry generation required only about one second for two designs, 
each simulation took approximately ten seconds per metastructure. This 
step yielded not only the transmissibility curve but also key dynamic 
metrics, including the resonance frequency, the number of absorption 
bandwidth, and the attenuation band — defined as the cumulative 
number of frequency where the transmissibility remains below 0.01. 
Additionally, the mass ratio, defined as the ratio between the masses 
of the mounting item and the metastructure, was also computed.

A total of 5000 metastructures were generated and simulated (see
Movie S1). Fig.  5a shows all resulting transmissibility curves, where 
numerous configurations already exhibit clear absorption bandwidth. 
Among the 5000 tested structures, 1665 presented at least one absorp-
tion bandwidth: 1221 had a single absorption bandwidth, 367 exhibited 
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two, 67 show three, and 10 revealed four distinct absorption band-
widths. However, the presence of multiple absorption bandwidths does 
not necessarily ensure efficient vibration attenuation of the mounted 
component. To better visualize the overall performance landscape, a 
two-dimensional design space independent of the number of absorp-
tion bandwidths was constructed and shown in Fig.  5b. The 𝑥- and 
𝑦-axes correspond to the resonance frequency and total bandwidth, 
while the color of each point represents the metastructure’s mass ratio. 
Within this dataset, resonance frequencies ranged from 179 Hz to 
2370.8 Hz, attenuation range varied from 0 % (for configurations with 
no bandwidth) to up to  76.67 %, and the mass ratio spanned from 
2.8 to 7.7. The resulting design space included structures exhibiting no 
absorption bandwidth, which are readily identified by their attenuation 
range equal to 0 %. To explore the design space, a visualization tool 
called Meta Explorer was developed, and its functionality is detailed 
in Supplementary Materials (see also Movie S1). This tool allows 
direct identification of the geometry associated with different physical 
parameters. Most generated metastructures clustered in the region 
characterized by small attenuation bandwidth, high resonance frequen-
cies, and low mass ratios, corresponding to high-stiffness geometries 
with dense material distributions. Conversely, fewer metastructures 
exhibited the desirable combination of low resonance frequency, high 
attenuation range percentage, and high mass ratio, which are typically 
associated with more compliant and efficiently attenuating designs. As 
highlighted by Snowdon [91], a structure exhibiting a favorable trans-
missibility curve does not necessarily perform effectively in vibration 
isolation if it lacks a sufficiently high mass ratio. In the generated 
dataset, all geometries with a mass ratio equal or superior to 6 possess 
low resonance frequency and many of them also have great attenuation 
bandwidth with some superior to 60 %, making them great candidates 
compare to those with a mass ratio inferior to 6. Consequently, even 
if the structure has a lower mass ratio compare to best-performing 
structure with a mass ratio of 7.7, they can be considered as potential 
candidates. However, structures with a mass ratio inferior to 5 tends 
to have a high resonance frequency and an attenuation bandwith 
inferior to 30 %. Therefore, metastructures with low mass ratios were 
excluded from further analyses, focusing instead on those exhibiting 
high ratios.

Among the top-performing designs, one metastructure achieved the 
maximum mass ratio of 7.7. Several other metastructures displayed 
comparable performance, with three metastructures reaching a ratio 
of 7.5 and ten achieved 7.0. Fig.  5c illustrates the metastructures 
whose geometries were identified almost instantly using Meta Explorer 
within a 2D projection of the design space, where the 𝑥-axis represents 
the resonance frequency and the 𝑦-axis denotes the total bandwidth. 
For the subset with a mass ratio of 7.0, four representative metas-
tructures were highlighted: the red structures showed no absorption 
bandwidth, the blue structures presented a single absorption band-
width, the green designs exhibited two absorption bandwidths, and 
the orange one revealed three. Interestingly, both the best- and worst-
performing metastrucures in terms of vibration attenuation possessed 
only one absorption bandwidth, yet differ substantially in resonance 
frequency. This demonstrated that the number of absorption band-
widths alone is not a reliable predictor of attenuation performance. 
Within this subset, the best-performing metastructure in terms of res-
onance frequency achieved an attenuation range of 62.12 %. Another 
design, although exhibiting a slightly higher resonance frequency, pre-
sented a larger number of frequency points with transmissibility below 
0.01. These results highlight the considerable diversity in dynamic 
behavior achievable for a fixed mass.

To further illustrate the potential of the generated metastructures, 
a comparison was conducted with two traditional designs: an homo-
geneous solid block and a honeycomb structure. For a meaningful 
comparison, both reference structures were designed to achieve the 
same mass ratio of 7. Under this constraint, the solid block corre-
sponded to a square section with a side length of 2.52 cm, while 
9 
the honeycomb structure was generated using the classical Ashby and 
Gibson unit-cell parameterization [94]

The transmissibility responses of the homogeneous block and the 
honeycomb structure are shown in Fig.  5d alongside those of the 
best- and worst-performing metastructures. The homogeneous block 
exhibited a resonance peak at 2542 Hz and showed no absorption 
bandwidth within the investigated frequency range. The honeycomb 
structure displayed a resonance frequency of 824 Hz and an attenuation 
bandwidth of 14.22%, with attenuation beginning around 10 kHz. 
Overall, the honeycomb design performed worse than all generated 
metastructures, although it achieved a slightly larger attenuation range 
than three of the ten metastructures with the same mass ratio.

Moreover, despite their similar geometrical configurations, these 
generated metastructures displayed markedly different dynamic behav-
iors, suggesting their strong potential for adaptive applications. Each 
of these designs could be efficiently identified using their associated 
metrics. Their distinct transmissibility curves, illustrated in Fig.  5d, 
clearly emphasized variations in resonance frequency and total band-
width between the most and least effective designs, as Designs 1 and 
2, respectively.

5. Conclusions

In this paper, a computational design framework was introduced 
to both generate metastructures and evaluate them from a vibration 
attenuation standpoint. A generative design approach based on lay-
ered shape grammar rules was developed to create a large library 
of metastructures, while their dynamic response were assessed using 
FE simulations. The numerical model was validated experimentally, 
establishing confidence in the predictive accuracy of the simulation 
workflow. The use of shape grammar rules provided a systematic and 
flexible means of enriching the design process. By combining geomet-
ric control points with rule-based parameters, the proposed method 
generated a large set of unique structure topologies. This formulation 
not only enhanced the expressiveness of the design space but also 
offered a scalable route toward 3D metastructure generation, thereby 
paving the way for advanced data-driven design strategies in structure 
engineering.

To compute transmissibility, a fully automated pipeline was imple-
mented, starting with a geometry generation script within Rhinoceros 
7/Grasshopper® environment, followed by meshing in Gmsh, and then 
with a numerical simulation using a in-house code within FEniCSx FE 
framework. The validation against experimental data for VeroClear™-
based metastructures confirmed the robustness of this workflow.

Analysis of the generated designs revealed that configurations com-
bining all geometric parameters achieved a broader range of dynamic 
responses, including the emergence of wide absorption bandwidths. 
A dataset comprising 5000 metastructures was constructed, providing 
a valuable resource for future inverse design and machine learning 
applications. Several structures with identical mass ratios have exhib-
ited distinct resonance frequencies, bandwidths and have shown better 
transmissibility performance than traditional designs. Moreover, these 
metastructures suggest the potential for adaptive or tunable vibra-
tion attenuation systems. Future research will extend this framework 
along multiple directions. First, the simulation pipeline will be gen-
eralized to handle full 3D metastructure analyses within the FEniCSx 
environment. Second, the influence of a higher mass will be studied 
to lower the resonance frequencies of the generated metastructures. 
Third, the developed dataset could enable applications in 4D print-
ing and programmable materials, where metastructures dynamically 
adapt their geometry or stiffness in response to varying vibration 
conditions. Such capabilities could ultimately lead to intelligent, re-
configurable structures optimized for adaptive vibration mitigation and 
stealth performance.
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Appendix A. Finite element analysis

This appendix gives more details on the formulation and the nu-
merical solving associated to problem (2). Particularly, we describe the 
algebraic form as the problem, and how it is solved in our implemen-
tation.

Coupling operator. The displacement coupling Eq. (2e) can be written 
in a matrix–vector fashion. In the general three-dimensional case, the 
rigid-body motion at the interface 𝛤𝑡 can be expressed as:

𝒖1(x, t) =
[

𝟏3 𝑹(x)
]

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝑩⊤(x)

(

𝒖2(t)
𝜽2(t)

)

,

𝑹(x) =
[

𝒓(x)
]

× =
⎡

⎢

⎢

⎣

0 𝑟𝑧(x) −𝑟𝑦(x)
−𝑟𝑧(x) 0 𝑟𝑥(x)
𝑟𝑦(x) −𝑟𝑥(x) 0

⎤

⎥

⎥

⎦

,

where 𝟏3 is the 3 × 3 identity matrix, and 𝑟𝑥(x) is the 𝑥-component of 
vector 𝒓(x), and similarly for 𝑦 and 𝑧. Eventually, we can write this 
coupling condition component-wise in 2D:
(

𝑢𝑥1 (x, t)

𝑢𝑦1(x, t)

)

=
[

1 0 −𝑟𝑦(x)
0 1 −𝑟𝑥(x)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑩⊤(x)

⎛

⎜

⎜

⎜

⎝

𝑢𝑥2 (t)

𝑢𝑦2(t)

𝜃𝑧2 (t)

⎞

⎟

⎟

⎟

⎠

.

Let us introduce 𝑑′ such that the shape of 𝑩(x) is 𝑑′ × 𝑑. Thus 𝑑′ = 3
when 𝑑 = 2, and 𝑑′ = 6 when 𝑑 = 3.

We denote by 𝛺ℎ
1  the meshed domain and by x𝑘𝑡 , 𝑘 = 1,… , 𝑛𝑡 the 

coordinate vectors of all FE nodes located on the top interface 𝛤𝑡
(see Fig.  2(a)). After such a FE discretization step, we can define the 
following (discrete) coupling operator:
𝐁 =

[

𝑩(x1𝑡 ) 𝑩(x2𝑡 ) … 𝑩(x𝑛𝑡𝑡 )
]

, 𝐁 ∈ R𝑑′×𝑛𝑡𝑑 ,

This coupling operator is used to impose the continuity of the displace-
ment (and acceleration), i.e., Eq (2e), as follows: 

𝐮𝑡(t) = 𝐁⊤
(

𝒖2(t)
𝜽2(t)

)

, 𝐮̈𝑡(t) = 𝐁⊤
(

𝒖̈2(t)
𝜽̈2(t)

)

, (4)

where 𝐮𝑡 ∈ C𝑛𝑡𝑑 is the vector of degrees of freedom associated with 
the ‘‘top’’ nodes of 𝛺ℎ. Interestingly, the exact same operator enables 
1

10 
to write the dynamic equilibrium of the item of mass, i.e., Eq. (2c) and 
(2d). If we denote by 𝐟𝑡 the external (nodal) load vector that acts on the 
top DOF 𝐮𝑡, then the dynamic equilibrium of the mounted mass reads 
in algebraic form as: 
[

𝑚2𝟏𝑑
𝐈2

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐌2

(

𝒖̈2(t)
𝜽̈2(t)

)

⏟⏞⏟⏞⏟
𝐝̈2(t)

= −𝐁 𝐟𝑡(t). (5)

Linear system to be solved. Considering the split into top, internal and 
bottom DOF denoted 𝐮𝑡,𝐮𝑖,𝐮𝑏, respectively, the dynamic equilibrium of 
the metastructures reads as:
[

𝐌𝑡𝑡 𝐌𝑡𝑖
𝐌𝑖𝑡 𝐌𝑖𝑖

](

𝐮̈𝑡(t)
𝐮̈𝑖(t)

)

+ (1 + 𝗂𝜂)
[

𝐊𝑡𝑡 𝐊𝑡𝑖
𝐊𝑖𝑡 𝐊𝑖𝑖

](

𝐮𝑡(t)
𝐮𝑖(t)

)

=
(

𝐟𝑡(t)
𝟎𝑖

)

−
[

𝐌𝑡𝑏
𝐌𝑖𝑏

]

𝐮̈𝑏(t) − (1 + 𝗂𝜂)
[

𝐊𝑡𝑏
𝐊𝑖𝑏

]

𝐮𝑏(t). (6)

where 𝐌𝑡𝑡,𝐌𝑡𝑖,…  and 𝐊𝑡𝑡,𝐊𝑡𝑖,…  are corresponding mass and stiffness 
sub-matrices (standard FE operators), respectively. By substituting the 
coupling Eqs. (4) and (5) into Eq. (6), we end up with the following 
coupled system of equations that describes the dynamic equilibrium of 
the full mounting device (metastructure + item of mass):
[

𝐌2 + 𝐁⊤𝐌𝑡𝑡𝐁 (𝐌𝑖𝑡𝐁)⊤
𝐌𝑖𝑡𝐁 𝐌𝑖𝑖

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐌̄

(

𝐝̈2(t)
𝐮̈𝑖(t)

)

⏟⏞⏟⏞⏟
𝐝̈(t)

+
[

𝐁⊤𝐊∗
𝑡𝑡𝐁 (𝐊∗

𝑖𝑡𝐁)
⊤

𝐊∗
𝑖𝑡𝐁 𝐊∗

𝑖𝑖

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐊̄

(

𝐝2(t)
𝐮𝑖(t)

)

⏟⏞⏟⏞⏟
𝐝(t)

= −
[

𝐁⊤𝐌𝑡𝑏
𝐌𝑖𝑏

]

𝐮̈𝑏(t) −
[

𝐁⊤𝐊∗
𝑡𝑏

𝐊∗
𝑖𝑏

]

𝐮𝑏(t).

Here, we define 𝐊∗
𝑡𝑡 = (1 + 𝗂𝜂)𝐊𝑡𝑡, and identically for other stiffness 

sub-matrices (these sub-matrices have now complex-valued entries).
Finally, we can reformulate the problem to be solved by considering 

a moving coordinate system that follows the harmonic displacement 
imposed at the bottom DOF. This leads to the linear system presented 
in Eq. (3) which we recall here:
𝐃̄(𝜔)𝐝rel = 𝜔2𝐌̄ 𝐝0,

where the dynamic stiffness matrix 𝐃̄(𝜔) ∈ C𝑛f ree×𝑛free  is given by 𝐃̄(𝜔) =
𝐊̄ − 𝜔2 𝐌̄, and the vector 𝐝0 ∈ R𝑛f ree , 𝑛f ree = 𝑛𝑖𝑑 + 𝑑′, simply reads as:
(𝐝0)⊤ = 𝑈in

(

𝐞⊤𝑦 0,… , 0
⏟⏟⏟

1 or 3 times

𝐞⊤𝑦 ,… , 𝐞⊤𝑦
⏟⏞⏞⏟⏞⏞⏟
𝑛𝑖 times

)

.

Modal superposition. The output vibration magnitude 𝑈out (𝜔) needs 
to be evaluated over a range of frequencies 𝜔 ∈ [𝜔min, 𝜔max]. This 
means that problems of the form given by Eq. (3) need to be solved 
(and eventually built) multiple times. These multiple analyzes can be 
performed efficiently by first (and only once) building the mass and 
stiffness matrices 𝐌̄ and 𝐊̄, secondly by performing a natural frequency 
analysis, and finally solving the forced vibration problem within the 
reduced space made up of the computed eigenmodes.

More specifically, we compute 𝑛𝑀  eigenmodes denoted (𝜔𝑘, 𝐯𝑘) ∈
R × R𝑛free , solution of: 
Re(𝐊̄)𝐯𝑘 = 𝜔2

𝑘 𝐌̄𝐯𝑘, 𝑘 = 1,… , 𝑛𝑀 , (7)

where operator Re extract the real part of the stiffness matrix. The 
eigenmodes of interest are those with an eigenfrequency that lies in 
(or close to) the range of interest. The eigenvectors can then be stacked 
in a reduced basis matrix 𝐕 = [𝐯1,… , 𝐯𝑛𝑀 ] ∈ R𝑛f ree×𝑛𝑀  and the modal 
superposition approach leads to approximate the solution as a linear 
combination of these modes, i.e.:
𝐝rel(𝜔) ≈ 𝐕𝜶(𝜔),

where the modal amplitudes 𝜶(𝜔) ∈ C𝑛𝑀  are now solution of the 
following (small) 𝑛𝑀 -by-𝑛𝑀  complex-valued linear system:
[

𝐕⊤𝐃̄(𝜔)𝐕
]

𝜶 = 𝜔2𝐕⊤𝐌̄ 𝐝0.
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Fig. 6. Main steps of the presented generative design methodology: from a set of points to the surface representing a metastructure. The different steps and 
mentioned geometric entities are also reported in Algo. 1.
It can be solved analytically due to the orthogonality properties of the 
eigenmodes: 

𝛼𝑘(𝜔) = 𝐯⊤𝑘 𝐌̄ 𝐝0 𝜔2

(1 + i𝜂)𝜔2
𝑘 − 𝜔2

, 𝑘 = 1,… , 𝑛𝑀 . (8)

Evaluating the transmissibility via Eq. (8) for a large set of excitation 
frequency 𝜔 ∈ [𝜔min, 𝜔max] is then much faster than doing it blindly via 
Eq. (3). Lastly, once the solution 𝐝rel ∈ C𝑛f ree , one can get the output 
magnitude 𝑈out needed to evaluate the transmissibility as:
𝑈out (𝜔) = |𝑈in + 𝐮rel2 (𝜔) ⋅ 𝐞𝑦|,

where 𝐮rel2 ∈ C𝑑 is the first sub-vector of 𝐝rel.

Appendix B. Shape-grammar-based design workflow

Geometric modeling steps. One can find in Fig.  6 the different modeling 
steps, starting from a set of fixed and controls points to the final 
surface. It involves the fundamental shape grammar rules as discussed 
in Section 2.2. Along with the illustration from Fig.  6, one can find in 
Algo. 1 all these successive operations written in as a pseudo-algorithm.
An extension to 3D metastructure design. The transition from 2D to 3D 
metastructures can be achieved by extending the shape grammar rules. 
This extension introduces the extrusion rule, an additional operation 
that imparts volume to planar geometries and increases the dimension-
ality of the design parameter space. Two complementary strategies can 
be defined for the generation of 3D metastructures, each corresponding 
to a distinct logic of spatial composition: union-based aggregation and 
intersection-based integration. Together, these strategies considerably 
enrich the generative potential of the framework, enabling the synthesis 
11 
of a large space of topologically distinct metastructures from a single 
parameter basis.

In the union-based aggregation, the union rule merges two or more 
volumetric entities into a single continuous structure, ensuring material 
continuity across adjacent domains. The extrusion rule is applied to 
give thickness to 2D unit cells, after which successive union operations 
combine extruded cells from different planes (𝑥𝑦, 𝑥𝑧, and 𝑦𝑧). As 
illustrated in Fig.  7, this process yields several different configurations 
depending on how many planes are merged. A fourth configuration can 
be generated by applying the rule simultaneously across all extruded 
layers, producing a fully interconnected 3D metastructure. The extru-
sion factor, defined as the distance above and below the mid-plane of 
the unit cell domain, can take asymmetric values, allowing geometric 
imbalance and structural anisotropy to be intentionally introduced.

The intersection-based integration builds upon the intersection rule, 
which extracts the common domain of two or more shapes, allowing for 
selective refinement and system deduction of design complexity. In this 
second strategy, the unit cell is completely extruded along its third axis 
to occupy its entire bounding volume. Intersection operations are then 
applied between multiple extruded layers or across the three principal 
planes (xy, xz, and yz), generating morphologies that exhibit spatial 
selectivity and complex internal cavities.

As with the union-based strategy, multiple structural configurations 
emerge from the same set of shape grammar rules, highlighting the 
modular and scalable nature of the systematic design process.

Appendix C. Supplementary data

Supplementary material related to this article can be found online 
at https://doi.org/10.1016/j.ijmecsci.2026.111469.

https://doi.org/10.1016/j.ijmecsci.2026.111469
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Fig. 7. Systematic design workflow for 3D metastructures generation based on shape grammar rules. The process begins with a 2D base unit cell that undergoes a 
sequence of formal operations – rotation, extrusion, and union – to progressively increase geometric complexity. The duplication rule is then applied to replicate 
the resulting 3D unit cell periodically within the design domain, forming a complete 3D metastructure. Different combinations of the rotation, extrusion, and 
union rules yield diverse topologies.
Algorithm 1: Procedure for the generative design of 2D-
metastructures as illustrated in Fig.  6.
Input: Geometrical parameters 𝝁
Output: Metastructure
begin // Baseline surface.

// Set of points
for 𝑘 = 1, 𝑛 do

case Fixed point do
𝑐𝑜𝑜𝑟𝑑𝑘 = (𝑥𝑘, 𝑦𝑘), 𝑐𝑜𝑜𝑟𝑑𝑘 ∈ 𝛺−

𝑒𝑥𝑡
case Control point do

𝑐𝑜𝑜𝑟𝑑𝑘 = 𝑓 (𝝁), 𝑐𝑜𝑜𝑟𝑑𝑘 ∈ 𝛺𝑑𝑒𝑠𝑖𝑔𝑛
𝑃𝑘 ← Point(𝑐𝑜𝑜𝑟𝑑𝑘)

end 
// Wireframe construction
𝐿𝑖𝑛𝑒𝑠 ←

⋃𝑛−1
𝑘=1 Line(𝑃𝑘, 𝑃𝑘+1)

𝐿𝑖𝑛𝑒𝑠 ← 𝐿𝑖𝑛𝑒𝑠 ∪ Sym(𝐿𝑖𝑛𝑒𝑠, 𝑃 𝑙𝑎𝑛𝑒𝑂𝑦𝑧)
𝐿𝑖𝑛𝑒𝑠 ← 𝐿𝑖𝑛𝑒𝑠 ∪ Sym(𝐿𝑖𝑛𝑒𝑠, 𝑃 𝑙𝑎𝑛𝑒𝑂𝑥𝑧)
// Generate surface
𝑆𝑏𝑎𝑠𝑖𝑠 ← Surface(𝐿𝑖𝑛𝑒𝑠)

end
begin // Unit cell.

𝑆𝑟𝑜𝑡 ← Rotate(𝑆𝑏𝑎𝑠𝑖𝑠, 𝜇𝑟𝑜𝑡)
𝑆𝑐𝑎𝑣 ← Scale(𝑆𝑟𝑜𝑡, 𝜇𝑠𝑐𝑎𝑙𝑒)
𝑆𝑡𝑟𝑖𝑚 ← 𝑆𝑟𝑜𝑡 ⧵ 𝑆𝑐𝑎𝑣
𝑆𝑡𝑟𝑖𝑚 ← 𝑆𝑡𝑟𝑖𝑚 ∩𝛺𝑏𝑛𝑑𝑏𝑜𝑥
𝑆𝑐𝑒𝑙𝑙 ← 𝑆𝑡𝑟𝑖𝑚 ∪ Sym(𝑆𝑡𝑟𝑖𝑚, 𝑃 𝑙𝑎𝑛𝑒𝑂′𝑦𝑧)
𝑆𝑐𝑒𝑙𝑙 ← 𝑆𝑐𝑒𝑙𝑙 ∪ Sym(𝑆𝑐𝑒𝑙𝑙 , 𝑃 𝑙𝑎𝑛𝑒𝑂′𝑥𝑧)

end
begin // Metastructure assembly.

𝑆𝑚𝑒𝑡𝑎𝑠𝑡𝑟𝑢𝑐𝑡 ← GridDuplicate(𝑆𝑐𝑒𝑙𝑙 , 𝜇𝑛𝑥 , 𝜇𝑛𝑦 )
end
12 
Data availability

The processed data required to reproduce the above findings are 
available to download from
Computed Dataset of Viscoelastic Metastructures for Vibration Attenua
tion (Original data) (Zenodo)
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